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Abstract: As interest in Moon exploration grows, and efforts to establish an orbiting outpost intensify,
accurate modeling of spacecraft dynamics in cislunar space is becoming increasingly important.
Contrary to satellites in Low Earth Orbit (LEO), where it takes around 5 ms to communicate back and
forth with a ground station, it can take up to 2.4 s to communicate with satellites near the Moon. This
delay in communication can make the difference between a successful docking and a catastrophic
collision for a remotely controlled satellite. Moreover, due to the unstable nature of trajectories in
cislunar space, it is necessary to design spacecraft that can autonomously make frequent maneuvers
to stay on track with a reference orbit. The communication delay and unstable trajectories are exactly
why autonomous navigation is critical for proximity operations and rendezvous and docking missions
in cislunar space. Because spacecraft computational hardware is limited, reducing the computational
complexity of navigational algorithms is both desirable and often necessary. By the introduction of
a linear system approach to the deputy spacecraft motion, this research avoids the computational
burden of integrating the deputy relative equations of motion. In this research, the relative CR3BP
equations of motion are derived and linearized using a matrix exponential approximation. This
research continues the development of the matrix exponential linearized relative circular restricted
three-body problem (CR3BP) equations by applying the dynamics model to estimation and control
applications. A simulation is performed to compare state estimation results obtained from using the
linearized equations of motion utilizing a Kalman filter and for state estimation utilizing an unscented
Kalman filter with the full nonlinear equations of motion. The linearized exponential model is shown
to be sufficient for state estimation in the presence of noisy measurements for an example scenario.
Additionally, a linear quadratic regulator (LQR) controller was added to optimally control a deputy
spacecraft to rendezvous with a chief spacecraft in cislunar space. The contribution of this work is
twofold: to provide a proof of concept that the matrix exponential solution for the linearized relative
CR3BP equations can be used as the dynamics model for state estimation, as well as to simulate an
optimal rendezvous maneuver in the presence of measurement noise.

Keywords: cislunar navigation; rendezvous and docking; proximity operations; three-body problem;
linear dynamics

1. Introduction

Until recently, space missions have predominantly taken place in Low Earth Orbit
(LEO) or Geostationary Orbit (GEO) [1]. Relative equations of motion like the Hill-Clohessy—
Wiltshire (HCW) [2] and those of Tschauner—-Hempel [3] have been tested and validated
over the years for proximity operations in circular and elliptical orbits around Earth. These
equations are only valid for a two-body system where the spacecraft is influenced by one
planet’s gravity alone. In cislunar space, spacecraft are not only affected by the Moon’'s
gravity but by the Earth’s gravity as well, hence the name given to the three-body problem.
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Recently, there has been a growing interest in lunar exploration in order to pave the
way for the ultimate goal of landing humans on Mars. There are even plans of establishing
an outpost that will orbit around the Moon and serve as both a manned and unmanned
research lab [4]. These efforts will require the development of autonomous navigation
algorithms to dock with the outpost and perform the frequent maneuvers needed to stay
on track in the highly unstable cislunar trajectories.

The study of the three-body problem has been a subject of mathematical interest for
centuries and captivated the attention of great minds such as Gauss and Lagrange. The
complicated interactions of three gravitational masses results in a mathematical system
that in its base form has no known analytical solution. An illustration of the three-body
problem in it’s most general form is shown in Figure 1.

ms

Figure 1. Illustration of the general three-body problem [5].

Due to the intractable nature of finding an analytical solution for the general three-body
problem (3BP), a number of simplifications have been studied which allow for meaningful
analysis. These simplifications typically begin by assuming that the third body is of
negligible mass, and thus the gravitational force between the third body and the primary
and secondary bodies can be neglected (i.e., the mass of a satellite in orbit around the Moon
does not affect the orbit of the Moon or Earth). The most general form of the restricted
three body problem is the Elliptical Restricted Three Body Problem (ER3BP) wherein the
motion of the primary gravitational bodies is assumed to be elliptical. However, another
common simplification assumes a circular orbit between the primary bodies, which denotes
the Circular Restricted Three Body Problem (CR3BP). Both the CR3BP and the ER3BP have
been studied extensively for satellites orbiting in the Earth-Moon system [6-10]. Note that
this work will be utilizing the CR3BP motion model for all dynamical analysis.

Szebehely’s compilation work on restricted three-body orbits serves as a useful ref-
erence and interested readers are referred there for detailed derivations of the coordinate
systems most often used for studying the CR3BP [6]. Much recent work on the three-body
problem has examined orbit determination and error analysis near the libration points,
including the works of Gordon [7]. Wilson, Gupta, and Grebow analyzed periodic orbits for
the CR3BP, and furthered research in the generation and design of periodic orbits in cislunar
space [11-13]. Pernicka studied numerically computing periodic and quasi-periodic orbits
for the elliptical restricted problem, using a differential correction algorithm that included
a numerically computed state-transition matrix suitable for elliptical motion [14].
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The problem of relative dynamics and control has been extensively studied in the past
for the cislunar domain. Gerding et al. [15] presented the rendezvous equations in the
vicinity of the second liberation point for the three-body problem including the earth, moon,
and the spacecraft. Gurfil et al. [16] studied the problem of relative position control for a
three-body restricted problem. A time-varying continuous control law is also developed.
In [17], the develop strategies for dynamics and control of spacecraft in formation flying
in the vicinity of liberation points. Mand et al. [18] studied Rendezvous and Proximity
Operations at the Earth-Moon L2 Lagrange Point.

A common goal of recent research by a select group of scholars has been to investigate
general relative motion problems in the CR3BP and ER3BP. Towards that end, Innocenti
studied relative motion in the restricted three body problem in a local-vehicle relative
frame, performing error analysis between non-linear, gravitational force linearized, circular
three-body problem, and Hill’s equations. It was found that Hill’s equations break down
for modeling relative motion in three-body dynamics [19,20]. The breakdown of Hill’s
relative equations for three-body dynamics is a driving motivator for the development of
the linearized relative three-body equations of motion [15,16,21].

Innocenti developed a relative frame gravitational term linearized set of equations and
compared the non-linear, linearized gravitational and CR3BP relative solutions. Innocenti’s
linearized gravitational form lends itself to future application with analytical solutions
for spacecraft proximity operations and control, but still lacks the fidelity given by the
full ER3BP [20]. The linear solution also, still lacks any analytical form to aid in analysis,
a shortcoming the work of Zuehlke et al. have sought to remedy by introducing a semi-
analytical solution to relative motion using the matrix exponential [5,22,23].

In addition to pure spacecraft motion analysis, recent work by Greaves and Scheeres
sought to lay out a framework using optical measurements alone for conducting cislunar
SSA under the assumption of CR3BP motion. They found that a single space-based sensor
placed at the L2 point could provide successful state estimation and maneuver detection for
a variety of periodic orbit families, such as NRHO and DRO orbits. However, the optimal
control based estimator they proposed required the inclusion of angular rate measurements
(or pseudo-rate measurements) to stabilize the filter estimates [8,24]. Miller studied a
relative navigation problem for spacecraft in NRHOs, and used an Extended Kalman Filter
(EKF) to estimate the relative states using a linearized model of the CR3BP which showed
promising results; however, the dynamics were limited to the CR3BP [25]. The EKF utilized
is a valid approach for state estimation, but one goal of the authors in this work is to provide
a simpler approach with a purely linear state-estimator. The use of a linear estimator avoids
the need to compute the partial derivative equations inherent in the EKF formulation.

Khoury’s work provides a useful modern reference compendium for various sets of
motion models in the cislunar domain [26]. Further work by Greaves demonstrated that
optical observations were sufficient for simultaneous state estimation of both an observer
and target spacecraft [8].

Franzini et al. [19,27] presented one version of the relative equations of motion for
the circular restricted three-body problem (CR3BP) in the Local Vertical Local Horizontal
(LVLH) frame that was used in numerous papers to investigate rendezvous scenarios with
a passive spacecraft in orbit around the Moon [28,29]. Zuehlke et al. [23] investigated the
regions of application of the linear equations of motion in an elliptical restricted three-body
problem (ER3BP) and Innocenti et al. [29] compared results of nonlinear CR3BP, linear
CR3BP, and linear ER3BP equations.

Several other works have focused on developing autonomous navigation and control
techniques for spacecraft missions in cislunar space. Christian et al. [30] reviewed and
presented several methodologies for autonomous cislunar navigation techniques. Ref. [31]
presented Guidance, navigation, and control for 6-DOF rendezvous in the cislunar multi-
body environment. Miller et al. [25] presented Relative Navigation for Spacecraft in Nearly
Rectilinear Halo Orbits. In [32], authors evaluate how useful Bearing-Only measurements
can be in conducting relative navigation between dissimilar non-Keplerian orbits that
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are far apart applicable to lunar gateway missions. In [20], authors develop a safe and
autonomous rendezvous approach for passive spacecraft with an active spacecraft in orbit
around the Earth-Moon L2 Lagrangian point. In [33], the authors study orbit maintenance
and navigation of human spacecraft at cislunar near rectilinear halo orbits. Ref. [34]
presented adaptive state-dependent riccati equation control for formation reconfiguration
in cislunar space. Additionally, Nazari et al. proposed a method of using Floquet theorem
and continuous thrust for stationkeeping near the L1 Lagrange point [35]. Greaves and
Scheeres motivated cislunar observation techniques and object detection showing that
angles-only observations were sufficient to observe a variety of orbit geometries in the
CRB3BP [24].

This paper is the extension of our work [5,22,23,36], where the linearized circular
restricted three-body problem using exponential matrix approximation was derived. To
the author’s knowledge, the linear dynamics approximation using the matrix exponential
developed in the preceding references has not been applied to estimation or control applica-
tions for spacecraft and only consisted of control-free dynamics modeling. The contribution
of this work is a proof of concept demonstrating that the linear matrix exponential model
(EXPM) for CR3BP relative motion can be used for estimation and control. This addresses
the shortcomings in numerous works wherein the linear CR3BP relative dynamics have no
analytical solution form to apply to control theory development [9,15,21]. The specific con-
tributions are twofold: first, a standard linear Kalman filter is developed using the EXPM
model developed in [22,36] as the dynamics model for the system. The state-estimation
accuracy using the linear Kalman filter (LKF) is compared to that of using the full non-linear
equations of motion and utilizing an unscented Kalman filter (UKF) for estimation. And
secondly, this paper presents the first use of the EXPM linear motion model for linear
optimal control design to simulate a rendezvous scenario with a spacecraft in cislunar
space. Specifically, the EXPM linearized equations are coupled with an LKF state estimator
and a linear optimal controller. To our knowledge, this work is the first to implement a
linearized circular restricted three-body problem using exponential matrix approximation
with estimation and control. By implementing the exponential matrix approximation for
linear motion, the integration of the 36 equations making up the linear state-transition
matrix is avoided. Instead of integration, the recursive formula for expm at each time step is
used to update the deputy states while integrating the chief non-linear equations of motion.
This is an improvement over the work of Franzini et al. in [19] by developing a method
of spacecraft estimation and control that does not require integration of as many terms,
thereby reducing the computational burden on the chief spacecraft navigation computer.

The remainder of this paper is organized as follows. Section 2 covers the derivation of
the relative equations of motion and linearization followed by a discussion of the KMF and
UKEF algorithms as well as the Linear Quadratic Regulator (LQR) controller. In Section 3,
results from a simulation comparing the KMF and UKEF state estimation results as well as a
simulation of a docking scenario between two spacecraft are presented. Finally, results and
recommendations for future research are discussed in Section 4.

2. Background Materials and Methods

In this section, the derivation of equations of motion for the case of a CR3BP [23,28,36,37]
is presented. First, the equations of motion are derived for a single spacecraft and the
relative equations of motion (EOMs) are derived next. Following the derivation of the
relative EOMs, two Kalman filter algorithms (KMF and UKEF) that are used for state
estimation are discussed. Finally, an optimal controller (LQR) that will be used to control
the deputy spacecraft to dock with the chief spacecraft is presented.

2.1. Three-Body Dynamics

In this section, the three-body dynamics for the CR3BP are discussed. The relative
EOMs for a spacecraft are developed and linearized.
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2.1.1. Single Spacecraft

In this section, the equations of motion (EOMs) for a single spacecraft subject to CR3BP
dynamics are developed. To simplify the equations of motion, they will be derived with
respect to the barycentric frame (see Figure 2) centered at the center of mass of the Moon
and Earth. The barycentric frame is also assumed to be rotating with the Moon around
Earth at an angular velocity given by wp,; = wgp,kp. When considering the CR3BP, the
following assumptions need to be made: The Moon’s orbit around Earth is circular and the
spacecraft’s mass is negligible compared to the mass of the Moon and Earth. Note that, all
vectors are represented by bold characters and an uppercase subscript corresponds to a
vector written with respect to the inertial frame while a lowercase subscript corresponds to
a vector written with respect to the barycentric frame. To derive the equations that govern
the motion of a spacecraft in a CR3BP, Newton'’s third law of motion is applied to the
spacecraft.

..'-

Barycentric
Frame

ky

..3
)
=
<

Figure 2. Three-body model in the barycentric frame.

ZF = ma D)

The only forces evaluated in this model are the gravitational forces applied by each of the
three bodies (Earth, Moon, and spacecraft). The gravitational force between two bodies is

defined as:
o Gml my

F= 3 r )

where G is the universal gravitational constant, 17 and m; are the masses of the bodies, r is
the vector pointing from body 1 to body 2, and r is the distance between the centers of their
masses. After applying Newton’s third law to the spacecraft, the following is obtained:

. GmEﬂ’ls GmMmS
ms[Rs] = ———=—"rps — —5——1ms ®3)
I "Es "Mms
. GmE GmM
[Rs] = ——5—1ps — —5—tus 4)
I r r
ES Ms

where [R;] is the acceleration of the spacecraft expressed in the inertial frame (I). Note that
I

the subscript underneath a vector with bracket’s denotes the frame in which the vector
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is written. The acceleration equations can be written for the Earth and Moon in the same
manner.

GmM Gm

[Re] = —Mrpy + —5>1gs ®)
I TEm "Es

s GmE Gms

[Rm] = ——5—rtem + —5—1tms (6)
I "EmM "Mms

The relative position vectors between the bodies are given by rgs = Rs — Rg, ryis =
Rs — Ry, and rgpr = Ry — Re where each denotes the relative vector from mg to mg, mpy,
to mg, and mg to my,, respectively. The relative vector from the spacecraft to the Earth can
then be written in terms of the above obtained accelerations.

[igs] = [Rs] — [Rg] ()
1 I 1

Substitution of the definitions and expanding terms then leads to the following.

.. GmE GmM GmM Gms
[tes] = | ——3—tes — —5— Ims 5 TEM + —3TES | Mg 8)
r r r r
I ES MS EM ES
.. GmE Gms GmM GmM
[tes] = |——3— — 3 |tes— —3 IMs — —3 IEM )
r r r r
I ES ES MS EM
Since mg is assumed to be negligible compared to mg and 1 in the CR3BP, the term %
ES
is neglected.
. GmE GmM GmM
[trs] = ——3—Tes — —5—Tms — —3—IEM (10)
I "Es "ms "Em
. TES I'ms | TEM
[tes] = —pe—5> —pwm| 3>+ 5 (11)
I "Es "™ms  TEm
The same logic is applied to the term for the satellite with respect to the Moon rys:
. Ies  TEM I'ms
[tms] = —pe =3 — 3 | MM 3— (12)
r r r
I ES EM MS

where ur = Gmg and up; = Gmy, are the standard gravitation parameters of Earth and
the Moon, respectively. The position vector of the spacecraft with respect to the barycentric
frame is defined as below.

R = xip + yjp + zkp (13)

x, Y, and z are the components of the position in the barycentric frame. Since the barycentric
frame (B) rotates with respect to the inertial frame (I) with an angular velocity wgp,; =
wpg kg, the transport theorem can be used to write the inertial derivative in components
of the B-frame [38].

[Rs] = [R] + wp/r x Rs (14)
I B

The acceleration equation can then be found by taking a second derivative with respect
to time in the inertial frame and utilizing the transport theorem once again to take into
consideration that the B frame rotates with respect to the inertial frame.

[Rs] = [Rs] +2wp/; % [Rs] + [@p,1] X Rs + wp,; X wp,; X R (15)
I B B B
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From Equations (4) and (15), it follows that:
s - . IES I'Mms
[Rs] +2wp /1 % [Rs] + [wp/1] X Rs + wp/1 X (w1 X Rs) = —pp—=> —pm—3 -  (16)
B B "Es "ms

where rrg and rjs represent the spacecraft’s position vectors with respect to mr and my,,
measured from the barycenter B.

1es = (x + Re)ip + yjp + zkp (17)
tys = (x — Ru)ip + yjp + zkp (18)

Equation (16) can be written in component-wise form as follows:

N . x+R x—R
X —2wp/1y — wp/1Y — w%/zx = —pE—5— — UM (19)
rES rms
Y+ 2wp/ X +wp/[X — WY = —HE3 — UM 3 (20)
Tes Vins
. z z
Z=—UEZ —HUM 3~ (21)
Tes Tins

where the norm of rrg and rys are expressed as follows.

Tes = \/(x+Re)2+y2 +22 (22)

Tms = \/(x —Rp)? 412 +22 (23)

A common practice for the CR3BP EOMs to improve computational efficiency and reduce
numerical errors involves scaling the EOMs to a non-dimensional form of one parameter.

¢  Time t is non-dimensionalized by the system mean motion #:

G(mg + mp)
n=\\ ——-—-"
a3
where, g is the semi-major axis of the moon. The non-dimensional time quantity 7 is
also introduced, such that: T = n(t — ty)
*  Mass quantities are non-dimensionalized such that: ug + ppr =1
The system mass parameter y is also defined as: u = mp/ (mg + my;), which makes:

pm=p pp=1-—y
¢  Distances are non-dimensionalized by the semi-major axis a of the moon:

dr dt o dv dt 2o
=an? F=an—— =

rear r=aTar it dt

7 denotes a non-dimensional quantity and 7 its derivative with respect to the non-
dimensional time T
*  Angular velocities are non-dimensionalized as follows.

w = nw w*dwdT*nzd/
o T dtdt

In the case of a CR3BP the following is also used:

¢  The non-dimensional angular velocity for the barycentric frame wg,; = 1.
¢ The distance between the moon and earth (r.;) is constant and therefore:

Rg = —]/liB Rm = (1 — ‘Z/l)iB Yo = iB
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Hence, the equations that govern the motion of a spacecraft in cislunar space can be
written as follows in non-dimensional form.

¥+p  X-14p

R ) (24)

735 Fons
7 o8 —g=-1-w L (25)
Tes Tins
. V4 Z
P =-(-pz —pm (26)
res rms

Note that, the non-dimensional distance from the Earth to the satellite (7,5, and from the
Moon to the satellite are given by the following.

Fos =\ (F 4 )2 + 2+ 22 @7)

?ms:\/(f—1+}l)2+g2+22 (28)

2.1.2. Relative Motion Equations

This research is concerned with the relative motion of a deputy spacecraft to a chief
spacecraft as shown in Figure 3. As such, the derivation of the relative equations of motion
in the barycentric coordinate frame is presented in this section.

mw Suw Deputy

Chief

rmc

Barycentric
Frame

| REM ]

Figure 3. Relative three-body model in the barycentric frame.

The relative position vector p is defined as the difference between the deputy and
chief position vectors.
p=R;—R, (29)

The chief’s full state is given by the position and velocity terms, where the dot terms
represent velocity X = [xc ye zc % Yo Zc] T
By taking the time derivative of Equation (29):

d d d

Zlpl = =Ry - =[R
Due to the rotation of the barycentric frame (B) with respect to the inertial frame (I), it
follows that the transport theorem can be used to find the relative derivatives [38] of relative
distance p.

lp] = [p] + wp/1 < p 31)
I B
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4. -
Bl = 2l +wp/r X pl + w1 X [P+ wp/1 < p] (32)
I B B

[FI’} = i; +wp/1 X g +wp/r X g +wp/1 X g +wp/r X (wpy1 X p) (33)

wp/1 is the angular velocity of the barycentric frame with respect to the inertial frame. By
taking the derivative of Equation (30):

[ili] =R;— R (34)

From Equations (33) and (34)
Rld - RIC =P+ gy p ot 2wpy1 X p ot wpyr X (wp/1 % p) (35)

After rearranging the above:
fg = —wp/ X g —2wp/y X fg —wp/1 X (wp/1 X p) + I"{Id - Rlc (36)

From Equation (4) and assuming that the chaser spacecraft can be controlled, it follows that
the inertial accelerations of the deputy and chief are given by Equations (37) and (38).

. Teg g |, Frp

R, = _ He g . VmS md rust (37)

I Ted Tnd mgq

.. T T

IEC _ _]/:,e gc . ]/11:3 ‘mc (38)
ec mc

Frpust is the total force by the deputy spacecraft. By substituting in Equation (36):

Pp = —2wp/; X pg — wpy1 X pg — wpy1 X (wp/1 X p) (39)
_ HeYed  HmYmd |: HeYec ,umrmc] + Frhrust
redS rmda recs T%C mgy
pp =—2wp X pg— wp/1 X pg — wp/1 X (wp/1 X p) (40)
— Vergd _ Vm?,rmd + P‘erﬁ + U Tme + Frnrust
Yed rmd Tec rmc3 my
pp = —2wp/1 X pg — wp/1 X pgp — wp/1 X (wp/1 X p) (41)
I I r r F
+‘u€ ecg’_%d _|_’um 3111c_?n)1d‘|_|_ Thrust
Tec Ted Tinc Tnd Mg

A skew-symmetric matrix (2,1 is defined to replace the cross-product in the equation:

0 —wz Wy
QB/I = Wy 0 — Wy (42)
—wy Wy 0
After substituting in Equation (41):
) . : r Ted r Yd | | Frn
Pp=—20p,1p5 — Qp/1pp — Qp/1Q0p/1p + e | =5 — =5 | +Hm | 5 — 5= | + =
Tec Ted Time Vg Mg
) . - 2 r Ted r Ymd | | Frn
P = —208/1p5 = Op/1pg = (/1) p + e | 5 = 5| Fm | 5 — 35| + —e
ec Ted Tme Vg Mgq
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Finally, the nonlinear equations of relative motion can be written in component-wise form
as follows:

ﬁx = pry - wsz + &;(xc + Re) - %(xc + R, + Px) + %ﬂ(xc - Rm) (43)
Tec Tod Tinc

FX
_ P;i’"(xc — Ry +Px> + Thrust
md Mg

<

. b 5 Ue He Pm — Hm % 44
Py = —2WPx —W 0y + 5 Yc— 73 (ve +py) 3 Yo 3 (ve oy) (44)
Toc r Tinc r Mg

ed md
FZ
Pz = Vf;zc - %(Z’c +pz) + };—mzc - P;—m(zc + g )1 4 —Lhrust (45)
Tec ed mc md mg

The above equations govern the motion of a deputy spacecraft relative to a chief and will be
referred to as nonlinear relative equations of motion in this paper. Note that, the distance
from Earth to chief, Earth to deputy, Moon to chief, and Moon to deputy are defined as
shown below.

e = [Re — Rol| = 1/ (xc + Re)? + 92 + 22 (46)
Ted = ||Rc — Re + p| = \/(xc +R, +x)2 + (ye er)2 + (zc +z)2 (47)
e = [Re = Rl| = 1/ (xc — Ron)? + 92 + 22 (48)
tmi = ||[Rc — R + p|| = \/(xc — Ry +x)* + (Ye +y)2 + (zc +z)2 (49)

2.1.3. Linear Relative Equations of Motion
Here the nonlinear relative equations of motion are linearized about an initial point
Xp using the Jacobian method. Let X denote the relative state vector:
X=lox py pz Px Py Pz}, X=[ox py = Px Py f2]
In state space format, the relative equations of motion can be written in the following form:
X = A(t)Xo + BU (50)

where A(t) and B are the Jacobian and input matrix, Xo and U are the initial state and input
vector, respectively.

E

mg

B— [Osxa} U— | B
=1, , = |
3x3 F

o

where 03,3 and I3,3 are 3 x 3 zero and identity matrices, respectively. The total Jacobian
system matrix A(t) can then be written in a block form.

A(t) = [0134;3 IZ”] (51)

Where only one sub-matrix A, is fully populated.

Wy Wx U
T
_ | %y Oy Oy
A0 =13, d, . (52)
: U e

dox  dpy  Ipz
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2 _ 2
Ap(1,1) = —o? + Fe (B0 Rt p0? ) g |30 = Rubpe ) gy
rﬂ’d red rmd rmd
Ap(l,Z) _ Ve(yc + py);5xc + Re + px) 4 Hm (yc + py)r(ch m+ px) (54)
ed md
4,(1,3) = Bpte(ze + pz)(ch +Retpx) | 3pm(ze+ pz)(SxC — Ry + px) 5)
red rmd
Ay(2,1) = He(Ye +Py>r<SXc +Re+px) | Bpm(ye +Py)r(5xc =+ px) 56
ed md
3 2 3 2
Ted Ted Vind Vnd
3 3
Ap (2/ 3) _ ]’le(yc + Pé/)(zc + Pz) i Hm (]/c + @y)(zc + Pz) (58)
Ted Yid
4,(3,1) = Bpte(ze + pz)(ch +Retpx) | Bpm(ze+ pz)gxc — Ry + p2) 59
Ted Vind
3 3
Ap (3,2) _ Ve(yc + pé/)(zc + PZ) 4 WUm (]/c + f;y)(zc + pz) (60)
Ted T'ind
2 2
Ay(3,3) = Mo |BGctp)” gty B |3z Fpa)" @)
P 1’3 T 1‘3 7’2
ed ed md md

Additionally, the Jacobian with respect to the relative velocity terms only has two
non-zero terms.

e ope O
T

o e on

A =13, %, % (62)
o A o
% oy %

0 2w 0
Ag=|-2w 0 0 (63)
0 0 0

2.1.4. Matrix Exponential Solution

The following derivation of the matrix exponential solution for linear motion was first
presented in [36,37]. For a linear time invariant (LTI) system, the matrix exponential is the
state-transition matrix and can be used as an analytical expression for the propagation of
states forward in time [39]. The linear state matrix A(t) for the relative CR3BP however
is time-varying in nature due to the motion of the chief and deputy satellites. It was
shown in [23,36] that the linear time varying (LTV) system of the relative CR3BP can
be approximated over a short time-span by discretizing the state-matrix A(t;) over the
short time At = t, 1 — t;, during which A(t;) can be considered constant. Since A(fy) is
considered constant, the matrix exponential then is the state-transition matrix (STM) for
the system.

X(t) = eMWAX (f_q) (64)
A(tp)?At? A(t)" At
+ ...

2! n!

eAtIA — 1T L A(K) AL+ (65)
The recursive series form is used to compute the expm at each time-step using the current
deputy and chief positions. The number of terms taken for the infinite series controls the
desired accuracy with a trade-off of computational speed with the more terms that are kept.



Aerospace 2023, 10, 674

12 of 30

The state matrix for the linearized relative motion model A(t;) is taken to be that defined
in Equation (51) at time #.

Due to the time-varying nature of A(#;) the system matrix must be stepped forward in
time with the states in order to propagate the relative states forward in time. This stepping
can be accomplished using Equation (66) with A(f;) computed at time t;. By moving the
matrix forward in time this advances the states to t; 1, and the process continues for each
time step where the state-matrix is recomputed and the states are stepped forward in time
until the simulation completes.

X(tir1) = eAWMX (1) (66)

Of great advantage for estimation and control applications, the motion of the deputy can
be computed analytically using the exponential matrix at any time-step. Additionally, the
A(ty) matrix used for advancing the states will be used as the dynamics model for a linear
KMEF to estimate the deputy states.

This completes the derivation of the linear equations of motion. The linearized relative
EOMSs will next be used in the derivation of a state-estimation algorithm.

2.2. State Estimation

In real-world applications, measurement noise and disturbances can never be ne-
glected, necessitating the need for a state estimator. First, the Kalman filter (KMF) that is
used with the linear dynamics model is discussed, and second, the unscented Kalman filter
(UKF) that is used with the nonlinear dynamics model is presented.

2.2.1. Linear Estimation Model (Kalman Filter)

The Kalman filter [40] has proven to be a great tool for state estimation for linear
systems when the measurements are noisy and the system dynamics are not perfect due to
disturbances or approximations. The KMF consists of two parts: The first part is where
it predicts the next state based on the system dynamics and the control inputs applied.
The second part is the update step, where the KMF combines the prior predicted state and
the measurement data to provide a better state estimate and the system covariance. The
equations to predict and correct the states of a discrete-time system in the following form
are presented below:

Xi41 = AXy + BUp + By Wi (67)

Y, =CX,+ Vi (68)

where, A, B, and C are the state transition matrix, input matrix, and measurement model

matrix, respectively. Note that for the KMF, the A matrix is the STM, which for the deputy

was defined defined in Equation (65). Note that, Uy is the input vector, Wy and Vj are the
system noise and measurement noise with covariance Q and R, respectively.

First, the predicted state X[ ; and covariance P} ; for the next time step are calculated

using:
X1 = AXi + BU (69)
Pt = APRAT +Q (70)

The corrected state X;, Kalman gain Kj and state covariance matrix Py are calculated using
the following equations:

X = Xj + Ki[Yi — CX}] (71)
-1

Ky = PrCT [R + CP;CT} (72)

B = B{[1— KiC 73)
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where, Py is the state covariance matrix and K}, is the Kalman gain.
The covariance matrix is initialized by known noise levels on the states given by oy, (o):

le (0) 0 0 0
0 U'XZ(O) 0 0

0 0 0
0 0 0 U'X"(O)

or Py = Iif 0y, (o) are unknown.The initial estimated state is also initialized as X3 = 0 if X
is unknown.

2.2.2. Non-Linear Estimation Model (Unscented Kalman Filter)

Linear estimation is an important tool that can be used to model systems and estimate
their states. However, it is always advisable to ensure that linear dynamics and linear
estimation adequately capture the system behavior. In order to perform a comparison
with the “truth” non-linear dynamical system, an unscented Kalman filter (UKF) [41,42] is
developed in this section. The UKEF is chosen for the task of non-linear estimation rather
than an extended Kalman filter (EKF) due to the fact that the UKF directly utilizes the
system non-linear dynamics while an EKF must linearize the system at each discrete point
in time. Furthermore, the use of the UKF is motivated by the fact that the system Jacobean
does not need to be derived since the UKF utilizes the full non-linear equations of motion.
Future work may investigate further filter comparisons involving an EKF [38]. Further
motivation for the use of the UKF as opposed to other modeling methods or comparison
to the true dynamical ephemerides lies in the fact that the author’s wish to give a useful
comparison between two distinct estimation methods. Additionally, the UKF has been
applied successfully to onboard processing for spacecraft missions and is known to better
model the non-Gaussian behavior of orbital dynamics than linearized filters [43-46].

The UKF functions by approximating the probability distribution of the non-linear
system using a set of statistically important points (sigma points) for a given dynamical
system [42]. The sigma points are chosen from a Gaussian distribution in a way that enables
them to capture the mean and covariance of the given distribution. These points are then
propagated through the non-linear dynamics of the system and used to estimate the mean
and covariance of the predicted state. And just like in the Kalman filter, the predicted state
along with the measurement are used to make the correction to the estimated states. The
nonlinear system and measurements are modeled as shown below. Where X} is the system
state-vector at time f; and the non-linear function f(X) denotes the non-linear equations
for the dynamics of the system. The non-linear measurement function is defined as Y.

Xiv1 = f(Xi, Ug, Vi, k) (74)
Yy = h(Xg, Uy, k) + Wy (75)

For the system, the vectors Vi and Wy are the system and measurement noise vectors with
system noise Q and measurement noise R, respectively. Just like in the traditional Kalman
filter, it is assumed that the noise vectors are zero-mean (white Gaussian noise). First, sigma
points are calculated using a set of weighting factors to approximate the distribution.

_ A
Xy =X W():n_‘_)\ (76)
_ 1
_ 1
Xipn =X = ( (n+ /\)Pxx) ' Witn = 2+ A) (78)
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Note that, X and Py represent the mean and covariance of the state vector X. The parameter
A € R is adjustable based on free parameters &, x € R as shown below.

A=a*2n+x)—2n (79)

Also, a term is added to the covariance weight W, = n%\ + (1 — &2 + B) to account for the
higher order terms of the Taylor series expansion [42].

For this research tuning parameter values are set to: « = 1 x 1073, x = 0, and
B = 2. And further note that, V; is the weight associated with the ith sigma point, and

( (n+ A)Pxx) _is the ith row (or column) of the matrix square root (n + A)Pxx. The
1

predicted mean is calculated using the following equation, where 7 is the number of states
in the system. (In the case of the cislunar relative motion problem n = 6 states representing
the deputy position and velocity.)

2n
X = ;)Wif(xi) (80)

The predicted covariance is given as a weighted residual of the difference between the
sigma points and the estimated states.

2n
N “ o T
P =Y Wi{f(x) - X}{f(x)—X} (81)
=0
The estimated measurement is calculated as:
. 2n
Y =) Wih(X) (82)
i=1
. 2n R AT
S=)Y Wi{n(x)—-Y}{n(x)-Y} +R (83)
i=0

And then, the cross-covariance matrix is calculated from:
. 2n . T
Py = Y Wi{f(X) — X}{n(X) - Y} (84)
i=0

Finally, the update is performed using the following equations:

X=X+WV (85)
P=P—WSWT (86)
such that,
V=Y-Y (87)
w="p,8" (88)

This concludes the derivation of the UKE. The UKF designed in this section will be used to
estimate the system states and compare the estimation results with that of the linear KMF.

In order to approach the rendezvous problem, an optimal controller will be designed
in the next section.

2.3. Controller Design

A linear control architecture is motivated by the fact that stability and performance
guarantees can be met and The linear dynamics of the relative motion scenario are defined
by the EXPM system developed in Section 2.1.4. As a proof of concept and due to the fact
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that the underlying system is linear, a Linear Quadratic Regulator (LQR) is implemented.
However, any linear or nonlinear controller can be implemented depending on sensor and
system noise properties. The LQR controller provides an optimal solution to the control
problem by minimizing a cost function that takes into consideration input limitations.

A brief theory and background for the LQR is provided below in discrete time as
follows:

Xi+1 = AXi + BUy (89)
Y, =CX, + D (90)

The controller is designed such that the optimal gain matrix K in the state-feedback control
law:

Uy = —ka (91)

minimizes the following quadratic cost function:

(xf Qg + ul Ruy) (92)

agk

J(u) =

n=1

where Q and R are the state-cost and input-cost weighting matrices.
In order to find the optimal solution, the discrete-time Riccati equation is solved [39,47].

ATSA — S — (ATSB)(BTSB+ R)}(BTSA)+ Q=0 (93)
The solution of the discrete-time Riccati equation gives the infinite horizon solution gain.
K = (BTSB+R)"!BTsA (94)

For the implementation of LQR in this work, MATLAB’s control system package is used to
find gain K in Equation (91).

3. Simulation Results

This section presents simulation results for the two-fold contributions of this paper.
Namely a comparison of the KMF state-estimation to that of UKF state-estimation for a
cislunar relative scenario, and secondly results for applying the linear KMF estimation
coupled with an LQR controller to simulate a rendezvous scenario for a chief and deputy
spacecraft. Note that several simplifying assumptions are made in regards to the scenario
used to test the estimation and control methods. Of first note, the dynamics of the EXPM
linearized system are a simplification of the non-linear CR3BP relative spacecraft dynamics.
Thus, the KMF estimation is a linear estimator for the approximate linear system. It is well
known in the literature that linear CR3BP equations become inaccurate near periapsis points
of the orbits, addressing this limitation is beyond the scope of the current work. The scenario
used to test the estimation and control algorithms is a quasi-periodic L2 Southern HALO
orbit that has similar energy and period values to proposed NASA Gateway orbits [48,49].
Additionally, the measurement model applied in this paper assumes that all states of
the spacecraft are observable, a situation which is not possible in practice. Future work
will address this shortcoming by using range and angles measurement models. Future
work will also address the use of the estimation and control algorithms in more realistic
orbital geometries; the scenario presented in this work is purely a proof of concept that
state-estimation and control can be performed using the linear EXPM model.

3.1. State Estimation Results

The KMF and UKF algorithms are first compared by starting the deputy and chief
spacecraft on an L2 Southern Halo orbit. Note that, the orbit is similar to the orbit expected
for NASA’s gateway orbiting outpost [48,49]. The true states are obtained by propagating
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the chief’s and deputy’s states using the nonlinear CR3BP equations. Measurements are
then created by adding white noise with a standard deviation ¢ to the true states in order
to simulate a real-world scenario. Note that, the ode113 solver is used because it is usually
more efficient than ode45 at strict tolerances or if the ordinary differential equation function
is expensive to evaluate.

The chief’s initial state with respect to barycentric frame is set to the following [50].
Note that initial states are chosen from among NASA's JPL Horizon’s Three-Body Dynamics
collection that contains a large number of periodic/quasi-periodic initial states for the
CR3BP [50]. These particular initial conditions were chosen because their Jacobi Constant
and orbital period are close to the proposed orbit for NASA’s Gateway station, however
they represent a general case.

X, = [428673300 0 —78330.300 0 —0.220 0]"(km, km/s)

And the deputy’s initial state with respect to barycentric frame is defined as a small offset
from the chief’s position.

X, = [428666.81 11.810 —78337.890 0 —0.220 0] (km,km/s)

Figure 4 shows the deputy and chief spacecraft position propagated for the duration of the
scenario and gives a sense of the geometry being simulated. The orbit was chosen as an
L2 Southern HALO orbit with a high perigee point to represent a general scenario near
possible NASA Gateway operations. Note that, the orbit is quasi-periodic and not truly
periodic.

The measurement and control update frequency is considered to be equal to 1 Hz.
Note that, it is assumed that both the position and velocity states are observable for the
sake of proving the use of the linear KMF for state estimation. Future work will impose a
measurement model such as angles and range measurements. The standard deviation of
the measurements is set to the following values. Where it will be assumed that position can
be measured to within 5 m and velocity to within 1 m/s.

Chief
" = == Deputy
%10 L1
+ L2
2
* Moon
0
E 2
=
m
N _4
6.
4 ) _— 45
5 \\}\\ <
x10% 0 - 4 %105
- \>\/ %
-4
Yy [km] Xg [km]

Figure 4. Scenario geometry for deputy and chief shown in the barycentric frame.

o =[0.005 0.005 0.005 0.001 0.001 0.001](km,km/s)
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3.1.1. Linear Estimation Results (KMF)

For the uncontrolled estimation case, there is no input, thus, the linear equations of
motion can also be written in the following format.

X = A(H)Xo (95)

The analytical solution is expressed as the exponential matrix for a short time-step. (see
Refs. [23,36,37] for further details on the exponential solution of motion.)

X(tis1) = eAMX (t) (96)
With the exponential matrix solution given by the series form shown below [51].

AZA ASAP
AN = [+ AN+ ——+——+ .. (97)
Typical standard deviation values of relative position/velocity measurement instruments
deployed on LEO satellites are used. And the measurement covariance matrix is set to the
following.

0.0052 0 0 0 0 0
0 0.0052 0 0 0 0
R—| © 0 00052 0 0 0
1 o0 0 0  0.0012 0 0
0 0 0 0 0.0012 0
0 0 0 0 0 0.0012

Here, the control input noise is set to zero since the deputy is not controlled. Additionally,
it is assumed that the linear dynamics closely follow the true dynamics (which was shown
to be true in Ref. [23]). Thus, the system covariance matrix (also known as the process
noise) is set to a very small value: Q = 107205 .

The KMF estimation results for the scenario shown in Figure 4 are presented for the
first 100 s of the simulation to improve readability. The scenario itself was propagated for
11.4 days. Figure 5 show the position estimation results for the KMF in each axis for 100 s
and Figure 6 show the results for 11.4 days. Overall, the position estimation performed
converges well with the true states.

Relative States Estimation (KMF)

\: -6480 F T S T T T T T T T
< True States
g Measured States
% 6500 | Estimated States
a
o
=
= -6520
< 0 10 20 30 40 50 60 70 80 90 100
Time (s)
£ <10
> T T
< 118 True States
S +  Measured States
E117F Estimated States | -
8
a
ERREE 4
® I I I I I I I I I r===p
< 0 10 20 30 40 50 60 70 80 90 100
. Time (s)
= 7540 : :
< True States 1
g .7 L + +  Measured States [+
5 7560 o g et w0 ea= Estimated States
g ++ o gt g et = 4
A -7580 T 7 U R B
2 T+ +H oo+
;,‘é -7600 I I I I I I I I I
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Figure 5. Comparison between measured, estimated (KMF), and true positions for the first 100 s of
the scenario.
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Figure 6. Comparison between measured, estimated (KMF), and true positions in days for the full

duration of the scenario.

Figure 7 give the estimation results for the KMF for the deputy velocity in each axis
for 100 s and Figure 8 for 11.4 days. Again, error levels are low compared to the measured
levels and the estimated states follow the true states very closely.
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Figure 7. Comparison between measured, estimated (KMF), and true velocities for the first 100 s of

the scenario.
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Figure 8. Comparison between measured, estimated (KMF), and true velocities in days.

3.1.2. Non-Linear Estimation Results (UKF)

In this section, the UKF is used in conjunction with the non-linear relative dynamics
to estimate the deputy’s motion. Here, the Euler discretization method is used to transform
the continuous-time system to a discrete-time system with (7 = 0.1 s):

X1 = AaXi + BsU (98)

where, A; = [ + At and B; = Bt. The discretization is performed with T being a very
small time step (T = 0.1 s). Also, the UKF tuning parameters are set to: « = 1 x 1073, = 2,
and x = 0. Similarly, as for the KMF case, the process covariance matrix is set to a very
small value of Q = 1072°I5,4. The measurement metric R is taken from previous lunar
missions. However, this can be updated as per available measurement metrics.

0.0052 0 0 0 0 0
0  0.005% 0 0 0 0
R—| © 0 00052 0 0 0
- 0 0 0 0.0012 0 0
0 0 0 0  0.001% 0
0 0 0 0 0  0.001%

The same scenario is utilized as for the KMF estimation case. The deputy and chief
are initialized in an L2 southern HALO orbit with initial conditions given in Section 3.1.1
and the orbit geometry shown in Figure 4. Figures 9 and 10 show the position estimation
results for the UKF, and Figures 11 and 12 show the velocity estimation results for the UKFE.
Once again, only the first 100 s of the simulation are shown for presentation purposes.



Aerospace 2023, 10, 674

20 of 30

E -6480 I I
S True States
< +  Measured States
5 6500 1 Estimated States »t
E + T ?i ¥ 7;;\*’*;HF
3 R
E _6520 Il Il Il Il Il Il Il Il Il
0 10 20 30 40 50 60 70 80 90 100
Time (s)
— x10%
é 1.18 T T T T T T T I I
- True States
< +  Measured States
.5 117 Estimated States | -
:‘%
o
B1.16 -
i) | | | | | | | | | A
= 0 10 20 30 40 50 60 70 80 90 100
Time (s)
E -7540 T T T T T T T T T
- True States 4
SN =8
_ L + +  Measured States [
5 7560 g Estimated States
2 .
& -7580 B
2, i
< -7600 ! !
0 10 20 30 40 50 60 70 80 90 100
Time (s)

Figure 9. Comparison between measured, estimated (UKF), and true positions for the first 100 s of

the scenario.
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Figure 10. Comparison between measured, estimated (UKF), and true positions in days for the full
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Aerospace 2023, 10, 674

21 of 30

E Relative States Estimation (UKF)
Z o t T Er— T T T T T T
i + + R True States
+
= + - + +++ L+ oo+ N L+ + Mef.isured States N
=) + . = N + £ + 4 Estimated States [T]
4 T =+ —
< T T s
+ + + + +
> + + + + + + + + +
Eer i + ol
= 1 1 1 L 1 1 1 1 1
g 0 10 20 30 40 50 60 70 80 90 100
— Time (s)
~
é 0 T T T T T T T T T
-~ + True States
Y +
N n + - + + +  Measured States
g -2 B B R =t + Estimated States |
g -2 1+ + H
Q —+ + t T + T =+ + +F — =+ ’
o +  + + ty 4+ T 1 + + + 4 T+t
> T4t N Ty + o + + N
e 4l n + + L+ +
% 1 1 L+ 1 1 , * 1 1 H +
g 0 10 20 30 40 50 60 70 80 90 100
= Time (s)
E, L— T T T T T T T T
& oL+ + + + 4+ N " True States B
- + t + 7 A + oy 4t Measured States [
é s N T g o e Bstimated States | 1
< 0FF + - + + "+ + + T
£ N + A ot 4t + T+
L + + + + + + +
% 2 ! ! ! ! ! ! ! SIS s ]
g 0 10 20 30 40 50 60 70 80 90 100
Time (s)

Figure 11. Comparison between measured, estimated (UKF), and
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Figure 12. Comparison between measured, estimated (UKF), and true velocities in days for the full

duration of the scenario.

From the above plots, it is obvious that the KMF and UKF performed very similarly
and the position and velocity estimates were very close to the true values. To see which
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one of the two filters yielded more accurate results, the error percentage for each state is
calculated and plotted below. The percent error for each state was computed as shown
below.

_ |estimatedstate — truestatel

error% = x 100% (99)
|truestate]

Figures 13 and 14 show the percentage errors for estimation of the deputy position in
seconds and days, respectively, while Figures 15 and 16 show the percentage errors of the
velocity estimation.

Overall both filters performed very closely with the UKF having an overall slightly
lower error amount. The KMF estimation does have a few spikes in error throughout the
duration of the scenario. However, the KMF converged after every spike in estimation
error and still resulted in successful estimation. For a real implementation of the system,
bounds on the KMF solution could be added to prevent unrealistic jumps in estimation.
For future scenarios involving higher noise levels, and a more realistic measurement model
it is expected that similar trends will be observed. The simplified case and scenario were
presented as a proof of concept that the matrix exponential solution for the deputy motion is
applicable for estimation purposes. Furthermore, since the KMF provides nearly identical
results to the UKF estimation, it was decided to use the linear dynamics equations to
perform a rendezvous scenario utilizing an LQR controller with linear system dynamics.
Using the linear dynamics comes with great advantages for controller design and system
stability. The proposed approach holds promise for real system implementation due to the
reduced complexity of avoiding integration for the deputy state. It is expected that the
KMF will perform similarly to the test case presented here for multiple orbit scenarios.
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Figure 13. Comparison between position percentage errors from KMF and UKEF (p-axis) for the first
100 s of the scenario.
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Figure 14. Comparison between position percentage errors from KMF and UKF in days for the full

duration of the scenario.
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Figure 16. Comparison between velocity percentage errors from KMF and UKF in days.

3.2. Rendezvous Scenario with Linear Estimation and LQR Control

In this section, a KMF combined with an LQR is used to achieve the goal of rendezvous
for the deputy with the chief spacecraft. Since the KMF provided nearly identical estimation
results to the UKF, the KMF will provide the measurements for the scenario. The same
initial conditions defined in Section 3.1.1 are used and the continuous system is transformed

into a discrete system.
X = A(t)Xo + BU (100)

Euler discretization method is used to transform the continuous-time system to a discrete-
time system (7 = 0.1 s):

Xi+1 = AgXg + ByU (101)

where, A; = I + At and B; = B7. T being a very small time step (t = 0.1 s).
The covariance matrices for the KMF are set to:

Qimr = 1072056

0.0052 0 0 0 0 0
0 0.0052 0 0 0 0
R | O 0 00052 0 0 0
KME=1 "¢ 0 0 00012 0 0
0 0 0 0 0.0012 0
0 0 0 0 0  0.001%

And the LQR covariance matrices are chosen as:

qur = 107216><6
qur = 107I3><3
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The input-cost weighted matrix Ry, had to be chosen carefully so that the control effort
does not exceed the thrust capabilities of modern spacecraft. The goal of the simulation
is to reduce the deputy separation from the chief to zero while simultaneously achiev-
ing zero relative velocity. Franzini et al. demonstrated docking in the CR3BP using a
linearized dynamics model, and this research shows an example scenario to prove that
the matrix exponential relative CR3BP equations are applicable for spacecraft control and
estimation [19].

The relative position of the deputy under the LQR controller influence is given in
Figure 17. Note that each position state converges to zero achieving the goal of reaching
the chief’s position.

The velocity states for the deputy for the scenario are shown in Figure 18. Note that
the velocity in each axis converges to zero such that the deputy achieves a safe rendezvous
with the chief satellite.

From the relative position and velocity plots, it is obvious that every state converged
to zero (i.e., the deputy and chief docked successfully) after around 25 min.

In Figure 19, the control effort or thrust acceleration applied in each axis is shown. The
maximum control effort expended in any axis is just over 0.3 m/s?.

The control scenario here is presented as a proof of concept that the linearized matrix
exponential model can be used in concert with a linear estimation method to achieve control
of the spacecraft. It is recognized that much more detail is required for a true rendezvous
scenario such as safety corridors, hold-points, and realistic measurements. All these topics
are the subject of future research.
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Figure 17. Plot of relative position (x-axis).
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4. Conclusions

In this paper, the exponential matrix approximation for the linear relative equations
of motion in the CR3BP were applied to a spacecraft estimation and control problem. A
comparison between the use of nonlinear equations of motion and linear equations of
motion for state estimation was performed, and finally, a rendezvous of a deputy and
chief spacecraft was simulated using the exponential matrix approximation for the KMF
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estimation and LQR control dynamics. The simulation was conducted in the presence of
noisy measurements. State estimation was performed utilizing these noisy measurements
using the linearized dynamics coupled with a linear KMF, and using the nonlinear dynamics
using a UKF algorithm.

The comparison between linear (KMF) and non-linear (UKF) estimation was per-
formed to illustrate the power of the semi-analytical solution for the relative motion given
by the exponential matrix solution. The comparison between the KMF and UKF algorithms
showed that the KMF estimation method could accurately estimate the deputy’s state as
compared to the UKF estimation over the full orbital simulation of 11.4 days. Since the
linear equations provided excellent state estimation results, the linear equations were used
for the design of a stable LOR optimal controller to model a rendezvous scenario. A full
rendezvous scenario complete with state estimation was simulated using an LQR controller
with measurements processed by the linear KMF. The linearized version of the CR3BP
relative equations of motion proved to give results that were accurate enough to enable a
deputy spacecraft to successfully rendezvous with its target in the presence of measurement
noise.

Future work for this research should address some of the simplifications applied for
this work such as investigating the use of a more realistic measurement models for the
deputy spacecraft. For example, the measurement model should be simulated with angular
and range sensor models. Realistic measurement scenarios such as colored noise, gaps, and
discontinuities can be included. The proposed estimation and control approach should also
be transitioned to higher fidelity dynamics models such as the elliptical restricted three-
body problem (ER3BP) in order to provide a more realistic test to the sensing and control
architecture. Future work will also address a more realistic control scenario with safety
zone and spacecraft hardware implementation considerations such as thruster control
limits and attitude control.
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The following abbreviations are used in this manuscript:

LEO Low Earth Orbit

GEO Geostationary Earth Orbit

CR3BP  Circular Restricted Three-Body problem
ER3BP  Elliptic Restricted Three-Body problem
STM State Transition Matrix

LVLH  Local Vertical Local Horizontal

KMF Kalman Filter

UKF Unscented Kalman Filter

LOR Linear Quadratic Regulator
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n Moon Mean Motion

Il Euclidean Norm

I Identity Matrix

7 Nondimensional Quantity

T Nondimensional Time Quantity

Qp,; Skew-symmetric matrix

R Vector

R Norm of Vector

[R] Vector expressed in Inertial Frame
I

P Relative State Vector

w Angular Velocity

G Gravitational Constant
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