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Abstract: Disks in gas turbines are optimized for minimum weight, while satisfying both geometry
and stress constraints, in order to minimize the engine production, operation, and maintenance costs.
In the present paper, a tool is described for the preliminary mechanical design of gas turbine disks. A
novel formulation is presented, where the disk weight minimization is achieved by maximizing the
stresses developed in the disk. The latter are expressed in the form of appropriately defined design
and burst margins. The computational capabilities of the tool developed are demonstrated through
comparisons to calculations with a higher fidelity tool. The importance of accurately calculating
thermal stresses is demonstrated and the ability of the tool for such calculations is discussed. The
potential and efficiency of the tool are illustrated through a proposed re-design of the disks of a
well-documented ten-stage compressor. Finally, the integration of the tool into an overall engine
design framework is discussed.

Keywords: gas turbines; preliminary design; mechanical design; rotating disks; thermal analysis;
stress analysis; constrained optimization

1. Introduction

The design of new gas turbine engines starts with the engine performance and struc-
tural specifications imposed by a customer or the manufacturer itself trying to fulfill a new
market need [1]. The first step is the preliminary design phase, where the potential of a
new engine design is assessed in terms of fuel efficiency, stable operation, and production,
operation, and maintenance costs. In aero-engines, the design should also comply with the
top-level aircraft requirements and environmental regulations. To fulfill this objective, a
multi-disciplinary preliminary design framework is required that integrates robust, reliable,
and fast predictive models for different design disciplines.

Part of any conceptual design framework should also be the mechanical design of
critical structural components (e.g., [2–4]). An accurate mechanical design, as early as
possible, not only provides an assessment of the engine’s safe operation and production
and maintenance costs, but it also provides consistent inputs for the detail design, thus
minimizing the iterations between the preliminary and detailed design phases.

One of the most crucial parts in any gas turbine engine is the disk. Disks are designed
to withstand centrifugal and thermal loads, while in aero-engines they should additionally
cope with landing and thrust forces [5]. Overall, disks are designed as life-limited parts
with overspeed and low cycle fatigue (LCF) capabilities [6]. Since they are a significant part
of the total weight of gas turbine engines, they also need to be optimized for minimum
weight while satisfying geometry and stress criteria.

In the past, many teams of researchers and engineers have developed methodologies and
tools for the preliminary design and weight assessment of turbomachinery disks, as well as
their integration in platforms for the conceptual design of gas turbine engines [2–5,7–13]. In
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most of those, the disk design is formulated as a weight minimization problem subjected to
geometry and stress constraints [2,5,8–13]. In other approaches, the disk design is conducted
analytically [7] or the optimum geometry is obtained iteratively until the produced disk
geometry fulfills the imposed stress constraints [3,4].

An essential part of any disk design methodology is the estimation of the stress levels
developed in the disk during its operation. The reliable assessment of the stress profiles
not only yields a correct disk design with respect to the imposed stress constraints, but it
can also give a glimpse of the life expectancy of the disk in terms of LCF. In this regard,
some methods solve simplified (but more accurate) 1D differential equations for the plane
stress equilibrium on axisymmetric bodies of variable thickness [2,5,8–12], while other
methods rely on approximate analytical solutions of rather poor or ambiguous accuracy
for simplicity and computational efficiency [3,4,7,13]. Thermal stresses, which can be
significant in hot-end components, are approximated using simplified analytical solutions
of Fourier’s law for heat conduction [2,8] and user-defined simple polynomial laws for the
temperature distribution [5,9,13]. Meanwhile, for some codes, no information is provided
about the estimation of thermal loads whatsoever.

In the present paper, the development of a method and its materialization into a tool
for the preliminary design of turbomachinery disks is described, called Rotating Disk
Optimizer (RDO). RDO was built and integrated into the framework for the preliminary
design and assessment of novel aero-engines that the team of authors has been building
in recent years [14–17]. The framework has been developing in PROOSIS [18], an object-
oriented coding environment for modeling and simulating gas turbine engines, which
allows consistent modeling, easy code maintainability, and transparent integration of different
design modules under the same, user-friendly software environment. Currently, the frame-
work also includes modules for multi-point (steady-state) design and performance prediction,
aerodynamic design and geometry estimation, weight calculations, off-design simulations,
mission analysis and emissions, control system design, and transient performance prediction.

RDO formulates the disk design as a constrained optimization problem and exhibits a
number of original features. Compared to other tools in which the disk design is formulated
as a constrained weight minimization (e.g., [2,5,8–13]), in RDO the optimal disk geometry in
terms of minimum weight is obtained by maximizing appropriately defined stress margins.
Among the other publicly available approaches, the only one that offers this design option
is GasTurb Details 5 [9], but no information about its formulation or efficiency is publicly
available. An originality of RDO is that it introduces a number of computationally efficient
approaches for the estimation of the developed stresses. For example, it incorporates a more
accurate temperature model for the correct estimation of the thermal stresses compared to
other tools suitable for preliminary design (e.g., [2,5,8,9,13]). Finally, the tool capabilities are
demonstrated through appropriate validation and optimization test cases. For the latter, the
NASA/GE E3 HPC [19,20] disks will serve as a demonstration for the tool’s functionality
as far as the required baseline geometries are concerned.

2. RDO Workflow

The RDO workflow is depicted in Figure 1. A very simple workflow is employed, in
which an optimizer updates the design variables so that a disk geometry is produced with
the minimum weight while the problem constraints are fulfilled. For obtaining the disk
mass and the necessary material properties (density, elastic modulus, Poisson’s ratio, etc.)
in every optimization cycle, a database of engineering materials commonly used in gas
turbine applications was developed in PROOSIS and integrated into RDO (see Appendix A).
The mathematical formulations and computational approach used are described in the
following sections.
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Figure 1. RDO workflow for obtaining disks of minimum weight.

3. Disk Geometry Modeling and Weight Estimation

In most gas turbine engines, the geometry of the disks can be classified into one of
the following three basic types [8]: ring, web, and hyperbolic. Disks with continuous
slope sections have also been proposed and studied in the open literature [12], but they are
currently not modeled in RDO.

Each disk shape is divided into two portions: the live disk and the dead weight
disk [9]. The rotor blades and blade attachment constitute the dead mass that produces the
majority of the pull stress exerted on the rim of the live disk. The blade and attachment
dimensions (and thus, weights) and the required loads (rotational speed, temperatures,
and pressures) are produced by the aerothermodynamic design and are then fed into RDO,
which conducts the design of the live disk geometry. The live disk shape is defined by six
radial stations or, equivalently, by five segments, characterized by the values of a radius
(R) and a thickness (t). Figure 2 illustrates diagrammatically the meridional view and the
relevant nomenclature of the disk shapes considered in RDO.

Figure 2. Meridional view and nomenclature of the disks considered in RDO: (a) Disk/blade assembly
defining the disk live and dead weights; (b) Ring disk; (c) Web disk; (d) Hyperbolic disk.
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For each of the five disk segments (k = 1, 2, 3, 4, 5) seen in Figure 2, the thickness
variation with radius is described by [12]:

t = ti +
to − ti

(Ro − Ri)
ds f (r− Ri)

ds f (1)

The subscripts i and o denote the inner and outer station of a disk segment, and
ds f > 0 is a disk shape factor that can have different values in different disk segments. For
ds f = 1, a linear thickness variation is defined, while values of ds f 6= 1 give the flexibility
to define more complex thickness distributions.

The thickness profile of Equation (1), which applies at each of the five disk segments,
leads to the following formula for calculating the disk total weight. Note that this expression
can be used for disks consisting of any number of segments.

W = 2πρ
5

∑
k=1

{
to − ti

(Ro − Ri)
ds f

[
(Ro − Ri)

2+ds f

2 + ds f
+

Ri(Ro − Ri)
1+ds f

1 + ds f

]
+

ti
2

(
R2

o − R2
i

)}
k

(2)

4. Disk Thermal Modeling and Validation

Temperature gradients in disks, especially in turbines, can be high enough to create
significant thermal stresses. RDO employs a Disk-Simplified Thermal Model (D-STM)
for calculating the temperature profile along the disk radius which, in turn, is needed for
estimating the developed thermal stresses. This model is described below.

4.1. D-STM Formulation

Most disk design codes assume that the temperature varies according to a polynomial
law (e.g., linearly in [9] or according to a 5th degree polynomial in [5]) or use empirical
curves of proprietary nature (as, e.g., in [13]). Some tools (e.g., [8]) use more physics-based
approaches to obtain the temperature profile along the disk span, which are nevertheless
approximate. The latter come in the form of Fourier’s law for heat conduction, which, for
constant material conductivity and for constant disk thickness, gives [21]:

T
Trim

= 1 + Tbore/Trim−1
ln(Rbore/Rrim) ln

r
Rrim

(3)

The above equation does not account for the disk thickness variation. However,
as shown later, this omission leads to inaccurate physical solutions and results in the
introduction of significant inaccuracy in the calculation of the disk mechanical stresses. In
RDO, a more accurate model was introduced, although the calculation option given by
Equation (3) is still available to the user.

For axisymmetric bodies of variable (axial) thickness, Fourier’s law for heat conduction
assuming constant conductivity is expressed by a 2nd order differential equation, which,
with the accompanying boundary conditions, reads [22]:

d
dr

(
Ar

dT
dr

)
= 0, T =

{
Trim, r = Rrim

Tbore, r = Rbore
(4)

where Ar = 2πrt is the disk circumferential area at an arbitrary radius r. The above
equation is discretized using a 2nd order accurate finite difference approach [23], which
leads to a tridiagonal system of equations for obtaining the temperature profile T = T(r).
The latter is solved quickly using a tridiagonal system algorithm [24].

Equations (3) and (4) will be referred to as the “analytical” and “numerical” thermal
models, respectively.
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4.2. D-STM Validation

The numerical temperature model was validated against a 3D finite element analysis
(FEA) model [25], which was itself validated against Equation (3) for a ring disk geometry
assuming constant material conductivity. The example disk geometry and boundary
conditions used for validating the numerical D-STM are shown in Figure 3.

Figure 3. Example disk geometry and boundary conditions for validating the RDO stress models.

The comparison between the analytical and numerical D-STMs with the FEA results
is shown in Figure 4. The analytical D-STM, Equation (3), fails to capture the correct
temperature trend altogether, where differences in temperature up to 21% can be observed.
It will be shown later that this difference leads to significant errors in the estimation of the
developed stresses. The numerical method, on the other hand, produces values practically
identical to those of the FEA model, thus demonstrating its ability to capture the correct
temperature profile when the disk thickness is accounted for.

Figure 4. Temperature profile comparison between the FEA and the analytical/numerical D-STMs.

It is worth noting that in a desktop PC (Windows 7 64-bit, Intel® CoreTM2 Duo
CPU@3 GHz, 4GB RAM), both the analytical and numerical D-STMs required about 70 ms
each on a grid of the same size (101 nodes were used after a mesh independence study).
For comparison, the FEA model required ~2 min. In conclusion, the numerical D-STM
offers far greater accuracy with a computational effort not greater than that of the analytical
model, and significantly less than the FEA model.

5. Disk Stress Modeling and Validation

Disks are designed to withstand the mechanical stresses generated during engine
operation. In RDO, the stresses that develop in the disk are established through the Disk-
Simplified Stress Model (D-SSM) described below.
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5.1. D-SSM Formulation

For disks of variable thickness, the stresses that develop due to blade, body, and
thermal loads are estimated using the following plane stress equilibrium equation [26]:

d
dr

(trσr)− tσθ + tρr2ω2 = 0 (5)

This equation is also used in other tools [5,8–13], and it is the simplest ordinary
differential equation (ODE) for solving disk analysis problems when the disks are assumed
to be axisymmetric bodies with small thicknesses compared to the radius.

For its solution, boundary conditions at the disk rim and bore are specified. In typical
bladed disk applications, the disk rim is loaded due to the centrifugal forces developed by
the disk dead weight. These forces are exerted on the disk rim as a tensile strength. On the
other hand, the supporting structures connecting the disks to each other and to the shaft
are flexible thin cylinders (or cones) that do not impose radial or tangential loads on the
disk bore [5]. Hence, the boundary conditions required for solving Equation (5) are:

σr =

{
σrim, r = Rrim

0, r = Rbore
(6)

These boundary conditions are the ones used for the test cases presented in this paper.
However, the stress calculation code is general enough so that any combination of boundary
conditions on the disk rim and bore can be specified.

For a given disk geometry and temperature field, Equations (5) and (6) constitute an
ODE that involves two unknowns, namely σr and σθ . The equations are transformed into
a system of equations with only one unknown, that is, the radial displacement u, using
constitutive equations that relate stresses and strains. For isotropic materials, these are [26]:

σr =
E

1−ν2

[
du
dr + ν u

r − (1 + ν)α
(

T − Tre f

)]
, σθ = E

1−ν2

[
u
r + ν du

dr − (1 + ν)α
(

T − Tre f

)]
(7)

where Tre f = 20 ◦C. Note that the code has the possibility of calculating anisotropic
materials too (similarly to [12]).

Substituting σr and σθ from Equation (7) into Equations (5) and (6) gives a 1D, 2nd
order, linear ODE for u = u(r), which is solved numerically obtaining σr = σ(r) and
σθ = σ(r). In RDO, a 2nd order accurate finite volume scheme [12] is employed leading
to a tridiagonal equations system that is solved using a tridiagonal system algorithm [24].
The von Mises stress is also calculated by:

σvM =
√

σ2
r + σ2

θ − σrσθ (8)

5.2. Formulation of Design and Burst Stress Margins

The stress criteria used for ensuring the structural integrity of the disk at every op-
timization cycle are given in the form of a design (RDM) and a burst (overspeed) (RBM)
margin. These are expressed by the following equations:

RDM = σvM,max/(σY,min/SFY) (9)

RBM = (σθ/SFT)/σUTS (10)

where RDM ≤ 1 and RBM ≤ 1 must hold for structural integrity. In the above, σY and
σUTS are the material yield strength and ultimate tensile strength (UTS), respectively, and
SFY ≥ 1.0 and SFT ≤ 1.0 are safety factors. A typical value for SFY is 1.1 [5], but greater
values could be adopted to compensate for inaccuracies in the stress estimations. On the
other hand, SFT = 0.9 [5], but lower values could be adopted (e.g., SFT = 0.47 in [8]). SFY
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and SFT are user-defined in RDO. Finally, the burst margin is usually evaluated at +120%
or greater disk speeds [5,9], but the overspeed factor is a user input in RDO.

5.3. D-SSM Validation

D-SSM was validated against the results obtained by a higher-fidelity (3D) FEA soft-
ware [25], which was itself validated against the analytical stress solution obtained for
constant thickness (ring)-type disks with zero rim and bore boundary conditions [26].

For the validation, the example geometry and temperature boundary conditions
shown in Figure 3 were used (material: Inconel-718). The hyperbolic-type disk illustrated
in Figure 3 rotates at 3750 rpm (~393 rad/s), while the blade and attachment weights exert
a boundary loading equal to 66.8 MPa at the disk rim. The temperature variation along
the disk radius is obtained using the numerical D-STM. Finally, 141 nodes were used for
radially discretizing the disk geometry (selected after a mesh independence study).

The comparison with the FEA results shown in Figure 5, show excellent agreement
between the D-SSM and FEA models. D-SSM can thus successfully reproduce the stress
trends developed in disks without the need of costly FEA calculations (~140 ms and ~3 min,
respectively, in a workstation with Windows 7 64-bit, Intel® CoreTM2 Duo CPU@3 GHz,
4GB RAM).

Figure 5. Comparison of the radial, tangential, and von Mises stresses between the FEA and the
D–SSM including higher-accuracy heat transfer effects.

5.4. Stress Calculations Including Lower Accuracy Heat Transfer Effects

For the sake of demonstrating the outcome of using lower accuracy heat transfer
effects, the above calculation was repeated again, but this time the temperature profile was
obtained using the analytical D-STM model. The results are shown in Figure 6.

Figure 6. Comparison of the radial, tangential, and von Mises stresses between the FEA and the D–
SSM including lower accuracy heat transfer effects.
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From Figure 6, significant discrepancies between the D-SSM and FEA models are
observed when heat transfer effects of lower accuracy are employed. The model fails to
reproduce both the stress trends and magnitudes altogether. There are disk regions where
even the stress signs are wrong, while maximum differences up to 200 MPa can be observed
for the von Mises stress. Note that similar differences are observed when a linear variation
for temperature is assumed (similarly to [9]).

It was shown in Section 4.2 that not considering the disk thickness variation leads to
incorrect temperature fields. This discrepancy results in inaccurate stress trends, which, in
turn, could lead to inaccurate disk designs, thus compromising the correct assessment of
an engine’s potential. Therefore, employment of an accurate thermal model is important
and, as we saw, this can be accomplished without increasing the computational effort.

6. Formulating the Optimization Problem

To avoid local optima and numerical instabilities, some researchers have resorted
to evolutionary strategies for optimizing the disk geometry (e.g., in [12]). Such methods
require prohibitive calculation times if an engine comprising several disks is to be optimized.
In developing RDO, the Nelder-Mead SIMPLEX [27], direct-search, minimization algorithm
was used. It was chosen because (1) it does not need any information about 1st- and 2nd-
order derivatives, (2) it can handle non-continuous and non-smooth functions, (3) it requires
very few function evaluations per iteration, and (4) it can produce satisfactory results very
quickly, among other reasons [28]. Additionally, it is available in PROOSIS as a built-in and
validated function.

6.1. Selection and Limits of Design Variables

For the design of a disk, the disk radii and thicknesses are selected as design variables.
The values of these variables are updated in every optimization cycle, until a disk geometry
is produced that has the minimum weight while not violating the imposed constraints. As
described in Section 3, the disk shapes are described by six sets of radius and thickness
values. For ensuring numerical stability and speed of execution, however, the minimum
number of R’s and t’s should be selected as design variables while the remaining are fixed
and correlated to them.

For all disk types, the thickness and radius at the disk rim are imposed by the dimen-
sions of the rotor and its attachment (R6 = Rrim and t6 = trim), which are obtained by the
aerothermodynamic design that precedes the mechanical design. For ring disks (Figure 2b),
the thickness is radially constant and, therefore, the only variable required for defining the
disk geometry is the bore radius (R1 = Rbore).

For web disks, t1 = t2, t3 = t4, and t5 = t6 (see Figure 2c), while the radii at stations 2
and 3 and those at stations 4 and 5 can be interrelated through a fixed angle assumption
(e.g., see [3,9,13]):

R3 = R2 +
t2−t3

2 tan β23, R4 = R5 − t5−t4
2 tan β45 (11)

where β23 and β45 are angles with default values equal to 36◦ [13].
For hyperbolic disks (Figure 2d), one additional equation can be used to interrelate

the thicknesses at stations 3 and 4 since in hyperbolic disks t3 6= t4:

t3 = 1
3 (t2 + t4) (12)

Therefore, the remaining radii and thicknesses form the design variables used in RDO
for the optimization of each disk shape. These are summarized in Table 1.
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Table 1. Design variables for optimizing different disk shapes.

Disk Type Nr. of Design Variables Design Variables

Ring 1 R1
Web 5 R1, (R2 − R1)/t6, (R6 − R5)/t6, t1/t6, t4/t6

Hyperbolic 5 R1, (R2 − R1)/t6, (R6 − R5)/t6, t1/t6, t4/t6

Finally, the default min/max values used in RDO for the design variables are given in
Table 2. These were obtained by digitizing publicly available 2D cutaways of commercially
operational turbofan engines.

Table 2. Default min/max values for the design variables.

Design Variable
Min. Value Max. Value

Compressor Turbine Compressor Turbine

R1 1.1 × shaft radius
(R2 − R1)/t6 0.3 0.2 3.0 3.0
(R6 − R5)/t6 0.1 0.1 0.7 0.5

t1/t6 0.7 0.8 2.5 2.0
t4/t6 0.1 0.5

6.2. Objective Function and Constraints
6.2.1. Objective Function Formulation

In preliminary disk design, weight minimization is equivalent to maximizing the
developed stresses [10]. Indicative figures for the maximum stresses developed in a disk
are the design and burst margins defined in Equations (9) and (10). In RDO, the objective
function is formulated as:

FOBJ = [max(RDM, RBM)− 1]2 (13)

where we seek to minimize FOBJ or, in other words, to maximize whichever between RDM
or RBM is larger, such that RDM ≤ 1 and RBM ≤ 1. The minimization is subjected to a
number of geometry constraints.

Maximizing the disk stresses instead of directly minimizing the disk weight was
opted since it leads to minimum weight, but the mathematical problem formed has some
advantages in terms of the minimization procedure. For producing acceptable disk designs,
the minimization of the disk weight should be subjected to a number of geometry and
stress constraints. For a robust and converging optimization procedure, the initial disk
design should fall into the feasible solutions area when using, e.g., gradient-based or
search optimization techniques. Initializing the disk dimensions alone, although it may be
performed in a consistent manner, cannot always ensure the fulfillment of both Equations (9)
and (10) if they are used as constraints. In other words, the initial disk geometry is not, by
default, a feasible solution and, therefore, it cannot be used as a suitable starting point for a
gradient-based or direct-search optimization technique.

On the other hand, formulating the minimization problem in the form of Equation (13)
leaves as only constraints to be fulfilled by both the initial and optimized disk geometries
the constraints related to the disk dimensions alone. In RDO, the initial and optimal disk
geometries are produced in such a way that they always respect the min/max values of
Table 2 and Equations (11) and (12) which, in turn, lead to reasonable disk shapes. This was
tested by the authors during the formulation, development, and verification of RDO. It was
concluded that formulating the minimization problem in the form of Equation (13) was
more robust than directly minimizing the disk weight when using direct-search methods.
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6.2.2. Constraints Formulation

In RDO, constraints are formulated as upper-bounded inequalities (FCNS ≤ εCNS).
Whenever a constraint is violated (FCNS ≥ εCNS), the objective function is penalized by
adding to it a penalty value (FOBJ + FPNL).

In RDO, the design variables should respect the min/max boundaries shown in Table 2.
For obtaining reasonable geometries for web and hyperbolic disks, R4 > R3 should also
hold, while for hyperbolic disks, an additional constraint is that t4 < t3.

7. Application Test Cases

RDO’s capabilities are demonstrated on optimization test cases for ring-, web-, and
hyperbolic-type disks. For this reason, the 1st, 2nd, and 3rd stage disks of the NASA/GE
E3 HPC were considered as far as the required baseline geometries, since they approximate
disks of ring-, hyperbolic-, and web-shape, respectively. The baseline geometries and
calculation inputs for the disks of the NASA/GE E3 HPC are given in Appendix B. The
disk overspeed factor for evaluating the burst margin was set at 120%. The safety factors
were set equal to SFY = 1.1 and SFT = 0.9. Finally, no heat transfer effects were considered
and the temperature was set constant along the disk and equal to that at the disk rim.

According to [5], the NASA/GE E3 HPC disks were designed but not optimized for
minimum weight. Therefore, to first assess how much more the disk masses can be reduced
compared to the baseline disks, Equations (11) and (12) are “switched-off” during the
optimization process and the respective dimensions are kept constant and equal to those of
the baseline disks: (R3, R4, t3) = (140.1, 169.9, 15.3) mm for the 2nd stage (hyperbolic)
disk, and (R3, R4) = (153.6, 198.6) mm for the 3rd stage (web) disk. That is, only the
dimensions directly varied by the design variables are changed during the optimization.
The results of the optimization are shown in Table 3.

Table 3. Re-design results for the NASA/GE E3 HPC 1st, 2nd, and 3rd stage disks.

Stage (Type) 1 (Ring) 2 (Hyperbolic) 3 (Web)

Quantity Base. Opt. qDiff. 1 Base. Opt. qDiff. Base. Opt. qDiff.

R1/shaft radius (-) 1.498 1.818 −21.3% 1.534 1.714 −11.7% 1.530 1.803 −17.9%
(R2 − R1)/t6 (-) N/A N/A N/A 0.312 0.305 +2.0% 0.491 0.521 −6.1%
(R6 − R5)/t6 (-) N/A N/A N/A 0.115 0.115 −0.5% 0.470 0.510 −8.5%

t1/t6 (-) N/A N/A N/A 0.712 0.703 +1.3% 0.879 0.826 +6.1%
t4/t6 (-) N/A N/A N/A 0.162 0.164 −1.0% 0.221 0.223 −1.1%
W (kg) 16.8 10.2 +39.1% 9.7 8.8 +9.3% 8.5 7.7 +10.0%

RBM (-) 0.631 1.000 −58.5% 0.878 1.000 −13.9% 0.847 1.000 −18.1%
RDM (-) 0.597 0.863 −44.6% 0.836 0.927 −10.9% 0.825 0.954 −15.6%

1 The relative difference from baseline is defined as: qDiff. = 100×
(
XBase. − XOpt.

)
/XBase..

The weight reduction achieved by RDO is significant for all three stages, ranging from
9.3% (2nd stage disk) to 39.1% (1st stage disk). In all cases, the disk weight minimization is
accomplished by maximizing the burst margin (RBM) with a simultaneous increase in the
design margin (RDM). For all three disks, the optimizer tends to minimize the disk weight
by increasing R1 as much as possible (i.e., has a greater relative change compared to the
other design variables).

The convergence history for all three cases is shown in Figure 7, where the logarithm
(base 10) of FOBJ (left diagram) and the values of W (right diagram) are plotted against the
optimization cycle. The optimization of the 1st stage requires less than one-third of the
number of cycles required for the 2nd and 3rd stage disks (one design variable compared
to five). For all optimization cases, the convergence is deep (FOBJ < 10−12).
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Figure 7. Convergence history for the re–design of the NASA/GE E3 disks: (a) Objective function vs
optimization cycle; (b) Weight vs optimization cycle.

Figure 8 illustrates the tangential stress distributions (σθ/0.9) for the baseline and
optimized disk geometries at 100% and 120% design speed for the 1st and 3rd stage disks.
Note that the respective trends for the 2nd stage disk were similar to those of the 3rd stage
disk and were omitted for brevity. This figure demonstrates the shift of the stress curve
(σθ/0.9) at 120% of design speed towards the UTS line for meeting the RBM criterion and
the maximization of the disk stress (RBM = 1.0). For all optimized disks, the tangential
stress at 120% of design speed (blue dashed curve) has both greater and lower values than
the respective UTS limit. This is because, according to Equation (10), RBM is formulated
considering the average values of σθ and σUTS. Therefore, the optimizer updates the disk
geometry until the σθ curve is shifted to be half above-half below the UTS line. We also
observed that the tangential stress at 120% of design speed (black dashed curve) for the 3rd
stage baseline disk is greater than σUTS along the inner rim and inner shoulder sections of
the disk, contrary to the 1st stage baseline disk for which the respective curve is well below
the UTS limit. Therefore, for the 1st stage disk, there is more room for meeting the RBM
criterion than that required for the optimization of the 3rd (and 2nd) stage disk(s). Hence,
greater weight reduction is achieved by RDO for the 1st stage disk compared to that for the
3rd (and 2nd) stage disk(s).

Figure 8. Baseline and optimized tangential stress comparison for the NASA/GE E3 HPC: (a) 1st
stage disk; (b) 3rd stage disk.

Next, the optimization of all ten (10) stage disks of the NASA/GE E3 HPC is conducted
following two approaches: the re-design approach described above, and an approach in
which Equations (11) and (12) are “switched-on” during the optimization, i.e., the disks are
designed “from scratch”. The results of the two optimization approaches are presented in
Table 4.
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Table 4. Comparison of re-design and “from scratch” design for the NASA/GE E3 HPC disks.

Stage 1 2 3 4 5 6 7 8 9 10

Base. W (kg) 16.8 9.7 8.5 7.4 11.1 18.8 14.6 14.7 14.1 17.4
Re-design W (kg) 10.2 8.8 7.7 6.2 9.8 15.6 11.5 10.7 11.1 13.1

qDiff. (%) 1 39.1 9.3 10.0 16.0 12.3 16.9 21.2 26.9 21.2 24.4
Scratch design W (kg) 10.2 7.8 6.8 6.0 8.6 14.8 10.4 10.2 10.6 12.9

qDiff. (%) 39.1 19.6 20.6 18.9 22.4 21.6 29.1 30.7 24.7 25.6
1 The relative difference from baseline is defined as: qDiff. = 100×

(
XBase. − XOpt.

)
/XBase..

It is observed that the “from scratch” design achieves a greater overall weight reduc-
tion than the “re-design” (26.2% compared to 21.3%). Note, however, that both design
approaches obtained the same weight reduction for the 1st stage disk (ring-type) since
Equations (11) and (12) are not applicable for the design of ring-type disks and, therefore,
the two design approaches are essentially the same. Figure 9 shows the meridional view
of the compressor after the two designs. Regarding the time required for optimizing ten
disks twice, it was less than 5 s in a desktop PC (Windows 7 64-bit, Intel® CoreTM2 Duo
CPU@3 GHz, 4GB RAM).

Figure 9. NASA/GE E3 HPC meridional view showing the baseline and optimized disk shapes for
the re–design and “from scratch” design without heat transfer effects.

Finally, the “from scratch” design is repeated, but this time heat transfer effects are
accounted for by solving the numerical D-STM. For this calculation, the temperature at the
bore of the disks was considered constant and equal to 20 ◦C (room temperature) across
the compressor. The meridional view of the compressor after the new design is shown
in Figure 10. The overall weight reduction is now 16.7% (compared to 26.2% without
heat transfer effects). The weight reduction is smaller since more material is required to
compensate for the increased stresses.
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Figure 10. NASA/GE E3 HPC meridional view showing the baseline and optimized disk shapes for
the “from scratch” design considering heat transfer effects.

8. Integration of RDO into the Platform for the Preliminary Design of Aero-Engines

As shown above, RDO can produce fast and robust disk designs for multistage ma-
chines. Figure 11 illustrates the integration of RDO into the platform for the multidis-
ciplinary preliminary design of aero-engines that the team of authors has been devel-
oping [14–17]. The geometry and weights of the gas-path, rotational speeds, and loads
(temperatures and pressures) are produced by the aerothermodynamic design of the com-
pressor or turbine components. This information is fed into RDO, which produces the
dimensions of the discs required to hold the corresponding blading. The produced spool
weights and inertias are then fed into the aircraft mission and transient analysis modules
for assessing the overall flight performance. Finally, the disc geometry determination also
contributes in the visualization of the engine gas-path.

Figure 11. RDO integration into the PROOSIS platform for the preliminary design of aero-engines [14–17].

9. Discussion

The main advantage of the presented formulation is that it allows to define initial
disk geometries that lie in the feasible solutions section of the design space, since the only
constraints that the initial disk geometry must fulfil are related to the dimensions of the
disk and not the stress levels. This, in turn, allows search techniques to be used, which are
faster than evolutionary techniques, thus enabling the robust design of multistage machines
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within acceptable times. The test cases presented showed that the design of the disks of a
ten-stage compressor required about 5 s in a home desktop PC to design each disk twice!

For estimating the stress levels in a disk, some design tools use semi-analytical models
of rather poor accuracy, while other tools use more accurate 1D ODEs that are solved
numerically (see Introduction). In either case, all codes estimate the developed thermal
stresses by assuming simplified models for the temperature radial profile. In this paper, a
more accurate temperature model was proposed and integrated into RDO, which considers
the variation of the disk thickness. It was shown that not including the thickness variation or
using simple polynomial laws to establish the temperature profile leads to inaccurate results
regarding the developed stress levels. This problem is expected to be more prevalent in hot-
end components of gas turbines in which there are significant temperature gradients and,
thus, the correct modeling of thermal stresses is essential. The thermal model employed in
RDO essentially requires the same computational time compared to analytical approaches,
but offers significantly higher accuracy.

10. Conclusions

A tool for the preliminary, optimal design of turbomachinery disks (RDO) was pre-
sented. It formulates the disk weight minimization problem as an equivalent, constrained
maximization problem of the stresses developed in the disk. This is accomplished by
appropriately defined design and overspeed (burst) margins that express the level of the
developed radial and tangential stresses. This formulation and its efficiency with regard to
engine optimization problems are presented in the open literature for the first time.

In this study, it was also shown that the RDO stress models can accurately model and
predict the stresses developed in disks, thus leading to reasonable designs from the very
start of the design process. In fact, this is achieved without the need for FEA tools, which
are computationally costly, difficult to integrate into preliminary design platforms, and
require a certain level of expertise in setting-up the model and the calculation sequence.

Finally, real-case optimization problems demonstrated that the proposed formulation
leads to robust, fast, and deep-converging optimization problems and, therefore, it can be
integrated in platforms used for the preliminary design of gas turbine engines.

Author Contributions: Conceptualization, I.K., N.A. and A.A.; methodology, I.K. and N.A.; software,
I.K.; validation, I.K.; formal analysis, I.K.; investigation, I.K.; data curation, I.K. and N.A.; writing—
original draft preparation, I.K.; writing—review and editing, I.K., N.A., A.A. and K.M.; visualization,
I.K.; supervision, N.A., A.A. and K.M. All authors have read and agreed to the published version of
the manuscript.

Funding: This project has received funding from the Clean Sky 2 Joint Undertaking (JU) under grant
agreement No 886840. The JU receives support from the European Union’s Horizon 2020 Research
and Innovation Programme and Clean Sky 2 JU members other than the Union.

Data Availability Statement: The data presented in this study are available on request from the
corresponding authors.

Acknowledgments: The authors would like to deeply thank Agapi Bakogianni for obtaining and
providing the FEA results used to validate RDO’s stress models. They would also like to thank
Konstantinos Ntonas for his expertise with FEA tools and his advice for correctly setting up the FEA
models and post-processing the simulation results.

Conflicts of Interest: The authors declare no conflict of interest.



Aerospace 2023, 10, 460 15 of 17

Nomenclature

Abbreviations
1/2/3D 1-/2-/3-Dimensional LCF Low Cycle Fatigue
D-SSM Disk-Simplified Stress Model NASA National Aeronautics and Space Administration
D-STM Disk-Simplified Thermal Model PROOSIS Propulsion Object Oriented SImulation Software
FEA Finite Element Analysis RDO Rotating Disk Optimizer
GE General Electric UTS Ultimate Tensile Strength
HPC High-Pressure Compressor XML Extensible Markup Language
Symbols
A Area (m2) u Radial displacement (m)
ds f Disk shape factor (-) V Material volume (m3)
E Modulus of elasticity (Pa) W Weight (kg)
F Functional/Function X Generic/dummy variable
k Counter/Index α Coefficient of thermal expansion (m/m/◦C)
r Radial coordinate (m) β Angle (◦)
R Radius (m) ε Threshold/Tolerance
RBM Burst margin (-) ν Poisson’s ratio (-)
RDM Design margin (-) ρ Material density (kg/m3)
SF Safety factor (-) σ Normal stress (Pa)
t Thickness (m) ω Rotational speed (rad/s)
T Temperature (K)
Subscripts
1,2,3,4,5,6 Disk station numbering r Radial component
bore Disk bore re f Reference condition
CNS Constraint function rim Disk rim
i/o Inner/Outer UTS Ultimate tensile strength
min/max Minimum/Maximum vM von Mises stress
OBJ Objective function Y Yield strength
PNL Penalty function θ Tangential component

Appendix A. Materials in RDO Database

A database of structural materials is essential for performing mechanical design. A
database of materials commonly used in gas turbine applications was thus developed
in PROOSIS, based on information extracted from wider material databases and vendor
datasheets. The materials included are shown in Table A1. For each material, the density,
modulus of elasticity, yield strength at 0.2% strain, UTS, Poisson’s ratio, and coefficient
of thermal expansion are available in dedicated XML files. The mechanical properties are
stored in the XML files in terms of temperature, thus allowing accurate calculations in the
presence of accountable temperature variations.

Table A1. Database of available materials in RDO.

A-286 Haynes-282 Inconel-706B Kevlar-49 Rene-N5
AM-350 Incoloy-800 Inconel-718 Mar-M-247 Ti-6Al-4V

Aluminum-2050 Incoloy-907 Inconel-738 N-155 Ti-8-1-1
Gr. Ascoloy-418 Incoloy-925 Inconel-740 Nimonic-105 Udimet-720

Hastelloy-S Inconel-601 Inconel-783 Rene-41 Waspaloy
Haynes-188 Inconel-706A Kevlar-149 Rene-N4

Appendix B. Calculation Inputs for the NASA/GE E3 HPC Disks

The NASA/GE E3 HPC used as a baseline test case in the present paper is a high-
speed, high-aerodynamic loading, ten-stage compressor designed with an overall pressure
ratio of 25 and a rotational speed of 12,416.5 rpm [19]. Table A2 summarizes necessary
information about the disks as extracted by [19,20], while a 2D cutaway of the compressor
is depicted for completeness in Figure A1.
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Table A2. Information for the NASA/GE E3 HPC disks [19,20].

Stage: 1 2 3 4 5 6 7 8 9 10

Disk
type Ring Hyper. Web Web Web Web Web Web Web Web

Material Ti811 Ti6Al4V Ti6Al4V Ti6Al4V Ti6Al4V Inco.718 Inco.718 Inco.718 Inco.718 Inco.718
R1 (mm) 104.1 106.6 106.3 105.9 85.5 91.0 91.0 91.1 91.7 92.2
R2 (mm) 121.0 120.1 122.4 101.7 128.3 125.1 122.1 120.7 135.0
R3 (mm) 140.1 153.6 159.5 152.7 156.4 152.3 151.2 151.0 167.3
R4 (mm) 169.9 198.6 225.1 238.9 239.0 237.6 248.4 250.9 250.7
R5 (mm) 196.7 217.1 237.9 247.0 249.5 251.8 256.5 258.8 257.0
R6 (mm) 154.6 202.0 230.3 246.2 255.0 257.4 258.1 261.6 263.5 265.9
t1 (mm) 32.9 24.7 20.6 31.7 25.9 24.3 25.5 25.5 25.5
t2 (mm) 32.9 24.7 20.6 31.7 25.9 24.3 25.5 25.5 25.5
t3 (mm) 15.3 6.2 5.8 8.7 6.7 4.6 5.4 4.6 5.0
t4 (mm) 7.5 6.2 5.8 8.7 6.7 4.6 5.4 4.6 5.0
t5 (mm) 46.2 28.1 22.0 23.3 23.3 16.7 12.2 16.7 15.0
t6 (mm) 93.7 46.2 28.1 22.0 23.3 23.3 16.7 12.2 16.7 15.0
Trim (K) 323.2 379.9 433.2 486.4 540.3 595.9 646.0 697.2 751.1 804.8

σrim
(MPa) 89.7 70.6 61.6 50.2 59.3 65.4 70.8 58.5 48.5 39.2

Shaft
radius
(cm)

6.95

Figure A1. 2D cutaway of the NASA/GE E3 HPC [20].
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