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Abstract: The flight dynamics of a compound aircraft are highly coupled and significantly different
from those of a single aircraft. In this paper, the characteristic flight dynamics of a three-unit connected
aircraft are analyzed in detail. By distinguishing the aircraft’s modes into a symmetric mode group
and an asymmetric mode group, the mechanisms by which the relative roll modes of the compound
aircraft significantly impact the rigid-body modes of the vehicle become clear. The trim configuration
of a compound aircraft has a profound influence on its stability and flight modes. In addition, the
relative roll modes can be separated from the full-state model by appropriate simplifications, and the
modal coupling mechanism and evolution law can be analytically derived. The key parameters which
have a significant influence on the trim configuration and flight modes of the aircraft are pointed
out in this paper. Finally, the common failure modes of compound aircraft are identified. A flight
experiment with test data verifies the correctness of the above theoretical analysis.

Keywords: multi-body; dynamics; compound aircraft; modal analysis

1. Introduction

High-altitude long-endurance (HALE) aircraft and aerial robot swarms are among the
important embodiments of future unmanned aerial vehicles (UAV). Wingtip-connected
compound multi-body aircraft represent a practical scheme with the potential to become
a swarm when separated in the air and an efficient aircraft with a high aspect ratio when
combined [1], while reducing the difficulty of structural design compared with an entire
large aircraft. The purpose of wingtip-connected aircraft is to enhance the endurance of
the individual aircraft, as implemented in 1950s by the U.S. Air Force [2]. The Distributed
Flight Array project adapts modular vehicle concepts, and has performed a successful
flight test [3]. There are two other advantages of wingtip-connected multi-body aircraft.
First, they have the ability to use modular combinations. Because the compound aircraft
can be considered as a combination of several separate unit aircraft, modular payload
combinations can be carried out according to the specific functions of the unit aircraft;
for example, one unit aircraft can act as the power producer while its neighbors carry the
task payload. Such an aircraft has almost no scale constraints in the span direction, and can
carry large-scale distributed equipment such as antennas, synthetic aperture radars, and
optical reconnaissance equipment.

Second, these aircraft have an extra degree of freedom in terms of their spanwise
bending. This provides a compound aircraft with the ability to change its shape as needed
during flight, which produces advantages in reducing the structural load and improving
task flexibility. From an energy perspective, wings with solar panels can be folded and
deformed to maximize the projection area towards the sun, as is the case for Aurora Flight
Sciences’ “Odysseus” solar-powered high-altitude vehicle.

In recent years, Zhou et al. [4] have summarized the research progress of compound
fixed-wing aircraft and analyzed the relationship between the aerodynamic performance of
compound aircraft and the number of connected aircraft. Mcgill et al. [1] have shown that

Aerospace 2023, 10, 442. https://doi.org/10.3390/aerospace10050442 https://www.mdpi.com/journal/aerospace

https://doi.org/10.3390/aerospace10050442
https://doi.org/10.3390/aerospace10050442
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/aerospace
https://www.mdpi.com
https://doi.org/10.3390/aerospace10050442
https://www.mdpi.com/journal/aerospace
https://www.mdpi.com/article/10.3390/aerospace10050442?type=check_update&version=1


Aerospace 2023, 10, 442 2 of 21

a compound aircraft with a wingtip-docked configuration can realize aerodynamic benefits
(20–40%) based on the lift force in a configuration with an F-84 and transport situated
wingtip-to-wingtip.

Montalvo [5] put forward the concept of “meta-aircraft” (called unit aircraft in this
paper) and analyzed the corresponding flight dynamics in a wingtip-to-wingtip configu-
ration and tip-to-tail configuration, together with an analysis of the number of connected
individual aircraft. The controllability [6] and connection control law [7] of the compound
aircraft were investigated as well. Finally, Montalvo connected two identical aircraft [8] and
conducted a flight test of the feedback control law that included both take-off and landing.

Köthe et al. [9] studied the dynamics of multi-body high-altitude aircraft using the
Kane method and potential flow theory (vortex lattice method); their results pointed out
that the stiffness and location of the joint between both wingtips is a key factor in the flight
mechanics of connected aircraft. Control allocation and eigenstructure assignment was
adapted [10] to transfer the dynamics of a highly flexible multi-body aircraft into those of
one classic-like rigid-body aircraft. For further investigation, a flight path controller was
developed [11] and an experiment [12] was carried out.

Yang et al. conducted numerical simulation and stability analysis on compound multi-
body aircraft consisting of two and three individual aircraft connected by wingtips [13].
They proved the inherent instability of compound aircraft through modal analysis, and
proposed a feedback controller to eliminate this instability.

Research on the flight dynamics of compound aircraft has mainly focused on wingtip-
connected multi-body aircraft, with the results mainly reflecting the aspects of modeling
and time-domain simulations, linear analysis, and aerodynamic characteristics. Simulations
and flight tests have been conducted to verify the feasibility of compound aircraft consisting
of two and three identical unit aircraft, although detailed dynamic characteristics have not
been determined. Detailed flight dynamics analysis and flight testing are mainly available
for highly flexible aircraft, and are largely absent for compound aircraft [14–16]. The current
research on the dynamics of compound aircraft is limited by the fact that most studies are
numerical and focused on specific vehicles. There is a lack of quantitative and analytical
analyses that comprehensively explore the dynamics of compound aircraft in general.
Therefore, the cause of the modes and how the key parameters of the aircraft affect its
dynamic characteristics are not yet sufficiently clear.

To provide guidance for conceptual design and control law deployment of compound
aircraft, a generalized method for describing the flight characteristics of multi-body aircraft
must be developed, nonlinear analysis must be performed, and an analytical expression of
the flight dynamics based on reasonable simplification should be derived. Compared to
compound aircraft consisting of two identical aircraft, those with three or more unit aircraft
introduce extra span-wise asymmetry into the dynamics; therefore, knowledge of the flight
mechanics of such aircraft is of high value.

This paper focuses on studying the flight dynamics of a three-unit connected aircraft;
however, the obtained results have reference value for compound vehicles incorporating
additional unit aircraft. New parameters such as the generalized spring stiffness, gen-
eralized inertia, etc., were defined in order to obtain universal analytical expressions to
reveal the causes and coupling relations of each mode of the compound aircraft. This
paper points out the differences in method between research on compound aircraft and
traditional aircraft analysis, and points out the main factors that most highly affect the
flight modes and stability of compound aircraft. Finally, valid flight data are used to prove
the correctness of the theory presented in this paper.

The remainder of this paper is organized as follows. Section 2 introduces our research
platform and its mathematical model; Section 3 describes the flight dynamics and modal
analysis; Section 4 provides an the analytical treatment of the different modes; finally,
the main contributions and conclusions of the paper are presented in Section 5.
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2. Mathematical Model of 8-DOF Compound Multi-Body Aircraft

The compound multi-body aircraft studied in this article consists of three identical
conventional-layout vehicles connected by spring hinges at the wingtips. The compound
aircraft can only rotate around the x-axis due to the constraint of the hinge, ignoring
gaps and undesired movements in other directions introduced by manufacturing error.
The spring is assumed to be linear over the operating range (±40 degrees). While not all
multi-body aircraft require spring hinges, some do, and most are single-degree-of-freedom
spring hinges. To maintain generality, when modeling aircraft without spring hinges
the spring coefficient is set to 0. For brevity, the individual aircraft are called “unit aircraft”
and the unit aircraft at the center is named “the reference aircraft”. The configuration
design of the compound aircraft is as shown in Figure 1. The definition of the relative roll
angle of the compound aircraft is as shown in Figure 2. The total span of the prototype is
3.0 m, and the total weight is 2.25 kg. The moments of inertia along the X, Y, and Z axes of
the unit aircraft are 0.027 kg/m2, 0.023 kg/m2, and 0.0041 kg/m2, respectively. There are
four actuators in the unit aircraft: one elevator, two ailerons, and one propeller thruster.
For better manipulation performance, the elevator occupies 46% of the area of the horizon
tail, and each aileron surface takes up 18% of the area of the main wing.

Figure 1. Schematic of compound aircraft with three individual aircraft.

Figure 2. Definition of relative roll angle φBA and φCA of the compound aircraft.

The Lagrange equations are employed in terms of the quasi-coordinates [17] to derive
the equations of motion of the compound aircraft, which has the advantages of removing
the constraint equations at the hinge and simplicity in comparison with the standard
Lagrange equations.

Relevant CFD simulations and wind tunnel tests illustrate [18] that when two wing
sections are joined the aerodynamic forces on the respective wings change somewhat
compared to flying alone, which is mainly due to the aerodynamic coupling effect at the
hinge on both wing surfaces and the disappearance of the corresponding wingtip vortices
caused by the wingtip docking. The aerodynamic coefficient on each unit aircraft can be
expressed as

C = KXYC0 (1)
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where C0 represents the original aerodynamic coefficients of the unit aircraft and KXY
denotes the impact factor, which can be expressed as a function of the relative roll angle
φ and the angle of attack (AoA) α, and where the index X represents lift (L) and drag (D)
while the index Y denotes the identifier of the ath, bth, and cth unit aircraft

Coefficients C0 (for example, CL0 and CD0) were calculated when analyzing the unit air-
craft (omitted here); thus, the modeling of the compound aircraft turns on the determination
of KXY. This idea is improved from [19].

The following section explains the modeling process for KXY, taking the impact factor
of the lift coefficient KLa, KLb, and KLc as an example.

First, we calculate KLa, KLb, and KLc using a program based on lift-line theory under a
series of relative roll angles (φBA φCA) and angles of attack (α), as shown in Figure 3 (note
that KLb and KLc share the same coefficients).

Figure 3. Aerodynamic database of KLa, KLb, and KLc under AoAs of 5, 10, and 15 degrees.

It is worth noting that while the lift coefficient changes significantly with the AoA,
the impact factor KXY is insensitive to it. This can be obtained by comparing the three
subplots in each row of Figure 3. The last two rows of Figure 3 show that KLb and KLc are
mainly affected by φBA and φCA, respectively. Further, the upper and lower deflections
of the bank angle have nearly the same negative effects on the corresponding KLY. These
characteristics help in reducing the dimensionality of the aerodynamic database.
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Next, polynomials are employed to fit the aerodynamic data. When fitting the data,
the physical meaning of the form of the polynomials and the accuracy should both be taken
into account, and the simplest expression should be chosen under the condition that the
accuracy of the fit is guaranteed and the sum of the squared errors (SSE) is minimized.

Because the effects of φBA and φCA on KLa are equivalent, the expressions of KLa can
be constructed as in Equation (2):

KLa = p0(φ
3
BA − φ3

CA) + p1(φBA − φCA) + p2. (2)

After finding coefficients p, the result of KLa is expressed as Equation (3):

KLa = 0.0137(φ3
BA − φ3

CA)− 0.01295(φBA − φCA) + 1.201. (3)

In fact, the CFD simulations suggest that KLa is greater in dihedral configuration
than in anhedral configuration; however, because this difference is minor, it is ignored in
the expression.

Similarly, expressions of KLb and KLc are obtained as Equation (4):

KLb = 0.1267φ4
BA − 0.2384φ2

BA + 1.1181
KLc = 0.1267φ4

CA − 0.2384φ2
CA + 1.1181.

(4)

In this paper, nearly all impact factors (KXY) of aerodynamic coefficients are studied,
and it is found that the most influential ones are the factors for the lift and drag coefficients
(KLY and KDY). This is because wingtip docking has a much greater influence on the main
wing than on the horizontal and vertical stabilizers.

In practice, the relative roll angles φBA and φCA have a relatively small effect on KXY.
In most cases, KXY can be approximated as constants rather than polynomials.

As shown in Figure 2, the quasi-velocity vector w and the quasi-motion vector q can
be expressed as

w = [ua, va, wa, pa, qa, ra, pBA, pCA]
T

q = [xa, ya, za, φa, θa, ψa, φBA, φCA]
T .

(5)

where ua, va, and wa denote the translational velocity in the body frame of the reference
aircraft and pa, qa, and ra mean the angular velocity. The variables pBA and pCA represent
the relative roll rate of the bank angle between the individual unit aircraft. Similarly, xa, ya,
and za represent the translocation of the reference aircraft and φa, θa, and ψa are the Euler
angles of the reference aircraft. Finally, φBA and φCA denote the bank angle.

The equations of motion in Lagrange’s method are formulated as follows:

d
dt

(
∂L
∂w

) + H
∂L
∂w
− BT ∂L

∂q
= Q∗. (6)

In the above formula, L represents the Lagrange function, H and B are the assistant
coefficient matrix, and Q∗ denotes the generalized force and moments. The expressions of
the above matrix are listed below:

L = T −V =
3

∑
i=1

Ti −
3

∑
i=1

Vi (7)

H =


w̃1 0 0 0
Ṽ1 w̃1 0 0
0 0 w̃ba 0
0 0 0 w̃ca

 (8)

B = diag(CT , D−1
1 , D−1

2 , D−1
2 ) (9)
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Q∗ = [F∗T
a , M∗T

a , M∗T
b , M∗T

c ]T . (10)

The expressions of the generalized forces and moments are shown in Equations (11)–(13):

F∗
a = Ta

e (Ga + Gb + Gc) + Ta
wFaero,a + FT ,a

+Ta
b (T

b
wFaero,b + FT ,b) + Ta

c (T
c
wFaero,c + FT ,c)

(11)

M∗
a = Maero,a + Ta

b Maero,b + Ta
c Maero,c+

(ram + Ta
b rmb)× (Ta

e Gb + Ta
b Tb

wFaero,b + Ta
b FT ,b)+

(ran + Ta
b rnc)× (Ta

e Gc + Ta
c Tc

wFaero,c + Ta
c FT ,c)

(12)

M∗
b = Maero,b + rmb × (Tb

a Ta
e Gb + Tb

wFaero,b + FT ,b) + k×φba

M∗
c = Maero,c + rnc × (Tc

a Ta
e Gc + Tb

wFaero,c + FT ,c) + k×φca
(13)

where Ti and Vi denote the kinetic energy and potential energy of the ith vehicle, respectively,
w̃ represents the anti-symmetric matrix of vector w, and C is the coordinate transformation
matrix from the inertial coordinate to the body coordinate of the reference vehicle. The
matrix Di transforms the Euler angle rate to the angle rate represented in the body axis.
Moreover, F∗ and M∗ denotes the generalized forces and moments, Ta

b means the transform
matrix from frame a to frame b, k means the spring stiffness, and Gx is the gravity of the
xth unit aircraft.

3. Flight Dynamics and Modal Analysis

The longitudinal and lateral dynamics of a traditional aircraft are decoupled, with the
short period and phugoid modes governing the longitudinal dynamics and the dutch
roll, spiral, and roll modes making up the lateral dynamics. However, for a compound
multi-body aircraft with extra degrees of freedom in relative roll motion, additional modes
called flapping modes come into play [6]. Although classic flight dynamic modes are
present for this type of aircraft, they are influenced by the flapping modes. This chapter
begins by trimming and linearizing the compound aircraft, followed by modal analysis
in different trimming configurations. It then delves into the mechanisms by which the
different modes form and interact with each other. Finally, the nonlinear response and
stability of the aircraft are studied.

3.1. Trimming, Linearization, and Mode Analysis

The trim state refers to a steady level flight of the compound aircraft without relative
motion between the constituent unit aircraft. Assuming that each unit aircraft in the
compound aircraft can stay in level flight without deflection of the control surface at neutral
pitch, then the nonlinear dynamics from Equation (1) can be expressed in the form of
Equation (14) with w and q as state vectors and u as the control input.

ẇ = f (w, q, u) (14)

Let ẇ = 0 and solve Equation (14); it is assumed that the AoAs of all unit aircraft
remain neutral, while the velocity can vary. The solution of Equation (14) provides results
that indicate a symmetric configuration. The compound aircraft can be trimmed under
both anhedral and dihedral configurations, as shown in Figure 4.

Compared to the elevators and throttle, the ailerons play the most important role in
trimming, allowing the aircraft to be balanced within a certain range of configurations
between symmetrical anhedral and symmetrical dihedral, instead of just two trim points,
which is the case without involving ailerons. The extension of the trimming range is related
to the maneuverability of the aircraft’s ailerons and its maximum flight speed. Table 1
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shows a series of trimming configurations for the compound aircraft, ranging from dihedral
to anhedral configurations. In this table, the bank angle is assigned while the speed and
control surfaces deflections are calculated. A bank angle of −3 deg represents a dihedral
configuration of 3 deg, whereas a bank angle of 3 deg represents an anhedral configuration
of 3 deg.

Table 1. Trim configurations.

Speed (m/s) 10.52 10.40 10.32 10.27 10.25 10.27 10.32 10.41 10.53
Aileron B (deg) 2.6472 0.3724 −1.1006 −1.7018 −1.4153 −0.2292 1.827 4.6871 8.2683
Aileron C (deg) −2.6472 −0.3724 1.1006 1.7018 1.4153 0.2292 −1.827 −4.6871 −8.2683

Bank angle (deg) −22.92 −17.2 −11.46 −5.73 0 5.73 11.46 17.2 22.92

A compound aircraft in a anhedral or dihedral configuration always operates at a
higher airspeed compared to a planar configuration. The main reason for this is that the
deflections of the unit aircraft on both sides decrease the projected wing area, requiring a
higher airspeed to generate sufficient lift.

Figure 4. Anhedral and dihedral configurations of the compound aircraft.

Trim states with downward deflection of the side unit aircraft (anhedral configuration)
result in a stable configuration, while upward deflection (dihedral configuration) can lead
to configuration divergence (positive eigenvalues of flapping mode 1). Although anhedral
configurations can harm the lateral stability of the compound aircraft with a positive
eigenvalue of the spiral mode, this configuration is chosen as the operational state to ensure
a stable configuration of the compound aircraft.

An anhedral configuration without deflection of the ailerons is chosen here as the opera-
tion configuration, though other anhedral configuration make sense as well. In the chosen
stable trimming state, the Jacobian matrices can be derived and the eigenvectors and eigen-
values can be obtain to investigate the flight modes and stability of the compound aircraft.
The full-state dynamic equations contain sixteen variables, meaning that there should be
sixteen eigenvalues; however, four of these are located at the origin, and as such can be
ignored. The remaining twelve eigenvectors and eigenvalues, corresponding to seven modes
of the compound aircraft, are listed in Tables 2 and 3.

Table 2. Flight mode group 1 and corresponding eigenvalues.

Mode Short Period Flapping Mode 1 Flapping Mode 1 Phugoid

ua −0.0385 ± 0.0005i −0.00138 0.2084 0.5875 ± 0.0003i
wa −0.1548 ± 0.4000i −0.2236 0.2112 −0.0411 ± 0.0003i
qa 0.9009 0.00534 −0.119 0.0809 ± 0.0044i

φBA −0.005 ± 0.0187i 0.6874 −0.630 0.0011 ± 0.0016i
φCA 0.005 ± 0.0187i −0.6874 0.630 −0.0011 ± 0.0016i

Eigenvalue −15.231 ± 20.292i −5.737 −2.260 −0.0014 ± 1.1535i
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Table 3. Flight mode group 2 and corresponding eigenvalues.

Mode Flapping Mode 2 Quasi-Roll Mode Spiral Dutch Roll

va 0.014 ± 0.0087i 0.4128 0.0818 0.8671
pa −0.3408 ± 0.00458i 0.8746 0.0124 0.1751 ± 0.0853i
ra 0.00025 ± 0.0008i 0.133 0.0198 −0.0090 ± 0.1293i

φBA 0.6608 0.171 0.0019 −0.1663 ± 0.0088
φCA 0.6620 0.171 0.0019 −0.1663 ± 0.0088

Eigenvalue −7.377 ± 6.640i −4.021 0.4961 −0.9000 ± 1.4119i

A comparison investigation of the eigenvectors carried out with the help of the MAC
matrix leads to

MAC(i, j) =
| XT

i,rX∗j |
XT

i,rX∗i,rXT
j X∗j

(15)

By evaluating the dot product of two analyzed vectors, The MAC matrix can be
applied to analyze of the degree of coupling between the eigenvectors (in this case, the
flight modes) for greater simplicity and intuitiveness [10]. Here, MAC(i, j) values the
correlation of the ith and jth vector x, with Xi,r as the ith eigenvector of the reference case
and Xj as the jth eigenvector of the currently considered case. The shading on the squares
in the graph represent the strength of the correlation, with 1 indicating a perfect correlation
and 0 indicating no correlation. An MAC matrix in diagonal form indicates low coupling
between the investigated vectors. Figure 5 shows the MAC matrix for the compound
aircraft in anhedral equilibrium configuration. Additionally, the MAC matrix indicates a
division of the modal groups of the full-state flight dynamics into a symmetric mode group
and asymmetric mode group.

Figure 5. MAC matrix of different trimming configurations. Modes 1 and 2: short period; modes 3
and 4: phugoid; modes 5 and 6: flapping mode 1; modes 7 and 8: flapping mode 2; mode 9: quasi-roll;
modes 10 and 11: dutch roll; mode 12: spiral.

The relative roll motion (flapping modes) is the crucial mode of the compound aircraft.
There are two types of flapping mode in the three-wingtip-docked compound aircraft,
called flapping mode 1 and flapping mode 2, as shown in Figures 6 and 7.
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Figure 6. Flapping mode 2 (anti-symmetric flapping mode).

Figure 7. Flapping mode 1 (symmetric flapping mode).

The division of longitudinal and lateral modes adapted in classic flight dynamics
cannot be applied due to the addition of relative roll modes. The MAC matrix is basically
presented in the form of a block diagonal matrix, indicating that the modal division
of group 1 (symmetric motion) and group 2 (asymmetric motion) is reasonable. The
symmetric mode group includes the short period, phugoidm and symmetric flapping
(flapping mode 1) modes. The longitudinal motion (short period and phugoid) of the
wingtip-docked compound aircraft analyzed in this study is not significantly different from
that of a conventional aircraft [6]. In symmetric mode, the reference aircraft should be free
of rolling motion. Flapping mode 1 presents a motion in which the side aircraft engages in
synchronous up and down flapping motions with the same amplitudes while the reference
aircraft remains horizontal. Flapping mode 1 inspires an entirely vertical velocity variation
and an induced pitch.

In anti-symmetric flapping mode, here flapping mode 2, the unit aircraft on both
sides roll at the same angles while the reference aircraft rolls in the opposite direction.
This behavior is coupled with the lateral motion of the entire aircraft in terms of lateral
velocity, yaw rate, and roll rate. During anti-symmetric flapping motion, the direction of
the resultant lift vector deviates from the XOZ plane of the wind axis.

Dutch roll mode, spiral mode, anti-symmetric flapping mode (flapping mode 2), and
quasi-roll mode form the asymmetric mode group. Under the anhedral operating configu-
ration, spiral mode is unstable. Spiral mode can be easily excited, inducing instability of
the entire vehicle in terms of rigid body motion and relative roll under lateral disturbances
such as a slide-slip. Quasi-roll mode is an evolutionary version of the roll mode of a single
aircraft in a three-wingtip-docked compound aircraft. The coupling effect of the rigid body
motion and relative roll motion are illustrated in detail in Section 3.

Symmetrical motion does not stimulate asymmetrical motion; however, if asymmet-
rical motion is excited, symmetrical motion is excited as well. Strictly speaking, pure
symmetrical motion does not exist in reality; if the initial condition is a symmetrical state,
it can be easily disrupted in both numerical simulations and actual flight. When the roll
attitude of the reference aircraft is not theoretically level enough, the vehicle enters a motion
dominated by flapping mode 2 and dutch roll mode. In an anhedral configuration, all the
flapping modes have an eigenvalue with a negative real part, guaranteeing the dynamic
stability of relative roll motion. Figure 5b,c indicates that the trimming configuration
influences the degree of coupling between modes.

Figure 8 shows the change in modes as the trim state of the aircraft shifts from dihedral
configuration to anhedral configuration.

The damping of the short period mode first increases and then decreases as the trim
configuration changes. When the aircraft is completely planar, the damping of the short
period mode is the largest. Under anhedral or dihedral configuration, the reduction of
the projection area of the horizontal tail and the increase in the moment of inertia of the
pitching axis cannot compensate, causing a decrease in damping of the longitudinal motion.
The eigenvalues in phugoid mode vary on a scale of 10× 10−2, and it is trivial compare this
to other modes. For brevity, the eigenvalues in phugoid mode are not included in Figure 8.
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Symmetric flapping motion varies from divergence to convergence as the configuration
changes from dihedral to anhedral. This is because the aircraft on both sides tend to retract
inward due to the torque generated by the lift with respect to the hinge point, resulting
in configuration divergence. Symmetric flapping mode (flapping mode 1) changes from
monotonic convergence to oscillatory convergence. This can be seen from Figure 8; the
two eigenvalues meet on the negative real axis, then symmetrically separate along the
imaginary axis direction and become a pair of conjugate complex eigenvalues.

The stability of anti-symmetric flapping motion (flapping mode 2) increases as the
configuration moves from dihedral to anhedral, which is reflected in the fact that the
real part of the pair of conjugated eigenvalues becomes smaller. There is no significant
change in the eigenvectors in flapping mode 2. As the bank angles of the unit aircraft
on both sides increase, the roll motion of the compound aircraft causes larger lateral
velocity on the unit aircraft on both sides, which excites the lateral mode of the unit aircraft.
therefore, the coupling of the rigid body motion (mainly dutch roll mode and spiral mode)
with the relative roll motion becomes exacerbated (represented as quasi-roll mode for the
compound aircraft).

Figure 8. Modal evolution as the configuration varies from dihedral to anhedral in the symmetric
mode group (left subplot) and anti-symmetric mode group (right subplot).

The characteristics of spiral mode for compound aircraft are similar to those of a
rigid aircraft in either anhedral or dihedral configuration. This reveals a contradiction in
the stability of the flapping modes and spiral mode, in that dihedral configurations lead
to instability of flapping mode 1 while guaranteeing the stability of spiral mode, while
in anhedral configurations the opposite is true.

The dutch roll mode is worth studying as well. When the anhedral and dihedral angles
of the configuration are large enough, dutch roll mode is coupled with anti-symmetric
flapping mode (flapping mode 2) due to the mismatch between the roll and yaw rates of
each individual aircraft in rigid body motion (represented in Figure 5a,c). Here, dutch roll
mode no longer inherits the same meaning as it has for rigid aircraft; instead, it represents
a motion that combines the relative roll motion and lateral flight mechanics. During a
change in configuration, dutch roll mode changes from slight divergence to oscillatory
convergence. This is because the equivalent Cnβ and Cyr of the entire aircraft experience
the process of sign change, with the absolute value of Clβ increasing as well. In addition, it
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is reasonable to presume that the flapping modes have an impact on the flight mechanics
when the gap between the frequencies of both modes becomes narrow.

3.2. Nonlinear Dynamic Response and Stability

Nonlinear dynamic analysis provides an overview of the dynamic response of the
compound aircraft. Here, the dynamic characteristics of the compound aircraft under dis-
turbance of the AoA, side-slip angle, symmetric relative roll angle, and asymmetric relative
roll angle are provided. The nonlinear dynamic response of the compound aircraft reflects
a different phenomenon from that of conventional rigid-body aircraft. This phenomenon
and its mechanism are introduced and explained below.

For disturbance of the AoA, the response of the wingtip-connected compound multi-
body aircraft is roughly the same as that of a single-body aircraft, which is due to the
fact that the hinge of the wingtip around the x-axis has little effect on the longitudinal
characteristics, while the AoA response of the aircraft on both sides increases the oscillation
frequency due to the coupling of flapping motion, as shown in Figure 9. How the flapping
modes affect the short-period mode is explained in detail in the next chapter.

Figure 9. Time domain response under unit impulse AoA disturbance without control input.

Lateral mode is considerably affected by the interaction of each unit aircraft, as shown
in Figure 10. The side-slip angle response of the compound multi-body aircraft is convergent
at first, reflecting the same lateral stability as a single-unit aircraft. However, as time passes
it begins to oscillate. The lateral aerodynamic coefficient Clβ dominates the lateral stability
by transferring side-slip motion to roll motion; meanwhile, the reference aircraft is forced to
roll in the direction opposite the side aircraft under the same side-slip motion, stimulating
anti-symmetric flapping mode in oscillation. Finally, unstable spiral mode increases the
roll angle of the compound aircraft.

The results of our nonlinear simulation of the symmetric relative roll are shown in
Figure 11. Unit impulse disturbances of the symmetric relative roll angle were applied
while the reference aircraft stayed in a level attitude; Figure 11a,c shows the convergent
results for anhedral and dihedral disturbance, respectively, while in Figure 11b the relative
roll angle response diverges rapidly under larger dihedral disturbance. This phenomenon
can be seen more clearly in the phase diagram plot in Figure 12.
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Figure 10. Time domain response under unit impulse side-slip disturbance without control input.

Figure 11. Symmetric relative roll response under unit impulse disturbance without control input.

Trim states are always in the symmetric anhedral or dihedral configuration. Thus,
the X axis of the phrase diagram is the symmetric relative roll angle, with a positive value
indicating an anhedral configuration and a negative value a dihedral configuration. The Y
axis represents the corresponding deflection angular velocity.

The phase diagram shows that the two equilibrium configurations of the compound
aircraft have different properties. The blue dot on the diagram represents the anhedral equi-
librium configuration, which is a stable equilibrium point, while the brown dot represents
the equilibria in dihedral configuration, which is a saddle point. This state represented
by the brown dot is called the critical dihedral configuration, and the blue curve is the
stability boundary dividing the attraction zone (in blue) and divergence area (in brown).
A state point in the attraction area represents anhedral and slight dihedral configurations,
both of which are stable in relative roll motion, while a state point outside the attraction
area indicates that the relative roll angle of the compound aircraft will rapidly diverge;
in the case of excessive upper deflection of the two aircraft on the sides, this means that
the compound aircraft will be involved in a dangerous situation. This situation is recorded
in flight experiments, shown in sequence from a to d in Figure 13. The deflection angles of
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the aircraft on both sides diverge rapidly, while the reference aircraft stays level. This state
corresponds to the red line labeled in the phase diagram. As illustrated by this example,
compound aircraft should not operate outside the attraction zone.

Figure 12. Phase diagram of symmetric relative roll and roll rate.

Figure 13. Series of snapshots recording the divergence process.

Extension of the attraction zone can expand the operation boundary of the aircraft by
introducing extra rolling aerodynamic torque, either by aileron deflection or by enhancing
the spring stiffness of the hinge, corresponding to a leftward shift of the baseline. The dotted
blue line beside the baseline in Figure 12 represents a shift in the stability region boundary
under different K where K3 > K1 > K2. In this case, K1 = 0.00816. As enhancing the spring
stiffness of the hinge is contrary to the original intention of reducing the aircraft’s structural
strength, aerodynamic design should instead be employed to add additional aerodynamic
rolling torque to the aircraft on both sides, thereby extending the attraction zone.

During flight tests, it is often observed that the configuration of the compound aircraft
diverges rapidly when it is disturbed by flying upwind, resulting in a situation similar to
that shown in Figure 13. This is because the attraction zone narrows (a rightward shift of
the baseline in the phase diagram) under the influence of upwind disturbance. As a result,
a state point that would normally be within the attraction zone may fall into the divergence
area. This highlights the sensitivity of compound aircraft to gusts.

4. Analytical Analysis of Modes and Flight Data Collection

This chapter introduces the unique modes of the compound aircraft and provides
simplified analytical expressions for them in order to obtain the relationship between
the aircraft motion and key parameters. The validity of the modes is demonstrated by
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flight tests, while the correctness of the simplified analytical expressions is verified using
the eigenvalues. This section is an extension of the first two sections, and represents an
important innovation of this paper.

From the perspective of flight performance, we hope that the aircraft is able to operate
in a completely planar configuration. Therefore, the simplifications below are carried out
under a planar configuration. While this assumption has a slight impact on the degree of
modal coupling, it does not affect the modal mechanisms.

The compound aircraft has a set of controllers (pixkawk2 with built-in mpu6050
sensor and M8n GPS) that perform the basic flight functions and data recording. No pitot
tube was mounted, as precise flight speed was not the focus of recording for this test. In
order to measure the relative roll angle of the aircraft at both sides, two potentiometers
were mounted at each hinge at the wingtips. Arduino with an ATmega328P processer
was employed to convert the analog signals captured by the potentiometers to a digital
signal sent to the flight controller. As the flight controller was responsible for running the
PX4 software, an individual PX4 app module was developed to record and process the
additional data. There were two flight modes in the fight programme, namely, stabilized
mode and experimental mode. Stabilized mode activates during takeoff, landing, and
hover flight, ensuring proper flight of the aircraft, while experimental mode is switched on
when collecting free-response data; in experimental mode, all the control surfaces except
thrust are disabled. For reliability, all data were subjected to Gaussian filtering in order to
eliminate discontinuity and noise.

Snapshots of symmetric flapping mode and anti-symmetric flapping mode are demon-
strated in Figures 14 and 15 while corresponding experimental data and simulation data are
compared in Figures 16 and 17; it can be seen that while the two set of data show the same
trends, there are a number of discrepancies. In Figure 16, the experimental data agree with
the simulation data in the trend of damped oscillation. The three unit aircraft restore a level
attitude at nearly the same time, leading to the compound aircraft being in a planar configu-
ration. In Figure 17, the experimental data and simulation data show that under symmetric
roll angle disturbance (anhedral configuration disturbance) the relative roll angle declines
quickly, corresponding to the stability of flapping mode 1. The simulation is treated as
the ideal condition, with the four most important reasons for the discrepancies (mainly
frequency) between the simulation data and experimental data listed as follows:

(1) The three unit aircraft in the experiment are not exactly identical in terms of their
inertia, mass, and aerodynamic characteristics. Further, the unit aircraft are assumed
to be perfectly rigid in the simulation, while this is not the case in the experiment.

(2) Neither complex aerodynamic forces nor the moments at the hinges are taken into
account in the modeling and simulation.

(3) Persistent and hard-to-measure disturbances in atmospheric gusts are present in the
experiment.

(4) It is not possible to apply unit impulse in the experiment.

4.1. Key Mode Analysis: Anti-Symmetric Flapping Mode

In this part, the anti-symmetric flapping mode is assessed analytically for further
investigation, with new parameters defined. Figure 14 shows a snapshot of the recorded
video displaying the aircraft in anti-symmetric flapping mode (flapping mode 2). The snap-
shot clearly demonstrates that the unit aircraft on both sides roll at the same attitude while
the roll of the reference aircraft is opposite, corresponding to the eigenvectors of flapping
mode 2.



Aerospace 2023, 10, 442 15 of 21

Figure 14. Snapshot of flapping mode 2.

Figure 15. Snapshot of flapping mode 1.

Figure 16. Validation of flapping mode 2 by experimental data with no control input.
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The Jacobian matrix describing the dynamics of the critical flight modes is derived
from equation [6]. It is assumed that:

(1) Flapping mode motion only occurs spanwise;
(2) No rigid body motion is stimulated except for the lateral velocity va;
(3) The aircraft on both sides have the same relative roll angles in terms of the direction

and amplitude (φBA = φCA, pBA = pCA);
(4) The local dynamic pressure differences between each meta-aircraft are ignored.

The derivation process includes simplifying the high-order and trigonometric terms.
Further, by removing the states that are not couple with the critical modes, the number of
equations can be decreased.

The dynamics of the anti-symmetric flapping motion can be expressed in state space
as follows:

A =



PS
ua M Cyβ 0 0 0 0

Mpauab2−0.5Clβ PSb+1.5Ixx paua
−ua Ieq Ixx

Mb
PSb[(0.5ab+Clp)Ixx+Clp Mb2]

2ua Ieq Ixx
− K(2Mb2+3Ixx)

Ieq PSbIxx

PSb2(0.5Clp Mb+Ixx a)
2ua Ieq Ixx

0

0 1 0 0 0
0.5M2 pauab3−0.25Clβ MPSb2+Ixx Mpauab+ClbIxx PS

ua(0.75Mb2+Ixx)Ixx
− 0.25(Clp Mb+2Ixx a)PSb2

ua(0.75Mb2+Ixx)Ixx

K(Mb2+2Ixx)
PSb(0.75Mb2+Ixx)Ixx

PSb(−Ixx ab+0.5Clp Ixx−0.125Clp Mb2)

ua(0.75Mb2+Ixx)Ixx
0

0 0 0 1 0


(16)

with

x = [va, pBA, φBA, pA, φA]
T (17)

K =
k

PSb
(18)

Ieq = 0.75Mb2 + Ixx (19)

where Ieq represents the equivalent inertia, which consists of the inertia Ixx, mass M, and
span of the unit aircraft b, K is the equivalent stiffness of the hinge spring, P is the dynamic
pressure of the reference aircraft, and S denotes the reference wing area of the unit aircraft.

The eigenvalues of the simplified model and full state model are listed in Table 4.
The simplification of flapping mode 2 is satisfactory.

Table 4. Eigenvalues of the simplified model and full state model.

Mode Simplified Model Full State Model

Flapping mode 2 −6.8037 ± 6.2132i −7.0275 ± 5.8694i

4.2. Key Mode Analysis: Symmetric Flapping Modes and Longitudinal Modes

This section mainly focuses on the analytical expression of symmetric motion; in
addition, it covers the formation mechanism of symmetric mode and the coupled effect
of symmetric flapping motion and longitudinal pitching motion. Photos representing
symmetric flapping mode were captured, with an example in Figure 15 showing the
symmetrical upward deflection of the two side unit aircraft while the reference aircraft
remains horizontal.
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Figure 17. Validation of flapping mode 1 by experimental data.

The analysis was based on the following assumptions:

(1) No rigid body motion is stimulated except for vertical translational motion and
pitching motion;

(2) The two aircraft on the sides have the same relative roll angle in terms of amplitude
and opposite roll angles in terms of direction (φBA = −φCA, pBA = −pCA);

(3) The local dynamic pressure differences between the meta-aircraft are ignored.

Taking the state vector x of the symmetric motion and expressing the dynamics
equation in the form of state space, the Jacobian matrix is expressed as Equation (22):

A =


−PS(Mb2+12Ixx)

ua Ieq1
CLα

M2b2+12MIxx
Ieq1

ua
PSb(2Mb2Clp+4CLα Ixx)

ua Ieq1
−4KMb2

Ieq1
3PSc
ua Ieqy

Cmα
1.5PSc2

ua Ieqy
Cmq − PSbc

ua Ieqy
Cmα 0

0 0 MPSb2

ua I2
eq1

(
6Clp − CLα

)
−12MPSKb

Ieq1

0 0 1 0

 (20)

with

x = [wa, q, φBA, pBA]
T (21)

Ieq1 = M2b2 + 12MIxx (22)

Ieqy = 3Iyy (23)

Table 5 indicates that the simplified dynamic model restores the dynamic characteris-
tics of the full-state model in short period and flapping mode 1. For further simplification,
the eigenvalues for flapping mode 1 can be derived as shown below.

Table 5. Eigenvalues of the simplified model and full state model.

Mode Simplified Model Full State Model

Flapping mode 1 −7.2093 −7.3080
Flapping mode 2 −0.7749 −0.7643
Short period −15.4943 ± 20.0855 −15.7348 ± 20.5750i
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The influence of flapping mode on the pitching motion is mainly reflected in the a23
term of the Jacobian matrix, which due to its representing the interaction between the pitch
rate q and the relative roll angle. It is clear that the flapping motion induces a greater
AoA of the wing sections, which finally leads to an increased pitch rate. Item a23 shows
that the slower a compound aircraft flies and the longer the wingspans of the unit aircraft,
the greater the impact of flapping mode 1 on pitching motion.

The longitudinal response of the reference aircraft is affected by the longitudinal
stability and the symmetric flapping motion, as shown in Figure 18. According to flight
dynamics theory, symmetrical flapping motion causes change in AoA of the outer wing
segment, and this change in the AoA causes the pitching moment to stimulate the overall
pitching motion through the coefficient Cmα. The analysis can be simplified as follows:
the flapping mode motion is the input excitation of the pitching motion (the longitudinal
dynamics of the aircraft can be simplified into a second-order system); according to the
second-order system properties, the output frequency of the pitching motion should be
equal to the input frequency. Similar results have been found for flapping wing aircraft [20].

Figure 18. Response of relative rolling and pitching motion in simulation.

The a32 term of the Jacobian matrix dominates the influence of the pitching motion on
the flapping mode. When the aircraft is in a planar configuration, the pitching motion has
no influence on the flapping mode, which means that a32 = 0. In general, however, a32 is
listed as

a32 =
4PSbsin(φBA)

Ieq3
(

b
V

Clr + 2CL) (24)

with

Ieq3 =
Mb2

4
+ Ixx (25)

The presence of the sin(φBA) term in a32 provides evidence for the previous state-
ment that the influence of the pitching motion on the flapping mode is related to the
deflection configuration.

Meanwhile, Clr is the key factor that causes coupling. This is because in an anhedral
or dihedral configuration the pitching motion of the aircraft affects the unit aircraft on both
sides and introduces a yawing motion for them. Due to the presence of the lateral stability
derivative Clr, this yaw motion generates a roll moment (as well a a relative roll moment).
When the compound aircraft pitches up, the roll moment weakens the deflection angle of
the two aircraft on the sides. Conversely, when the vehicle pitches down, the deflection
is intensified. Furthermore, kinematic theory predicts that the overall pitching velocity
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will result in the motion of the two aircraft on the sides exacerbating the relative roll angle
under centrifugal force.

The K parameter appears in the analytical expression of the eigenvalues of the flapping
mode, and has an important influence on the flapping mode. This parameter is independent
of the aircraft design, and an appropriate value can be selected based on the expected
characteristics of the flapping modes. Figure 19 shows the impact of K on the key modes of
the aircraft; note that the spring stiffness k is not meaningful, and should be replaced by
the equivalent stiffness K. With an increase in K, flapping mode 1 changes from monotone
convergence to damped oscillation. The amplitude and oscillation frequency of flapping
mode 2 both increase, while the quasi-roll mode degenerates into the same rolling mode as
in classic rigid-body aircraft.

Figure 19. Changes in flapping modes with increasing equivalent spring stiffness K.

5. Conclusions

This paper provides an analytical study of the flight dynamics of a compound aircraft
from both linear and nonlinear perspectives, with a focus on the differences between
compound aircraft with wingtip connection and classic individual aircraft. The findings of
this study have important implications for the overall design and control law development
of compound aircraft. The main results of this paper are listed below.

(1) By adding degrees of freedom for the relative rotation of the two unit aircraft on
the sides, the number of modes of the compound multi-body aircraft is increased
from six rigid-body modes to eight. The flight modes can be divided into symmetric
mode (phugoid, short period, and flapping mode 1) and asymmetric mode (spiral
mode, dutch roll mode, flapping mode 2, and quasi-roll mode) groups. The additional
degrees of freedom allow for dihedral and anhedral trimming configurations under
neutral control surface deflection. In dihedral configurations, flapping mode 1 be-
comes divergent and spiral mode converge, while the opposite is true in anhedral
configurations. Because the relative roll angle diverges much faster than the spiral
mode, the aircraft should be operated near anhedral trimming configuration. The lon-
gitudinal mode of the compound aircraft is similar to that of a single vehicle, while
most lateral modes are coupled with flapping mode 2 and quasi-roll mode.
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(2) The divergence of aircraft configuration becomes the main reason for the instability
of the compound aircraft. By increasing the spring stiffness, the range of the stability
region of the aircraft can be enlarged.

(3) The flight modes of an aircraft can be affected by changes in the trimming configura-
tion and equivalent connection stiffness, with flapping modes and dutch roll mode
being the most susceptible. When the aircraft configuration is nearly planar and
the equivalent stiffness is relatively high, the flapping modes and flight mechanics
become distinct.

(4) Expressions of state space and eigenvalues for both symmetric and asymmetric modes
have been derived, from which we can infer the following: the longitudinal motion
of the compound aircraft is affected by flapping mode 1, the dominant parameter
is the equivalent stiffness K, and the aerodynamic derivatives are Cmα and Clr. The
lateral motion is affected by the coupling of flapping mode 2, quasi-roll mode, and
dutch roll mode, with the dominant parameter being the equivalent stiffness K, with
aerodynamic derivatives Clp and Cyβ. The spiral mode determines the divergence of
the free response of the aircraft over a long time range.

The proposed research method and the parameters defined in this paper are extendable
for wingtip-connected vehicles generally. In addition, the control laws applicable to the
separation and recombination of compound aircraft will be the focus of our future research.
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Abbreviations

C0
The collective term for the original aerodynamic coefficients of a single
aircraft (dimensionless)

C
The collective term for the aerodynamic coefficients of a single aircraft after
being revised
(dimensionless)

Kxx Aerodynamic coefficients correction factor (dimensionless)
φBA Relative roll angle between unit aircraft A and unit aircraft B (rad)
φCA Relative roll angle between unit aircraft A and unit aircraft C (rad)
pBA Relative roll rate angle between unit aircraft A and unit aircraft B (rad/s)
pCA Relative roll rate angle between unit aircraft A and unit aircraft C (rad/s)
~w Quasi-velocity vector
~q Quasi-motion vector
P Dynamic pressure (Pa)
S Wing surface area (m2)
b Wing span (m)
k Spring stiffness (N·m)
K Equivalent spring stiffness (newly defined parameter) ()dimensionless)
M Mass of the unit aircraft (kg)
Iyy Inertia along the y-axis of the unit aircraft (kg·m2)
Ixx Inertia along the x-axis of the unit aircraft (kg·m2)
Ieq Equivalent inertia (newly defined parameter) (kg·m2)
AoA Angle of Attack (rad)
SSE Sum of Squared Errors
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