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Abstract: A state space model with an unobserved multivariate random walk and a linear observation
equation is studied. The purpose is to find out when the extracted trend cointegrates with its estimator,
in the sense that a linear combination is asymptotically stationary. It is found that this result holds for
the linear combination of the trend that appears in the observation equation. If identifying restrictions
are imposed on either the trend or its coefficients in the linear observation equation, it is shown that
there is cointegration between the identified trend and its estimator, if and only if the estimators of the
coefficients in the observation equations are consistent at a faster rate than the square root of sample
size. The same results are found if the observations from the state space model are analysed using a
cointegrated vector autoregressive model. The findings are illustrated by a small simulation study.
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1. Introduction and Summary

This paper is inspired by a study on long-run causality, see Hoover et al. (2014). Causality is
usually studied for a sequence of multivariate ii.d. variables using conditional independence,
see Spirtes et al. (2000) or Pearl (2009). For stationary autoregressive processes, causality is discussed
in terms of the variance of the shocks, that is, the variance of the i.i.d. error term. For nonstationary
cointegrated variables, the common trends play an important role for long-run causality.
In Hoover et al. (2014), the concept is formulated in terms of independent common trends and their causal
impact coefficients on the nonstationary observations. Thus, the emphasis is on independent trends, and
how they enter the observation equations, rather than on the variance of the measurement errors.

The trend is modelled as an m—dimensional Gaussian random walk, starting at Tp,

Tt+1:Tt+;7t+1/t:0/--'/n_1/ (1)

where 7 are i.i.d. Ny, (0,€);), that is, Gaussian in m dimensions with mean zero and m x m variance
Q) > 0. This trend has an impact on future values of the p—dimensional observation y; modelled by

]/H_l:BTt-i-SH_l,t:O,...,i’l—], (2)

where ¢; are i.i.d. Np(O, Q) and Q) > 0. It is also assumed that the ¢; and #; are independent for all s
and t. In the following the joint distribution of Ty, ..., Ty, ¥1, . . ., ¥» conditional on a given value of Ty
is considered.
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The observations are collected in the matrices Yy, p x 1, and AYy,, p X (n — 1), which are defined as

Yo=(W1,...,yn), and AYy = (Yo — Y1, .-, Yn — Yn—1)-

The processes y; and T; are obviously nonstationary, but the conditional distribution of Y}, given
Ty is well defined. We define

EiT; = E(T¢|Y:, To),
Vi = Vary(Ty) = Var(T¢|Ys, Tp).-

Then the density of Y, conditional on Tj is given by the prediction error decomposition

n—1

p(YalTo) = p(valTo) [ [ p(yr+11Ys, To),
t=1

where y;11 given (Y, Tp) is p dimensional Gaussian with mean and variance

Etyi41 = BETy,
Vari(yi41) = BViB' + Q.

In this model it is clear that y; and T; cointegrate, that is, y;.1 — BT;+1 = €441 — By is stationary,
and the same holds for T; and the extracted trend E;T; = E(Tt|y1, - ..,y To). Note that in the statistical
model defined by (1) and (2) with parameters B, ();, and (), only the matrices BQUB’ and Q) are
identified because for any m x m matrix ¢ of full rank, B¢ 1 and £y, ¢’ give the same likelihood,
by redefining the trend as ¢T;.

Let E;T; be an estimator of E;T;. The paper investigates whether there is cointegration between
E:T; and E/T; given two different estimation methods: A simple cointegrating regression and the
maximum likelihood estimator in an autoregressive representation of the state space model.

Section 2, on the probability analysis of the data generating process, formulates the model as a
common trend state space model, and summarizes some results in three Lemmas. Lemma 1 contains the
Kalman filter equations and the convergence of Var(T¢|y, ..., vt Tp), see Durbin and Koopman (2012),
and shows how its limit can be calculated by solving an eigenvalue problem. Lemma 1 also shows how
Yt can be represented in terms of its prediction errors v; = y; — E;j_1y;,j = 1,...,t. This result is used in
Lemma 2 to represent y; in steady state as an infinite order cointegrated vector autoregressive model,
see (Harvey 2006, p. 373). Section 3 discusses the statistical analysis of the data and the identification of
the trends and their loadings. Two examples are discussed. In the first example, only B is restricted
and the trends are allowed to be correlated. In the second example, B is restricted but the trends are
uncorrelated, so that also the variance matrix is restricted. Lemma 3 analyses the data from (1) and (2)
using a simple cointegrating regression, see Harvey and Koopman (1997), and shows that the estimator
of the coefficient B suitably normalized is n-consistent.

Section 4 shows in Theorem 1 that the spread between BE;T; and its estimator BET; is
asymptotically stationary irrespective of the identification of B and T;. Then Theorem 2 shows that
the spread between E;T; and its estimator E;T; is asymptotically stationary if and only if B has been
identified so that the estimator of B is superconsistent, that is, consistent at a rate faster than nl/2,

The findings are illustrated with a small simulation study in Section 5. Data are generated from (1)
and (2) with Tp = 0, and the observations are analysed using the cointegrating regression discussed in
Lemma 3. If the trends and their coefficients are identified by the trends being independent, the trend
extracted by the state space model does not cointegrate with its estimator. If, however, the trends are
identified by restrictions on the coefficients alone, they do cointegrate.
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2. Probability Analysis of the Data Generating Model

This section contains first two examples, which illustrate the problem to be solved. Then a special
parametrization of the common trends model is defined and some, mostly known, results are given in
Lemmas 1 concerning the Kalman filter recursions. Lemma 2 is about the representation of the steady
state solution as an autoregressive process. All proofs are given in the Appendix.

2.1. Two Examples
Two examples are given which illustrate the problem investigated. The examples are analysed

further by a simulation study in Section 5.

Example 1. In the first example the two random walks Ty; and Ty are allowed to be dependent, so (),
is unrestricted, and identifying restrictions are imposed only on their coefficients B. The equations are

Yi+1 = Tur +€1,041,
Vo1 = Tor + €241, 3)
Y3041 = ba1Tiy + b3 Tor +€3441.

fort =0,...,n—1. Thus, y: = (yar, yar, y3t)', Te = (T, To)’, and

1 0
B=| o 1 |. )
b31 bz

Moreover, (; > 0is 2 x 2, Q¢ > 0is 3 x 3, and both are unrestricted positive definite. Simulations
indicate that Esy;41 — Etyt+1 = BE,T; — BE;T; is stationary, and this obviously implies that the same
holds for the first two coordinates E;Ty; — E;Tq; and E;Toy — Ei Ty [

Example 2. The second example concerns two independent random walks Ty; and Ty, and the three
observation equations
Yiee1 = Tue +erpp1,
Vo1 = bnTap + Tor + €241, ©)
Y31 = ba1Tiy + bapTor + €341

In this example

1 0
bs1 b3

and Q) > 01is 3 x 3 and unrestricted positive definite. Thus the nonstationarity is caused by two
independent trends. The first, Ty;, is the cause of the nonstationarity of y1;, whereas both trends are
causes of the nonstationarity of (1, y3;). From the first equation it is seen that y1; and Ty; cointegrate. It
is to be expected that also the extracted trend E;Ty; cointegrates with Ty, and also that E; T, cointegrates
with its estimator E;Ty;. This is all supported by the simulations. Similarly, it turns out that

Ewyari1 — Eryopin = b EeTay — by BTy + Ei T — Ei Ty,

is asymptotically stationary. In this case, however, E;Tp; — E; T is not asymptotically stationary,
and the paper provides an answer to why this is the case. m

The problem to be solved is why in the first example cointegration was found between the
extracted trends and their estimators, and in the second example they do not cointegrate. The solution
to the problem is that it depends on the way the trends and their coefficients are identified. For
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some identification schemes the estimator of B is n-consistent, and then stationarity of E;T; — E:T,
can be proved. But if identification is achieved by imposing restrictions also on the covariance of the
trends, as in Example 2, then the estimator for B is only n'/2

asymptotic stationarity of E;T; — EtTt.

-consistent, and that is not enough to get

2.2. Formulation of the Model as a Common Trend State Space Model

The common trend state space model with constant coefficients is defined by

A1 =+ 17,

7
Yyt = Bay + ¢4, @

t =1,...,n, see Durbin and Koopman (2012) or Harvey (1989), with initial state a;. Here a; is the
unobserved m—dimensional state variable and y; the p—dimensional observation and B is p x m of
rank m < p. The errors &; and 7; are as specified in the discussion of the model given by (1) and (2).
Defining T; = a;41,t = 0,...,n, gives the model (1) and (2). Note that in this notation E;T; = E;x;11
is the predicted value of the trend «;, 1, which means that it is easy to formulate the Kalman filter.
The Kalman filter calculates the prediction a;11 = E;a;11 and its conditional variance Py =
Var(a;4+1) by the equations

a1 = ar + PB'(BPB + Q) (yr — Er—1(yr)), ®)
Py = P+ Qy — P.B'(BPB' + Q) 'BP, )

starting with a; = a7 and P; = 0.
The recursions (8) and (9) become

Eri1Tiv1 = EeTe + Ki(yso1 — Etyiin), (10)
Viy1 = Oy + Vi — KBV, (11)

t=0,...,n—1starting with E;T; = Tp and V; = )y, and defining the Kalman gain
K; = V;B' (BV;B' + Q) L. (12)

Lemma 1 contains the result that V; 1 converges for t — oo to a finite limit V, which can be calculated
by solving an eigenvalue problem. Equation (11) is an algebraic Ricatti equation, see Chan et al. (1984),
where the convergence result can be found. The recursion (10) is used to represent y;, in terms of its
cumulated prediction errors v;41 = y;11 — EtYt+1, as noted by Harvey (2006, Section 7.3.2).

Lemma 1. Let V; = Var(Ty|Y;) and E Ty = E(T}|Y:).
(a) The recursion for Vi, (11), can be expressed as

Vi1 = Qp + Vi —Vi(Vi+ Qp) 'V = V, t — o0, (13)
where Qg = Var(B'e;|B', &) for B = B(B'B)~1. Moreover,
In — KB = Iy — V;B'(BV;B' + Q) 1B — Iy — K'B = Qp(V + Qp) "L, t — oo, (14)

which has positive eigenvalues less than one, such that I, — K'B is a contraction, that is, (I, — K'B)" — 0,
n — oo.
(b) The limit of Vi can be found by solving the eigenvalue problem

|AQp —Oy| =0,
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for eigenvectors W and eigenvalues (Aq, ..., Aw), such that W QgW = I,, and W’Q,YW =diag(A, ..., Am).
Hence, W' VW = diag(7, ..., Tm) for

1
7= 5 {Ai 4 (A7 +400)1 2}, (15)

(c) Finally, using the prediction error, vi11 = Ysy1 — Erystq, it is found from (10) that
t t
E:iT;y = Tp + Zl K]/-_ll)]', and Yip1 = Vpy1 + B(TO + ;K;_lv]’). (16)
J= =

The prediction errors are independent Gaussian with mean zero and variances
Var(viy1) = Vary(yis1) = Vare(BT; + €441) = BV;B' + Q¢ — BVB + Qg, t — oo,

such that in steady state the prediction errors are i.i.d. Np(O, BVB' +()), and (16) shows that y; is
approximately an AR(oo) process, for which the reduced form autoregressive representation can be
found, see (Harvey 2006, Section 7.3.2).

Lemma 2. If the system (7) is in steady state, prediction errors vy are i.i.d. N(0, BVB' 4+ Q) and
Ayt = Av + BK'v_y. (17)

Applying the Granger Representation Theorem, y; is given by
Ayr = ap'y, 1+ ) TiAy,_i+ vy (18)
i=1

Herea = —K, (B K, ) land B =B, .

2.3. Cointegration among the Observations and Trends

In model (1) and (2), the equation y;y1 = BT} + €;41 shows that y; and T; are cointegrated. It also
holds that T; — E;T; is asymptotically stationary because

V41 = Yi+1 — Etyry1 = BTy + €41 — BE( T},

which shows that B(T; — E;T;) = v;,1 — ;41 is asymptotically stationary. Multiplying by B’ = (B'B) !B/,
the same holds for T; — E;T;.
In model (18) the extracted trend is

t t
* ! !
Ty ZOCLZ%‘ZK Zvi,
i=1 i=1

and (16) shows that in steady state, y;1 — BT} = v;11 + BT is stationary, so that y; cointegrates with
T;. Thus, the process y; and the trends T}, T}, and E;T; all cointegrate, in the sense that suitable linear
combinations are asymptotically stationary. The next section investigates when similar results hold for
the estimated trends.

3. Statistical Analysis of the Data

In this section it is shown how the parameters of (7) can be estimated from the CVAR (18) using
results of Saikkonen (1992) and Saikkonen and Lutkepohl (1996), or using a simple cointegrating
regression, see (Harvey and Koopman 1997, p. 276) as discussed in Lemma 3. For both the state space
model (1)-(2) and for the CVAR in (18) there is an identification problem between T; and its coefficient B,
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or between 8, and T}, because for any m x m matrix ¢ of full rank, one can use B¢ ! as parameter and
T} as trend and ¢(),&’ as variance, and similarly for B, and T;. In order to estimate B, T, and (), it is
therefore necessary to impose identifying restrictions. Examples of such identification are given next.

Identification 1. Because B has rank i, the rows can be permuted such that B’ = (Bi, Bé), where B is
m x m and has full rank. Then the parameters and trend are redefined as

I I

t_ m — m t_ rort

B' = ( B,B; ! ) = ( y )’in = B1Qy By, Ty = BTt (19)

Note that BT} = BT; and B*Q;B*’ = BQOyB'. This parametrization is the simplest which separates
1/2

parameters that are n-consistently estimated, v, from those that are n
(QU' ), ), see Lemma 3. Note that the (correlated) trends are redefined by choosing T; as the trend in
Y11, then Ty; as the trend in yy;, as in Example 1.

A more general parametrization, which also gives n-consistency, is defined, as in simultaneous

-consistently estimated,

equations, by imposing linear restrictions on each of the m columns and require the identification
condition to hold, see Fisher (1966). [

Identification 2. The normalization with diagonality of Q,J; is part of the next identification, because
this is the assumption in the discussion of long-run causality. Let Of = Cydiag(ct, ..., 0;,)Cy, be a
Cholesky decomposition of (). That is, Cy is lower-triangular with one in the diagonal, corresponding
to an ordering of the variables. Using this decomposition the new parameters and the trend are
# Cy # ino(02 2\ r# —1p#
B == ’)//Cr/ ,Q,,/ :dlag( 1,...,Um), Tt - C:’;7 tr (20)
such that B*T{ = B'T} = BT; and B*()} B¥ = B'QfB" = B, B'.
Identification of the trends is achieved in this case by defining the trends to be independent and
constrain how they load into the observations. In Example 2, T;; was defined as the trend in y1¢, and Ty

as the trend in yy;, but orthogonalized on Ti, such that the trend in yy; is a combination of Tj; and Ty;.
]

3.1. The Vector Autoregressive Model

When the process is in steady state, the infinite order CVAR representation is given in (18).
The model is approximated by a sequence of finite lag models, depending on sample size 1,

kn

Ayt =By + Y Tibyi+ oy,
i=1

where the lag length k; is chosen to depend on n such that k, increases to infinity with n, but so
slowly that k3 /n converges to zero. Thus one can choose for instance k, = n'/3/logn or k, = n1/37¢,
for some € > 0. With this choice of asymptotics, the parameters a, g, T' = I, — Yoo Ty, 2 = Var(vy),
and the residuals, v, can be estimated consistently, see Johansen and Juselius (2014) for this application
of the results of Saikkonen and Lutkepohl (1996).

This defines for each sample size consistent estimators &, B, I' and %, as well residuals

. In particular the estimator of the common trend is T} = & ¥ % Thus, &p’ 5 wp,
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C=p@Tp) "¢, B C=BKand® B ¥ = BVB + Q.. If B, is identified as (I, 7)’,
thenB=p§, 5 B . In steady state, the relations

Q, = VB'(BVB' + Q)" 'B'V = VB'Z BV,
C = BK' = BVB/(BVB' +Q,)"! = BVB'Z},

hold, see (11) and Lemma 2. It follows that

Finally, an estimator for (), can be found as

RS D 1
Qe =% 2(CE+3C) 5 BVB + Q. — =(BVB' + BVB') = Q..

2
Note that CX is not a symmetric matrix in model (18), but its estimator converges in probability
towards the symmetric matrix BVB'.

3.2. The State Space Model

The state space model is defined by (1) and (2). It can be analysed using the Kalman filter to calculate
the diffuse likelihood function, see Durbin and Koopman (2012), and an optimizing algorithm can be
used to find the maximum likelihood estimator for the parameters (), )¢, and B, once B is identified.

In this paper, an estimator is used which is simpler to analyse and which gives an n-consistent
estimator for B suitably normalized, see (Harvey and Koopman 1997, p. 276).

The estimators are functions of AY;, and B’L Y,,, and therefore do not involve the initial value Tj.
Irrespective of the identification, the relations

Var(Ay;) = BQyB' + 20, (21)
Cov(Ayt, Aye1) = —Q, (22)

hold, and they gives rise to two moment estimators, which determine (), and (), once B has been
identified and estimated.

Consider the identified parametrization (19), where B = (I;,7)’, and take B; = (v, —I,_m)’".
Then define ziy = (yit,-..,ymt)" and zoy = (Y1, .-, Ypt)', such that y; = (2},,2,) and B y; =
Y'z1 — 201 = B &, that s,

21 = v'z11 — Bl & (23)

This equation defines the regression estimator ¥e,:
n—1 1 n—1 n—1 1 n—1
A ! \— / ! \— /
Yreg = (2 Z1t714) 2 21429 =Y — (2 Z14214) 2 z1:€¢B . (24)
=0 t=0 t=0 t=0

To describe the asymptotic properties of 4ye, two Brownian motions are introduced

o] ]
n 12y g B We.(u) and =12 Y e B W, (). (25)
t=1 t=1

Lemma 3. Let the data be generated by the state space model (1) and (2).
(a) From (21) and (22) it follows that

Sm = n 1Y, Ayidyl B BO,B +20),,

S.p = n 1Y (AyAY.  + Ay AY)) B —20) @)
n="n Zi:z( YidY; 1 + Ay ]/t)_> €
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define n'/?-consistent asymptotically Gaussian estimators for BQy,B" and (), irrespective of the identification of
B.

(b) If B and B, are identified as B = (In,7)', B, = (v, —Ip—m), and Q is adjusted accordingly,
then 4req in (24) is n-consistent with asymptotic Mixed Gaussian distribution

n(Yreg —y) = —n(B—B)'B; =nB'(B, —B)) (27)

1 1
—(/0 wﬂw,;du)*l/o W, (dW,)'B,

A

,’7(7,eg — ), so that some linear combinations of B are

(c) If B is identified as B = (C;, Cyy), B, = (7, —Ip—m), and Qy = diag(o?,...,0%), then B— B =
Op(n~1/2), but (27) still holds for — (B B)'B, =
n—consistent.

Note that the parameters B = (I, v)’, )y, and ()¢ can be estimated consistently from (24) and (26) by

B= ( L > Qe = —lsnz, and Oy = (B'B)'B'(S1 + Sn2)B(B'B) . (28)
r)/f’eg 2
In the simulations of Examples 1 and 2 the initial value is Ty = 0, so the Kalman filter with Ty =0
is used to calculate the extracted trend E;T; using observations and known parameters. Similarly the
estimator of the extracted trend F;T; is calculated using observations and estimated parameters based
on Lemma 3. The next section investigates to what extent these estimated trends cointegrate with the
extracted trends, and if they cointegrate with each other.

4. Cointegration between Trends and Their Estimators

This section gives the main results in two theorems with proofs in the Appendix. In Theorem 1 it is
shown, using the state space model to extract the trends and the estimator from Lemma 3, that BE;T;—
BE,T, is asymptotically stationary. For the CVAR model it holds that BTy — BT; 2 0, such that this
spread is asymptotically stationary. Finally, the estimated trends in the two models are compared,
and it is shown that BE;T;— BT is asymptotically stationary. The conclusion is that in terms of
cointegration of the trends and their estimators, it does not matter which model is used to extract the
trends, as long as the focus is on the identified trends BT; and BTj'.

Theorem 1. Let y; and T; be generated by the DGP given in (1) and (2).
(a) If the state space model is used to extract the trends, and Lemma 3 is used for estimation, then BE;T; —
BE;T; is asymptotically stationary.
(b) If the vector autoregressive model is used to extract the trends and for estimation, then BT; — BT} 5o,
(c) Under assumptions of (a) and (b), it holds that BE;T,— BT} is asymptotically stationary.

In Theorem 2 a necessary and sufficient condition for asymptotic stationarity of T} — T}, E¢T; — E; Ty,
and E/ T, — Tt* is given.

Theorem 2. In the notation of Theorem 1, any of the spreads T; — T}, E¢ Ty — E+Ty or EyTy— T} is asymptotically
stationary if and only if B and the trend are identified such that the corresponding estimator for B satisfies
n'/2(B — B) = op(1) and n'/?(B — B) = op(1).

The missing cointegration between E;T; and E;T;, say, can be explained in terms of the identity

B(E;T; — E:Ty) = (B — B)E;T; + (BE;T; — BE;T}).
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Here the second term, BE;T; — BE;T;, is asymptotically stationary by Theorem 1(a). But the first term,
(B — B)Ty, is not necessarily asymptotically stationary, because in general, that is, depending on the
identification of the trend and B, it holds that B — B = Op(n~1/2) and E;T; = Op(n'/?), see (16).

The parametrization B = (I,;,y)’ ensures n-consistency of B, so there is asymptotic stationarity of
T — Tt*, E/T; — E;T;, and E, T,— Tt* in this case. This is not so surprising because

A E:T; — ETy
BE:T, — BE,T, = " ,
o o ( YETy — Y ETy )

is stationary. Another situation where the estimator for B is n-consistent is if B = (By, ..., By,) satisfies
linear restriction of the columns, R/B; = 0, or equivalently B; = R;, ¢; for some ¢;, and the condition
for identification is satisfied

rank{R;(Ry 1 ¢1,..., Ry pm)} =7r—1,fori=1,...,m, (29)

see Fisher (1966). For a just-identified system, one can still use 9y, and then solve for the identified
parameters. For overidentified systems, the parameters can be estimated by a nonlinear regression of
zo¢ on zy; reflecting the overidentified parametrization. In either case the estimator is n-consistent such
that T} — T}, E;T; — E¢T;, and E¢T;— T} are asymptotically stationary.

If the identification involves the variance (), however, the estimator of B is only n1/2-consistent,
and hence no cointegration is found between the trend and estimated trend.

The analogy with the results for the CVAR, where B and « need to be identified, is that if § is
identified using linear restrictions (29) then B is n-consistent, whereas if § is identified by restrictions
on & then B is n'/2-consistent. An example of the latter is if B is identified as the first m rows of the
matrix IT = af, corresponding to a = (I, ¢)’, then B is n/2-consistent and asymptotically Gaussian,
see (Johansen 2010, Section 4.3).

5. A Small Simulation Study

The two examples introduced in Section 2.1 are analysed by simulation. The equations are given
in (5) and (3). Both examples have p = 3 and m = 2. The parameters B and (), contain 6 + 3 parameters,
but the 3 x 3 matrix BQ), B’ is of rank 2 and has only 5 estimable parameters. Thus, 4 restrictions must
be imposed to identify the parameters. In both examples the Kalman filter with Tp = 0 is used to extract
the trends, and the cointegrating regression in Lemma 3 is used to estimate the parameters.

Example 1 continued. The parameter B is given in (4), and the parameters are just-identified. Now

. ETy — BTy
EiBTy; — EtBTy; = EtTo; — EtTy; . (30)
b31E¢Thy + b3 Et Ty — b3 E4Thy — b E4 Ty

As E;Tyy — E;Ty; and E;Toy — E; Ty are the first two rows of E;BTy; — E;BTy; in (30), they are both
asymptotically stationary by Theorem 1(a).

To illustrate the results, data are simulated with n = 100 observations starting with Tp = 0 and
parameter values b3; = b3y = 0.5, 012 = 022 =1, and 0q» = 0, such that

1 0
o=l o 1 ey 1) o
05 05

The parameters are estimated by (28) and the estimates become by = 0.48, by = 0.41, &12 = 0.93,
012 = 0.26, and 67 = 1.63. The extracted and estimated trends are plotted in Figure 1. Panels a
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and b show plots of (E;Ty;, EiTy,) and (E;Tyy, EiTop), respectively, and it is seen that they co-move.
In panels c and d the differences EiTy; — E;Ty; and E;Ty; — E¢ Ty both appear to be stationary in this
parametrization of the model. |

L L L L
100 0 50 100

Figure 1. The figure shows the extracted and estimated trends for the simulated data in Example 1 with
the identification in (19). Panels a and b show plots of E;Tj; and E;Ty;, and E; Ty and E; Ty, respectively.
Note that in both cases, the processes seem to co-move. In panels cand d, E;Ty; — EiTyy and E¢ Toy — Ef Ty
are plotted and appear stationary, because they are both recovered from BE;T; — BE;T; as the first two
coordinates, see (19).

Example 2 continued. The parameter B in this example is given in (6) such that

o EiTyy — ?tTlt
E:BT; — E:BT; = bo1ETiy + EfToy — by EyThy — Et Ty . (32)
b31E¢Tiy + b3oETop — b3 E¢ Ty — b3 E¢Toy

By the results in Theorem 1(a), all three rows are asymptotically stationary, in particular E;Ty; — E;Ty;.
Moreover, the second row of (32), (by EsTyy — bo1 EsThy) 4 (EiTor — EsToy), is asymptotically stationary.
Thus, asymptotic stationarity of E;Ty; — E;To; requires asymptotic stationary of the term

by E¢Tiy — by Es Ty = (boy — by ) EeTap + by (EeToy — EiTyp). (33)

Here, the second term, by (EfTy; — EtTlt), is asymptotically stationary because E;Tj; — E;Ty; is. However,
the first term, (by; — 1321)EtT1t, is not asymptotically stationary because byy is n'/2-consistent. In this
case n'/2(by; — byy) B 7, which has a Gaussian distribution, and n~1/2E (1) T B Wy, (u), where
Wy, is the Brownian motion generated by the sum of #y;. It follows that their product

(b21 — b21) Ep Tipug = {n"/?(b21 — boy) H{n ™2 E g Ty

converges in distribution to the product of Z and W, (1), n — oo, and this limit is nonstationary.
It follows that E;T; — E; Ty is not asymptotically stationary for the identification in this example.
This argument is a special case of the proof of Theorem 2.
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To illustrate the results, data are simulated from the model with # = 100 observations starting with
Ty = 0 and parameter values by; = 0.0, b3; = bz, = 0.5, and 0? = 02 = 1, which is identical to (31).
The model is written in the form (19) with a transformed B and (), as

1 0 »
o by1 02
B = 0 1 |,0 = 1 1 .
U bz](flz (722 + b%lalz

b31 — byoby1 b3

The parameters are estimed as in Example 1 and we find 1331 — bapby; = 0.48, b3y = 0.41, (?12 =0.93,
by1612 = 0.26, and 67 + b3,67 = 1.63, which are solved for by; = 0.28, b3; = 0.59, b3y = 0.41, 67 = 0.93,
and 07 = 1.56. The extracted and estimated trends are plotted in Figure 2. The panels a and b show plots
of (E¢Ty;, E+Ty;) and (E;Ta, EtTyt), respectively. It is seen that E;Ty; and E;Ty; co-move, whereas E; Ty
and E;T»; do not co-move. In panels c and d, the differences E;Tyj; — EiTy; and E; Ty — E; Ty are plotted.
Note that the first looks stationary, whereas the second is clearly nonstationary. When comparing
with the plot of E;Ty; in panel 4, it appears that the process £;Tj; can explain the nonstationarity
of E;T»; — E;Ty;. This is consistent with Equation (33) with by; = 0 and by = 0.28. In panel d,
EiTo — E¢Toy — 0.28E, Ty, is plotted and it is indeed stationary. [

Fl—ET,, —ET,
0
ol |
I \
20k
| | . |
0 50 100
)
&b, — ET,-ET,~028ET ]
00Fy 1Y MmO .
A [ \/ \\,&\\,‘A\ Wv
A I \
“‘ “w N 251 \A
B | \\ “‘ Y i \\\’(\f\'\\M\f’\ X
[ Y r “N
J “\J ! -50? \/ \N‘A\/\/\\
| L . | . ]
100 0 50 100

Figure 2. The figure shows the extracted and estimated trends for the simulated data in Example 2
with the identification in (20). Panels a and b show plots of E;Ty; and EiTy;, and E; Ty and E; Ty,
respectively. Note that E;Tj; and E;Ty; seem to co-move, whereas E;Ty; and E; Ty; do not. In panelc,
E:Ty; — EiTyy is plotted and appears stationary, but in panel d the spread E;Ty; — EiTy, is nonstationary,
whereas E;Tp; — Ty — O.ZSEtTu is stationary.

6. Conclusions

The paper analyses a sample of 1 observations from a common trend model, where the state is
an unobserved multivariate random walk and the observation is a linear combination of the lagged
state variable and a noise term. For such a model, the trends and their coefficients in the observation
equation need to be identified before they can be estimated separately. The model leads naturally
to cointegration between observations, trends, and the extracted trends. Using simulations it was
discovered, that the extracted trends do not necessarily cointegrate with their estimators. This problem
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is investigated, and it is found to be related to the identification of the trends and their coefficients
in the observation equation. It is shown in Theorem 1, that provided only the linear combinations
of the trends from the observation equation are considered, there is always cointegration between
extracted trends and their estimators. If the trends and their coefficients are defined by identifying
restrictions, the same result holds if and only if the estimated identified coefficients in the observation
equation are consistent at a rate faster than 1n'/2. For the causality study mentioned in the introduction,
where the components of the unobserved trend are assumed independent, the result has the following
implication: For the individual extracted trends to cointegrate with their estimators, overidentifying
restrictions must be imposed on the trend’s causal impact coefficients on the observations, such that
the estimators of these become super-consistent.
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Appendix A
Proof of Lemma 1 Proof of (a): Let N=(B, B ), B = B(B'B)~!, such that

KiB = V;B'[BV;B' + Q] 'B = V,B'N[(N'BV;B'N + N'Q:N)]"'N'B
/ = - _ -1
I Vi+B'QO.B B'OB, L )
=V - =Vi(Vi +Q
t < 0 ) ( B QB B\ QB 0 H(Ve+Qp)~,

Qp = B'[Q: — QB (B, QB )" 'B O]B = Var(B'e;|B &).

where

This proves (13) and (14).
Proof of (b): If the recursion starts with V; = (), then V; can be diagonalized by W for all t and
the limit satisfies W' VW = diag(ty, ..., Tm), where

2

T
Ti:)\i—i_l—i_l—;’("
i

This has solution given in (15).
Proof of (c): The first result follows by summation from the recursion for E;T; in (10), and the
second from y;1 = vsy1 + BE: T
[
Proof of Lemma 2 The polynomial ®(z) = I, — z(I, — BK’) describes (17) as

(1 — L)yt = q)(L)Z)t

Note that (1) = BK' is singular and d®(z)/dz|,.y = BK' — I, = BVB'(BVB' + Q)" ! — I,
satisfies B (BK' — I,)K, = B/ QB is nonsingular, where K| = (BVB’ + Q)B, . This means that
the Granger Representation Theorem (Johansen 1996, Theorem 4.5) can be applied and gives the
expansion (18) forx = —K (B K, ) "tand B = B/,. [

Proof of Lemma 3 Proof of (a): Consider first the product moments (21) and (22). The result (26)
follows from the Law of Large Numbers and the asymptotic Gaussian distribution of (), = —%Snz and

0,7 = EI(SM + Sn2)§ follows from the Central Limit Theorem.
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Proof of (b): 1t follows from (23), (24), and (25) that the least squares estimator Jy.q satisfies (27).
Let B| = (7', —Ip—m)’, then

_(B —B)'B, = Freg — 71 = BI(BJ_ —B)).

Proof of (c): Note that for the other parametrization, (20), where B = (C,’Y,C,’ﬂ)’ , it holds
that B| = (v/, —Ip,m)’ , such that for both parametrizations (27) holds. The estimator of B, in the

parametrization (20), is B = (C,’7, C,’ﬁ), where Cﬂ is derived from the n!/2-consistent estimator of Qy,

such that for this parametrization, estimation of B is not n-consistent, but only nl/2_consistent and

B—B=0p(n1?). ]
Proof of Theorem 1. Proof of (a): Let w; = BT} — BE,T;, then
BE,T; — BE;T; = B(E;T; — Ty) + (BT; — BE,T;) = B(E;T; — T}) + w. (A1)

Here B(EiT; — T¢) is stationary, so that it is enough to show that w; is asymptotically stationary.
From the definition of T;;; and the Kalman filter recursion (10) calculated for Ty = 0 and for the
estimated parameters, it holds that

BTiy1 = BT + Bijty1,
BEt+1Tt+1 = BEtTt — Bki(yt—kl — BEtTt).

Subtracting the expressions gives

BTt+1 — Bﬁt+1Tt+1 = BTy + B’7t+l - BEtTt - BK;(]/tJrl — BEtTt)
= BTy — BEtTt — BK;(BT,} + €441 — BEtTt) + B77t+1/
which gives the recursion
we1 = (Ip — BK})wr — BKjer 1 + Brjpia. (A2)

Note that (I, — BK?) is not a contraction, because p — m eigenvalues are one. Hence it is first proved
that B’Lwt is small and then a contraction is found for B’ w;. From the definition of w;, it follows
from (27), that

B w; =B BT, =B (B—B)T; = —(B, — B, )BT; = Op(n~1)Op(n/?) = Op(n1/2).

Next define B = B(B'B)land B, = B

(B',By)7!, such that I, = BB + Bjﬁl. From (A2) it follows
by multiplying by B and using BB=8

1

B (B—B) + Iy = Ly + Op(n~1/2), that

=/ = N

Bwiq=(B-K
~ N =/ N

"(BB + BB )w; — Kigyy1 + 1141+ B (B — B)1ji1q

aApa! A _
= (In — KiB)B w; — Klep 1 + 141 + Op(n~1/2),

=/ A = A PN Ay )
because B (B — B)yj;41 = Op(n~1/?) and (B — K;)'B, B, w; = —K|B, B, w; = Op(n~1/2).
From (14) it is seen that I,, — K/ B 5 Qp(V+Qp)~'and (I, — K'B)" — 0,n — co. This shows

=/
that B w; and hence w; is asymptotically a stationary AR(1) process.
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Proof of (b): The CVAR (18) is expressed as II(L)y; = v¢, and the parameters are estimated using
maximum likelihood with lag length k,, — o0 and k‘:’l /n — 0. This gives estimators (&, B, r,C i) and
residuals o;. The representation of y; in terms of v; is given by

t [
Yt = CZUH- ZCz‘UH’+A,
i=1 i=0

where B’ A = 0. This relation also holds for the estimated parameters and residuals, and subtracting

one finds
t . t o ) .
BT} Y v — BTy 0,=) City_i— ) Cu_j— A+ A.
i=1 i=1 i=0 =0

It is seen that the right hand side is 0p(1) and hence asymptotically stationary.
Proof of (c): Each estimated trend is compared with the corresponding trend which gives

BE;T; — BT} = (BE,T; — BT}) + (BT; — BT}) + (BT} — BT}).

Here the first term is asymptotically stationary using Theorem 2(a), the middle term is asymptotically
stationary, and the last is op(1) by Theorem 1(b). ]

Proof of Theorem 2. The proof is the same for all the spreads, so consider E;T; — E;T;, and the identity
B/(BEtTt — BEtTt) = B,(B — B)EtTt + B,B(EtTt — f:‘tTt).

The left hand side is asymptotically stationary by Theorem 1(a) and therefore E;T; — E;T; is
asymptotically stationary if and only

B'(B — B)E:T; = [n'/2B'(B — B)][n"V2E; T},

is asymptotically stationary. Here the second factor converges to a nonstationary process,
(] D
n 2 E Ty = 17 PEoTo+ 02 Y Kl jo; = Wo(u),
j=2

see (16), so for the term [n!/2B/(B — B)][n~1/2E,;T;] to be asymptotically stationary it is necessary and
sufficient that n'/2B’(B — B) 5o [
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