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Appendix A. Technical Lemmas and Proofs

This Appendix provides a series of lemmas and their proofs that are useful to derive the main
results presented in the paper.

Appendix A.1. Some Preliminary Lemmas

Lemma A.1. (Uniform Weak Convergence Theorem with Compactness) Suppose (i) {zi : i = 1, . . . , n}
are iid; (ii) m(z, θ) is continuous at each θ ∈ Θ for all z ∈ Z with probability one;
(iii) E

[
supθ∈Θ ‖m(zi, θ)‖

]
< ∞; (iv) Θ is compact. Then, E [‖m(zi, θ)‖] is continuous for all θ ∈ Θ and

supθ∈Θ

∥∥∥ 1
n ∑n

i=1 m (zi, θ)− E [m (zi, θ)]
∥∥∥ = op(1).

Proof. This result is implied by Lemma 1 of Tauchen (1985) [1] or can be verified by showing
the stochastic equicontinuity of

{
1
n ∑n

i=1 (m (zi, θ)− E [m (zi, θ)]) : n ≥ 1
}

for θ ∈ Θ as in

Newey (1991) [2] observing that E
[
supθ∈Θ ‖m(zi, θ)‖

]
< ∞ is stronger than the Lipschitz condition

used in Newey (1991) [2]. The continuity of E [‖m(zi, θ)‖] is obtained from the Dominated
Convergence theorem with the dominating function supθ∈Θ ‖m (zi, θ)‖ < ∞. Here we provide an
alternative proof for the stochastic equicontinuity. We use the following definition of the stochastic
equicontinuity:

Definition A.1. {Mn(θ)|n ≥ 1} is stochastically equicontinuous on Θ if ∀ε > 0 ∃δ > 0 such that

lim
n→∞

P

(
sup
θ∈Θ

sup
θ′∈B(θ,δ)

∥∥Mn(θ
′)−Mn(θ)

∥∥ > ε

)
< ε.

Now define Mn(θ) = 1
n ∑n

i=1 m (zi, θ) − E [m (zi, θ)] and Yiδ = supθ∈Θ supθ′∈B(θ,δ)
‖m (zi, θ′)−m (zi, θ)‖. Note E [Yiδ] ≤ 2E

[
supθ∈Θ ‖m(zi, θ)‖

]
< ∞ by Condition (iii). We claim

that E [Yiδ] → 0 as δ → 0 by noting Yiδ → 0 as δ → 0 with probability one, since Condition
(ii) and (iv) implies uniform continuity. Furthermore, Yiδ ≤ 2 supθ∈Θ ‖m(zi, θ)‖ ∀δ > 0 and
E
[
supθ∈Θ ‖m(zi, θ)‖

]
< ∞ by Condition (iii) and hence from the dominated convergence theorem,

the claim follows. Now let ε > 0, then

limn→∞P
(

supθ∈Θ supθ′∈B(θ,δ) ‖Mn(θ′)−Mn(θ)‖ > ε
)
≤ limn→∞P

(
1
n ∑n

i=1 (Yiδ + E[Yiδ]) > ε
)

≤ limn→∞E
[

1
n ∑n

i=1 (Yiδ + E[Yiδ])
]

/ε = 2E[Yiδ]/ε→ 0 as δ→ 0,

where the first inequality follows by Triangle inequality, the second holds by Markov inequality,
and the last equality holds by E [Yiδ] → 0 as δ → 0. This proves Mn(θ) is stochastically
equicontinuous and the uniform convergence follows noting Condition (iii) is sufficient for the
pointwise weak convergence. This is proved when Θ is bounded (not necessarily compact) in the
proof of Lemma A.2.

Lemma A.2. (Uniform Weak Convergence Theorem without Compactness) Suppose (i) {zi : i = 1, . . . , n} are
iid; (ii) m(zi, θ) satisfies the Lipschitz condition in θ as ‖m(zi, θ1)−m(zi, θ2)‖ ≤ B(zi) ‖θ1 − θ2‖, ∀θ1, θ2 ∈
Θ for some function B(·) : Z → R and E

[
B(·)2+δ

]
< ∞; (iii) E

[
supθ∈Θ ‖m(zi, θ)‖2+δ

]
< ∞ for some
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δ > 0; (iv) Θ is bounded. Then, 1√
n ∑n

i=1 (m (zi, θ)− E[m (zi, θ)]) is stochastically equicontinuous and thus

supθ∈Θ

∥∥∥ 1
n ∑n

i=1 m (zi, θ)− E [m (zi, θ)]
∥∥∥ = op(1).

Proof. From condition (ii), we note that m(·, ·) belongs to Type II class in Andrews (1994) [3] with
envelopes given by max(supθ∈Θ ‖m(·, θ)‖ , B(·)) and hence satisfies Pollard’s entropy condition by
Theorem 2 in Andrews (1994) [3], which is Assumption A of Theorem 1 in Andrews (1994) [3].
Condition (iii) implies Assumption B of Theorem 1 in Andrews (1994) [3]. Condition (i) is stronger
than Assumption C for Theorem 1 in Andrews (1994) [3] and hence stochastic equicontinuity
follows. Now noting Condition (iii) is sufficient for pointwise weak convergences of 1

n ∑n
i=1 m (zi, θ)

to E [m (zi, θ)] for all θ ∈ Θ and combining this with the stochastic equicontinuity result, we
have the uniform convergence as assuming Θ is bounded. To be more precise, first, note that the
stochastic equicontinuity of 1√

n ∑n
i=1 (m (zi, θ)− E[m (zi, θ)]) implies the stochastic equicontinuity of

1
n ∑n

i=1 (m (zi, θ)− E[m (zi, θ)]). Now define vn(θ) = 1
n ∑n

i=1 (m (zi, θ)− E[m (zi, θ)]) and let ε > 0

and take a δ such that limn→∞P
(

supθ∈Θ supθ′∈B(θ,δ) ‖vn(θ′)− vn(θ)‖ > ε
)

< ε. Such δ exists by
the definition of the stochastic equicontinuity. Now note that from the boundedness of Θ, we can
construct a finite cover of Θ as {B(θj, δ) : j = 1, . . . , J}. Then it follows

limn→∞P
(
supθ′∈Θ ‖vn(θ′)‖ > 2ε

)
≤ limn→∞P

(
maxj≤J

(
supθ′∈B(θj ,δ)

∥∥vn(θ′)− vn(θj)
∥∥+ ∥∥vn(θj)

∥∥) > 2ε
)

≤ limn→∞P
(

maxj≤J supθ′∈B(θj ,δ)

∥∥vn(θ′)− vn(θj)
∥∥ > ε

)
+ limn→∞P

(
maxj≤J

∥∥vn(θj)
∥∥ > ε

)
≤ limn→∞P

(
supθ∈Θ supθ′∈B(θ,δ) ‖vn(θ′)− vn(θ)‖ > ε

)
+ limn→∞P

(
maxj≤J

∥∥vn(θj)
∥∥ > ε

)
≤ ε,

where the first inequality is from Triangle Inequality and by the construction of {B(θj, δ) : j =

1, . . . , J}. The last inequality comes from the stochastic equicontinuity of vn(θ) and the pointwise
weak convergence of vn(θ) and hence the uniform convergence result follows.

In addition to the assumption of θ̂ being consistent, we provides two alternative primitive
conditions that satisfy the higher level conditions used in Lemma 1. The first possible set of primitive
conditions is

Assumption A.1. (i) {zi}n
i=1 are iid; (ii) s(z, θ) is κ-times continuously differentiable in a neighborhood of

θ0, denoted by Θ0 for all z ∈ Z , κ ≥ 3 with probability one; (iii) E
[
supθ∈Θ0

‖∇υs(z, θ)‖
]
< ∞, υ =

{0, 1, 2, . . . κ}, κ ≥ 3; (iv) Θ is compact; (v) θ0 is in the interior of Θ and is the only θ satisfying (1).

Assumption A.2. E
[
‖∇υs(z, θ0)‖2

]
< ∞, υ = {0, 1, 2, . . . κ}, κ ≥ 3.

Assumption A.3. E [∇s(z, θ0)] is nonsingular.

Instead of Assumption A.1, alternatively we may assume

Assumption A.4. (i) {zi}n
i=1 are iid; (ii) ∇υs(z, θ) satisfies the Lipschitz condition in θ as

‖∇υs(z, θ1)−∇υs(z, θ2)‖ ≤ Bυ(z) ‖θ1 − θ2‖ ∀θ1, θ2 ∈ Θ0

for some function Bυ(·) : Z → R and E
[
Bυ(·)2+δ

]
< ∞, υ = {0, 1, 2, . . . κ} in a neighborhood of θ0, denoted

by Θ0 for all z ∈ Z , κ ≥ 3 with probability one; (iii) E
[
supθ∈Θ0

‖∇υs(z, θ)‖2+δ
]
< ∞ for ∃ δ > 0,

υ = {0, 1, 2, . . . κ}, κ ≥ 3; (iv) Θ is bounded; (v) θ0 is in the interior of Θ and is the only θ satisfying (1).
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Lemma A.3. (Local Uniform Weak Convergence with Compactness)
Suppose Assumption A.1 holds, then we have

∥∥∥ 1
n ∑n

i=1∇υs
(
zi, θ

)
− E [∇υs (zi, θ0)]

∥∥∥ = op(1) for θ = θ0 +

op(1) and υ ∈ {0, 1, 2, . . . , κ}.

Proof. Consider∥∥∥ 1
n ∑n

i=1∇υs
(
zi, θ

)
− E [∇υs (zi, θ0)]

∥∥∥
≤
∥∥∥ 1

n ∑n
i=1∇υs

(
zi, θ

)
− E

[
∇υs

(
zi, θ

)]∥∥∥+ ∥∥E
[
∇υs

(
zi, θ

)]
− E [∇υs (zi, θ0)]

∥∥
≤ supθ∈Θ0

∥∥∥ 1
n ∑n

i=1∇υs (zi, θ)− E [∇υs (zi, θ)]
∥∥∥+ ∥∥E

[
∇υs

(
zi, θ

)]
− E [∇υs (zi, θ0)]

∥∥ .

We have supθ∈Θ0
|| 1n ∑n

i=1∇υs (zi, θ)− E [∇υs (zi, θ)] || = op(1) from Lemma A.1 by letting m(z, θ) =

∇υs (z, θ) and noting Assumption A.1 satisfies all the conditions in Lemma A.1 for θ ∈ Θ0. The
continuity of E [∇υs (zi, θ)] at θ0 (by the Dominated Convergence theorem with the dominating
function supθ∈Θ0

‖∇υs(zi, θ)‖) implies that
∥∥E
[
∇υs

(
zi, θ

)]
− E [∇υs (zi, θ0)]

∥∥ = op(1), since θ = θ0 +

op(1) and hence from this and the result above, it follows that
∥∥∥ 1

n ∑n
i=1∇υs

(
zi, θ

)
− E [∇υs (zi, θ0)]

∥∥∥ =

op(1).

Lemma A.4. (Local Uniform Weak Convergence without Compactness)
Under Assumption A.4, we have

∥∥∥ 1
n ∑n

i=1∇υs
(
zi, θ

)
− E [∇υs (zi, θ0)]

∥∥∥ = op(1) for θ = θ0 + op(1) and
υ ∈ {0, 1, 2, . . . , κ}.

Proof. Again noting Assumption A.4 satisfies all the conditions in Lemma A.2 for θ ∈ Θ0, we
have the uniform convergence and the dominated convergence theorem assures the continuity of
E [∇υs (zi, θ)] for θ ∈ Θ0 and hence the result follows.

Now we show that conditions (i)-(viii) in Lemma 1 are satisfied under Assumption A.1-A.3 or
Assumption A.4, A.2-A.3. Condition (i) and (iia) are directly assumed. Condition (iib) is by the
dominated convergence theorem with the dominating function given by supθ∈Θ0

∥∥∇3s(z, θ)
∥∥ under

Condition (i), (iia), and E[supθ∈Θ0

∥∥∇3s(z, θ)
∥∥] < ∞. Condition (iii) holds from Lemma A.3 or A.4.

Condition (iv) holds by the stochastic equicontinuity of 1√
n ∑n

i=1
(
∇2s (zi, θ)− E[∇2s (zi, θ)]

)
for

θ ∈ Θ0 as discussed in A.2 with m(z, θ) = ∇2s (z, θ). Condition (iv) is used to show that(
1
n ∑n

i=1∇
2s
(

zi, θ̃
)
− 1

n ∑n
i=1∇

2s (zi, θ0)

)((
θ̂ − θ0

)
⊗
((

θ̂ − θ0

)))
= Op(n−3/2)

in the proof of Lemma 1. Alternatively, it can be shown as∥∥∥( 1
n ∑n

i=1∇2s
(

zi, θ̃
)
− 1

n ∑n
i=1∇2s (zi, θ0)

) ((
θ̂ − θ0

)
⊗
((

θ̂ − θ0

)))∥∥∥
≤
∥∥∥ 1

n ∑n
i=1∇3s

(
zi,
˜̃θ)∥∥∥ ∥∥∥θ̃ − θ0

∥∥∥ ∥∥∥θ̂ − θ0

∥∥∥2

=
∥∥E
[
∇3s (zi, θ0)

]
+ op(1)

∥∥ ∥∥∥θ̃ − θ0

∥∥∥ ∥∥∥θ̂ − θ0

∥∥∥2
= Op(n−3/2),

where ˜̃θ (θ̃) lies between θ̃ (θ̂) and θ0 noting θ̂ − θ0 = Op

(
1√
n

)
. The second last equality is

obtained from Lemma A.3 under Assumption A.1. This implies that Condition (iv) can be replaced
with another local uniform convergence condition

∥∥∥ 1
n ∑n

i=1∇3s
(
zi, θ

)
− E

[
∇3s (zi, θ0)

]∥∥∥ = op(1) for

θ = θ0 + op(1) under Assumption A.1. Condition (v) is assumed in Assumption A.3. Condition

(vi)-(viii) are by CLT provided that E
[
‖∇υs(z, θ0)‖2

]
< ∞, υ = {0, 1, 2} respectively, which are

satisfied under Assumption A.2.
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Now to establish additional preliminary lemmas, we need a stronger set of conditions as
Assumption 1-2 or 3-2. Note that Assumption 1-2 implies Assumption A.1-A.3 and Assumption A.4 is
weaker than Assumption 3. First, under Assumption 1 or 3, we have the uniform weak convergences
(U-WCON) for the normalized sums of functions in ∇υs(z, θ), υ = {0, 1, 2, . . . κ} up to the second
order as in a neighborhood of θ0, denoted by Θ0 and hence it is not difficult to show that

Lemma A.5. Under Assumption 1 or 3, we have

sup
θ∈Θ

∣∣∣∣ 1n ∑n
i=1 ‖∇

υ1 s (zi, θ)‖ ‖∇υ2 s (zi, θ)‖ − E [‖∇υ1 s (zi, θ)‖ ‖∇υ2 s (zi, θ)‖]
∣∣∣∣ = op(1), (A1)

for υ1, υ2 ∈ {0, 1, 2, . . . , κ}, κ ≥ 4.

Proof. Provided Assumption 1 holds, (A1) is obtained by applying the Uniform Convergence
theorem of Lemma A.1 by letting m(z, θ) = ‖∇υ1 s (zi, θ)‖ ‖∇υ2 s (zi, θ)‖. Noting

E
[
supθ∈Θ0

‖∇υ1 s (zi, θ)‖ ‖∇υ2 s (zi, θ)‖
]
≤ E

[
supθ∈Θ0

‖∇υ1 s(zi ,θ)‖2+‖∇υ2 s(zi ,θ)‖2

2

]
≤ E

[
supθ∈Θ0

‖∇υ1 s (zi, θ)‖2
]

/2 + E
[
supθ∈Θ0

‖∇υ2 s (zi, θ)‖2
]

/2 < ∞,
(A2)

which is satisfied by Assumption 1 (iii), all the conditions for Lemma A.1 are trivially satisfied.
Alternatively under Assumption 3, we obtain (A1) directly from Theorem 1-3 in Andrews

(1994) [3], which is a quite general result and hence we rather provide a simple proof for our specific
purpose. Noting other conditions for Lemma A.2 are trivially satisfied under Assumption 3, the
uniform convergence result of (A1) is obtained upon verifying the Lipschitz condition for ∀θ1, θ2 ∈ Θ
as

|‖∇υ1 s (z, θ1)‖ ‖∇υ2 s(z, θ1)‖ − ‖∇υ1 s (z, θ2)‖ ‖∇υ2 s(z, θ2)‖|
≤ |‖∇υ1 s (z, θ1)‖ ‖∇υ2 s(z, θ1)‖ − ‖∇υ1 s (z, θ1)‖ ‖∇υ2 s(z, θ2)‖|

+ |‖∇υ1 s (z, θ1)‖ ‖∇υ2 s(z, θ2)‖ − ‖∇υ1 s (z, θ2)‖ ‖∇υ2 s(z, θ2)‖|
= ‖∇υ1 s (z, θ1)‖ |‖∇υ2 s(z, θ1)‖ − ‖∇υ2 s(z, θ2)‖|+ ‖∇υ2 s (z, θ2)‖ |‖∇υ1 s(z, θ1)‖ − ‖∇υ1 s(z, θ2)‖|
≤ ‖∇υ1 s (z, θ1)‖ Bv2(z) ‖θ1 − θ2‖+ ‖∇υ2 s (z, θ2)‖ Bv1(z) ‖θ1 − θ2‖
≤ supθ∈Θ ‖∇υ1 s (z, θ)‖ Bv2(z) ‖θ1 − θ2‖+ supθ∈Θ ‖∇υ2 s (z, θ)‖ Bv1(z) ‖θ1 − θ2‖
=
(
supθ∈Θ ‖∇υ1 s (z, θ)‖ Bv2(z) + supθ∈Θ ‖∇υ2 s (z, θ)‖ Bv1(z)

)
‖θ1 − θ2‖ ≡ M(z) ‖θ1 − θ2‖ ,

where the first inequality is by Triangle Inequality and the second inequality is obtained by the
Lipschitz conditions for∇υ1 s(z, θ) and∇υ2 s(z, θ), since for υ = υ1, υ2, |‖∇υs(z, θ1)‖ − ‖∇υs(z, θ2)‖| ≤
‖∇υs(z, θ1)−∇υs(z, θ2)‖ by Triangle Inequality. Now we need to verify that E

[
M(z)2+δ

]
< ∞, which

is true, since

E
[
supθ∈Θ ‖∇

υa s (z, θ)‖2+δ Bvb(z)
2+δ
]
≤ E

[(
supθ∈Θ ‖∇

υa s (z, θ)‖4+2δ + Bvb(z)
4+2δ

)
/2
]
< ∞ (A3)

for (υa, υb) ∈ {(υ1, υ2), (υ2, υ1)} under E
[
supθ∈Θ ‖∇υs (z, θ)‖4+δ′

]
< ∞ for υ = υ1, υ2,

E
[

Bv1(z)
4+δ′

]
< ∞, and E

[
Bv2(z)

4+δ′
]
< ∞ with δ′ = 2δ.

Lemma A.6. (Consistency of θ
∗
) Suppose θ0 is the unique solution of (1) and θ

∗
solves (7) and further

suppose supθ∈Θ

∥∥∥ 1
n ∑n

i=1 s(zi, θ)− E[s(z, θ)]
∥∥∥ = op(1) and supθ∈Θ ‖ĉ(θ)‖ = Op(1), then θ

∗
is a consistent

estimator of θ0.
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Proof. Let ε > 0. Then, there exists δ > 0 such that whenever θ ∈ Θ\B(θ0, ε), we have ‖E[s(zi, θ)]‖ >
δ provided that θ0 is the unique solution of (1). This implies

Pr
(∥∥∥θ

∗ − θ0

∥∥∥ > ε
)
≤ Pr

(∥∥∥E[s(zi, θ
∗
)
∥∥∥ > δ

)
= Pr

(∥∥∥E[s(zi, θ
∗
)]− 1

n ∑n
i=1 s(zi, θ

∗
)− 1

n ĉ(θ
∗
)
∥∥∥ > δ

)
≤ Pr

(∥∥∥E[s(zi, θ
∗
)]− 1

n ∑n
i=1 s(zi, θ

∗
)
∥∥∥+ ∥∥∥ 1

n ĉ(θ
∗
)
∥∥∥ > δ

)
≤ Pr

(
supθ∈Θ

∥∥∥E[s(zi, θ)]− 1
n ∑n

i=1 s(zi, θ)
∥∥∥+ 1

n supθ∈Θ ‖ĉ(θ)‖ > δ
)

= Pr
(
op(1) > δ

)
→ 0,

where the second inequality is by Triangle Inequality and the last equality is obtained provided that
the uniform convergence of 1

n ∑n
i=1 s(zi, θ) to E[s(z, θ)] over θ ∈ Θ and supθ∈Θ ‖ĉ(θ)‖ = Op(1).

The uniform convergence holds by Lemma A.1 or Lemma A.2 with m(z, θ) = s(z, θ) provided
that all the conditions in Lemma A.1 or Lemma A.2 are satisfied. The second necessary condition
supθ∈Θ ‖ĉ(θ)‖ = Op(1) is satisfied assuming conditions in Assumption 1-2 or Assumption 3-2 hold
for the whole parameter space Θ instead of Θ0 similarly with Lemma A.7.

Lemma A.7. Under Assumption 1-2 or 3-2 (a) we have ĉ(θ) = c(θ) + op(1) uniformly over θ ∈ Θ0 ⊂ Θ

and (b) moreover, we have ĉ(θ0) = c(θ0) + Op

(
1√
n

)
.

Proof. Lemma A.7 (a)
First we note that c(θ) is bounded uniformly over θ ∈ Θ0 under Assumption 1 (ii)-(iii)

and Assumption 2. This is obvious, since we can bound supθ∈Θ0
‖c(θ)‖ by sums and

products of supθ∈Θ0
‖Q (θ)‖, supθ∈Θ0

‖∇s(zi, θ)‖2, and supθ∈Θ0
‖s(zi, θ)‖2 using Triangle Inequality,

Cauchy-Schwarz Inequality, and the Dominated Convergence theorem. In what follows, we bound
each term uniformly over θ ∈ Θ0 and suppress the sup-norm over θ ∈ Θ0 otherwise it is noted. Now
for any θ ∈ Θ0, note

ĉ(θ)− c(θ)

=
1
2

(
Ĥ2(θ)(

1
n

n

∑
i=1

[Q̂(θ)s(zi, θ)⊗ Q̂(θ)s(zi, θ)])− H2(θ)(E[Q(θ)s(zi, θ)⊗Q(θ)s(zi, θ)])

)
(A4)

+

(
1
n ∑n

i=1

[
∇s(zi, θ)Q̂(θ)s(zi, θ)

]
− E [∇s(zi, θ)Q(θ)s(zi, θ)]

)
(A5)

Now rewrite (A5) as

1
n ∑n

i=1

[
∇s(zi, θ)Q̂(θ)s(zi, θ)

]
− E [∇s(zi, θ)Q(θ)s(zi, θ)]

=
1
n ∑n

i=1

[
∇s(zi, θ)Q̂(θ)s(zi, θ)−∇s(zi, θ)Q(θ)s(zi, θ)

]
(A6)

+
1
n ∑n

i=1 [∇s(zi, θ)Q(θ)s(zi, θ)− E [∇s(zi, θ)Q(θ)s(zi, θ)]] . (A7)

Then we have for (A6),∥∥∥∥ 1
n ∑n

i=1

[
∇s(zi, θ)

(
Q̂(θ)−Q(θ)

)
s(zi, θ)

]∥∥∥∥ ≤ 1
n ∑n

i=1 ‖∇s(zi, θ)‖ ‖s(zi, θ)‖
∥∥∥Q̂(θ)−Q(θ)

∥∥∥ (A8)

by Triangle Inequality and Cauchy-Schwarz Inequality. In what follows, again we treat
Ĥ1(θ)

(
= −Q̂(θ)−1

)
as nonsingular for θ ∈ Θ0. This is innocuous, since by Lemma A.1 or A.2 with
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m(z, θ) = ∇s(z, θ) and Assumption 2, with probability approaching to one, Ĥ1(θ) is nonsingular for
θ ∈ Θ0. Now note∥∥∥Q̂(θ)−Q(θ)

∥∥∥ (A9)

=
∥∥∥Q(θ)

(
Q̂(θ)−1 −Q(θ)−1

)
Q̂(θ)

∥∥∥ ≤ ‖Q(θ)‖
∥∥∥Q̂(θ)

∥∥∥ ∥∥∥Q̂(θ)−1 −Q(θ)−1
∥∥∥ = op(1)

by the uniform convergence of Q̂(θ)−1 to Q(θ)−1 and Assumption 2 applying the Slutsky theorem.
We have 1

n ∑n
i=1 ‖∇s (zi, θ)‖ ‖s(zi, θ)‖ = Op(1) by (A2) and Lemma A.5 with υ1 = 1 and υ2 = 0.

Together with (A9), this implies (A6) is op(1). Now note we have

E
[
supθ∈Θ0

‖∇s (zi, θ) Q(θ)s (zi, θ)‖
]

≤ E
[
supθ∈Θ0

‖s (zi, θ)‖ ‖∇s (zi, θ)‖ ‖Q(θ)‖
]
≤ CE

[
supθ∈Θ0

‖s (zi, θ)‖ ‖s (zi, θ)‖
]
< ∞,

from (A2) and supθ∈Θ0
‖Q(θ)‖ < ∞ or Lipschitz condition as

‖∇s (z, θ1) Q(θ1)s(z, θ1)−∇s (z, θ2) Q(θ2)s(z, θ2)‖
≤ supθ∈Θ0

‖Q(θ)s(z, θ)‖ ‖∇s (z, θ1)−∇s (z, θ2)‖
+ supθ∈Θ0

‖Q(θ)∇s(z, θ)‖ ‖s (z, θ1)− s (z, θ2)‖+ supθ∈Θ0
‖s (z, θ)∇s(z, θ)‖ ‖Q(θ1)−Q(θ2)‖

≤ supθ∈Θ0
‖Q(θ)‖ supθ∈Θ0

‖s(z, θ)‖ B1(z) ‖θ1 − θ2‖
+ supθ∈Θ0

‖Q(θ)‖ supθ∈Θ0
‖∇s(z, θ)‖ B0(z) ‖θ1 − θ2‖

+ supθ∈Θ0
‖s(z, θ)‖ supθ∈Θ0

‖∇s(z, θ)‖
(

supθ∈Θ0
‖Q(θ)‖

)2
supθ∈Θ0

‖∇H1(θ)‖ ‖θ1 − θ2‖
≡ M(z) ‖θ1 − θ2‖ ,

where the first inequality is obtained by Triangle Inequality and Cauchy-Schwarz Inequality and
the second inequality is obtained by Lipschitz conditions for s (z, θ) and ∇s (z, θ) and since
‖Q(θ1)−Q(θ2)‖ = ‖Q(θ1)‖

∥∥Q−1(θ1)−Q−1(θ2)
∥∥ · ‖Q(θ2)‖. In the last equality, we set

M(z) = supθ∈Θ0
‖Q(θ)‖ supθ∈Θ0

‖s(z, θ)‖ B1(z) + supθ∈Θ0
‖Q(θ)‖ supθ∈Θ0

‖∇s(z, θ)‖ B0(z)

+ supθ∈Θ0
‖s(z, θ)‖ supθ∈Θ0

‖∇s(z, θ)‖
(

supθ∈Θ0
‖Q(θ)‖

)2
supθ∈Θ0

‖∇H1(θ)‖

and we have E
[
M(z)2+δ

]
< ∞ by a similar argument with (A3) provided that

E
[
supθ∈Θ0

‖s(z, θ)‖4+δ′
]

< ∞, E
[
supθ∈Θ0

‖∇s(z, θ)‖4+δ′
]

< ∞, E
[

B1(z)4+δ′
]

< ∞, and

E
[

B0(z)4+δ′
]

< ∞ with δ′ = 2δ, and also assuming supθ∈Θ0
‖∇H1(θ)‖ < ∞. Therefore, we

can apply the Uniform Convergence theorem of Lemma A.1 or Lemma A.2 to (A7) and have

supθ∈Θ0

∥∥∥∥ 1
n ∑n

i=1 [∇s (zi, θ) Q(θ)s (zi, θ)− E [∇s (zi, θ) Q(θ)s (zi, θ)]]

∥∥∥∥ = op(1). (A10)

From (A6)=op(1) and (A10), we conclude (A5) is op(1) uniformly over θ ∈ Θ0. Now consider

supθ∈Θ0

∥∥∥Ĥ2(θ)− H2(θ)
∥∥∥ = op(1) (A11)

by the uniform convergence from Lemma A.1 or A.2 with m(z, θ) = ∇2s(z, θ) and that∥∥∥∥ 1
n ∑n

i=1 s(zi, θ)s(zi, θ)′ − E
[
s(zi, θ)s(zi, θ)′

]∥∥∥∥ = op(1) (A12)
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uniformly over θ ∈ Θ0 by the uniform convergence result of Lemma A.1 with m(z, θ) = s(zi, θ)s(zi, θ)′

provided that E
[
supθ∈Θ0

‖s(zi, θ)‖2
]
< ∞ or Lemma A.2 by verifying the Lipschitz condition as

∥∥∥s(z, θ1)s(z, θ1)
′ − s (z, θ2) s (z, θ2)

′
∥∥∥ (A13)

≤
∥∥∥s(z, θ1)s(z, θ1)

′ − s (z, θ1) s (z, θ2)
′
∥∥∥+ ∥∥∥s(z, θ1)s(z, θ2)

′ − s (z, θ2) s (z, θ2)
′
∥∥∥

≤ 2 sup
θ∈Θ
‖s (z, θ)‖ ‖s (z, θ1)− s (z, θ2)‖ ≤ 2 sup

θ∈Θ
‖s (z, θ)‖ B0(z) ‖θ1 − θ2‖

by Triangle Inequality and noting that E
[
supθ∈Θ ‖s (z, θ)‖2+δ B0(z)2+δ

]
< ∞ under

E
[
supθ∈Θ ‖s (z, θ)‖4+δ′

]
< ∞ and E

[
B0(z)4+δ′

]
< ∞ with δ′ = 2δ. From (A9), (A11), and

(A12), it follows that

Ĥ2(θ)
(

1
n ∑n

i=1

[
Q̂(θ)s (zi, θ)⊗ Q̂(θ)s (zi, θ)

])
= Ĥ2(θ)

(
vec
(

Q̂(θ)
(

1
n ∑n

i=1 s (zi, θ) s (zi, θ)′
)

Q̂(θ)′
))

=
(

H2(θ) + op(1)
) (

vec
((

Q(θ) + op(1)
) (

E
[
s (zi, θ) s (zi, θ)′

]
+ op(1)

) (
Q(θ) + op(1)

)′))
= H2(θ)

(
vec
(

Q(θ)
(

E
[
s (zi, θ) s (zi, θ)′

])
Q(θ)′

))
+ op(1)

= H2(θ) (E [Q(θ)s (zi, θ)⊗Q(θ)s (zi, θ)]) + op(1),

(A14)

where the first and the last equality come from vec(gg′) = g ⊗ g for a column vector g and hence
we bound (A4) as op(1) uniformly over θ ∈ Θ0. This concludes ĉ(θ) = c(θ) + op(1) uniformly over
θ ∈ Θ0.

Proof. Lemma A.7 (b)
Note √

n
(

Q̂(θ0)−Q(θ0)
)
= Op(1) (A15)

by the Slutsky theorem and that

√
n
(

Ĥ2(θ0)− H2(θ0)
)
=

1√
n ∑n

i=1

(
∇2s (zi, θ0)− E

[
∇2s (zi, θ0)

])
= Op(1) (A16)

by the CLT under E[
∥∥∇2s(zi, θ0)

∥∥2
] < ∞ and that by the CLT

1√
n ∑n

i=1 s(zi, θ0)s(zi, θ0)
′ − E

[
s(zi, θ0)s(zi, θ0)

′] = Op(1) (A17)

under E
[
‖s(zi, θ0)s(zi, θ0)

′‖2
]
= E

[
‖s(zi, θ0)‖4

]
< ∞. We can also apply the CLT to

1√
n ∑n

i=1 ‖∇s(zi, θ0)‖ ‖s(zi, θ0)‖ = E [‖∇s(zi, θ0)‖ ‖s(zi, θ0)‖] + Op(1) (A18)

under (a) E
[
‖∇s(zi, θ0)‖2 ‖s(zi, θ0)‖2

]
< ∞ and to

1√
n ∑n

i=1 [∇s (zi, θ0) Q(θ0)s(zi, θ0)− E [∇s (zi, θ0) Q(θ0)s (zi, θ0)]] = Op(1) (A19)
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under (b) E
[
‖∇s(zi, θ0)Q(θ0)s(zi, θ0)‖2

]
< ∞. Both (a) and (b) are satisfied provided that

E
[
‖s (zi, θ0)‖4

]
< ∞ and E

[
‖∇s (zi, θ0)‖4

]
< ∞, since

E
[
‖∇s (zi, θ0) Q(θ0)s (zi, θ0)‖2

]
≤ ‖Q(θ0)‖2 E

[
‖s (zi, θ0)‖2 ‖∇s (zi, θ0)‖2

]
≤ C

(
E
[(
‖s (zi, θ0)‖4 + ‖∇s (zi, θ0)‖4

)
/2
])

< ∞

by Cauchy-Schwarz Inequality. Applying the results of (A15), (A16), and (A17) to (A14), we can
show that (A4)=Op

(
1/
√

n
)

for θ = θ0. Similarly, plugging the results of (A15), (A18), and (A19) into
(A7) and (A8), we obtain (A5)=Op

(
1/
√

n
)

for θ = θ0 and hence we conclude that ĉ(θ0) = c(θ0) +

Op
(
1/
√

n
)
.

To characterize ∇ĉ(θ), we introduce some matrix differentiation results consistent with our
notation. We denote a m× n matrix D as (dij)

m
n , where dij is the i-th row and the j-th column element

of D. Also we denote a m× kn matrix E as [eij]
m
n , where eij is a 1× k vector such that

E = [eij]
m
n =

 e11 · · · e1kn−1

...
. . .

...
em1 · · · emkn−1


and hence eij = (Ei,(j−1)k+1, Ei,(j−1)k+2, . . . , Ei,j·k) by defining Eu,v as the u-th row and the v-th column
element of E.

Remark A.1. For k× k matrices A and B, we have ∇ (AB) = A∇B + B′∇ (A′).

Proof. Let C = AB. Then, we have cij = ∑k
l=1 ailbl j and hence

∇C =
[
∇cij

]k
2 =

[
∇(∑k

l=1 ailbl j)
]k

2
=
[
∑k

l=1 ail∇bl j

]k

2
+
[
∑k

l=1 bl j∇ail

]k

2
= (aij)

k
k
[
∇bij

]k
2 + (bji)

k
k
[
∇aji

]k
2 = A∇B + B′∇ (A′)

Remark A.2. For a km × kn matrix A and a kn × 1 vector b with m, n = 0, 1, 2, . . ., we have

∇ (Ab) = A∇b + vec
∗ (

b′∇
(

A′
))

,

where vec∗ ((a1, a2, . . . , ak)) =

 a1
...

ak

 and aj is a 1× k vector for j = 1, . . . , k. For completeness, we let

vec
∗
(c) = c for a scalar c.

Proof. Let c = Ab and note ∇ci = ∑kn

l=1 ail∇bl + ∑kn

l=1 bl∇ail . This implies

[∇ci]
km

1 =
[
∑kn

l=1 ail∇bl

]km

1
+
[
∑kn

l=1 bl∇ail

]km

1

=
(
aij
)km

kn ∇b +

 b′[∇aj1]
kn

1
...

b′[∇ajkm ]k
n

1

 = A∇b + vec
∗ (

b′∇
(

A′
))

.
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Remark A.3. Moreover, we have ∇
(

vec
∗
(·)
)
= vec∗ (∇ (·)) by definition of vec∗.

Proof. For a 1× km vector c = (c1, . . . , cm) with ci to be a 1× k vector and i = 1, . . . , m, consider

∇
(

vec
∗
(c)
)

= ∇ (vec∗ ((c1, . . . , cm))) = ∇

 c1
...

cm

 =

 ∇c1
...
∇cm

 = vec
∗
((∇c1, . . . ,∇cm)) = vec

∗
(∇c) .

Remark A.4. For matrices (including column and row vectors) A and B, we have

∇ (A⊗ B) = (A⊗∇B) +
(
∇A⊗∗ B

)
,

where we define ⊗∗ for matrices D (m× kn) and E (p× q) as

D⊗∗ E

≡



d11e11 · · · d11e1q
...

. . .
...

d11ep1 · · · d11epq

· · ·
d1kn−1 e11 · · · d1kn−1 e1q

...
. . .

...
d1kn−1 ep1 · · · d1kn−1 epq

...
. . .

...
dm1e11 · · · dm1e1q

...
. . .

...
dm1ep1 · · · dm1epq

· · ·
dmkn−1 e11 · · · dmkn−1 e1q

...
. . .

...
dmkn−1 ep1 · · · dmkn−1 epq


=

 E⊗ d11 · · · E⊗ d1kn−1

...
. . .

...
E⊗ dm1 · · · E⊗ dmkn−1


for 1× k vector dij, i = 1, . . . , m and j = 1, . . . , n and euv is the u-th row and the v-th column element of E.

Proof. Consider

∇ (A⊗ B) =

 ∇ (a11B) · · · ∇ (a1kn−1 B)
...

. . .
...

∇ (am1B) · · · ∇ (amkn−1 B)


=

 a11∇B · · · a1kn−1∇B
...

. . .
...

am1∇B · · · amkn−1∇B

+

 B⊗∇a11 · · · B⊗∇a1kn−1

...
. . .

...
B⊗∇am1 · · · B⊗∇amkn−1


= (A⊗∇B) +

(
∇A⊗∗ B

)
.

Remark A.5. For an invertible matrix A (k × k), we have ∇
(

A−1) = −A−1 (A′)−1∇(A′) =

−(A′A)−1∇(A′).
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Proof. From (A′)−1 A′ = I, we have ∇
(
(A′)−1 A′

)
= ∇I = 0 and hence from Remark A.1,

(A′)−1∇ (A′) + A∇
(

A−1) = 0. Multiplying A−1 each side, we have

A−1
((

A′
)−1∇

(
A′
)
+ A∇

(
A−1

))
= 0,

(
A′A

)−1∇
(

A′
)
+∇

(
A−1

)
= 0,

which gives ∇
(

A−1) = −A−1 (A′)−1∇(A′).

Lemma A.8. Under Assumption 1-2 or 3-2,we have (a)
∥∥∥∇υ

(
Q̂(θ)′

)∥∥∥ =
∥∥∥∇υQ̂(θ)

∥∥∥ = Op(1) and (b)

∇υ−1
(

Q̂(θ0)
′
)
−∇υ−1 (Q(θ0)

′) = Op
(
1/
√

n
)

for θ ∈ Θ0 and υ = {1, 2, 3}

Proof. For θ ∈ Θ0, note Remark A.5 implies (noting Q̂(θ)−1 = −Ĥ1(θ) = − 1
n ∑n

i=1∇s(zi, θ) and
Ĥ2(θ) = ∇Ĥ1(θ) by definition)

∇
(

Q̂(θ)′
)
= −∇

((
Ĥ1(θ)

′
)−1

)
=
(

Ĥ1(θ)
′
)−1

Ĥ1(θ)
−1∇Ĥ1(θ) = Q̂(θ)′Q̂(θ)Ĥ2(θ) (A20)

and hence ||∇(Q̂(θ)′)|| ≤ ||Q̂(θ)||2||Ĥ2(θ)|| = Op(1) by (A9) and (A11). Now consider∥∥∥∇2
(

Q̂(θ)′
)∥∥∥ =

∥∥∥∇ (Q̂(θ)′Q̂(θ)Ĥ2(θ)
)∥∥∥

≤
∥∥∥∇ (Q̂(θ)′Q̂(θ)

)∥∥∥ ∥∥∥Ĥ2(θ)
∥∥∥+ ∥∥∥Q̂(θ)′Q̂(θ)

∥∥∥ ∥∥∥∇Ĥ2(θ)
∥∥∥

≤ 2
∥∥∥Q̂(θ)′

∥∥∥ ∥∥∥∇Q̂(θ)
∥∥∥ ∥∥∥Ĥ2(θ)

∥∥∥+ ∥∥∥Q̂(θ)′Q̂(θ)
∥∥∥ ∥∥∥∇Ĥ2(θ)

∥∥∥
≤ 2

∥∥∥Q̂(θ)
∥∥∥ ∥∥∥∇Q̂(θ)

∥∥∥ ∥∥∥Ĥ2(θ)
∥∥∥+ ∥∥∥Q̂(θ)

∥∥∥2 ∥∥∥∇Ĥ2(θ)
∥∥∥ = Op(1),

(A21)

noting
∥∥∥∇ (Q̂(θ)′

)∥∥∥ =
∥∥∥∇Q̂(θ)

∥∥∥ and since

∥∥∥∇Ĥ2(θ)
∥∥∥ =

∥∥∥∥ 1
n ∑n

i=1∇
3s(zi, θ)

∥∥∥∥ =
∥∥∥E
[
∇3s(zi, θ)

]∥∥∥+ op(1) = Op(1) (A22)

applying the Uniform Convergence theorem of Lemma A.1 or A.2 with m(z, θ) = ∇3s(z, θ). Similarly
we can show that ∥∥∥∇3

(
Q̂(θ)′

)∥∥∥ =
∥∥∥∇2

(
Q̂(θ)′Q̂(θ)Ĥ2(θ)

)∥∥∥
≤
∥∥∥∇2

(
Q̂(θ)′Q̂(θ)

)∥∥∥ ∥∥∥Ĥ2(θ)
∥∥∥+ ∥∥∥∇ (Q̂(θ)′Q̂(θ)

)∥∥∥ ∥∥∥∇Ĥ2(θ)
∥∥∥

+
∥∥∥∇ (Q̂(θ)′Q̂(θ)

)∥∥∥ ∥∥∥∇Ĥ2(θ)
∥∥∥+ ∥∥∥Q̂(θ)′Q̂(θ)

∥∥∥ ∥∥∥∇2Ĥ2(θ)
∥∥∥

=
∥∥∥∇2

(
Q̂(θ)′Q̂(θ)

)∥∥∥ ∥∥∥Ĥ2(θ)
∥∥∥+ Op(1) + Op(1) + Op(1) = Op(1).

from (A9), (A20), (A21), and by the uniform convergence of ∇2Ĥ2(θ) = 1
n ∑n

i=1∇4s(zi, θ) to
E
[
∇4s(z, θ)

]
from Lemma A.1 or A.2 with m(z, θ) = ∇4s(z, θ). The last equality is obtained noting

we have ∥∥∥∇2
(

Q̂(θ)′Q̂(θ)
)∥∥∥ ≤ 2

∥∥∥∇Q̂(θ)
∥∥∥ ∥∥∥∇Q̂(θ)

∥∥∥+ 2
∥∥∥Q̂(θ)′

∥∥∥ ∥∥∥∇2Q̂(θ)
∥∥∥ = Op(1)

from (A9), (A20), and (A21). Now to show the second result, first note that we can rewrite

Q̂(θ0) =
(
−H1 −V/

√
n
)−1

= Q + Op
(
1/
√

n
)

(A23)
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by the Slutsky theorem and V = Op(1) by CLT and also we rewrite

Ĥ2(θ0) = H2 + W/
√

n = H2 + Op
(
1/
√

n
)

, (A24)

since W = Op(1) by CLT. From (A20), consider

∇
(

Q̂(θ0)
′
)

= Q̂(θ0)
′Q̂(θ0)Ĥ2(θ0)

=
(
Q + Op

(
1/
√

n
))′ (Q + Op

(
1/
√

n
)) (

H2 + Op
(
1/
√

n
))

= Q′QH2 + Op
(
1/
√

n
)
= ∇

(
Q(θ0)

′)+ Op
(
1/
√

n
)

using (A23) and (A24). Similarly from (A21), we have∇2
(

Q̂(θ0)
′
)
= ∇2 (Q(θ0)

′) +Op
(
1/
√

n
)

from

(A23) and (A24)and noting∇Ĥ2(θ0) = ∇H2 +∇
(
W/
√

n
)

and∇
(
W/
√

n
)
= ∇W/

√
n = W3/

√
n =

Op
(
1/
√

n
)
.

In the following proof, we will apply Triangle Inequality and Cauchy-Schwarz Inequality
whenever they are necessary without noting them.

Lemma A.9. Under Assumption 1-2 or 3-2, Condition 1-3 are satisfied.

Proof. Condition 1
ĉ(θ0) = Op(1) is obvious from Lemma A.7.

Proof. Condition 2
Again we bound each term uniformly over θ ∈ Θ0 and suppress the sup-norm otherwise it is

noted. Now consider for θ ∈ Θ0

∇ĉ(θ) (A25)

= ∇
(

1
2 Ĥ2(θ)

(
1
n ∑n

i=1

[
Q̂(θ)s(zi, θ)⊗ Q̂(θ)s(zi, θ)

])
+ 1

n ∑n
i=1

[
∇s(zi, θ)Q̂(θ)s(zi, θ)

])
= ∇

(
1
2 Ĥ2(θ)

(
1
n ∑n

i=1

[
Q̂(θ)s(zi, θ)⊗ Q̂(θ)s(zi, θ)

]))
+∇

(
1
n ∑n

i=1

[
∇s(zi, θ)Q̂(θ)s(zi, θ)

])
= 1

2 vec
∗
((

1
n ∑n

i=1

[
Q̂(θ)s(zi, θ)⊗ Q̂(θ)s(zi, θ)

])′ (
∇
(

Ĥ2(θ)
′
)))

+ 1
2 Ĥ2(θ)∇

(
1
n ∑n

i=1

[
Q̂(θ)s(zi, θ)⊗ Q̂(θ)s(zi, θ)

])
+∇

(
1
n ∑n

i=1

[
∇s(zi, θ)Q̂(θ)s(zi, θ)

])
,

using Remark A.2. For the first RHS term of the last equality in (A25), note∥∥∥∇ (Ĥ2(θ)
′
)∥∥∥ =

∥∥∥ 1
n ∑n

i=1∇
((
∇2s(zi, θ)

)′)∥∥∥
≤ 1

n ∑n
i=1

∥∥∥∇ ((∇2s(zi, θ)
)′)∥∥∥ = 1

n ∑n
i=1
∥∥∇3s(zi, θ)

∥∥ = E
[∥∥∇3s(zi, θ)

∥∥]+ op(1) = Op(1)
(A26)

uniformly over θ ∈ Θ0 applying the Uniform Convergence theorem of Lemma A.1 or Lemma A.2
with m(z, θ) = ∇3s(z, θ). We have shown that∥∥∥∥ 1

n ∑n
i=1

[
Q̂(θ)s(zi, θ)(θ)⊗ Q̂(θ)s(zi, θ)(θ)

]
−Q (θ) E

[
s(zi, θ)s(zi, θ)′

]
Q (θ)′

∥∥∥∥ = op(1) (A27)
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uniformly over θ ∈ Θ0 in (A14) and from this result with (A26), we bound the first RHS term of the
last equality in (A25) as∥∥∥∥ 1

2 vec
∗
((

1
n ∑n

i=1

[
Q̂(θ)s(zi, θ)⊗ Q̂(θ)s(zi, θ)

])′ (
∇
(

Ĥ2(θ)
′
)))∥∥∥∥

= 1
2

∥∥∥∥( 1
n ∑n

i=1

[
Q̂(θ)s(zi, θ)(θ)⊗ Q̂(θ)s(zi, θ)

])′ (
∇
(

Ĥ2(θ)
′
))∥∥∥∥

≤
∥∥∥ 1

n ∑n
i=1

[
Q̂(θ)s(zi, θ)⊗ Q̂(θ)s(zi, θ)

]∥∥∥ ∥∥∥(∇ (Ĥ2(θ)
′
))∥∥∥ = Op(1).

Now consider

∇
(

1
n ∑n

i=1

[
Q̂(θ)s(zi, θ)⊗ Q̂(θ)s(zi, θ)

])
(A28)

=
1
n ∑n

i=1∇
[

Q̂(θ)s(zi, θ)⊗ Q̂(θ)s(zi, θ)
]

=
1
n ∑n

i=1

(
∇
(

Q̂(θ)s(zi, θ)
)
⊗∗ Q̂(θ)s(zi, θ)

)
(A29)

+
1
n ∑n

i=1

(
Q̂(θ)s(zi, θ)⊗∇

(
Q̂(θ)s(zi, θ)

))
(A30)

from Remark A.4. Noting ∇
(

Q̂(θ)s(zi, θ)
)

= Q̂(θ)∇s(zi, θ) + vec
∗
(

s(zi, θ)′∇
(

Q̂(θ)′
))

from
Remark A.2, we rewrite (A29) as

1
n ∑n

i=1

(
Q̂(θ)∇s(zi, θ) + vec

∗ (
s(zi, θ)′∇

(
Q̂(θ)′

))
⊗∗ Q̂(θ)s(zi, θ)

)
(A31)

=
1
n ∑n

i=1

(
Q̂(θ)∇s(zi, θ)⊗∗ Q̂(θ)s(zi, θ)

)
(A32)

+
1
n ∑n

i=1

(
vec∗

(
s(zi, θ)′∇

(
Q̂(θ)′

))
⊗∗ Q̂(θ)s(zi, θ)

)
.

Now note that
∥∥∥A⊗∗ B

∥∥∥ = ‖A⊗ B‖ = ‖A‖ ‖B‖ for matrices A and B including column or row
vectors. This implies for (A32)∥∥∥ 1

n ∑n
i=1

(
Q̂(θ)∇s(zi, θ)⊗∗ Q̂(θ)s(zi, θ)

)∥∥∥ ≤ 1
n ∑n

i=1

∥∥∥(Q̂(θ)s(zi, θ)⊗∗ Q̂(θ)s(zi, θ)
)∥∥∥

= 1
n ∑n

i=1

∥∥∥Q̂(θ)∇s(zi, θ)
∥∥∥ ∥∥∥Q̂(θ)s(zi, θ)

∥∥∥ ≤ 1
n ∑n

i=1 ‖∇s(zi, θ)‖ ‖s(zi, θ)‖
∥∥∥Q̂(θ)

∥∥∥2
= Op(1)

(A33)

uniformly over θ ∈ Θ0 by Lemma A.5 for (υ1, υ2) = (1, 0) under E
[
supθ∈Θ0

‖∇υs(zi, θ)‖2
]
< ∞, υ =

1, 0 and by (A9). This gives∥∥∥ 1
n ∑n

i=1

(
vec∗

(
s(zi, θ)′∇

(
Q̂(θ)′

))
⊗∗ Q̂(θ)s(zi, θ)

)∥∥∥
≤ 1

n ∑n
i=1

∥∥∥vec∗
(

s(zi, θ)′∇
(

Q̂(θ)′
))∥∥∥ ∥∥∥Q̂(θ)s(zi, θ)

∥∥∥
≤ 1

n ∑n
i=1

∥∥∥s(zi, θ)′∇
(

Q̂(θ)′
)∥∥∥ ∥∥∥Q̂(θ)s(zi, θ)

∥∥∥
≤ 1

n ∑n
i=1 ‖s(zi, θ)‖2

∥∥∥Q̂(θ)
∥∥∥ ∥∥∥∇ (Q̂(θ)′

)∥∥∥= Op(1)

(A34)

by the uniform convergence of 1
n ∑n

i=1 ‖s(zi, θ)‖2 to E
[
‖s(z, θ)‖2

]
< ∞, (A9), and Lemma A.8 noting

‖vec∗(·)‖ = ‖·‖ and hence we show that (A29) is Op(1) uniformly over θ ∈ Θ0 from (A33) and (A34).
Similarly we can show that (A30) is Op(1) around the neighborhood of θ0 and hence we have

∇
(

1
n ∑n

i=1

[
Q̂(θ)s(zi, θ)⊗ Q̂(θ)s(zi, θ)

])
= Op(1). (A35)
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Together with (A11), this shows the second RHS term of the last equality in (A25) is Op(1). Now
consider for the third RHS term of the last equality in (A25),

∇
(

1
n ∑n

i=1

[
∇s(zi, θ)Q̂(θ)s(zi, θ)

])
= 1

n ∑n
i=1∇s(zi, θ)∇

(
Q̂(θ)s(zi, θ)

)
+ 1

n ∑n
i=1 vec∗

((
Q̂(θ)s(zi, θ)

)′
∇
(
(∇s(zi, θ))′

))
= 1

n ∑n
i=1∇s(zi, θ)

(
Q̂(θ)∇s(zi, θ) + vec∗

(
s(zi, θ)′∇

(
Q̂(θ)′

)))
+ 1

n ∑n
i=1 vec∗

(
s(zi, θ)′Q̂(θ)′∇

(
(∇s(zi, θ))′

))
.

(A36)

This implies ∥∥∥∇ ( 1
n ∑n

i=1

[
∇s(zi, θ)Q̂(θ)s(zi, θ)

])∥∥∥ ≤ 1
n ∑n

i=1 ‖∇s(zi, θ)‖2
∥∥∥Q̂(θ)

∥∥∥
+ 1

n ∑n
i=1 ‖∇s(zi, θ)‖

∥∥∥vec∗
(

s(zi, θ)′∇
(

Q̂(θ)′
))∥∥∥

+ 1
n ∑n

i=1

∥∥∥vec∗
(

s(zi, θ)′Q̂(θ)′∇
(
(∇s(zi, θ))′

))∥∥∥
= 1

n ∑n
i=1 ‖∇s(zi, θ)‖2

∥∥∥Q̂(θ)
∥∥∥+ 1

n ∑n
i=1 ‖∇s(zi, θ)‖

∥∥∥s(zi, θ)′∇
(

Q̂(θ)′
)∥∥∥

+ 1
n ∑n

i=1

∥∥∥s(zi, θ)′Q̂(θ)′∇
(
(∇s(zi, θ))′

)∥∥∥
≤ 1

n ∑n
i=1 ‖∇s(zi, θ)‖2

∥∥∥Q̂(θ)
∥∥∥+ 1

n ∑n
i=1 ‖∇s(zi, θ)‖ ‖s(zi, θ)‖

∥∥∥∇ (Q̂(θ)′
)∥∥∥

+ 1
n ∑n

i=1 ‖s(zi, θ)‖
∥∥∇2s(zi, θ)

∥∥ ∥∥∥Q̂(θ)
∥∥∥ .

(A37)

We have the first RHS term in the last inequality of (A37) equals to Op(1) uniformly over θ ∈ Θ0

by (A9) and the uniform convergence of 1
n ∑n

i=1 ‖∇s (zi, θ)‖2 to E
[
‖∇s (z, θ)‖2

]
< ∞ by applying

Lemma A.1 under supθ∈Θ0
E
[
‖∇s (z, θ)‖2

]
< ∞ or by applying Lemma A.2 (Lipschitz condition

holds similarly with (A13) under E
[
supθ∈Θ ‖∇s (z, θ)‖ B1(z)

]
< ∞) with m(z, θ) = ‖∇s (z, θ)‖2.

Clearly the second RHS term of the last inequality is Op(1) uniformly over θ ∈ Θ0 from Lemma A.5
and Lemma A.8. Finally, we obtain the last RHS term of the last inequality in (A37) equals to Op(1)
uniformly over θ ∈ Θ0 from (A9) and Lemma A.5 with (υ1, υ2) = (0, 2) and thus we bound the
third RHS term of the last equality in (A25) to be Op(1) uniformly over θ ∈ Θ0. This completes the
proof.

For later uses, here we summarize the differentiation results of∇ĉ(θ) and∇c(θ), respectively, as

∇ĉ(θ) =



1
2 vec

∗
((

1
n ∑n

i=1

[
Q̂(θ)s(zi, θ)⊗ Q̂(θ)s(zi, θ)

])′ (
∇
(

Ĥ2(θ)
′
)))

+ 1
2 Ĥ2(θ)

 1
n ∑n

i=1

(
Q̂(θ)∇s(zi, θ)⊗∗ Q̂(θ)s(zi, θ)

)
+ 1

n ∑n
i=1

(
vec∗

(
s(zi, θ)′∇

(
Q̂(θ)′

))
⊗∗ Q̂(θ)s(zi, θ)

) 
+ 1

2 Ĥ2(θ)

 1
n ∑n

i=1

(
Q̂(θ)s(zi, θ)⊗ Q̂(θ)∇s(zi, θ)

)
+ 1

n ∑n
i=1

(
Q̂(θ)s(zi, θ)

)
⊗ vec∗

(
s(zi, θ)′∇

(
Q̂(θ)′

)) 
+ 1

n ∑n
i=1∇s(zi, θ)

(
Q̂(θ)∇s(zi, θ) + vec∗

(
s(zi, θ)′∇

(
Q̂(θ)′

)))
+ 1

n ∑n
i=1 vec∗

(
s(zi, θ)′Q̂(θ)′∇

(
(∇s (zi, θ))′

))



(A38)



Econometrics 2016, 4, 48; doi:10.3390/econometrics4040048 S14 of S20

∇c(θ) = (A39)
1
2 vec

∗
(
(E [Q(θ)s(zi, θ)⊗Q(θ)s(zi, θ)])′ (∇ (H2(θ)

′))
)

+ 1
2 H2(θ)

(
E
[

Q(θ)∇s(zi, θ)⊗∗ Q(θ)s(zi, θ)
]
+ E

[
vec∗ (s(zi, θ)′∇ (Q(θ)′))⊗∗ Q(θ)s(zi, θ)

])
+ 1

2 H2(θ) (E [Q(θ)s(zi, θ)⊗Q(θ)∇s(zi, θ)] + E [(Q(θ)s(zi, θ))⊗ vec∗ (s(zi, θ)′∇ (Q(θ)′))])
+E [∇s (zi, θ) (Q(θ)∇s(zi, θ) + vec∗ (s(zi, θ)′∇ (Q(θ)′)))]

+E
[
vec∗

(
s(zi, θ)′Q(θ)′∇

(
(∇s (zi, θ))′

))]
.

Proof. Condition 3
In what follows, we will apply Triangle Inequality and Cauchy-Schwarz Inequality whenever

they are necessary without noting them. Again we bound each term uniformly over θ ∈ Θ0 and
suppress the sup-norm otherwise it is noted. From (A25), consider

∇2 ĉ(θ) =


∇
(

1
2 vec

∗
((

1
n ∑n

i=1

[
Q̂(θ)s(zi, θ)⊗ Q̂(θ)s(zi, θ)

])′ (
∇
(

Ĥ2(θ)
′
))))

+∇
(

1
2 Ĥ2(θ)∇

(
1
n ∑n

i=1

[
Q̂(θ)s(zi, θ)⊗ Q̂(θ)s(zi, θ)

]))
+∇2

(
1
n ∑n

i=1

[
∇s(zi, θ)Q̂(θ)s(zi, θ)

])
.

 (A40)

Considering ||∇(Ĥ2(θ)
′)|| = ||∇Ĥ2(θ)|| and ||∇2(Ĥ2(θ)

′)|| = ||∇2Ĥ2(θ)||, for the first RHS term of
(A40), we have∥∥∥∥∇( 1

2 vec
∗
((

1
n ∑n

i=1

[
Q̂(θ)s(zi, θ)⊗ Q̂(θ)s(zi, θ)

])′ (
∇
(

Ĥ2(θ)
′
))))∥∥∥∥

≤ 1
2

∥∥∥∇2Ĥ2(θ)
∥∥∥ ∥∥∥ 1

n ∑n
i=1

[
Q̂(θ)s(zi, θ)⊗ Q̂(θ)s(zi, θ)

]∥∥∥
+ 1

2

∥∥∥∇Ĥ2(θ)
∥∥∥ ∥∥∥∇ ( 1

n ∑n
i=1

[
Q̂(θ)s(zi, θ)⊗ Q̂(θ)s(zi, θ)

])∥∥∥
= Op(1)Op(1) + Op(1)Op(1) = Op(1)

uniformly over θ ∈ Θ0 from (A22), (A27), (A35), and since ∇2Ĥ2(θ) = 1
n ∑n

i=1∇4s(zi, θ) =

E
[
∇4s(zi, θ)

]
+ op(1) = Op(1) by the Uniform Convergence theorem of Lemma A.1 or Lemma A.2

with m(z, θ) = ∇4s(z, θ). Now we bound the second RHS term as∥∥∥∥∇( 1
2 Ĥ2(θ)∇

(
1
n

n
∑

i=1

[
Q̂(θ)s(zi, θ)⊗ Q̂(θ)s(zi, θ)

]))∥∥∥∥
≤ 1

2

∥∥∥∇Ĥ2(θ)
∥∥∥ ∥∥∥∥∇( 1

n

n
∑

i=1

[
Q̂(θ)s(zi, θ)⊗ Q̂(θ)s(zi, θ)

])∥∥∥∥
+ 1

2

∥∥∥Ĥ2(θ)
∥∥∥ ∥∥∥∥∇2

(
1
n

n
∑

i=1

[
Q̂(θ)s(zi, θ)⊗ Q̂(θ)s(zi, θ)

])∥∥∥∥
(A41)

Note, for the first RHS term in (A41)∥∥∥ 1
2∇Ĥ2(θ)∇

(
1
n ∑n

i=1

[
Q̂(θ)s(zi, θ)⊗ Q̂(θ)s(zi, θ)

])∥∥∥
≤ C

∥∥∥∇Ĥ2(θ)
∥∥∥ ∥∥∥∇ ( 1

n ∑n
i=1

[
Q̂(θ)s(zi, θ)⊗ Q̂(θ)s(zi, θ)

])∥∥∥ = Op(1)

by (A22) and (A35). From (A28) and (A31), for the second RHS term in (A41), we have∥∥∥∇2
(

1
n ∑n

i=1

[
Q̂(θ)s(zi, θ)⊗ Q̂(θ)s(zi, θ)

])∥∥∥
≤
∥∥∥∇ ( 1

n ∑n
i=1

(
Q̂(θ)∇s(zi, θ)⊗∗ Q̂(θ)s(zi, θ)

))∥∥∥
+
∥∥∥∇ ( 1

n ∑n
i=1

(
vec∗

(
s(zi, θ)′∇

(
Q̂(θ)′

))
⊗∗ Q̂(θ)s(zi, θ)

))∥∥∥
+
∥∥∥∇ ( 1

n ∑n
i=1

(
Q̂(θ)s(zi, θ)⊗∇

(
Q̂(θ)s(zi, θ)

)))∥∥∥ .

(A42)
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First we bound the first RHS term of (A42) uniformly over θ ∈ Θ0 as∥∥∥∇ ( 1
n ∑n

i=1

(
Q̂(θ)∇s(zi, θ)⊗∗ Q̂(θ)s(zi, θ)

))∥∥∥
≤ 1

n ∑n
i=1

∥∥∥∇ (Q̂(θ)∇s(zi, θ)⊗∗ Q̂(θ)s(zi, θ)
)∥∥∥

≤ 1
n ∑n

i=1

∥∥∥∇ (Q̂(θ)∇s(zi, θ)
)∥∥∥ ∥∥∥Q̂(θ)s(zi, θ)

∥∥∥+ 1
n ∑n

i=1

∥∥∥Q̂(θ)∇s(zi, θ)
∥∥∥ ∥∥∥∇ (Q̂(θ)s(zi, θ)

)∥∥∥
= 1

n ∑n
i=1

∥∥∥Q̂(θ)∇2s(zi, θ) + (∇s(zi, θ))′∇
(

Q̂(θ)′
)∥∥∥ ∥∥∥Q̂(θ)s(zi, θ)

∥∥∥
+ 1

n ∑n
i=1

∥∥∥Q̂(θ)∇s(zi, θ)
∥∥∥ ∥∥∥Q̂(θ)∇s(zi, θ) + vec∗

(
s(zi, θ)′∇

(
Q̂(θ)′

))∥∥∥
≤ 1

n ∑n
i=1 ‖∇s(zi, θ)‖ ‖s(zi, θ)‖

∥∥∥Q̂(θ)
∥∥∥ ∥∥∥∇Q̂(θ)

∥∥∥+ 1
n ∑n

i=1
∥∥∇2s(zi, θ)

∥∥ ‖s(zi, θ)‖
∥∥∥Q̂(θ)

∥∥∥2

+ 1
n ∑n

i=1 ‖∇s(zi, θ)‖2
∥∥∥Q̂(θ)

∥∥∥2
+ 1

n ∑n
i=1 ‖∇s(zi, θ)‖ ‖s(zi, θ)‖

∥∥∥Q̂(θ)
∥∥∥ ∥∥∥∇Q̂(θ)

∥∥∥
= Op(1) + Op(1) + Op(1) + Op(1) = Op(1),

where the second inequality is from Remark A.4, the first equality is from Remark A.1 and
Remark A.2, the third inequality is from Remark A.3. The second last equality comes from
Lemma A.5, Lemma A.8 and (A9). For the second RHS term of (A42), from Remark A.2-A.4, it follows
that ∥∥∥∇ ( 1

n ∑n
i=1

(
vec∗

(
s(zi, θ)′∇

(
Q̂(θ)′

))
⊗∗ Q̂(θ)s(zi, θ)

))∥∥∥
≤ 1

n ∑n
i=1

∥∥∥∇ (vec∗
(

s(zi, θ)′∇
(

Q̂(θ)′
)))∥∥∥ ∥∥∥Q̂(θ)s(zi, θ)

∥∥∥
+ 1

n ∑n
i=1

∥∥∥vec∗
(

s(zi, θ)′∇
(

Q̂(θ)′
))∥∥∥ ∥∥∥∇ (Q̂(θ)s(zi, θ)

)∥∥∥
≤ 1

n ∑n
i=1 ‖∇s(zi, θ)‖ ‖s(zi, θ)‖

∥∥∥∇ (Q̂(θ)′
)∥∥∥ ∥∥∥Q̂(θ)

∥∥∥+ 1
n ∑n

i=1 ‖s(zi, θ)‖2
∥∥∥∇2

(
Q̂(θ)′

)∥∥∥ ∥∥∥Q̂(θ)
∥∥∥

+ 1
n ∑n

i=1 ‖s(zi, θ)‖ ‖∇s(zi, θ)‖
∥∥∥∇ (Q̂(θ)′

)∥∥∥ ∥∥∥Q̂(θ)
∥∥∥+ 1

n ∑n
i=1 ‖s(zi, θ)‖2

∥∥∥∇ (Q̂(θ)′
)∥∥∥2

= Op(1) + Op(1) + Op(1) + Op(1) = Op(1)

uniformly over θ ∈ Θ0. The last equality comes from Lemma A.5, Lemma A.8, and (A9). Similarly
we can also bound the last RHS term of (A42) uniformly over θ ∈ Θ0 as∥∥∥∇ ( 1

n ∑n
i=1

(
Q̂(θ)s(zi, θ)⊗∇

(
Q̂(θ)s(zi, θ)

)))∥∥∥
≤ 1

n ∑n
i=1

∥∥∥∇ (Q̂(θ)s(zi, θ)
)
⊗∗ ∇

(
Q̂(θ)s(zi, θ)

)∥∥∥+ 1
n ∑n

i=1

∥∥∥Q̂(θ)s(zi, θ)⊗∇2
(

Q̂(θ)s(zi, θ)
)∥∥∥

≤ 1
n ∑n

i=1 ‖s(zi, θ)‖2
∥∥∥∇ (Q̂(θ)′

)∥∥∥2
+ 1

n ∑n
i=1 ‖∇s(zi, θ)‖2

∥∥∥Q̂(θ)
∥∥∥2

+ 2 1
n ∑n

i=1 ‖∇s(zi, θ)‖ ‖s(zi, θ)‖
∥∥∥Q̂(θ)

∥∥∥ ∥∥∥∇ (Q̂(θ)′
)∥∥∥

+ 1
n ∑n

i=1 ‖s(zi, θ)‖2
∥∥∥Q̂(θ)

∥∥∥ ∥∥∥∇ (Q̂(θ)′
)∥∥∥2

+ 1
n ∑n

i=1 ‖s(zi, θ)‖ ‖∇s(zi, θ)‖
∥∥∥Q̂(θ)

∥∥∥ ∥∥∥∇ (Q̂(θ)′
)∥∥∥

+ 1
n ∑n

i=1 ‖s(zi, θ)‖ ‖∇s(zi, θ)‖2
∥∥∥Q̂(θ)

∥∥∥2

= Op(1) + Op(1) + Op(1) + Op(1) + Op(1) + Op(1) = Op(1)

using Remark A.2 and Remark A.4. The second last equality is obtained from Lemma A.5,
Lemma A.8, (A9), and by the uniform convergence of 1

n ∑n
i=1 ‖∇s (zi, θ)‖2 to E

[
‖∇s (z, θ)‖2

]
. The
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results above together bound the second RHS term of (A40) to be Op(1). Finally we rewrite the third
RHS term of (A40) as

∇2
(

1
n ∑n

i=1

[
∇s (zi, θ) Q̂(θ)s(zi, θ)

])

= ∇

 1
n ∑n

i=1∇s(zi, θ)
(

Q̂(θ)∇s(zi, θ) + vec∗
(

s(zi, θ)′∇
(

Q̂(θ)′
)))

+ 1
n ∑n

i=1 vec∗
(

s(zi, θ)′Q̂(θ)′∇
(
(∇s(zi, θ))′

)) 
= ∇

(
1
n ∑n

i=1∇s(zi, θ)
(

Q̂(θ)∇s(zi, θ) + vec∗
(

s(zi, θ)′∇
(

Q̂(θ)′
))))

(A43)

+∇
(

1
n ∑n

i=1 vec∗
(

s(zi, θ)′Q̂(θ)′∇
(
(∇s(zi, θ))′

)))
(A44)

from (A36). For (A43), note

∇
(

1
n ∑n

i=1∇s(zi, θ)
(

Q̂(θ)∇s(zi, θ) + vec∗
(

s(zi, θ)′∇
(

Q̂(θ)′
))))

= 1
n ∑n

i=1

(
∇s(zi, θ)∇

(
Q̂(θ)∇s(zi, θ)

)
+ (∇s(zi, θ))′ Q̂(θ)′∇

(
(∇s(zi, θ))′

))
+ 1

n ∑n
i=1∇s(zi, θ)vec∗

(
∇
(

s(zi, θ)′∇
(

Q̂(θ)′
)))

+ 1
n ∑n

i=1

(
vec∗

(
s(zi, θ)′∇

(
Q̂(θ)′

)))′
∇
(
(∇s(zi, θ))′

)
= 1

n ∑n
i=1

(
∇s(zi, θ)

(
Q̂(θ)∇2s(zi, θ) + (∇s(zi, θ))′∇(Q̂(θ)′)

)
+ (∇s(zi, θ))′ Q̂(θ)′∇

(
(∇s(zi, θ))′

))
+ 1

n ∑n
i=1∇s(zi, θ)vec∗

(
∇
(

s(zi, θ)′∇
(

Q̂(θ)′
)))

+ 1
n ∑n

i=1

(
vec∗

(
s(zi, θ)′∇

(
Q̂(θ)′

)))′
∇
(
(∇s(zi, θ))′

)
by Remark A.1 and Remark A.3 and hence∥∥∥∇ ( 1

n ∑n
i=1∇s(zi, θ)

(
Q̂(θ)∇s(zi, θ) + vec∗

(
s(zi, θ)′∇

(
Q̂(θ)′

))))∥∥∥
≤ 1

n ∑n
i=1 ‖∇s(zi, θ)‖

∥∥∇2s(zi, θ)
∥∥ ∥∥∥Q̂(θ)

∥∥∥+ 1
n ∑n

i=1 ‖∇s(zi, θ)‖2
∥∥∥∇(Q̂(θ)′)

∥∥∥
+ 1

n ∑n
i=1 ‖∇s(zi, θ)‖2

∥∥∥∇(Q̂(θ)′)
∥∥∥+ 1

n ∑n
i=1 ‖∇s(zi, θ)‖ ‖s(zi, θ)‖

∥∥∥∇2(Q̂(θ)′)
∥∥∥

+ 1
n ∑n

i=1 ‖s(zi, θ)‖
∥∥∇2s(zi, θ)

∥∥ ∥∥∥∇(Q̂(θ)′)
∥∥∥ = Op(1) + Op(1) + Op(1) + Op(1) + Op(1) = Op(1)

from (A9), (A2), and Lemma A.8 and since i) 1
n ∑n

i=1 ‖∇υs (zi, θ)‖
∥∥∇2s (zi, θ)

∥∥ = Op(1) for υ ∈ {0, 1}
by Lemma A.5 and since ii) 1

n ∑n
i=1 ‖∇s (zi, θ)‖2 = Op(1) by the uniform convergence. Now consider

for (A44) ∥∥∥∇ ( 1
n ∑n

i=1 vec∗
(

s(zi, θ)′Q̂(θ)′∇
(
(∇s(zi, θ))′

)))∥∥∥
=
∥∥∥ 1

n ∑n
i=1 vec∗

(
∇
(

s(zi, θ)′Q̂(θ)′∇
(
(∇s(zi, θ))′

)))∥∥∥
≤ 1

n ∑n
i=1

∥∥∥∇ (s(zi, θ)′Q̂(θ)′∇
(
(∇s(zi, θ))′

))∥∥∥
≤ 1

n ∑n
i=1 ‖∇s(zi, θ)‖

∥∥∇2s(zi, θ)
∥∥ ∥∥∥Q̂(θ)

∥∥∥+ 1
n ∑n

i=1 ‖s(zi, θ)‖
∥∥∇3s(zi, θ)

∥∥ ∥∥∥Q̂(θ)
∥∥∥

+ 1
n ∑n

i=1 ‖s(zi, θ)‖
∥∥∇2s(zi, θ)

∥∥ ∥∥∥∇Q̂(θ)
∥∥∥ = Op(1) + Op(1) + Op(1)

by (A9), Lemma A.8, and Lemma A.5 and hence we have the third RHS term of (A40) equals to Op(1)
uniformly over θ ∈ Θ0. This completes the proof.

Appendix A.2. Additional Preliminary Lemmas for the Third Order Expansion

First, note that Lemma A.3 and Lemma A.4 trivially hold under Assumption 1 and Assumption
3, respectively considering that Assumption 1 and Assumption 3 are stronger than Assumption A.1
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and Assumption A.4, respectively. We establish conditions (i)-(ix) in Lemma 3 are satisfied
under Assumption 1-2 or Assumption 3-2. Again Condition (i) and (iia) are directly assumed.
Condition (iib) is by the dominated convergence theorem with the dominating function given
by supθ∈Θ0

∥∥∇4s(z, θ)
∥∥ under Condition (i), (iia), and E[supθ∈Θ0

∥∥∇4s(z, θ)
∥∥] < ∞. Condition

(iii) holds by the stochastic equicontinuity of 1√
n ∑n

i=1
(
∇3s (zi, θ)− E[∇3s (zi, θ)]

)
for θ ∈ Θ0

as discussed in Lemma A.2 with m(z, θ) = ∇3s (z, θ) under Assumption 3. Instead, under
Assumption 1, Condition (iii) is replaced by another local uniform convergence condition as∥∥∥ 1

n ∑n
i=1∇4s

(
zi, θ

)
− E

[
∇4s (zi, θ0)

]∥∥∥ = op(1) for θ = θ0 + op(1) similarly with our replacing

Condition (iv) of Lemma 1 with
∥∥∥ 1

n ∑n
i=1∇3s

(
zi, θ

)
− E

[
∇3s (zi, θ0)

]∥∥∥ = op(1) for θ = θ0 + op(1).
Condition (iv) is implied by Assumption 2. Condition (v) through (viii) holds by CLT provided that
E
[
‖∇υs(z, θ0)‖2

]
< ∞, υ = {0, 1, 2, 3} respectively, which are satisfied under Assumption 1 (iii) or 3

(iii). Condition (ix) is the result of Lemma 1. We also need to verify following lemmas.

Lemma A.10. Under Assumption 1-2 or 3-2, Condition 7 (i): ∇ĉ(θ0) = ∇c(θ0) + Op
(
1/
√

n
)

is satisfied.

Proof. This can be proved similarly with Lemma A.7 (b). From (A38) and (A39), it follows that

‖∇ĉ(θ0)−∇c(θ0)‖

≤

∥∥∥∥∥∥∥
1
2 vec

∗
((

1
n ∑n

i=1

[
Q̂()s(zi, θ0)⊗ Q̂(θ0)s(zi, θ0)

])′ (
∇
(

Ĥ2(θ0)
′
)))

− 1
2 vec

∗
(
(E [Q(θ0)s(zi, θ0)⊗Q(θ0)s(zi, θ0)])

′ (∇ (H2(θ0)
′))
)

∥∥∥∥∥∥∥ (A45)

+

1
2 Ĥ2(θ0)

 1
n ∑n

i=1

(
Q̂(θ0)∇s(zi, θ0)⊗

∗
Q̂(θ0)s(zi, θ0)

)
+ 1

n ∑n
i=1

(
vec∗

(
s(zi, θ0)

′∇
(

Q̂(θ0)
′
))
⊗∗ Q̂(θ0)s(zi, θ0)

) 
− 1

2 H2(θ0)

 E
[

Q(θ0)∇s(zi, θ0)⊗
∗

Q(θ0)s(zi, θ0)
]

+E
[
vec∗ (s(zi, θ0)

′∇ (Q(θ0)
′))⊗∗ Q(θ0)s(zi, θ0)

]  (A46)

+

∥∥∥∥∥∥∥∥∥∥∥
1
2 Ĥ2(θ0)

 1
n ∑n

i=1

(
Q̂(θ0)s(zi, θ0)⊗ Q̂(θ0)∇s(zi, θ0)

)
+ 1

n ∑n
i=1

(
Q̂(θ0)s(zi, θ0)

)
⊗ vec∗

(
s(zi, θ0)

′∇
(

Q̂(θ0)
′
)) 

− 1
2 H2(θ0)

(
E [Q(θ0)s(zi, θ0)⊗Q(θ0)∇s(zi, θ0)]

+E [(Q(θ0)s(zi, θ0))⊗ vec∗ (s(zi, θ0)
′∇ (Q(θ0)

′))]

)
∥∥∥∥∥∥∥∥∥∥∥

(A47)

+

∥∥∥∥∥ 1
n ∑n

i=1∇s(zi, θ0)
(

Q̂(θ0)∇s(zi, θ0) + vec∗
(

s(zi, θ0)
′∇
(

Q̂(θ0)
′
)))

−E [∇s (zi, θ0) (Q(θ0)∇s(zi, θ0) + vec∗ (s(zi, θ0)
′∇ (Q(θ0)

′)))]

∥∥∥∥∥ (A48)

+

∥∥∥∥∥∥
1
n ∑n

i=1 vec∗
(

s(zi, θ0)
′Q̂(θ0)

′∇
(
(∇s (zi, θ0))

′
))

−E
[
vec∗

(
s(zi, θ0)

′Q(θ0)
′∇
(
(∇s (zi, θ0))

′
))] ∥∥∥∥∥∥ . (A49)

We show (A45), (A46), (A47), (A48), and (A49) are Op
(
1/
√

n
)
, respectively. First, observe that

applying the CLT, we have 1
n ∑n

i=1 [s(zi, θ0)s(zi, θ0)
′] = E [s(zi, θ0)s(zi, θ0)

′] + Op
(
1/
√

n
)

under

E
[
‖s(zi, θ0)‖4

]
< ∞ and have ∇

(
Ĥ2(θ0)

′
)
= ∇ (H2(θ0)

′) + Op
(
1/
√

n
)

under E
[∥∥∇3s(zi, θ0)

∥∥2
]
<

∞. Recalling (A23), this implies

1
2 vec

∗
((

1
n ∑n

i=1

[
Q̂(θ0)s(zi, θ0)⊗ Q̂(θ0)s(zi, θ0)

])′ (
∇
(

Ĥ2(θ0)
′
)))

= 1
2 vec

∗
(

vec
(

Q̂(θ0)
1
n ∑n

i=1 [s(zi, θ0)s(zi, θ0)
′] Q̂(θ0)

′
)′ (
∇
(

Ĥ2(θ0)
′
)))

= 1
2 vec

∗
(

vec (Q(θ0)E [s(zi, θ0)s(zi, θ0)
′] Q(θ0)

′)′ (∇ (H2(θ0)
′))
)
+ Op

(
1/
√

n
)

= 1
2 vec

∗
(
(E [Q(θ0)s(zi, θ0)⊗Q(θ0)s(zi, θ0)])

′ (∇ (H2(θ0)
′))
)
+ Op

(
1/
√

n
)
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and hence (A45) is Op
(
1/
√

n
)
. Now for notational simplicity, define ‖A‖1 = ‖A‖ and ‖A‖0 = A.

Then, for d1, d2, d3 ∈ {0, 1}, we have

1
n ∑n

i=1

∥∥∥(Q(θ0)
d1∇s(zi, θ0)⊗

∗
Q(θ0)

d2 s(zi, θ0)
)∥∥∥

d3

= E
[∥∥∥Q(θ0)

d1∇s(zi, θ0)⊗
∗

Q(θ0)
d2 s(zi, θ0)

∥∥∥
d3

]
+ Op

(
1/
√

n
)

applying the CLT from

E
[∥∥∥Q(θ0)

d1∇s(zi, θ0)⊗
∗

Q(θ0)
d2 s(zi, θ0)

∥∥∥2
]
≤ ‖Q(θ0)‖2(d1+d2) E

[
‖∇s(zi, θ0)‖2 ‖∇s(zi, θ0)‖2

]
< ∞

under ‖Q(θ0)‖ < ∞, E
[
‖∇s(zi, θ0)‖4

]
< ∞, and E

[
‖s(zi, θ0)‖4

]
< ∞. Similarly, for l1, l2, l3 ∈ {0, 1},

we have

1
n ∑n

i=1

∥∥∥(vec∗
(

s(zi, θ0)
′ (∇ (Q(θ0)

′))l1
)
⊗∗ Q(θ0)

l2 s(zi, θ0)
)∥∥∥

l3

= E
[∥∥∥vec∗

(
s(zi, θ0)

′ (∇ (Q(θ0)
′))l1

)
⊗∗ Q(θ0)

l2 s(zi, θ0)
∥∥∥

l3

]
+ Op

(
1/
√

n
)

by the CLT under

E
[∥∥∥s(zi, θ0)

′ (∇ (Q(θ0)
′))l1 ⊗∗ Q(θ0)

l2 s(zi, θ0)
∥∥∥2
]
≤ ‖Q(θ0)‖2l1

∥∥∇ (Q(θ0)
′)∥∥2l2 E

[
‖∇s(zi, θ0)‖4

]
< ∞

recalling that ‖∇ (Q(θ0)
′)‖ = ‖Q(θ0)‖2 ‖H2(θ0)‖ < ∞. Applying these two results together with

(A23), (A24), and Lemma A.8 (b), we have (A46) equals to Op
(
1/
√

n
)

by the Triangle inequality.
Similarly we have (A47)=Op

(
1/
√

n
)
.

For t1, t2 ∈ {0, 1}, now consider we have

1
n ∑n

i=1

∥∥∇s(zi, θ0)Q(θ0)
t1∇s(zi, θ0)

∥∥
t2
= E

[∥∥∇s(zi, θ0)Q(θ0)
t1∇s(zi, θ0)

∥∥
t2

]
+ Op

(
1/
√

n
)

by the CLT under ‖Q(θ0)‖2t1 E
[
‖∇s(zi, θ0)‖2

]
< ∞ and have

1
n ∑n

i=1

∥∥∥∇s(zi, θ0)vec∗
(

s(zi, θ0)
′ (∇ (Q(θ0)

′))t1
)∥∥∥

t2

= E
[∥∥∥∇s(zi, θ0)vec∗

(
s(zi, θ0)

′ (∇ (Q(θ0)
′))t1

)∥∥∥
t2

]
+ Op

(
1/
√

n
)

by applying the CLT provided that ‖∇ (Q(θ0)
′)‖2t1 E

[
‖∇s(zi, θ0)‖2 ‖s(zi, θ0)‖2

]
< ∞ that holds

under ‖∇ (Q(θ0)
′)‖ < ∞, E

[
‖∇s(zi, θ0)‖4

]
< ∞, and E

[
‖s(zi, θ0)‖4

]
< ∞. Applying these two

results together with (A23) and Lemma A.8 (b), we have (A48)=Op
(
1/
√

n
)
. Finally, for j1, j2 ∈ {0, 1},

note
1
n ∑n

i=1

∥∥∥vec∗
(

s(zi, θ0)
′Q(θ0)

j1′∇
(
(∇s (zi, θ0))

′
))∥∥∥

j2

= E
[∥∥∥vec∗

(
s(zi, θ0)

′Q(θ0)
j1′∇

(
(∇s (zi, θ0))

′
))∥∥∥

j2

]
+ Op

(
1/
√

n
)

by the CLT since ‖Q(θ0)‖2j1 E
[∥∥∇2s(zi, θ0)

∥∥2 ‖s(zi, θ0)‖2
]

< ∞ holds by ‖Q(θ0)‖ < ∞,

E
[∥∥∇2s(zi, θ0)

∥∥4
]
< ∞, and E

[
‖s(zi, θ0)‖4

]
< ∞. It implies (A49)=Op

(
1/
√

n
)

together with (A23).
This completes the proof.
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Lemma A.11. Under Assumption 1-2 or 3-2 with κ ≥ 5, Condition 7 (ii):∇3 ĉ(θ) = Op(1) in the
neighborhood of θ0 is satisfied.

Proof. This can be proved similarly with Lemma A.9 for Condition 3, which is straightforward but
still demands many algebras. Here we provide a simple proof for Condition 1-3 and 7 when dim(θ) =

1 as an illustrational purpose. With dim(θ) = 1, we can rewrite the correction term (5) as

c(θ) = 1
2 H2(θ)Q(θ)2E

[
s(zi, θ)2]+ Q(θ)E [∇s (zi, θ) s(zi, θ)]

= 1
2(E[∇s(zi ,θ)])

2 E
[
∇2s(zi, θ)

]
E
[
s(zi, θ)2]− 1

E[∇s(zi ,θ)]
E [∇s (zi, θ) s(zi, θ)] .

Now define c(θ) ≡ τ(E [m(zi, θ)])

where τ(t1, t2, t3, t4) ≡ 1
2t2

1
t2t3 − 1

t1
t4, t1 = E [∇s(zi, θ)], t2 = E

[
∇2s(zi, θ)

]
, t3 = E

[
s(zi, θ)2],

t4 = E [∇s (zi, θ) s(zi, θ)], and m(zi, θ) ≡ (∇s(zi, θ),∇2s(zi, θ), s(zi, θ)2,∇s (zi, θ) s(zi, θ))′. The sample
analogue of c(θ), ĉ(θ) can be written as ĉ(θ) ≡ τ

(
1
n ∑n

i=1 m(zi, θ)
)

accordingly. Further define

m(θ) ≡ E [m(zi, θ)] (m̂(θ) ≡ 1
n ∑n

i=1 m(zi, θ)), τm(θ) ≡ ∂τ(m(θ))
∂m′ (τ̂m(θ) ≡ ∂τ(m̂(θ))

∂m′ ), τmm(θ) ≡ ∂2τ(m(θ))
∂m′⊗∂m′

(τ̂mm(θ) ≡ ∂2τ(m̂(θ))
∂m′⊗∂m′ ), and τmmm(θ) ≡ ∂3τ(m(θ))

∂m′⊗∂m′⊗∂m′ (τ̂mmm(θ) ≡ ∂3τ(m̂(θ))
∂m′⊗∂m′⊗∂m′ ) noting τ(·) is a smooth

function. Also define m̂θ(θ), m̂θθ(θ), and m̂θθθ(θ) are the first, the second, and the third derivative
m̂(θ) with respect to θ.

For θ ∈ Θ0, now consider

ĉ(θ) = τ(m̂(θ)), ∇ĉ(θ) = τ̂m(θ)m̂θ(θ)

∇2 ĉ(θ) = τ̂mm(θ) (m̂θ(θ)⊗ m̂θ(θ)) + τ̂m(θ)m̂θθ(θ)

∇3 ĉ(θ) = τ̂mmm(θ) (m̂θ(θ)⊗ m̂θ(θ)⊗ m̂θ(θ))

+τ̂mm(θ) (m̂θθ(θ)⊗ m̂θ(θ)) + τ̂mm(θ) (m̂θ(θ)⊗ m̂θθ(θ)) + τ̂m(θ)m̂θθθ(θ).

From the Slutsky theorem, it follows that

τ̂m(θ) = τm(θ) + op(1), τ̂mm(θ) = τmm(θ) + op(1), andτ̂mmm(θ) = τmmm(θ) + op(1),

since m̂(θ) = m(θ) + op(1) by Lemma A.5 under E
[
supθ∈Θ0

‖∇s(zi, θ)‖2
]

< ∞,

E
[
supθ∈Θ0

∥∥∇2s(zi, θ)
∥∥] < ∞, and E

[
supθ∈Θ0

‖s(zi, θ)‖2
]

< ∞, if we assume Assumption 1.
Also it is clear that m̂θ(θ) = mθ(θ) + op(1), m̂θθ(θ) = mθθ(θ) + op(1), and m̂θθθ(θ) = mθθθ(θ) + op(1)

by Lemma A.5 under E[supθ∈Θ0

∥∥∇υs(zi, θ)
∥∥2
] < ∞ for υ = {0, 1, 2, 3, 4} and E[supθ∈Θ0

∥∥∇5s(zi, θ)
∥∥]

< ∞, if we assume Assumption 1. These imply that

ĉ(θ) = τ(m̂(θ)) = τ(m(θ)) + op(1) = c(θ) + op(1)

∇ĉ(θ) = τ̂m(θ)m̂θ(θ) = τm(θ)mθ(θ) + op(1) = ∇c(θ) + op(1)

∇2 ĉ(θ) = τ̂mm(θ) (m̂θ(θ)⊗ m̂θ(θ)) + τ̂m(θ)m̂θθ(θ)

= τmm(θ) (mθ(θ)⊗mθ(θ)) + τm(θ)mθθ(θ) + op(1) = ∇2c(θ) + op(1)

∇3 ĉ(θ) = τ̂mmm(θ) (m̂θ(θ)⊗ m̂θ(θ)⊗ m̂θ(θ))

+τ̂mm(θ) (m̂θθ(θ)⊗ m̂θ(θ)) + τ̂mm(θ) (m̂θ(θ)⊗ m̂θθ(θ)) + τ̂m(θ)m̂θθθ(θ)

= τmmm(θ) (mθ(θ)⊗mθ(θ)⊗mθ(θ))

+τmm(θ) (mθθ(θ)⊗mθ(θ)) + τmm(θ) (mθ(θ)⊗mθθ(θ)) + τm(θ)mθθθ(θ)

= ∇3c(θ) + op(1)

uniformly over θ ∈ Θ0, which imply Condition 1 (i), 2, 3, 7 (ii), respectively. Moreover, it is also clear
that m̂(θ0) = m(θ0) + Op

(
1/
√

n
)

by the CLT under E[‖s(zi, θ0)‖4] < ∞, E[‖∇s(zi, θ0)‖4] < ∞, and
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E[
∥∥∇2s(zi, θ0)

∥∥2
] < ∞ and that m̂θ(θ0) = mθ(θ0) +Op

(
1/
√

n
)

by the CLT under E[
∥∥∥∇υs(zi, θ0)

∥∥∥4
] <

∞ for υ = {0, 1, 2} and E[
∥∥∇3s(zi, θ0)

∥∥2
] < ∞. Also note that τ̂m(θ0) = τm(θ0) + Op

(
1/
√

n
)

by the
Slutsky theorem and m̂(θ0) = m(θ0) + Op

(
1/
√

n
)
. These imply that ĉ(θ0) = c(θ0) + Op

(
1/
√

n
)

and
∇ĉ(θ0) = ∇c(θ0) + Op

(
1/
√

n
)
, which are Condition 1 (ii) and 7 (i), respectively.

Lemma A.12. Under Assumption 1-2 or 3-2, Condition 4-6 are satisfied.

Proof. Condition 4: Note

B̂(θ0)− B(θ0) = Q̂(θ0)ĉ(θ0)− Q̂(θ0)c(θ0) + Q̂(θ0)c(θ0)−Q(θ0)c(θ0)

= Q̂(θ0) (ĉ(θ0)− c(θ0)) +
(

Q̂(θ0)−Q(θ0)
)

c(θ0) = Op (1)Op
(
1/
√

n
)
+ Op

(
1/
√

n
)

,

since ĉ(θ0)− c(θ0) = Op
(
1/
√

n
)

by Condition 1 (ii) and Q̂(θ0)−Q(θ0) = Op
(
1/
√

n
)

by Lemma A.8.
Condition 5: From Remark A.2, Condition 1 (ii), Condition 7 (i), Q̂(θ0) = Q(θ0) + Op

(
1/
√

n
)
,

and ∇
(

Q̂(θ0)
′
)
= ∇ (Q(θ0)

′) + Op
(
1/
√

n
)

by Lemma A.8, we have

∇B̂(θ0) = ∇
(

Q̂(θ0)ĉ(θ0)
)
= Q̂(θ0)∇ĉ(θ0) + vec

∗
(

ĉ(θ0)
′∇
(

Q̂(θ0)
′
))

= Q(θ0)∇c(θ0) + vec
∗
(c(θ0)

′∇ (Q(θ0)
′)) + Op

(
1/
√

n
)
= ∇B(θ0) + Op

(
1/
√

n
)

.

Condition 6: From Remark A.1-A.5, we have∥∥∥∇2B̂(θ̃)
∥∥∥ =

∥∥∥∇2
(

Q̂(θ̃)ĉ(θ̃)
)∥∥∥ =

∥∥∥∇ (Q̂(θ0)∇ĉ(θ0)
)
+∇

(
vec

∗
(

ĉ(θ0)
′∇
(

Q̂(θ0)
′
)))∥∥∥

≤
∥∥∥Q̂(θ̃)

∥∥∥ ∥∥∥∇2 ĉ(θ̃)
∥∥∥+ 2

∥∥∥∇Q̂(θ̃)
∥∥∥ ∥∥∥∇ĉ(θ̃)

∥∥∥+ ∥∥∥∇2Q̂(θ̃)
∥∥∥ ∥∥∥ĉ(θ̃)

∥∥∥ = Op(1),

from Remark A.2, Lemma A.8,
∥∥∥Q̂(θ̃)

∥∥∥ = Op(1), and Condition 2 and 3.
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