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Abstract: We explore the impact of time series behavior on model errors when working
under an elliptically contoured distribution. By adopting a time series approach aligned
with the realistic dependence between errors under such distributions, this perspective
shifts the focus from increasingly complex and challenging correlation analyses to volatility
modeling that utilizes a novel likelihood framework based on dependent probabilistic
samples. With the introduction of a modified Bayesian Information Criterion, which incor-
porates a ranking of degrees of evidence of significant differences between the compared
models, the critical issue of model selection is reinforced, clarifying the relationships among
the most common information criteria and revealing limited relevance among the models
based on independent probabilistic samples, when tested on a well-established database.
Our approach challenges the traditional hierarchical models commonly used in time series
analysis, which assume independent errors. The application of rigorous differentiation
criteria under this novel perspective on likelihood, based on dependent probabilistic sam-
ples, provides a new viewpoint on likelihood that arises naturally in the context of finance,
adding a novel result. We provide new results for criterion selection, evidence invariance,
and transitions between volatility models and heuristic methods to calibrate nested or
non-nested models via convergence properties in a distribution.

Keywords: time series; volatility models; elliptically contoured models; selection criteria;
grades of evidence for significant difference; ARCH; GARCH; TGARCH; EGARCH models

1. Introduction

Time series theory has been extensively explored over the last four decades. Among
other issues, volatility modeling has led to the formulation of several theories that built
on previous theories by eliminating important assumptions. It is interesting to model
phenomena where the conditional variance changes over time, a widespread situation in
the financial sector. There, the investor is interested in predicting the rate of return and its
volatility while holding a given stock. Anticipating short- and long-term performance and
risks is critical for both the investor and the issuer. Both are interested in the average return,
but the former focuses on the short term, as revealed in the conditional variance. At the
same time, the latter is interested in unconditional variances over long periods. The time
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series associated with stock prices, exchange rates, monetary aggregates, and inflation rates
typically do not have constant means. They are governed by high volatility; that is, large
fluctuations in variability relative to the mean. This characteristic, deeply rooted in finance
and economics, has led to many theories and much research explaining volatility. The initial
work is attributed to F. R. Engle (1982), with the ARCH models (Autoregressive Conditional
Heteroskedasticity model) and to Bollerslev (1986), with the GARCH models (generalized
ARCH). GARCH is the Generalized Autoregressive Conditional Heteroskedasticity model;
heteroskedasticity is the variation in variance over time. The term conditional implies a
dependence on observations from the immediate past, and autoregressive describes the
feedback mechanism, which incorporates past observations into the present. GARCH, then,
is a mechanism that includes past variances to explain future variances. More specifically,
GARCH is a time series model that uses past variances and predictions of past variances to
predict future variances R. F. Engle and Bollerslev (1986) with the GARCH-M model. Other
approaches include the Threshold GARCH (TGARCH) of Zakoian (1994); GJR GARCH
of Glosten et al. (1993); EGARCH by Nelson (1991); Ding et al. (1993) with the APARCH
model; and Baillie et al. (1996) with the FIGARCH model; among many others.

This paper will only focus on univariate models for volatile time series. In this context,
we begin by defining the meaning of what we call probabilistically independent (uncorre-
lated) samples. When considering any model in the time series literature, particularly those
of the class of autoregressive and moving average models, including possible differences,
i.e., of the class ARIMA, we always define a structure where the dynamics are described
and the presence of white noise is either independent or uncorrelated. For white noise,
assigning a specific probability distribution is not essential, provided that suitable condi-
tions on the moments’ behavior exist to ensure the convergence of the model parameter
estimators. The advantage of using maximum likelihood methods is the guarantee of the
results and the limiting distributions, at least for stationary processes. The disadvantage
is that the distribution must be selected more based on the phenomenon studied than by
choosing an appropriate stochastic process.

This disadvantage is doubled when a distribution of the errors of the univariate model
is assumed, while also assuming independence. Although the calculation of the likelihood
function is immediate, this does not guarantee that it takes into account the natural depen-
dence that may exist between the white noise elements, due to the type of distributional
approach used, in many scenarios, particularly in the study of the volatility of financial
markets, as documented in Section 3. It is essential to recognize that, in Engle’s fundamental
case, particularly regarding the family of models based on observation-driven approaches,
volatility was addressed using the normal distribution to generate the stochastic process. Fur-
thermore, a normal distribution was integrated to elucidate the dynamic changes in the error
structure over time. Nonetheless, returns do not conform to a normal distribution; therefore,
the most straightforward model that can be established is that variability may be represented
through an AR(p) model, characterized by uncorrelated errors for that foundational work.
In this paper, we present a model for the joint structures of the errors under families of the
elliptical, since they can be identified with the normal under specific parameterizations. They
share the same kernel and generate an interesting richness in the dependence structures,
including heavy tails, which are important to consider in this kind of high-volatility scenario.
Our specific proposal is to find the best measure to compare these two scenarios: independent
samples in the sense described above and dependent samples, to demonstrate the advantages
that the latter implies in this context of volatility.

In our proposal, we first focus on the Yang and Yang criterion (C. C. Yang & Yang, 2007).
This follows a stringent selection criterion that evaluates the degree to which a difference is
demonstrated. There are levels of evidence that, when implemented in time series, signify
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a paradigm shift in several examples we will present in Section 2. This paradigm shift
consists of the modification of the Bayesian Information Criterion (BIC) statistics derived
by C. C. Yang and Yang (2007), after their conceptualization in a coding theory environment
as given by Rissanen (1978).

The inclusion of degrees of evidence for differences in the Yang-Yang criterion may
represent a significant paradigm shift that deserves consideration in time series models
with independent probability samples. It is clear that when one considers the tails of a real
distribution based on dependence, one obtains a great example of a conventional decision
based on probabilistic independent errors. The t-distribution is a fantastic example of this. For
this reason, it seems natural to propose some members of the elliptic family to approach the
problem, given that they all share the same kernel function. Despite the challenges posed
by these types of problems, it is still possible to explore new scenarios, from a mathematical
perspective, that at least mitigate the latent issues inherent in classical temporal data models.
In particular, a redefinition of likelihood based on dependent probabilistic samples that also
allows for the incorporation of distribution classes can emerge as a theoretical alternative, a
difference that is currently unfulfilled in the field of artificial intelligence applied to time series.
Furthermore, a novel measure is proposed to select the distribution that provides the most
reliably structured dependence on the error structure, thereby facilitating the estimation of
parameters that accurately describe the dynamics of volatility.

The novelty of the results obtained here makes the underlying literature out of date.
That is why there are no recent references; however, the classic models ARCH, GARCH,
TGARCH, and EGARCH are of great interest today. For completeness, we have up-
dated the relevant literature. In the usual setting, recent studies related to ARCH models
can be found in Salamh and Wang (2021), Chen and Politis (2019), Li et al. (2022), and
Chaudhary et al. (2020), highlighting the current relevance of these models.

Similarly, recent research on GARCH models is cited, including the works of Segnon et
al. (2024), Zhang et al. (2019), Chu et al. (2017), and Z. Yang et al. (2023), which demonstrate
their usefulness in various fields of finance.

Regarding EGARCH models, which capture the effect of asymmetry in volatility, recent
studies such as those by C. C. Yang and Yang (2007), Cai and Wu (2022), Sapuric et al. (2020),
and Horpestad et al. (2019) are mentioned.

Finally, references to research on TGARCH models, which also address the asymmetry
effect in volatility, are included. Among these are the works of Stavroyiannis (2018),
Horpestad et al. (2019) and Sapuric et al. (2020), which explores the relationship between
return volatility and the level of returns in commodity markets.

The main contribution of this article is mathematical, establishing theorems that
generalize various aspects of time series. However, to provide a good guide to the user of
time series, we focus on a detailed explanation of the methodology in three large databases,
which include both the microeconometric and macroeconometric sectors.

In Section 2, we outline the primary families of elliptical distributions that will be
compared with respect to dependent and independent probability samples, along with the
criteria commonly utilized for model comparison. Specifically, this Section includes the
characterization of the dependent and independent time series errors under elliptically
countered models; the evidence of the differences in modified BIC decision criterion as
a new setting of time series classification for volatility models; definitions of ARCH(p),
GARCH(p,q), TGARCH(p,q), and EGARCH(p,q); volatility time series models in the con-
text of dependent time series errors under elliptically countered distributions; expressions
for a general class of independent probabilistic samples derived from the Kotz distribution;
and expressions for the general class of dependent probabilistic samples based on the Pear-
son Type VII distribution. The convergence via log-likelihood in the time series setting is
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also an interesting result of the examples studied. Section 3 is divided into four subsections
that present the analysis of different databases. The database analyzed in Section 3.1 is
the Gillette Time Series Returns, based on independent probabilistic samples from the
Kotz distribution. Section 3.2 provides an analysis of Gillette Time Series Returns under
dependent probabilistic samples based on the Pearson Type VII distribution. Section 3.3
deals with Gross Domestic Product (GDP), and Section 3.4 presents a similar analysis of the
S5&P 500 index. In general, time series that fall into the category of elliptically contoured
models, which describe volatility based on more realistic probabilistic dependent samples,
are more informative. Volatility models considered include ARCH, GARCH, TGARCH,
and EGARCH. The underlying models were intentionally selected in order to propose an
heuristic method for computational calibration based on the probabilistic-distributional
convergence of the Pearson type VII model to the Gaussian law. Section 4 provides other
useful results and methodologies for time series. This apart includes exact formulas for a
comparison among the classical criteria of AIC, BIC, HQC, BIC*, and CAIC; the so-termed
general transition numbers are provided for switching among AIC, BIC, HQC, BIC*, and
CAIC criteria; a new general setting for criterion comparison via difference evidence is
applied to AIC, BIC, HQC, BIC*, and CAIC; and, finally, an heuristic method for comparing
two non-nested models is explained at the end of the Section. This Section also highlights
the computational performance of our methods among volatility models in calibrating
known worldwide commercial software using the provided transition numbers.

2. Materials and Methods

In this section, we provide the main concepts and theorems of the paper.
The modified BIC* is defined as follows:

BIC* = [—2M + np(log(n +2) —log24)| /n, 1)

where M is the maximum log-likelihood,  is the sample size, and 7y, is the number of
estimated parameters. Now, for a comparison of two models, Kass and Raftery (1995) and
Raftery (1995) proposed the grades of evidence in Table 1 for the BIC* difference.

Table 1. Grades of evidence for BIC* difference.

BIC* Difference Evidence
0-2 Weak
2-6 Positive
6-10 Strong
>10 Very strong

Therefore, we have arrived at a pivotal element in this work’s proposal: the degrees of
evidence for a substantial discrepancy between two time series models attain values that
are challenging to achieve from theoretical improvements.

All the time series studied in this work are counterexamples in which none of the
models reach a positive difference, even with the simplest model. Between ARCH(1) and
any GARCH(p,q), the degree of evidence does not reach 2. This aspect is contrary to what
theory predicts. Similar conclusions are obtained between the nested models TGARCH and
EGARCH when comparing them with their respective simplest models. Some expensive
commercial time series software, books, and articles rank models based on minimum
differences of thousandths or less in the traditional criteria of Akaike (AIC), Schwarz
(BIC), or Hannan—Quinn (HQC). An analysis using the Yang and Yang criterion from
the indicated degrees of evidence leaves these classical decisions with minimal evidence,
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which is considered weak. It seems that there may be a lack of incorporation of degrees of
evidence between time series models and their importance. This may be due to a major
factor that does not allow us to accurately demonstrate the effectiveness of a particular
model. It is important to highlight that comparing volatility models can be difficult, due to
differences in their variance estimation. Although the mean can be compared across models
and is clearly visible in both real and adjusted data, the observed volatility does not lend
itself to a direct comparison with the estimates. This presents a dilemma in determining
the most suitable criterion for comparison, as there is currently no clear-cut method for
selecting the optimal model. In the meantime, the RMSE, or minimum difference, can
serve as a simple resource. The RMSE, which is used for comparing non-nested models,
represents the same uncertainty noted when differentiating models in thousandths in the
change in the AIC, BIC, or HQC. This is because their distribution is not known, and the
respective probabilistic evidence cannot be calculated. In this research, the evidence grades
of Kass and Raftery (1995) and Raftery (1995) will have significant value.

A new setting for time series based on probabilistic dependent samples requires a
supporting class of distributions for the random variable. We, therefore, introduce the theory
of elliptically contoured vector variate distributions, derived from the matrix variate case:

Definition 1. Let X be an m X n dimensional random matrix whose distribution is absolutely
continuous. Then, the elliptically contoured p.d.f. of the matrix X, denoted by X ~ E;; n (M, Z ®
®, h), has the form

FOX) = 272 |@ " 2g(tr((X = M)Z T (X~ M)@ 1)),

where X and ® are positive definite m x m and n X n matrices, respectively, and the generator
function g satisfies that 0 < [° 0™~ 1g(v?)dr < oo.

The probabilistic dependent samples require the random vector case, which is obtained when
n = 1. Next, this is listed throughout specific models, depending on a simplified variable. v =
(x — p)'ZY(x — p), which can be applied as supporting distributions of the time series error law.
Here, x, p are m—dimensional vectors and X is a positive definite m x m matrix.

* Kotz Type Distribution:

sr@QHm=2)/ ()T (1 /2) £ |1/
_ UQ_l exp —7'7)5,
/2T ((2Q + m —2)/(2s))

wherer > 0,5 > 0,2Q+m > 2. Ifr =1/2, s = Q = 1, the multivariate normal
is obtained.
®  Pearson Type VII Distribution:

r(Q)[z|-1/2 v\ -0
Gt (ag w7 T r)

r

flo) =

where v > 0, Q > m/2. The multivariate t of r degrees of freedom is obtained when
Q=(m+r)/2
®  Pearson Type II Distribution:

T(Q+1+4+m/2)|E|1/2
/2T (Q +1)

f(v) = (1-0)%,

where Q > —1,v < 1.
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e Bessel Distribution

2—Q—m+1|2|—1/20Q/2 ol/2
f(U) = m/2,mtQ Q ’
o/ 2ymFQT(Q +m/2) r

where Q is an integer, KQ( ) =n(I_g(z) +1(z))/(2sin(Qm)), |arg(z)| < 7, |z| < 0

and Io(z) = Y2 kqf /k2+Q - The multivariate Laplace distribution is obtained when Q = 0,

r=s/ \@, s> 0.
For applications in probabilistic independent samples, we require the univariate case which is
reached when m = 1.

The models of volatility that we will research in this paper are the most frequently
used: ARCH, GARCH, TGARCH, and EGARCH. As usual, let y; be a random variable
measured at time t with available information on the t — 1 past records. Based on the
past time, y; in the univariate and the new vectorial approach that we will consider below
is governed by an elliptical law with a mean and variance. Specifically, the error takes
the form e; = y; — (1, x1,4,...,%k¢)(Bo, B1,-- -, Bx)’, where Bo, B1, ..., Br. Are the mean
parameters to be estimated jointly with the corresponding parameters of the volatility
model implicit in the variance? ¢7.

Now, assume thaty ~ E, (, X, h) has a multivariate elliptically contoured distribution
with a probability density function, respecting the Lebesgue measure, with parameters

u € R"and T > 0, thus
fy(y) = enlE[7 20| (y = )=y — )], @

withy € R", fooo v””lh(vz)dv < oo and ¢y, is the normalization constant, such that

fgfem fy(Y)dY =1
The univariate case, when m = 1, takes the following form:

fulw) = ol [ S, o

withy € Rand [;° h(v?)do < co.
Multivariate and univariate particular cases can be seen in Definition 1; they induce
the following main result:

Theorem 1. Set & = (ey,e,...,e1) ~ Er(0,diag (02,03, ...,0%,),h). Thus, the likelihood of
€ representing a probabilistic dependent sample is provided by:

L(e|(712,...,(7%> :CTh<Z E‘;) 4)

T 172
[ o7
=1

Meanwhile, the classical likelihood, based on a probabilistic independent sample, is obtained as

L(sl,ez,...,eﬂaf,...,a%): . 1/2H( ) (5)
i)

And given an Ar(k) law with parameters B;,i =1,...,k, for the mean, the volatility model for
the variance o?,t = 1,..., T takes the following forms:
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*  Autoregressive Conditional Heteroskedasticity, ARCH(p) (F. R. Engle, 1982): The log-
likelihood of (4) and (5) are maximized in terms of the k + 1 + p + 1 parameters
Bo, - - - B &0, - - -, &p, where
p
O'tz =g + 2061'8%71-.
i=1
*  Generalized Autoregressive Conditional Heterocedasticity, GARCH(p,q) (Bollerslev, 1986):
In this case, the log-likelihood of (4) and (5) are maximized in terms of thek+1+p+1+¢q
parameters Bo, ..., Bi, &0, - - -, &p, V1, - - -, Yq, Where

p q
(th =g+ Z vc,«s%,i + Z ’)/i(thfi.
i=1 i=1
®  Threshold GARCH, TGARCH(p,q) (Zakoian, 1994): In this case, the log-likelihood of (4)
and (5) are maximized in terms of the k + 1+ p + 1 + q parameters By, . .., B, &o, - - ., &p,
Y1,--1Yq,01, -, 6p, where

P q P
2 2 2 2
0y =g+ 2 wigy_; + 2 Yioi_; + 2 (SiNt—iet_i/
i=1 i=1 i=1

where Ny_jis 1or Oife;_; < 0ore;_; > 0, respectively.

*  Exponential Generalized Autoregressive Conditional Heteroscedastic, EGARCH(p,q) (Nelson,
1991): The log-likelihood of (4) and (5) are maximized in terms of thek+1+p+1+qg+p
parameters Bo, ..., Br, &0, -+, &p, Y1, -+ -, V9,01, - - -, Op, Where the volatility is defined in the

same size parameters of TGARCH as

p q p
of = exp|ao+ Y ai(le—i/or—i| — E(Q)) + Y vier—i/or—i+ Y dilogof ;

i=1 i=1 i=1
and E(h) depends on the elliptical model h.

Theorem 1 can now be applied to a number of situations. In particular, modeling
volatilities is of great interest in time series; thus, we focus on this approach. The indepen-
dent case is exemplified by the Kotz distribution, while the dependent setting is considered
under a Pearson Type VII model.

2.1. Independent Probabilistic Samples Based on the Kotz Distribution

Taking the generator function h(y) = y2~! exp(—y/2) as a conditional density based
on past information, we have the log-likelihood: (5). For the joint estimation of the Kotz
shape parameter Q > 1/2 and the corresponding parameters for the mean and variance of
ARCH(p), GARCH(p,q), T-GARCH(p,q), and E-GARCH(p,q). In all cases, y; is the random
variable measured at time t, and varepsilony = y; — (1, x1,4,. .., xxt)(Bo, B1, - - -, Bx)', where
Bo,B1,-- ., Bx are the mean parameters to be estimated jointly with the corresponding
variance parameters ¢7. The claimed log-likelihood takes the form:

logL (parameters|el, e ET, 08, .,a%) =T[(1/2-Q)log(2) —logT'(—1/2+ Q)]

+Z[ ~1/2)log(e?) — (1/2)¢}/0? + (Q — 1) (log(¢}) — log(e?))], ©)

The next section will provide an application of the four models using a real dataset of
time series.
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2.2. Dependent Probabilistic Samples Based on the Pearson Type VII Distribution

We explore the primary model of this paper on dependent time series by studying
the generator function. f(y) = (1+ %)7Q, wherer > 0,Q > m/2and Q = (m+7)/2.
Thus, the multivariate t of  degrees of freedom emerges as the conditional density for
past information. In this setting, for a given degree of freedom 7, the log-likelihood based
on (4) is considered for estimating the parameters in the mean and variance under the
models ARCH(p), GARCH(p,q), TGARCH(p,q), and EGARCH(p,q). In all cases, y; is the
random variable measured at time t and &; = y; — (1, %1, ..., Xkt)(Bo, B1, - - -, Bx)', where
Bo,B1, - - ., Bx are the mean parameters to be estimated together with the corresponding
variance parameters ¢7. The claimed log-likelihood takes the form:

logL (parameters|£1, e ET, 0, .,0'%) = log[l'((T +r)/2)] —(T/2)log[rtr] —log[I'(r/2)]

T
—(1/2) leog(af) —((TH47)/2)log

T
L0 dsed] o
t=1

The models for volatility are the same as in the independent case, without consid-
ering the Kotz parameter Q. Under the Pearson Type VII model, we cannot estimate
the degrees of freedom r; we only consider the corresponding parameters. By, ..., B,
&g, -+ &p, Y1+, Vg, 01, - -, 0p in the models ARCH(p), GARCH(p,q), TGARCH(p,q) and
EGARCH(p,q). Finally, we will also explore the preceding models under a real time
series dataset.

3. Results

We now consider the application of Theorem 1 in the setting of Sections 2.1 and 2.2.
For a general insight into our theorems, we research both macro- and micro-econometric
time series scenarios.

3.1. Application: Gillette Time Series Returns Under Independent Probabilistic Samples Based on
the Kotz Distribution

For a contrast with our theory, we study a time series dataset deeply studied in the
time series literature. It considers the T = 1095 Gillette stock prices (p;, t =1,...T) from
4 January 1999 to 13 May 2003 (Figure 1a). In terms of the continuously compounded
return or logarithmic return, r; = p; — p;_1, Figure 1b exhibits the high volatility and con-
ditional variance of the series. Despite the available models for volatility (ARCH, GARCH,
TGARCH, EGARCH, etc.), a crucial hidden weakness of all time series estimation resides
in the use of a likelihood based on an unrealistic independent probabilistic distribution
sample. The underlying errors of the asset return models have been considered under
different laws, such as Gaussian and generalized errors, among others. In this subsection,
we consider the Kotz model of parameters, where Q > 1/2, which contains the normal
case, where Q = 1.

An optimization routine with the Optimx Package in Software R (4.1.1 version) pro-
vides the maximum log-likelihood estimation of the parameters. Q, Bo, - .., B, &0, - - -, &p,
Y1, Y461, - - -, 6p in the models ARCH(p), GARCH(p,q), TGARCH(p,q), and EGARCH(p,q).

The profile log-likelihood for the parameter Q in the ARCH(p = 1) Kotz model is
shown in Figure 2a, and the parallel behavior observed with the modified BIC criterion of
Yang and Yang can be seen in Figure 2b.

Figure 3a shows the profile log-likelihood for the parameter Q in the GARCH(p =1,
g = 1) Kotz independent model. The corresponding modified BIC criterion from Yang and
Yang for the profile behavior of Q is shown in Figure 3b.
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Gillette stock prices Gillette stock log-returns
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(a) Gillette stock prices (b) Gillette stock returns

Figure 1. Gillette stock time series from 4 January 1999 to 13 May 2003.
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Figure 2. ARCH Kotz independent ML estimation for p = 1.
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(a) Log-likelihood profile for Q (b) Yang and Yang profile criterion for Q

Figure 3. GARCH Kotz Independent ML estimation forp = 1,4 = 1.

In a similar way, a TGARCH(p = 1,49 = 1) Kotz model apparently favors a non-
Gaussian model, as shown in Figure 4a for the log-likelihood profile of parameter Q.
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Meanwhile, Figure 4b exhibits the same conclusion from the modified BIC criterion pro-
posed by Yang and Yang.

Tgarch Kotz Independent, k=2, p= Tgarch Kotz Indt:pendenl. k=2, p=
1
T 8. ;
:r'
B
5
&7 5 |
.
s 2]
g S 2 .
® 2 77
g
5
g Al
27 267
8
3
& 7 :
T T T T T T T T
085 090 095 1.00 0385 0.90 0.95 1.00
Q Q
(a) Log-likelihood profile for Q (b) Yang and Yang profile criterion for Q

Figure 4. TGARCH Kotz Independent ML estimation for p = 1,4 = 1.

Finally, the EGARCH(p = 1,4 = 1) for an independent Kotz model provides the
log-likelihood profile of parameter Q in Figure 5a, which can be compared in parallel with
the modified BIC criterion of Yang and Yang shown in Figure 5b.
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(a) Log-likelihood profile for Q (b) Yang and Yang profile criterion for Q

Figure 5. EGARCH Kotz Independent ML estimation for p = 1,4 = 1.

Now, a common practice since the emergence of time series volatility laws involves
selecting the best model from two or more options using an information criterion. The
AIC, BIC, and HQC are the classical decision criteria, and it can be seen in published
real examples that preferences are based on minimal discrepancies. For example, in the
current time series data, worldwide commercial software and papers have achieved the
best model for extremely low differences around 10~4, without strong evidence of a mean-
ingful difference. The models compared here are usually preferred in applications with
increased complexity. In a Gaussian case, a GARCH model tends to be better than an
ARCH model by several decimal points of BIC. However, GARCH performs worse with a
similarly small BIC amount compared to TGARCH. Moreover, reports published elsewhere
compared the latter models using BIC, without noting that they are not nested. Thus, here,
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we want to stress that each profile for Q is based on the new Yang and Yang criterion.
C. C. Yang and Yang (2007). Figures 2b, 3b, 4b, and 5b show that the respective Kotz model
is better than the Gaussian case Q = 1. It is not valid for this research that the apparently
large differences in the Yang and Yang criterion of 0.1, 0.06, 0.05, and 0.03 determine a Kotz
model of Q = 0.88,0.91,0.91,0.91 over a Gaussian model with Q = 1, respectively; see
Figures 2a, 3a, 4a, and 5a. In order to solve a robust selection, we consider a comparison
of the Yang and Yang criterion C. C. Yang and Yang (2007) with the modified BIC* defined
in (1). The corresponding comparison of the two models follows Kass and Raftery (1995)
and Raftery (1995), with the evidence grades proposed in Table 1 for the BIC* difference.
Given that the ARCH(p) and GARCH(p,q) are nested models, we can compare them with
a simple law. In this case, we find the BIC* difference from the ARCH(1). The results for
certain specific values of p and q can be found in Figure 6.
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Figure 6. ARCH(p) and GARCH(p,q) BIC* difference with the ARCH(1) .

A very weak difference in evidence between all models and ARCH(1) was obtained.
No matter how complex the GARCH(p,q), the time series data cannot reach a plausible
value near the minimum BIC* difference of 2. In contrast, the classical literature would refer
to GARCH(5,5) in this example as a more robust model than the simplest one, ARCH(1).
The usual decision is based on the magnitude differences of 1073 in AIC, BIC, or HQC,
but no evidence is provided from the studies investigated by Kass and Raftery (1995) and
Raftery (1995). These data, which satisfied all the criteria for the analysis using ARCH
and GARCH models, showed no notable enhancement in the complexity of the volatility
representation. For this counterexample, the application of Kass and Raftery (1995) and
Raftery (1995) in the time series setting raises an interesting question about the strong
evidence of robustness in the variance models.

3.2. Application: Gillette Time Series Returns Under Dependent Probabilistic Samples Based on the
Pearson Type VII Distribution

We devote a few lines to an application that considers the most important paradigm
of this paper: the role of estimation in time series models with probabilistic independent
samples, a fact that is regarded as the core of the likelihood itself. The likelihood has been
viewed as an immutable concept in time series, but its philosophy clashes strongly with
the natural concept of a correlated random variable fluctuating over time. No significant
conceptual effort should be made to explain that time series are extremely correlated;
therefore, their estimation, which is summarized in the likelihood, must consider dependent
probabilistic samples. In this sense, the likelihood, reflecting the expected inner dynamics
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of the variable over time, naturally leads to a more realistic estimate of the volatility.
This paradigm also appears in copula theory, which, in trying to solve the addressed
evolution correlation, overlooks the underlying and hidden foundation of the likelihood
and uses it for parameter estimation, straying from the original intention of avoiding
independence. Thus, implementing a new perspective on the likelihood of a vector variate
that is strongly dependent on time should address the problem of volatility. We have
observed the aforementioned effect in similar stages of financial models. This was the case
in Diaz-Garcia et al. (2022), where a classical likelihood decision based on the mean of
a bivariate distribution was situated at the tails of the right distribution estimated by a
probabilistic dependent likelihood.

Considering, again, Gillette’s time series returns, if we provide a Pearson Type VII
model for the underlying errors indexed by the non-estimated degrees of freedom r, then
a plausible likelihood emerges in (7). Inspired by the problem of very weak evidence
for this special set of returns, and for the sake of illustration, we estimated the simplest
models of volatility: ARCH(1), GARCH(1,1), TGARCH(1,1), and EGARCH(1,1). As in the
independent case, we used several methods of optimization, supported by gradients and
Hessians. All of them converged to the same estimation. Table 2 provides the results of each
model and the corresponding comparison with the BIC* criterion for ARCH and GARCH,
along with the following CAIC criterion for the remaining nested models (Bozdogan, 1987).

CAIC = [-2M +np(log(n) +1)] /n, (8)

where M is the maximum log-likelihood, 7 is the sample size, and 7y, is the number of
estimated parameters.

Table 2. Comparison of independent and dependent models.

Model Shape Parameter BIC* CAIC BIC* D. CAICD. BIC* Evidence
Kotz ARCH(1) Q = 0.882733 —4.86738  —4.844434 0
Kotz TGARCH(1,1) Q =0.907778 —4.925434  —4.894839 0.050405
Kotz EGARCH(1,1) Q =0.911211 —4.923831  —4.893235 0.048801
Pearson ARCH(2) r=1 —4.829144 —4.806198 0
Pearson ARCH(2) r=2 —4.829654  —4.806708 0.00051 Weak
Pearson ARCH(2) r=3 —4.829953  —4.807007  0.000809 Weak
Pearson ARCH(2) r=4 —4.830171 —4.807225  0.001027 Weak
Pearson ARCH(2) r=>5 —4.830345 —4.807398 0.0012 Weak
Pearson GARCH(1,1) r=1 —4.859952  —4.837006  0.030808 Weak
Pearson TGARCH(1,1) r=1 —4.895444  —4.868674 0.062476
Pearson EGARCH(1,1) r=1 —4.894745  —4.867974 0.061776

Table 2 refers to the comparison of Kotz TGARCH(1,1) and Kotz EGARCH(1,1) with
the simplest model, Kotz ARCH(1), for independent probabilistic samples. Given that the
three models are not nested, we can only use the CAIC difference; however, no evidential
criteria for those magnitudes are available. This implies that no conclusion can be drawn
about the best model. The usual selection in favor of the best difference does not hold,
i.e., we cannot affirm that Kotz TGARCH(1,1) is the best model. A similar non-nested
comparison is achieved in the dependent case for Pearson EGARCH(1,1) and Pearson
TGARCH(1,1); that is, we cannot guarantee that the CAIC difference of 0.062476 defines the
Pearson TGARCH(1,1) model across the remaining two laws. However, when the models
are nested, we can use Kass and Raftery (1995) and Raftery (1995) as evidence of the BIC*
difference. This is the case for Table 2, where Pearson GARCH(1,1) and Pearson ARCH(2)
with degrees of freedom r = 2, 3,4, 5 are compared to the simplest model, Pearson ARCH(2)
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with 1 degree of freedom. Notably weak evidence was obtained, and the BIC* differences
were well below the 2 limit, for a positive predominance of GARCH(1,1). Therefore, the five
models referred to, with increased complexity, did not achieve a better performance than
the simplest Pearson ARCH(2). In this sense, the limits of the rigorous evidence for the best
model, according to Kass and Raftery (1995) and Raftery (1995), open an interesting avenue
for future work on this example. Moreover, a further study of Kass and Raftery (1995) and
Raftery (1995) in the setting of non-nested models via CAIC should provide similar bounds
of significant evidence. This important issue will be part of future work.

3.3. Gross Domestic Product (GDP)

Defense spending as a proportion of GDP, analyzed quarterly, can fluctuate over time
due to economic, political, and geopolitical factors. ARCH models are particularly useful
for studying this conditional heteroskedasticity, which refers to time-dependent changes
in variance.

In economic contexts, defense spending volatility is often influenced by events such as
armed conflicts, economic crises, or shifts in fiscal policy. Modeling this series using ARCH
allows examining how past shocks affect future variability, providing deeper insights into
the risks associated with this type of spending.

Fluctuations in defense spending relative to GDP can have significant impacts on
macroeconomic stability. For instance, an unexpected increase in this spending could divert
resources from other critical sectors, negatively affecting overall economic growth. ARCH
models assist in quantifying and analyzing these fluctuations, enabling a more accurate
assessment of their potential effects.

Recent studies have applied ARCH family models to analyze GDP in various countries,
offering valuable perspectives on volatility dynamics and their economic implications.
Datta Gupta et al. (2023), Muma and Karoki (2022), Ma (2024) and Miladinov (2021).

The analysis carried out on Gillette’s share returns showed weakness in the evidence
of differences for all simple and complex models considered. However, it is interesting
to observe whether this trend is present in other sectors, such as macroeconomics. We
considered the GDP time series, which is sufficiently broad across historical moments in
recent modernity, it is also unique, given the wide range under consideration, from Q1 1947
to Q3 2024. This allows users to see how the percentage of GDP allocated to national defense
has changed over time. We will observe whether the classical approximation of a likelihood
based on independent samples (5) manages to detect any evidence greater than weak.

In this analysis, we also include a novelty that allows comparisons to be made using
known results that relate the Pearson VII elliptic model and its degrees of freedom with
their asymptoticity, which, both in probability and distribution, converge to the Gaussian
case when such a parameter tends to infinity.

Since the t-distribution, a particular case of the Pearson VII elliptic model, is available
in most free and commercial software, we use calculations and the expected Gaussian
convergence to calibrate its accuracy. As we will see in Section 4, using one of the most
well-known commercial time series software packages showed certain inconsistencies with
expected results.

However, the results were valid for approximate magnitudes of 1073 and made
decisions based on significant evidence.

For a first approximation of the effect of the degrees of Freedom in the four models,
we initially considered the following degrees of freedom 1,2, 3,4,1000. Then, in each model
and according to the maximum number of degrees of freedom supported by the commercial
software in each case, we performed a search for the degree of freedom that supported
the most information for the criterion. Its left and right neighbors were also indicated, as
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well as the calculation of the highest permissible degree of freedom. Finally, the expected
asymptotic result of the Gaussian case was also indicated.

Table 3 shows the results for the ARCH(1), ARCH(2), GARCH(1,1), TGARCH(1,1),
and EGARCH(1,1) models.

Table 3. Comparison of models of GDP time series for the independent case. Each block includes the
best degree of freedom as the reference model with maximal information; then, the corresponding
nested BIC* difference is computed with the remaining degrees of freedom and the Gaussian limit.
All possible pairs show weak BIC* evidence. Moreover, the nested comparison of GARCH and ARCH
also exhibits weak BIC* evidence. For the non-nested models via CAIC, the reference corresponds to
the simplest ARCH(1) supported by a Gaussian distribution, and a corresponding very low difference
was computed. Negative differences mean that the low dominance is inverted in the specific pair
under consideration.

Model Degrees of Freedom BIC* BIC* D. CAIC CAICD. BIC* Evidence
ARCH(1) r=1 —4.521681 0.039435 —4.454396 0.006573 weak
ARCH(1) r=2 —4.555309 0.005806 —4.488025 0.040201 weak
ARCH(1) r = 3 best —4.561115 0.000000 —4.493831 0.046008
ARCH(1) r=4 —4.554625 0.006490 —4.487341 0.039517 weak
ARCH(1) r = 1000 —4.515803 0.045312 —4.448519 0.000695 weak
ARCH(1) r = 500, 000 —4.515112 0.046004 —4.447827 0.000004 weak
ARCH(1) Gaussian —4.515108 0.046008 —4.447823 0.000000 weak
ARCH(2) r=1 —4.494052 0.064802 —4.435042 —0.012781 weak
ARCH(2) r=2 —4.551203 0.007652 —4.470462 0.022638 weak
ARCH(2) r=3 —4.557386 0.001469 —4.476645 0.028821 weak
ARCH(2) r=4 —4.557895 0.000960 —4.477154 0.029330 weak
ARCH(2) r = 5best —4.558855 0.000000 —4.478113 0.030290
ARCH(2) r==6 —4.557703 0.001152 —4.476962 0.029138 weak
ARCH(2) r = 1000 —4.510690 0.048165 —4.429949 —0.017875 weak
ARCH(2) r = 800, 000 —4.509941 0.048913 —4.429200 —0.018623 weak
ARCH(2) Gaussian —4.509959 0.048895 —4.429218 —0.018605 weak

GARCH(1,1) r=1 —4.538510 0.030431 —4.457769 0.009946 weak
GARCH(1,1) r=2 —4.562292 0.006649 —4.481551 0.033728 weak
GARCH(1,1) r = 3 best —4.568941 0.000000 —4.488200 0.040377

GARCH(1,1) r=4 —4.477418 0.091524 —4.396677 —0.051147 weak
GARCH(1,1) r = 1000 —4.524784 0.044158 —4.444043 —0.003781 weak
GARCH(1,1) r = 400,000 —4.537125 0.031816 —4.456384 0.008561 weak
GARCH(1,1) Gaussian —4.537124 0.031818 —4.456383 0.008559 weak
TGARCH(1,1) r=1 —4.546510 0.023634 —4.452312 0.004489 weak
TGARCH(1,1) r=2 —4.562488 0.007657 —4.468290 0.020466 weak
TGARCH(1,1) r=3 —4.568247 0.001897 —4.474049 0.026226 weak
TGARCH(1,1) r=4 —4.570052 0.000093 —4.475854 0.028030 weak
TGARCH(1,1) r = 5 best —4.570144 0.000000 —4.475947 0.028123

TGARCH(1,1) r==6 —4.569462 0.000682 —4.475264 0.027441 weak
TGARCH(1,1) r = 1000 —4.539168 0.030977 —4.444970 —0.002854 weak
TGARCH(1,1) r = 360,000 —4.538677 0.031468 —4.444479 —0.003345 weak
TGARCH(1,1) Gaussian —4.538675 0.031469 —4.444477 —0.003346 weak
EGARCH(1,1) r=1 —4.543367 0.021726 —4.449169 0.001345 weak
EGARCH(1,1) r=2 —4.558520 0.006573 —4.464322 0.016499 weak
EGARCH(1,1) r=3 —4.563719 0.001374 —4.469521 0.021697 weak
EGARCH(1,1) r = 4 best —4.565093 0.000000 —4.470895 0.023071

EGARCH(1,1) r=>5 —4.564842 0.000251 —4.470644 0.022821 weak
EGARCH(1,1) r =340 —4.531819 0.033274 —4.437621 —0.010203 weak
EGARCH(1,1) r =340 —4.531819 0.033274 —4.437621 —0.010203 weak
EGARCH(1,1) Gaussian —4.530294 0.034799 —4.436096 —0.011728 weak
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In each model, the greatest amount of information was observed in the criteria of
degrees of freedom accompanied by the label best. The best degrees of freedom were
achieved in 3, 4, and 5, while the maximum values allowed by the commercial software
were relaxed to fit the respective normal models, as expected.

This asymptotic behavior, known only at a distributional and probabilistic theory level,
seems to be confirmed in the information on the criteria, an aspect that can, in turn, be
constituted as a heuristic method for verifying convergence and obtaining global minima.
This aspect will be studied in the future.

However, for the purposes of this article, we note that the comparisons of all nested
models, without exception, involved weak evidence. The CAIC differences between non-
nested models are also presented; however, interpreting them requires a more theoretical
background. A heuristic method is discussed in Section 4.

The macroeconometric GDP series is crucial in time series analysis, as it utilizes
aggregate data to estimate fiscal shocks (Ramey, 2011; Gurgel-Silva, 2021). Similarly,
aggregate data have been employed to assess the impacts of government spending on
corporate profits (Cortes et al., 2024). The seasonality of macroeconometric time series is
important for extracting a substantial amount of information, but it is affected by volatility;
hence, studies examining criterion differences are essential. In this research, the GDP
results indicate that all models and studies produced weak evidence. This outcome aligns
with expectations, especially since samples were collected quarterly, which smooths the
variance and conceals the strong daily volatilities in the Gillette and S&P 500 series. The
framework presented in this article addresses the significant need for evidence regarding
the differences between the two models and encourages future research. Even the daily
time series examined here, which demonstrated considerable volatility, showed negligible
differences for complex models such as EGARCH and TGARCH, in both dependent and
independent observations cases.

There was consistency in all the examples studied here, from various perspectives
(macroeconomics, microeconomics, dependence, independence, ARCH, GARCH, TGARCH,
EGARCH models, nested, and non-nested). This suggests an additional study for time
series users related to significant evidence of differences between two models. The theorems
established in Section 3 indicate a paradigm shift, as they highlight transitional relationships
between criteria and the translation of evidence. Although this article aimed to create a
unified theory based on theorems that do not rely on either the macro or micro econometric
sector, it is noted that all the examples studied revealed a weakness in the evidence. This
should prompt future work on developing different volatility models that clearly identify
significant differences in the information that promotes the likelihood.

In particular, we anticipate volatility models that can amplify or reduce the length of
the intervals of evidence of differences, such that one criterion is not a simple translation of
another. According to the theorems in Section 4, currently, the information criteria inherit
by simple translation the evidence of the simplest model. Computationally, this is an advan-
tage, since heuristically it is sufficient to perform an initial study of the simplest ARCH(1)
model and its convergence in probability with Pearson VII type errors, parameterized with
their degrees of freedom towards the Gaussian model. But the problem emerges in the
transitions of the differences for more complex models, when evidence greater than weak
is reached, given that all intervals have the same length, regardless of the selected criterion.
This new problem raises the following question: Is there a criterion based on likelihood that
is not invariant in translation to the classical criteria? Or will all information criteria always
be invariant under evidence translation and therefore have a unique pairwise transition
number, in the sense of the results established in Section 4? The answer to these questions
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could help in differentiating the true role of time series models and their relationship with
the information criteria for their selection.

3.4. Application: The S&P 500 Index

The S&P 500 index, one of the main benchmarks for the stock market in the United
States and internationally, comprises the shares of 500 large U.S. companies and serves
as a key indicator of the overall performance of the country’s stock market. At the onset
of the COVID-19 pandemic, the S&P 500 experienced a sharp decline of nearly 40%, but
it recovered in less than six months, reaching and even surpassing pre-crisis levels. This
phenomenon highlights investor expectations in financial markets and the impact of the
Federal Reserve’s expansive monetary policies.

The composition of the index is subject to a periodic review to align with market
dynamics. Companies are added or removed based on market capitalization and other
relevant criteria, with revisions typically occurring every quarter; however, adjustments
may occur more frequently in response to significant market events. Furthermore, re-
cent analyses of the S&P 500, utilizing ARCH family models, have been used to assess
its behavior and the prevailing trends (Al-Momani & Dawod, 2022, Belhachemi, 2024,
Vo & élepaczuk, 2022, Yilmazkuday, 2021).

We repeated the same analysis as for the GDP data by taking advantage of the limiting
behavior in the Pearson VII model. Again, the same weak evidence was obtained for all the
possible pairs under consideration. The results are shown in Table 4.

Table 4. Evidence for differences among the models of the S&P 500 data under the independent setting.

Model Degrees of Freedom BIC* BIC* D. CAIC CAICD. BIC* Evidence
ARCH(1) r=1 —6.191616 0.005717 —6.176505 0.098809 weak
ARCH(1) r = 2 best —6.197333 0.000000 —6.182222 0.104525
ARCH(1) r=3 —6.195560 0.001773 —6.180449 0.102753 weak
ARCH(1) r=4 —6.191424 0.005909 —6.176313 0.098616 weak
ARCH(1) r = 1000 —6.094350 0.102983 —6.079239 0.001543 weak
ARCH(1) r = 500,000 —6.092810 0.104522 —6.077700 0.000003 weak
ARCH(1) Gaussian —6.092807 0.104525 —6.077697 0.000000 weak
ARCH(2) r=1 —6.257761 0.015874 —6.239629 0.161932 weak
ARCH(2) r=2 —6.270241 0.003394 —6.252108 0.174411 weak
ARCH(2) r = 3 best —6.273635 0.000000 —6.255502 0.177806
ARCH(2) r=4 —6.273604 0.000031 —6.255472 0.177775 weak
ARCH(2) r = 1000 —6.218513 0.055122 —6.200380 0.122683 weak
ARCH(2) r = 600,000 —6.217524 0.056111 —6.199391 0.121694 weak
ARCH(2) Gaussian —6.217521 0.056114 —6.199388 0.121692 weak

GARCH(1,1) r=1 —6.328047 0.030133 —6.309915 0.232218 weak
GARCH(1,1) r=2 —6.346506 0.011675 —6.328373 0.250676 weak
GARCH(1,1) r=3 —6.354098 0.004083 —6.335965 0.258268 weak
GARCH(1,1) r=4 —6.357187 0.000994 —6.339054 0.261357 weak
GARCH(1,1) r = 5 best —6.358181 0.000000 —6.340048 0.262351

GARCH(1,1) r==6 —6.358134 0.000047 —6.340001 0.262304 weak
GARCH(1,1) r = 1000 —6.323811 0.034370 —6.305678 0.227982 weak
GARCH(1,1) r = 500,000 —6.323073 0.035108 —6.304940 0.227243 weak
GARCH(1,1) Gaussian —6.323071 0.035109 —6.304938 0.227242 weak
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Table 4. Cont.

Model Degrees of Freedom BIC* BIC* D. CAIC CAICD. BIC* Evidence
TGARCH(1,1) r=1 —6.351019 0.029954 —6.329864 0.252167 weak
TGARCH(1,1) r=2 —6.369766 0.011207 —6.348611 0.270914 weak
TGARCH(1,1) r=3 —6.377325 0.003648 —6.356170 0.278474 weak
TGARCH(1,1) r=4 —6.380233 0.000740 —6.359078 0.281382 weak
TGARCH(1,1) r = 5 best —6.380973 0.000000 —6.359818 0.282121
TGARCH(1,1) r==6 —6.380636 0.000337 —6.359481 0.281785 weak
TGARCH(1,1) r = 1000 —6.336208 0.044765 —6.315053 0.237357 weak
TGARCH(1,1) r = 600,000 —6.335232 0.045741 —6.314077 0.236380 weak
TGARCH(1,1) Gaussian —6.335230 0.045743 —6.314075 0.236379 weak
EGARCH(1,1) r=1 —6.357198 0.030214 —6.336043 0.258346 weak
EGARCH(1,1) r=2 —6.376234 0.011178 —6.355079 0.277382 weak
EGARCH(1,1) r=3 —6.383828 0.003584 —6.362673 0.284976 weak
EGARCH(1,1) r=4 —6.386710 0.000702 —6.365555 0.287859 weak
EGARCH(1,1) r = 5 best —6.387412 0.000000 —6.366257 0.288560
EGARCH(1,1) r==6 —6.387034 0.000378 —6.365879 0.288183 weak
EGARCH(1,1) r =340 —6.344794 0.042618 —6.323639 0.245942 weak
EGARCH(1,1) r =340 —6.344794 0.042618 —6.323639 0.245942 weak
EGARCH(1,1) Gaussian —6.342081 0.045331 —6.320926 0.243230 weak

As before, the maximal information criteria were obtained at low degrees of freedom;
thus, this reference model governed a very weak difference with the remaining parame-
ters until the greatest admissible parameter for the commercial software approached the
Gaussian limit. For nested models, the BIC* difference was computed with the remaining
degrees of freedom and the Gaussian limit. All possible pairs showed weak BIC* evidence.
The nested comparison of GARCH and ARCH also provided weak BIC* evidence. For
the non-nested models via CAIC, the reference corresponded to the simplest ARCH(1)
supported by a Gaussian law, and the corresponding very low difference was computed.
For these data, no negative CAIC differences were obtained in favor of the Gaussian model,
but an evidence classification could not be provided.

Up to this point, we have studied the independent case and observed repetitive weak
evidence for all pairs of models considered, regardless of their hierarchy and theoretical
robustness. What is valuable comes from maintaining the criteria of the well-known conver-
gences in probability and distribution emerging from the Pearson VII model. This suggests
an analysis with more degrees of freedom that covers the largest possible domain. We stud-
ied this technique for the dependent case. Its significance necessitates a dedicated section.

4. Discussion

In this section, we apply the process of analytical induction to create general relation-
ships that emerge from the particular cases studied in Section 3. Specifically, the S&P 500
time series under the simple ARCH(1) model and its counterpart, the much more complex
EGARCH(1,1) model, revealed a unique result.

4.1. Discussion Part 1

Table 5 compares the criteria for each of the two models evaluated on the same S&P
500 time series. The upper triangular table shows the differences between all criteria for the
ARCH(1) model. The lower triangular table focuses on the EGARCH(1,1) model, showing
all possible pairs of differences between the same criteria.

Initially, let us consider the upper triangular table. The value a1, = —0.018949 repre-
sents the AIC-BIC difference. If the model is evaluated with a single degree of freedom for
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the Pearson VII distribution, then the value a1; is not of interest. However, in the modeling
carried out, a wide range of degrees of freedom was considered, ranging from 1 to 10, so
that the model was examined across its full complexity, up to the normal limit expected for
large degrees. The fact that AIC-BIC = a5 = —0.018949 was valid for each of the ARCH(1)
models with such dissimilar degrees of freedom is of interest, since it was a notable constant,
independent of the important shape parameter in t-distribution. Specifically, the constant
difference was maintained for the following degrees of freedom: 1,2, 3,4, 5,6, 7, 8,9, 10,
20, 30, 40, 50, 60, 70, 80, 90, 100, 200, 300, 400, 500, 600, 700, 800, 900, 1000, 2000, 3000,
4000, 5000, 6000, 7000, 8000, 9000, 10,000, 10°, 2 x 10°, 3 x 10°, 4 x 10°, 5 x 10°, 6 x 10°,
7 x 10%, 8 x 10°, 9 x 10°, 10°. This means that the difference between any pair of criteria
was invariant under the considered degrees of freedom.

Now, if the subindex 1, 2, 3,4, 5 stands for AIC, BIC, HQC, BIC*, and CAIC, respectively,
then a;; = criterion;-criterion; in the ARCH(1) model and ¢;; = criterion;-criterion; for the
EGARCH(1,1) model. For example, for the ARCH(1) model, the upper triangular constants
read CAIC rcu(1) = AICArcH(1) — @15 = BICArcH(1) — 425 = HQCarcH(1) — 435 =
BICZRCH(l) — ag5. In the EGARCH(1,1) model, the lower triangular additive constants
for the CAIC mean that CAICgcarch(1,1) = AICEGarRcH(1,1) + 1-4c15 = BICEGARCH(1,1) T
1.4C25 = HQCEGARCH(l,l) + 1.4C35 = BICEGARCH(LI) + 1.4C45.

The additive constants in this example seem new in time series applications and
information theory. A general mathematical expression is not straightforwardly obtained
from the implied definitions; otherwise, the development of such a theory could have been
simplified over the years. However, in the current time series example, a simplification
,Aindeed, appears.

4.2. Discussion Part 2

Applying the correct settings, a general formula can be derived based on the findings
from the initial part of Section 4.1.
Given that the criteria are applied to the same model and data, the maximum log-

likelihood M holds for all of them. The definition of the criteria studied is easily described

by the constant term K = —2 M, namely:

n
AIC = K +272
n
np
BIC=K+ o log(n)
2np
HQC =K + e log(log(n))
BIC" = K + "2 (log(n +2) — log(24))
CAIC = K+ L (log(n) +1)
Then, any criterion can be expressed as
criterion; = K + Fi(np,n), i=1,...,5.
Moreover, the function F;(n pr n) is linear in 1p, then

criterion; = K +npH;(n), i=1,...,5.
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Finally, any difference between two criteria takes the general form:
criterion; — criterion; = np(H;(n) — Hj(n)),

where the particular functions of the sample size 1 are given by

Hy(n) = (log(n +2) ~ log(24))

Hs (n) = %(log(n) +1).

And now we can obtain any criterion for particular data. For the upper triangular
Table 5, the ARCH(1) model involves n, = 5 parameters and a time series of n = 1380.
Then, a1, = np(Hy(n) — Hy(n)) = ny(2 — Llog(n)) = —0.018949. Similarly, the remaining
differences can be obtained from the upper triangular table.

Table 5. Additive constants for the criteria equivalence of nested ARCH(1) (upper triangular) and
EGARCH(1,1) (lower triangular).

Criterion AIC BIC HQC BIC* CAIC
AIC app = —0.018949 a3 = —0.007089 a4 = —0.007439 a5 = —0.022572
BIC = Zap, a3 = 0.011860 Ay = 0.011509 a5 = —0.003623
HQC = Zays e = L3 a3 = —0.000351 35 = —0.015483
BIC* = Zay e = Layy e3s = Laz ag5 = —0.015132
CAIC = Zas e25 = %ass ess = %435 ey5 = L5

For example, since the CAIC criterion is usually for non-nested models, we provide
the following simple equivalences for the S&P 500 log returns in the dependence case:

CAICrch(1) =AICARcH(1) — M15 = BICsrcH(1) — 025 = HQCArcH(1) — 435

For the EGARCH(1,1) model of the lower triangular table, the only change involves
two more parameters than the ARCH (1) model, i.e., n, = 7, then e;, = —0.026528, and the
other coefficients for the EGARCH(1,1) model can be obtained.

At this stage, we have exact formulae for any difference between two criteria applied
to the same model, and then the upper and lower triangular in Table 5 can be constructed
separately. However, the differences for the complex model seem to reflect an additional
property. The lower triangular table is written in terms of the results for the simplest model,
ARCH(1). Numerically, there is a constant, 1.4, that appears in any difference and expresses
the difference of the criteria in EGARCH (1,1) in terms of the corresponding difference
in ARCH(1).
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The example of the CAIC criterion in the EGARCH(1,1) model implies the following
simple equivalences.

CAICgGgarcH(1,1) =AICEGarcH(1,1) T 1-4c15 = BICEgarcH(1,1) + 1-4c25
=HQCrgarcH(1,1) + 1435 = BICEG spcpy1) + 14645

The novelty of additive constants thus faded when we found that a more general
constant could be established for these particular data. The dilatation constant 1.4 holds for
all relations in the lower triangular equalities. Given its importance, this dilatation constant
will be referred to as the transition number for nested ARCH(1) and EGARCH(1,1) models.

This means that, for the data considered, any criterion for the simplest model ARCH(1)
can be explained exactly (with an accuracy of six decimal places) by the behavior of the
criterion of the complex model EGARCH(1,1). The relationship is simply a shift and dilation
of the models.

This intriguing relationship presents a formula for consideration that is quite
straightforward.

Let np,,,,, and np, . be the number of parameters in the upper and lower models,
respectively. For the upper triangular relation a;; = criterionppe, ; — criterion, ;e j, mean-
while, e;; = criterionoye,; — criterion)oy,,,; for the lower triangular equivalence.

Then,

ajj = criterionyppey,; — Criterion, e, i = ”pl,pw(Hl (n) — Hy(n))

and
ejj = Criterionjoyey,;i — Criterionjoyey,j = Mpy,.,., (H1(n) — Ha(n))
Thus,
Gij _ MPiower
i Mpupper
foralli,j =1,...,5. Next, we can easily find the transition number between the complex
lower model by referring to the parameters in both models we are looking at.
In Table 5, the behavior of the lower triangle table with the more complex EGARCH(1,1)
model can be predicted using the simplest model in this paper, ARCH(1). In this case, the

transition number takes the form:

N

G o 7 g,
{11']‘ np“pper 5
foralli,j=1,...,5.

We recall that each EGARCH(1,1) model for the dependent case was calculated using
a total of 47 degrees of freedom from 1 to 10°, and the calculations for each were opti-
mized through various methods available in the Optimx R package. Each calculation was
performed exhaustively until all available methods converged to the same value, with
a resolution of six decimal places. On a personal computer, this task takes days, while
calculating the simplest model, ARCH(1), is much quicker. The transition relation found
proposes a method of analysis in time series that only requires the calculation of the sim-
plest model; and with it, any of the more complex models, such as GARCH, TGARCH, and
EGARCH, can be predicted.

The method is also interesting from an optimization point of view, as it is consistent
with the calculations in commercial software. It is expected that for the same time series, the
models studied here comply with the transition constant up to a certain number of decimal
places. If the results of the more complex model are not derived from the simpler model
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with a tolerance similar to the one used in this example, which is 10, then the optimization
algorithm is neither sufficiently stable nor reliable. The tables of the independent case were
created using well-known commercial software. As expected, the transition constants are
not the same in the tolerance of six decimal places, see Table 6.

Table 6. Additive constants for the criteria equivalence of nested ARCH(1) (upper triangular) and
EGARCH(1,1) (lower triangular) for the independent case, computed with a well-known commercial
software. The constant 1.4 was not reached for all the differences in the lower triangular table.

Criterion AIC BIC HQC BIC* CAIC
AIC a2 = —0.0190268 413 = —0.007120 114 = —0.047420 115 = —0.062530
BIC 1 = 1l4ay, ay3 = 0.011907 apy = —0.028000 ays = —0.043500
HQC e13 = 1.4ays ey = 1.4a03 34 = —0.040300 35 = —0.055410
BIC* €14 = 1.16114 €4 = 0.896124 €34 = 1.040134 ag5 = —0.015111
CAIC €15 = 1.176115 €y5 = 1.07{125 e35 = 1.14(135 €45 — 1.46145

In summary, a critical area remains to be investigated. If the most basic model,
ARCH(1), can predict the distinctions among the criteria of all the models analyzed here,
what role do the more complex models play in this scenario?

This indicates that we need to quantify the importance of the difference between two
given criteria for a pair of models: one complex and one simple.

Table 5 allows for differences between the criteria for the same model, but our interest
now lies in comparing the more complex model with the larger model.

We now ask whether the difference between the two models applied to the same
time series is significant enough to choose the more complex model. If so, should all
the expensive computational calculations be performed instead of simply computing the
smaller model?

In the classical literature, it is common to choose the best model that meets the lowest
criterion. In some cases a choice of minimal discrepancies of 10~# in criteria is achieved.
It seems to be a widespread practice that the most complex models tend to have more
information on likelihood and, therefore, exceed, as expected, the smaller models; thus, the
most complex ones are generally chosen.

This answer is well known in other areas of classical statistics, but it seems to be
less well established in time series. The choice of the best model is left to a process of
elementary measurability, regardless of the order of the differences. Raftery found the
answer more than 30 years ago through the so-called weak, positive, strong, and very
strong difference evidence.

Using Bayesian theory, he established approximate limits for the difference in the
BIC between two models. That classification is so demanding that, for barely acceptable
evidence, referred to as positive, a difference greater than approximately 2 is required;
otherwise, it is insignificant, and the best model must be the simplest one. Thus, in this
case, the large expense spent on the more complex model was unnecessary. Assume weak
evidence; this means that

0< Blcmodell - BICmodelZ <2

The above results on additive constants and transition numbers allow general formulas
for checking evidence between non-Bayesian criteria. In particular, we study again the
simplest criterion, the AIC.

To achieve this, we act on the above inequality using the general additive constants
that were previously derived.
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Let BIC; ,, " and AICy, " denote the BIC and AIC for Model 1 with the parameters
np,. Similarly, BICy,,, and AICy,,, are the BIC and AIC for Model 2 with parameters 71,
Then, the Strong evidence for BIC can easily be mapped to the Strong evidence for AIC.
Starting with
6 < BICy,,, —BICyp, <10

The additive constant for BIC and AIC adjusts the inequality as
6 < [AICy,n, +np,(log(n) —2)] = [AIC,,, + np, (log(n) —2)] <10

And, finally, the weak evidence for the AIC difference between the two models is
given by

log(n) —2 log(n) —2

6+ (npz _”m) n

< AICy,, — AlCoy, <10+ (np, —1p,)

The remaining intervals for weak, strong, and very strong differences in AIC can be
easily mapped; the AIC evidence is condensed into the following Table 7.

Table 7. Grades of evidence for AIC difference.

AIC Difference Evidence
0+Cq to 2+Cq Weak
2+(Cq to 6+Cq Positive
6+Cq to 10+C; Strong
>10+Cy Very strong
i i 1 -2
Shift BIC evidence C1 = (np, —np,) og(Z)

The lower bound of the weak evidence can be zero, allowing a model to be perfectly
similar to itself. However, such a bound is irrelevant, since, in any case, the result indicates
weakness in comparing the more complex model with itself and, therefore, recommends
the simpler model.

At this point, we can answer the question inherent to the transition from the simple
ARCH(1) model to the more complex EGARCH(1,1) and its high computational cost. The
shift parameter in this case is given by

log(n) =2 _ 4007579

1= (an - nPl)

Thus, strong evidence is located in the interval [6 — 0.007579, 10 — 0.007579).

For comparison purposes, let us consider the ARCH(1) model with the reported
degrees of freedom (see Figure 7a). For a million degrees of freedom, each criterion brings
it closer in probability to the Gaussian model (see the yellow limit of Gaussian estimation
for each criterion in Figure 7a). Let us take EGARCH(1,1) as the most complex model, with
a great computational cost to achieve the required accuracy in the transition number to the
simple ARCH(1). If we calculate the differences in the AIC criterion for the most complex
model with all the degrees of freedom studied (from 1 to 10°), we obtain Figure 7b with the
corresponding Gaussian limit (yellow).

The ARCH(1) model exhibited a monotonic decreasing relation with the degrees of
freedom DF. Meanwhile, the EGARCH (1,1) model showed a one-mode behavior with a
maximum at DF = 30 and a Gaussian limit tendency for large DF; see Figure 7.

In the criterion subindex notation of this section, if we denote C;, j = 1,2, 3,4, 5 as the
shift in BIC evidence for any criterion j, including BIC (C, = 0), the Table 7 is easily written
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for any reference. However, in this work, we prefer to set the AIC evidence intervals and
the ARCH(1) model as global references, given their simplicity.

A similar analysis of the remaining criteria led to a corresponding evidence table
for AIC indexed by a different shift constant for the BIC intervals. Furthermore, due to
its interval translation character, the interval was neither widened nor narrowed, so the
Raftery evidence indicator for BIC had the same amplitudes for the other criteria: Weak,
2 units; Positive, 4 units; Strong, 4 units.

SP500 Arch(1) model SP500 Egarch(1,1) model

-6.118
-6.31

-6.120
I
6.32
1
—_—

-6.125

AlC = HQC
= BIC

- HQC ©
i s B~ @ ] G
CAIC N O oA
G

Criterion
Criterion
o
=
(3]

-6.130

-6.135
-6.34

-6.140

T T T T T T T T T T T T
0e+00 2e+05 4e+05 6e+05 8e+05 1e+06 0e+00 2e+05 4e+05 6e+05 8e+05 1e+06

DF DF

(a) (b)
Figure 7. ARCH(1) and EGARCH(1,1) models for S&P 500 time series for the dependent case.
(a) Criteria for S&P 500 time series in the dependent case and the ARCH(1) model. The Gaussian
limit G is also depicted for the limit of each criterion. The degrees of freedom (DF) were studied from
1 to 10°. (b) EGARCH(1,1) model and criteria for S&P 500 time series in the dependent case. The
Gaussian limit G is also shown.

We conclude this section with a discussion of the complex problem of comparing
non-nested models. This problem is outside the scope of this paper, but we provide a brief
discussion of the implemented models. Once we have calculated the simplest criterion and
have its evidence across a whole range of degrees of freedom, we can expect a relationship
with the CAIC criterion suitable for non-nested models. Specifically, we are interested
in mapping the weak evidence of the ARCH(1) model, parameterized by its degrees of
freedom, to the CAIC differences of the EGARCH(1,1) model with the same degrees of
freedom. In this case, the target model was ARCH(1) with 1 million degrees of freedom,
and the remaining 46 models were compared simultaneously with the same reference.

The heuristic method we propose is based on using a Pearson-type model and sweep-
ing the entire domain of degrees of freedom to implement convergence in probability
toward the normal. Although the mapping is performed via likelihood, this convergence
is not guaranteed; however, it limits the relationship between the differences in the CAIC
and the differences in the ARCH. The ARCH(1) model is the independent variable in the
example we are considering, because it is much simpler. It has the particularity of following
a decreasing monotonicity in the degrees of freedom, while the EGARCH(1,1) that we
have considered exhibits unimodal behavior. Thus, the range of the expected function is
limited by the function’s boundaries at 1 and 10° degrees of freedom. The monotonicity also
ensured that the maximum of 30 degrees was mapped to the maximum in the estimated
model. The result can be seen in Figure 8b. This nonlinear relationship doubled the ideal
segment of linear mapping between ARCH(1) and EGARCH(1,1) for the case of the same
criterion, resulting in evidence that, in absolute value, is certainly weak.
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SP500 Egarch(1,1) model SP500 CAIC Weak evidence
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(@) (b)
Figure 8. Mapping weak differences from the ARCH(1) model to the non-nested EGARCH(1,1)
model and their CAIC differences. (a) One-mode tendency of the EGARCH(1,1) model with mode in
30 degrees of freedom and decreasing limit to the Gaussian criteria of Figure 7. (b) Heuristic method
for non nested comparison between EGARCH(1,1) and ARCH(1) models.

5. Conclusions

The paper proposed a so-called dependent time series from a new perspective of likeli-
hood based on dependent probabilistic samples governed by a general class of distributions
that also allow multiple forms of volatility. The article also included robust selection criteria
for classic volatility models and required degrees of evidence to differentiate the modified
BIC criterion from other areas.

Degrees of evidence that progress from weak to very strong leave no room for sig-
nificant differences in a well-established time series. These are typically addressed using
hierarchical models, which assign a better explanation to more complex models. However,
with the introduction of the new evidence scale, they failed to achieve even the minimum
difference with the simplest model. One notable example was the case of macroeconomic
data, where the family of models designed for volatility was expected to exhibit a weak
fit. It is important to note that if the model shows a weak fit with the simplest model, this
weakness also applies to the more complex models.

This paradigm of dependent time series, generalized under families of distributions
and hierarchized by demanding degrees of evidence, consolidates an alternative to artificial
intelligence approaches and other increasingly complex volatility models. However, it
encounters the same difficulties with activation functions and in differentiating the effect
of volatility. Finally, given the small sample and nonseasonal events that strongly affect
the foundations of classical volatility models, there are parallels to study in the future, and
to relate the new view of likelihood presented here to volatility modeled using the recent
spectroscopic shape theory by Villarreal-Rios et al. (2019).

The findings of this paper, if we want to enumerate them, are the following:

*  Dependent time series errors under elliptically countered models.

* Independent time series errors under elliptically contoured models.

¢  Time series classification for volatility models via evidence of differences in a modified
BIC decision criterion.

¢ Definition of ARCH(p), GARCH(p,q), TGARCH(p,q), and EGARCH(p,q) volatility
time series models in the context of dependent time series errors under elliptically
countered models.
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¢ Definition of volatility time series models of ARCH(p), GARCH(p,q), TGARCH(p,q),
and EGARCH(p,q) in the context of independent time series errors under elliptically
contoured models.

e  Explicit formulas for a general class of independent probabilistic samples derived
from the Kotz distribution.

e  Explicit formulas for the general class of dependent probabilistic samples based on
the Pearson Type VII distribution.

. Exact formulas for comparing criteria among AIC, BIC, HQC, BIC*, and CAIC.

*  Exact formulas for general transition numbers among the following criteria: AIC, BIC,
HQC, BIC*, and CAIC.

*  New general setting for comparison of criterions using difference evidence, applied to
AIC, BIC, HQC, BIC*, and CAIC.

*  Heuristic approach for comparing two non-nested models.

* A computational comparison between worldwide commercial software for a particular
model in the independence case and the algorithms developed from the general
theorems here derived.

e Full detailed examples for micro and macro economic sectors include Gillette and
SP&500 returns, as well as Gross Domestic Product.

*  Proposition of a heuristic method for computational calibration based on the proba-
bilistic convergence of the Pearson type VII model to Gaussian law.
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