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Abstract: Fast and reliable ambiguity resolution (AR) has been a continuing challenge for real-time
precise positioning based on dual-frequency Global Navigation Satellite Systems (GNSS) carrier phase
observation. New GNSS systems (i.e., GPS modernization, BDS (BeiDou Navigation Satellite System),
GLONASS (Global Navigation Satellite System), and Galileo) will provide multiple-frequency signals.
The GNSS multiple-constellation and multiple-frequency signals are expected to bring great benefits
to AR. A new GNSS single-epoch AR method for a short-range baseline based on triple-frequency
signals is developed in this study. Different from most GNSS multiple-constellation AR methods, this
technique takes advantage of the triple-frequency signals and robust estimation as much as possible.
In this technique, the double difference (DD) AR of the triple-frequency observations is achieved
in the first step. Second, the triple-frequency carrier phase observations with fixed ambiguities
are used with the dual-frequency carrier phase observations to estimate their ambiguity. Finally,
to realize reliable GNSS single-epoch AR, robust estimation is involved. The performance of the
new technique is examined using 24 hours of GPS/GLONASS/BDS observation collected from a
short-range baseline. The results show that single-epoch AR of the GNSS signals can be realized
using this new technique. Moreover, the AR of BDS Geostationary Earth Orbit (GEO) satellites’
observations is easier than are those of the Medium Earth Orbit (MEO) and Inclined Geosynchronous
Satellite Orbit (IGSO) satellites’ observations.

Keywords: GNSS; ambiguity resolution; single-epoch; multiple-constellation; triple-frequency signal;
short-range baseline

1. Introduction

Centimetre-level accuracy positioning can be achieved using the Global Navigation Satellite
Systems (GNSS) carrier phase observation, which has been used in military and civilian fields [1–3].
To satisfy centimetre-level accuracy positioning requirements, the carrier Network Real-Time Kinematic
(NRTK) positioning technology technique is commonly used. One key issue of the carrier phase-based
real-time positioning technique is to fix the ambiguity On The Fly (OTF) [4]. Generally, the goal of
OTF AR (ambiguity resolution) is to resolve ambiguities both correctly and as quickly as possible
in terms of both the time span of observations and the computation time. OTF AR requires good
station–satellite geometry and a low level of observation errors and biases. Moreover, it requires a fast
and reliable algorithm. Over the past several decades, numerous AR algorithms have been developed.
The most famous ones are the least-squares ambiguity search technique (LSAST) [5], the fast AR
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approach (FARA) [6], the fast ambiguity search filter (FASF) [7] and the least-squares ambiguity
decorrelation adjustment method (LAMBDA) [8,9]. LAMBDA is currently a popular method both
theoretically and practically among the ambiguity determination methods; it significantly reduces
the computational complexity of the ambiguity search stage and has promoted the development
of RTK in the 20th century. Precise point positioning (PPP) [10] is another popular technique for
precise positioning based on carrier phase observation. However, approximately 15 min is needed
to achieve reliable integer ambiguity solutions. To take advantage of both PPP and NRTK, several
methods have been developed to improve the performance of PPP services in specific areas by using
regional reference networks [11–13]. To achieve instantaneous ambiguity resolution, a new strategy
was proposed [14]. In the proposed method, precise zero-differenced atmospheric delays are derived
from the PPP fixed solution of the reference stations, which are disseminated to and interpolated at user
stations to correct for L1 or L2 phase observations or their combination. With the corrected observations,
instantaneous ambiguity resolution can be achieved, thus achieving the position solutions equivalent
to the network RTK.

With the development of GPS, BDS, GLONASS and Galileo, GNSS is entering a new era. GNSS
multiple-constellation and multiple-frequency signals will bring both opportunities and challenges to
the fast AR. Most research [15,16] has shown that the initialization and the centimetre-level position
can be obtained in a very short time by using multiple-frequency observations. Li [17] clearly showed
that the fusion of multiple GNSS significantly increases the number of observed satellites, optimizes
the spatial observation geometry at a site, and improves the convergence, accuracy, continuity and
reliability of positioning. In detail, the addition of the BDS, Galileo and GLONASS systems to
the standard GPS-only processing reduces the convergence time by almost 70% and improves the
positioning accuracy by approximately 25%. Research also shows that the GLONASS and BDS have
the potential capability for real-time atmospheric parameter retrieval for time-critical meteorological
applications as GPS does, and that the combination of multi-GNSS observations can improve the
performance of a single-system solution in meteorological applications, with higher accuracy and
robustness [18].

Three/Multiple-Carrier AR (TCAR/MCAR) [16] and Cascading Integer Resolution (CIR) [19] are
the typical three/multiple-carrier AR methods. Both TCAR and CIR use the same geometry-free model
to fix the ambiguities with a three- or four-step rounding procedure that is biased by the residual
ionospheric delay. Following this study, a large amount of work has been carried out regarding
triple-frequency AR using the TCAR/CIR or modified TCAR/CIR methods. Feng and Li [20] used both
a geometry-based and geometry-free TCAR model to process the ambiguity resolution. A geometry-
and ionosphere-free distance-independent reliable TCAR method was proposed in 2010 by Li et al. [21];
it was free of both ionospheric effects and geometric terms. Ji et al. [22] presented an improved CAR
method that includes the advantages of both integer least-squares (ILS) and CAR. Geng and Bock [23]
proposed a method where the incoming triple-frequency GPS signals are exploited to enable rapid
convergences to ambiguity-fixed solutions in real-time precise point positioning (PPP). Tang et al. [24]
proposed a modified stepwise AR method based on the TCAR and evaluated its performance using real
BDS data. The LAMBDA method’s application to the multi-frequency AR problem has been studied
extensively by a number of research groups [24–26]. LAMBDA can be applied to either multi-frequency
geometry-free cases or multi-frequency geometry-based cases. The algorithms mentioned above can
all be used for the AR of multi-constellation and multi-frequency signals. However, most of the AR
algorithms mentioned above simply combine different systems together without bringing every single
system’s superiority into full play. In this paper, we focus on this issue.

This paper focuses on fixing the ambiguity of GNSS carrier phase observation based on the
triple-frequency signals in real time. The mathematical model applied in this study is introduced in
the second section. Section three introduces the new GNSS single-epoch AR method. The performance
of this method is tested based on GNSS observation; the test results are shown in Section 4. Finally,
there is a conclusion.
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2. Mathematical Model

GPS, BDS and Galileo signals are code division multiple access (CDMA) signals. Ignoring
the multipath, their double difference (DD) pseudo-range and carrier phase measurements can be
formulated as [27]

∇∆Pi = ∇∆ρ + ∇∆
K
f 2
i
+ ∇∆T + ∇∆εi,P (1)

∇∆λiφi = ∇∆ρ + λi∇∆Ni − ∇∆
K
f 2
i
+ ∇∆T + ∇∆εi,φ (2)

where ∇∆—DD operator;

i—the i-th frequency, e.g., GPS L1, L2 or L5;
f —frequency (Hz);
P—pseudo-range measurements (meter);
φ—carrier phase measurements (cycle);
λ—wavelength (meter);
ρ—geometric distance from satellite to receiver (meter);
N—carrier phase ambiguity;
K—the parameter of the first-order ionospheric delay, K = 40.28 TEC; TEC represents the Total
Electron Content;
T—tropospheric delay (meter);
εi,P , εi,φ—measurement noise of pseudo range and carrier phase, respectively.

In contrast to GPS/BDS/Galileo, GLONASS uses frequency division multiplexing
(FDMA—frequency division multiple access) to make the signals from individual satellites
distinguishable. Because of FDMA, GLONASS carrier phase and pseudo-range observations suffer
from inter-channel biases (ICBs). The effects of receiver ICBs are different from channel to channel
of the same receiver and cannot be eliminated by the basic DD technique [28]. Additionally, receiver
ICBs in code and carrier phase measurements are different. However, the GLONASS AR process is
more complicated compared to GPS because of the FDMA signal structure. At least one GLONASS
satellite participates in the DD observation, the wavelengths are no longer identical, and Equation (2)
can no longer be simplified in this way without losing the integer characteristic of the ambiguity terms.
Therefore, single difference terms remain in the DD observation equation. Forming DD carrier phase
observations between users and satellites i and j, the GLONASS observation equation becomes

∇∆Pi = ∇∆ρ + ∇∆
K
f 2
i
+ ∇∆T +∇∆di,P + ∇∆εi,P (3)

φi = ∇∆ρ + λ
j
i∇∆N +

(
λ

j
i − λr

i

)
∆Nr − ∇∆

K
f 2
i
+ ∇∆T +∇∆di,Φ +∇∆εi,Φ (4)

In the equations, ∆—Single difference operator—ICBs for two receivers on adjacent GLONASS
pseudo-range and carrier phase observation (meter).

The majority of studies reveal that receivers of the same type have almost the same ICBs.
As a consequence, ICBs can be eliminated by a single difference between satellites [28]. However, ICBs
should be calibrated before the AR of GLONASS for the relative positioning with different types of
receivers [29].

In this study, we focus only on the short-range baseline, and most of the ionospheric delay and the
tropospheric delay can be eliminated by DD. Consequently, Equations (1) and (2) can be rewritten as

∇∆Pi = ∇∆ρ +∇∆εi,P (5)
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∇∆λiφi = ∇∆ρ + λi∇∆Ni +∇∆εi,φ (6)

The general form of the linear observation equation on GNSS carrier phase observations can be
re-expressed as [3]

AX + BN + ε = L (7)

where L denotes the DD observation vector, N is the DD carrier phase integer ambiguity vector
(N ∈ Zn), X is the vector of other unknown parameters (including position coordinates), ε is the
random errors, and the matrices A and B are the corresponding design matrices. Note that we only
use the carrier phase observation to estimate the float solution of the rover in this paper. The detailed
methodology will be introduced in the next section.

The solution of Equation (7) can be obtained by minimizing Equation (8):

min||L− BN − AX||2QL
, N ∈ Zn, X ∈ Rn (8)

where ||∗||2QL
= (∗)TQL

−1(∗) and QL is the variance–covariance (VC) matrix of observation vector L.
In general, the fixed solution can be divided into three steps. In the first step, the integer constraints

on the ambiguities are simply ignored. The unconstrained least-squares solution is referred to as the
float solution of N̂, X̂ and the corresponding variance–covariance matrix, as follows[

N̂
X̂

]
,

[
QN̂ QN̂X̂

QX̂N̂ QX̂

]
(9)

In the second step, the integer ambiguity estimation N̆ is computed from the “float” ambiguity,
subject to min|

∣∣N̂ − N̆
∣∣|2QN̂

. This can be efficiently done using the LAMBDA method. Finally, a fixed
solution is obtained by

X̆ = X̂−QX̂N̂QN̂
−1(N̂ − N̆

)
(10)

3. GNSS Single-Epoch Ambiguity Resolution

Single-epoch AR has been a continuing challenge for GNSS dual-frequency bands, even under a
short-range baseline. Fortunately, triple- or even multiple-frequency signals form an extra-wide-lane
and wide-lane combination, the ambiguities of which can be fixed much more easily based on the
relatively large wavelength. BDS is currently a unique system that provides triple-frequency signals.
However, the visible BDS satellites may be not sufficient to estimate the position of the rover in a
high-rise-intensive city. Another situation would be that the geometry of the visible triple-frequency
satellites constellation may be not sufficiently strong to obtain a precise position. For instance, if all of
the visible BDS satellites were the GEO satellites, the constellation geometry would be too weak to
compute a precision position. To fix the ambiguities of GNSS signals and provide a positioning and
navigation service for the rover in a short time, a new single-epoch GNSS AR method for a short-range
baseline based on triple-frequency signals is developed in this study. The theory and steps of this
method are (Figure 1) as follows:

Step 1. As the first operational system with triple-frequency bands, the ambiguities of BDS
signals can be fixed faster than the other GNSS signals. In the first step, we fix the ambiguities of BDS
EWL(Extra Wide Lane) and B1 signals; the detailed methodology is introduced in Section 3.1.

Step 2. After the ambiguities of the BDS signals, we estimate the float solution by using the BDS
carrier phase (B1) observation with fixed ambiguity and other satellites’ carrier phase observation (L1).
This step is discussed in detail in Section 3.2.

Step 3. Finally, to realize reliable AR for the GNSS carrier phase observation, robust estimation is
involved (Section 3.3).
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Figure 1. Structure of the new single-epoch Global Navigation Satellite Systems ambiguity resolution 
(GNSS AR) method for a short-range baseline based on triple-frequency signals. 
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Figure 1. Structure of the new single-epoch Global Navigation Satellite Systems ambiguity resolution
(GNSS AR) method for a short-range baseline based on triple-frequency signals.

3.1. Ambiguity Resolution of BDS Triple-Frequency Signals

Supposing that there are three carrier phase frequencies f1, f2, f3, the general form of linear
observation equations for the GNSS pseudo-range and carrier phase observation combination can
be expressed as Equations (11) and (12) (unit: metre). Although most of the atmospheric effects in
the code and carrier phase observation can be cancelled by DD, the linear combination may increase
these effects. Thus, the tropospheric delay and the ionospheric delay still exist in the observation
combination equation below.

∇∆φ(i,j,k) = ∇∆ρ +∇∆T − β(i,j,k)
∇∆K

f 2
1
− λ(i,j,k)∇∆N(i,j,k) +∇∆εΦ(i,j,k)

(11)

∇∆P(m,n,l) = (m + n + l)(∇∆ρ +∇∆T) + β(m,n,l)
∇∆K

f 2
1

+∇∆εP(m,n,l)
(12)

where
∇∆φ(i,j,k) =

i· f1·∇∆Φ1 + j· f2·∇∆Φ2 + k· f3·∇∆Φ3

i· f1 + j· f2 + k· f3
(13)

∇∆P(m,n,l) = m∇∆P1 + n∇∆P2 + l∇∆P3 (14)

where ∇∆Φ(i,j,k) and ∇∆P(m,n,l) are the DD carrier phase and pseudo-range observation combination
in metres, respectively. i, j, k are the combination coefficients, which are integers. m, n, l are the
corresponding combination coefficients, which are real numbers. The corresponding ambiguity, virtual
frequency and wavelength of the combination is

∇∆N(i,j,k) = i·∇∆N1 + j·∇∆N2 + k·∇∆N3 (15)

f(i,j,k) = i· f1 + j· f2 + k· f3 (16)
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λ(i,j,k) =
c

f(i,j,k)
=

λ1λ2λ3

i·λ2λ3 + j·λ1λ3 + k·λ1λ2
(17)

c denotes the speed of light. λi and Ni indicate the wavelength and ambiguities of each carrier phase
observation.

The combined ionospheric delay factor is

β(i,j,k) =
f 2
1

(
i
f1
+ j

f2
+ k

f3

)
f(i,j,k)

(18)

The DD combination observation noise is

∇∆εΦ(i,j,k)
=

i· f1∇∆εΦ1 + j· f2∇∆εΦ2 + k· f3∇∆εΦ3

f(i,j,k)
(19)

Due to the large wavelength, the ambiguity of the extra-wide lane of ∇∆N(0,1,−1), ∇∆N(1,4,−5)
can be fixed using (take the extra-wide lane of BDS as an example)

∇∆N(0,1,−1) =

[
∇∆P(0,1,−1) −∇∆Φ(0,1,−1)

λ(0,1,−1)

]
(20)

∇∆N(1,4,−5) =

[
∇∆P(1,0,0) −∇∆Φ(1,4,−5)

λ(1,4,−5)

]
(21)

where [] represents the rounding-off operator.
The standard deviation of the estimated ambiguities should be

σ∆∇N(0,1,−1)
=

1
λ(0,1,−1)

√
σ2

∆∇P2
+ σ2

∆∇P3
+ σ2

∆∇Φ2
+ σ2

∆∇Φ3
(22)

σ∆∇N(1,4,−5)
=

1
λ(1,4,−5)

√
σ2

∆∇P1
+ σ2

∆∇Φ1
+ 42σ2

∆∇Φ2
+ 52σ2

∆∇Φ3
+ (0.3479 · ∆∇I)2 (23)

Assuming that the triple-frequency code and carrier phase observations have the same standard
deviations (STD),

σ∇∆φ = σ∇∆φ1 = σ∇∆φ2 = σ∇∆φ3 = 0.01 m (24)

σ∇∆P1 = σ∇∆P2 = σ∇∆P3 = σ∇∆P = 0.5 m (25)

Under the circumstances of a short-range baseline, we can set the DD ionospheric error (∆∇I
in Equation (23) to be 10 cm [30]. According to the error propagation, the standard deviation of the
estimated ambiguity is 0.148 cycle and 0.172 cycle, respectively. Consequently, relatively reliable
ambiguities of the extra-wide lanes can be fixed using the rounding method in a single epoch.

After the AR of the extra-wide lane, we can use ∇∆Φ(0,1,−1) and ∇∆Φ(1,0,0) to fix the ambiguity
∇∆N(1,0,0). However, this combination amplifies the observation noise and the ionospheric delay
residual, which will significantly affect the ambiguity resolution. To overcome these issues, we chose
∇∆Φ(1,−1,0); its ambiguity can be calculated as ∇∆N(1,−1,0) = −5∇∆N(0,1,−1) +∇∆N(1,4,−5). Thus,
we have ∇∆φ(1,−1,0) = ∆∇ρ + ∆∇δtrop − β(1,−1,0)

∆∇K
f 2
1
− λ(1,−1,0)∆∇N(1,−1,0) + ∆∇εφ(1,−1,0)

∇∆φ(1,0,0) = ∆∇ρ + ∆∇δtrop − β(1,0,0)
∆∇K

f 2
1
− λ(1,0,0)∆∇N(1,0,0) + ∆∇εφ(1,0,0)

(26)
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Then, the ambiguity can be expressed as

∇∆N(1,0,0) =
∇∆Φ(1,−1,0) −∇∆Φ(1,0,0) + λ(1,−1,0)∇∆N(1,−1,0)

λ(1,0,0)
(27)

where ∇∆φ(1,−1,0) and ∇∆φ(1,0,0) are the DD carrier phase observation of the two wide-lane
combinations in metres, ∆∇δtrop is the DD tropospheric delay, ∆∇K

f 2
1

is the ionospheric delay, and

β, λ, ∆∇N, and ∆∇ε are the mapping function, wavelength, DD ambiguity and the observation noise
of the two wide-lane combinations, respectively.

In this combination, the standard deviation of the estimated ambiguity is only 0.209 cycle. Thus,
the success rate of the AR of ∇∆Φ(1,0,0) is also very high in theory.

3.2. GNSS Ambiguity Resolution under the Constraint of BDS Triple-Frequency Observation

Now, we classify the ambiguities of GNSS observation into two categories. One is the ambiguity
(∇∆Ne) of the BDS three-frequency signal, which was resolved in the last section. The other is the
ambiguity (∇∆Nh) of the other GNSS satellites’ double-frequency observation, which is relatively
difficult to resolve. The error equation of the GNSS observation can be expressed as follows:(

V1

V2

)
=

(
A1 O
A2 C2

)(
X′

∇∆Nh

)
−
(

L1 − C1∇∆Ne

L2

)
(28)

V1, V2 are the residual of BDS and the GNSS observations, respectively. X′ is the vector of unknown
parameters of the coordinate. ∇∆Ne and ∇∆Nh are the ambiguities of the BDS B1 observation and
the other GNSS L1 observations. L1, L2 are the carrier phase observation of BDS (B1) and the GNSS
observations (L1), respectively. A1, A2 and C1, C2 are the corresponding coefficient matrices. Generally,
Equation (28) can be simplified to

Vk = AkXk − Lk (29)

where Vk is the matrix of observation residuals and Ak is the coefficient matrix of the parameters. Then,
the least-squares solution is

X̂k =
(

AT
k PAK

)−1
AT

k PLk (30)

In Equation (28), we involve the ambiguity of BDS, which can be fixed more easily than that of
GNSS dual-frequency signals. Then, the first part of this equation is free from the effect of ambiguity,
which is a restriction of this model and will increase the efficiency of the AR of the GNSS carrier
phase observation.

3.3. GNSS Single-Epoch Ambiguity Resolution Based on Robust Estimation

The algorithm mentioned above can yield the GNSS single-epoch AR over a short-range baseline.
However, the AR success rate of BDS carrier phase observation is not 100%. The mis-fixing ambiguity
will certainly bring an error to the tropospheric delay used to restrict the GPS/GLONASS observation
equation. Moreover, it is difficult to avoid the effect of gross observational error on the data processing.
In this study, to overcome the issues mentioned above, a robust estimation is used. The effect of these
errors is rejected by using a reasonable weight.

According to the theory of robust estimation, the M estimation is

X̂kM =
(

AT
k PAK

)−1
AT

k PLk (31)
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where P represents the equal weight matrix. The common equal weight functions include the Huber
weight function, Hampel weight function and Tukey function. According to the experimental analysis,
we choose the IGG (Insitute of Geodesy and Geophysics) weight function [28]:

P =


Pi

Pi· k0
|Vi|

(k1−|Vi|)2

(k1−k0)
2

0

|Vi| < k0

k0 ≤ |Vi| < k1

k1 ≤ |Vi|
(32)

In this stage, two key issues need to be solved [31]. The first is the definition of k0 and k1;
the second is the choice of weight. Generally, k0 and k1are set as constant, e.g., k0 ∈ [1.0 ∼ 1.5],
k1 ∈ [3.0 ∼ 8.0]. If we consider the robust equation of both the parameter matrix and the observation
space, the mean value of the number of redundant observations is

√
(n−m)/n; n and m are the

numbers of observations and parameters, respectively. As a result, the value of k0 and k1 should be
k0 = k0

′·k and k1 = k1
′·k, where k0

′ ∈ [1.0 ∼ 1.5], k1
′ ∈ [3.0 ∼ 8.0], and k =

√
n/(n−m). These

initiatives make the selection of k0 and k1 vary with different n and m, increasing the flexibility of the
robust estimation. Generally, the estimation of Equation (32) usually involves the iterative method; the
iterative solution of step t + 1 should be

X̂kM
t+1

= (AT
k Pt AK)

−1
AT

k PtLk (33)

4. Experiments and Discussion

To test the performance of the new GNSS single-epoch AR method, GPS/GLONASS/BDS real
data of two stations (Sta1 and Sta2) for 24 hours on 3 March 2014, were collected. The length of
the baseline between the stations was 9.5 m. The observation interval was 30 seconds. Moreover,
the position of the two stations is exactly known. In this section, we first fix the ambiguity of the
BDS triple-frequency signals and then realize the AR of GPS/GLONASS signals using the method
proposed in this paper. Figure 2 shows the number of visible satellites of BDS and GPS/GLONASS.
From Figure 2, we can see that there are 8–14 BDS visible satellites in the experimental period. For the
GPS and GLONASS combined system, over 14 satellites can be used in the data processing.
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Figure 2. Number of visible satellites of BDS/GPS/GLONASS.

4.1. Ambiguity Resolution of BDS Triple-Frequency Signals

Due to the large wavelength, we can fix the ambiguity of the extra-wide-lane combination easily.
In this study, the ambiguity of the BDS DD carrier phase observation is fixed based on Equation (25).
Generally, the estimated ambiguity is more reliable when the difference between the float ambiguity
and the integer is smaller. Figure 3 shows the distribution of the difference (DF) between float
ambiguity and the integer of Geostationary Earth Orbit (GEO), Inclined Geosynchronous Satellite
Orbit (IGSO) and Medium Earth Orbit (MEO) satellite observation. From this figure, we can see that
more than 98% of the DF of the GEO satellites floats in the range of −0.2 to −0.1 cycles. Consequently,
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using the rounding method to fix the ambiguity of GEO observation is reliable enough. For IGSO and
MEO satellites, the DF mainly varies around ±0.3. However, some DF reach approximately 0.5 cycles.
On this occasion, using the rounding method will result in mis-fixing. The reliability of the ambiguity
resolution will be relatively low.

Generally, the difference between the float ambiguity and the integer is decided by the ionospheric
delay and the noise of the DD carrier phase observation. This difference of GEOs is smaller than that of
IGSOs, and MEOs mean that the noise of the GEO carrier phase observation is smaller than that of the
other kinds of satellites. Similar results are also shown in the paper [32], revealing that the amplitudes
of the ionosphere-free and geometry-free time series of GEOs is smaller than that of IGSOs’ and MEOs’
carrier phase measurement.
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To verify the ambiguity at each epoch, we put the ambiguity into the DD ionosphere-free
combination and simplify it as

V = AX̂− L (34)

The unknown parameter X̂ here includes the correction of the unknown coordinates δx, δy, δz,
the zenith tropospheric delay, and the ambiguity. Based on the least-square estimation, we can measure
the accuracy of the unknown parameter with the mean square error σ (Equation (34)).

σ = ±

√
[vv]
n− t

(35)

In this equation, n represents the number of observations at each epoch, and t is the necessary
number of observations. Figure 4 shows the variation of the absolute value of the mean square error at
each epoch. The measurement noise of the ionosphere-free combination contributes most of the error
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in Equation (34). In general, the carrier-phase measurement noise is ±2 mm. According to the law of
error propagation, the measurement noise of the ionosphere-free combination should be ±1.2 mm,
and the limit error should be 3.8 mm (3 times sigma). From Figure 4, we can see that the mean square
error of some epochs is beyond 10 mm and the maximum reaches 53 mm. It is obvious that the integer
AR at these epochs is wrong. The main reasons are that (1) the mis-fixing in the AR of the extra-wide
lane and (2) the measurement noise and the ionospheric delay residual affect the AR of the BDS carrier
phase observation.

ISPRS Int. J. Geo-Inf. 2017, 6, 46  9 of 13 

 

(c)

Figure 3. Variation of distribution of the difference (DF) of three kinds of BDS satellites. GEO = 
Geostationary Earth Orbit; IGSO = Inclined Geosynchronous Satellite Orbit; MEO = Medium Earth 
Orbit. (a) GEO; (b) IGSO; (c) MEO. 

To verify the ambiguity at each epoch, we put the ambiguity into the DD ionosphere-free 
combination and simplify it as ܸ = ܣ ෠ܺ −  (34) ܮ

The unknown parameter ෠ܺ here includes the correction of the unknown coordinates δݔ,	δݕ,	δݖ, 
the zenith tropospheric delay, and the ambiguity. Based on the least-square estimation, we can 
measure the accuracy of the unknown parameter with the mean square error σ (Equation (34)). 

σ= ±ට[௩௩]௡ି௧ (35) 

In this equation, ݊ represents the number of observations at each epoch, and ݐ is the necessary 
number of observations. Figure 4 shows the variation of the absolute value of the mean square error 
at each epoch. The measurement noise of the ionosphere-free combination contributes most of the 
error in Equation (34). In general, the carrier-phase measurement noise is ±2 mm. According to the 
law of error propagation, the measurement noise of the ionosphere-free combination should be ±1.2 
mm, and the limit error should be 3.8 mm (3 times sigma). From Figure 3, we can see that the mean 
square error of some epochs is beyond 10 mm and the maximum reaches 53 mm. It is obvious that 
the integer AR at these epochs is wrong. The main reasons are that (1) the mis-fixing in the AR of the 
extra-wide lane and (2) the measurement noise and the ionospheric delay residual affect the AR of 
the BDS carrier phase observation. 

 
Figure 4. Variation of the absolute value of mean square error. 

4.2. Ambiguity Resolution of GPS/GLONASS Signals  

In this section, we fix the ambiguity of the GPS/GLONASS signals based on the BDS 
triple-frequency carrier phase observation with known ambiguity. To test the performance of the 

0 500 1000 1500 2000 2500 3000
-0.5
-0.4
-0.3
-0.2
-0.1

0
0.1
0.2
0.3
0.4
0.5

epoch

cy
cl

es

0 500 1000 1500 2000 2500 3000
0

0.01

0.02

0.03

0.04

0.05

0.06

epoch(s)

m
ea

n 
sq

ua
re

 e
rro

r(m
)

error

Figure 4. Variation of the absolute value of mean square error.

4.2. Ambiguity Resolution of GPS/GLONASS Signals

In this section, we fix the ambiguity of the GPS/GLONASS signals based on the BDS
triple-frequency carrier phase observation with known ambiguity. To test the performance of the new
method proposed in this study, we process the data using three schemes. The first one (S1) is using the
new method to obtain the position of the rover; the second (S2) involves the robust estimation; and the
third (S3) is the combined utilization of all instrument systems (GPS/GLONASS/BDS) with the three
steps mentioned in Section 2. Before the data processing, the cycle slips were detected and repaired.
In this section, we verify the ambiguity by comparing the estimated coordinate with the accurate
coordinate. The ambiguity-fix rate (AFR) [33] was applied to quantify the efficiency performance of
AR with the following definition:

AFR =
Number of epochs with ambiguity fixed to integer
Total number of epochs observed in the data sets

(36)

Figures 5–7 display the deviation of the coordinate in the N, E, and U directions of the first
two schemes. Figure a (Figures 5a, 6a and 7a) represents the result of least-squares estimation, and
Figure b (Figures 5b, 6b and 7b) indicates the result of the robust estimation. From these figures, we
can see that some epochs produce a big offset in three directions if we use the least-squares estimation
directly. Some of the deviations even reach 1 m. Referring to Figure 3, which shows the resolution of
BDS carrier-phase ambiguity, we find that the epochs with large coordinate deviation also have a large
BDS mean square error. Thus, the wrong BDS ambiguity will result in an offset of the GPS/GLONASS
AR model. Therefore, we can choose the BDS satellites with the correct ambiguity to restrict the
calculation of the GPS/GLONASS ambiguity. However, it is difficult to obtain 100% correct BDS
triple-frequency ambiguity due to measurement noise and other uncertain factors. To overcome these
issues, we use robust estimation in the second scheme. Figure b (Figures 5b, 6b and 7b) show that
the coordinate deviations in the N, E, and U directions are obviously smaller than those of Figure a
(Figures 5a, 6a and 7a). Based on the robust estimation, the weight of the observation with outliers or
mis-fixing ambiguities is reduced significantly and relatively high precise coordinates are obtained.
Table 1 describes the distribution of coordinate deviation; 100% coordinate deviations of the second
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scheme float in the range of ±5 cm. It can be considered that all of the GPS/GLONASS ambiguity is
resolved correctly.

Table 2 shows the AFR of S1 and S3. As shown in this table, we can fix the ambiguity in one epoch
by using the new method proposed in this paper. However, five epochs are needed to accomplish the
AR with S3.

There is one limitation of the method proposed in this paper. This method ignores the effect of
the ionospheric and tropospheric delay and is limited to the short-range baseline. In another paper,
we developed a new method to fix the ambiguity of GPS/BDS for a long-range baseline [26].
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Figure 6. Deviation of coordinate (East). (a) without robust estimation; (b) with robust estimation.
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Figure 7. Deviation of coordinate (Up). (a) without robust estimation; (b) with robust estimation.

Table 1. The distribution of coordinate deviation (%).

Without Robust Estimation With Robust Estimation

0–0.03 cm 0.03–0.05 cm >0.05 cm 0–0.03 cm 0.03–0.05 cm >0.05 cm

North 99.0 0.2 0.8 99.9 0.1 0
East 99.0 0.5 0.5 99.9 0.1 0
Up 98.2 0.6 1.2 99.4 0.6 0
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Table 2. Ambiguity-Fix Rate (AFR) of S1 and S3.

Time to Fix (epoch) S1 S3

1 100.00% 97.53%
2 99.41%
3 99.65%
4 99.69%
5 100.00%

5. Conclusions

The development of GPS, BDS, GLONASS and Galileo marks a new era for our GNSS community.
How to take advantage of multiple-frequency and multiple-constellation signals to improve the
availability, reliability and accuracy of GNSS navigation and positioning service has become a research
focus. This study focuses on the research of taking full advantage of every system and improving the
efficiency of ambiguity resolution. A new single-epoch GNSS AR method for a short-range baseline
based on triple-frequency signals is developed in this study. To test the performance of the new
technique, real GPS/GLONASS/BDS data are processed. From the discussions above, we can obtain
the conclusions below:

(1) Triple- or multiple–frequency signals can form an EWL and WL(Wide Lane) linear combination;
their ambiguities can be fixed much more easily. The test results show that the AR of the GEOs’
observation is more reliable than that of the MEO and IGSOs’ observation by rounding the float
ambiguities to integers.

(2) Using BDS carrier phase observation with known ambiguity to compute the prior information
will not only enhance the dependability of the GNSS observation equation but also significantly
increase the efficiency of the AR of GNSS double-frequency signals.

(3) Least squares with robust estimation can effectively resist the effect of the residual from the
mis-fixing BDS ambiguity.

In conclusion, the new method can realize single-epoch GNSS AR for a short-range baseline based
on triple-frequency signals.

This method is based on triple-frequency signals. Note that 20 BDS satellites are currently in
operation: 6 GEOs, 8 IGSOs and 6 MEOs. The full constellation is scheduled to comprise 35 satellites.
According to its overall planning schedule, a BDS Navigation Satellite System with global coverage
will be in place by 2020. Consequently, customers in the Asia-Pacific region can use this method right
now, and it will be available for global users by 2020.
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