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Abstract: In robotics and automated manufacturing, motion functions for parts of machines need
to be designed. Many proposals for the shape of such functions can be found in the literature. Very
often, time efficiency is a major criterion for evaluating the suitability for a given task. If there are
higher precision requirements, the reduction in vibration also plays a major role. In this case, motion
functions should have a continuous jerk function but still be as fast as possible within the limits of
kinematic restrictions. The currently available motion designs all include assumptions that facilitate
the computation but are unnecessary and lead to slower functions. In this contribution, we drop
these assumptions and provide an algorithm for computing a jerk-continuous fifteen segment profile
with arbitrary initial and final velocities where given kinematic restrictions are met. We proceed by
going systematically through the design space using the concept of a varying intermediate velocity
and identify critical velocities and jerks where one has to switch models. The systematic approach
guarantees that all possible situations are covered. We implemented and validated the model using a
huge number of random configurations in Matlab, and we show that the algorithm is fast enough for
online trajectory generation. Examples illustrate the improvement in time efficiency compared to

heck f existing approaches for a wide range of configurations where the maximum velocity is not held over
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a period of time. We conclude that faster motion functions are possible at the price of an increase in
complexity, yet which is still manageable.
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Moving quickly from one motion state (position, velocity, acceleration, ... ) to another
one is essential for efficiency and quick reactions to unforeseen events in robotics as well as
in other areas such as automated manufacturing machines [1-3]. This has led to numerous
suggestions of motion functions that take into account restrictions on velocity, acceleration
and even higher-order derivatives [1]. The meanwhile classical approach using a “bang-
zero-bang” discontinuous acceleration profile, which switches from maximum to zero to
minimum constant values, turned out to be unsuitable in many cases, since it cannot be
realized by controllers and induces unwanted vibrations. Therefore, very often, motion
functions are required to have at least a continuous acceleration. An algorithm for comput-
ing such a function with piecewise constant jerk ("seven segment profile”) was presented
by the author in [4], where restrictions on velocity, acceleration, and jerk and boundary
conditions regarding velocity and acceleration can be prescribed. If there are stronger
requirements on vibration reduction (e.g., for restricting position errors), higher-order
continuity of the motion function has proven to be effective in experimental settings [5-12].
In this contribution, we present an algorithm for computing a jerk-continuous motion func-
Attribution (CC BY) license (https://  tion (as opposed to the piecewise-constant, discontinuous jerk function designed in [4]) in
creativecommons.org/licenses /by / one dimension, such that symmetric restrictions regarding velocity, acceleration, jerk, and
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conditions for position and velocity can be arbitrarily prescribed. We term this function as
“fast” because, at any time, for at least one of the kinematic restrictions, the maximum or
minimum is reached. Moreover, we show that the algorithm for computing this function
is fast enough for online trajectory generation where a computation should be performed
within a controller cycle [13,14].

Since the task of designing a fast motion function is so elementary, a considerable
number of research articles have appeared, particularly in the last two decades. This work
can roughly be organized into two classes: in the first one, the task has been formulated
as a restricted optimization problem, and algorithms from this field have been applied
(e.g., [15-25]). This approach has the advantage that other aspects such as position errors
regarding a given path or energy consumption can be easily included, and even a multi-
objective optimization can be performed [22]. Moreover, optimization approaches often
employ quintic spline functions, which guarantees continuity up to the snap function
(fourth derivative). Yet, for online trajectory generation, the optimization algorithms are
too slow. Only the contribution by Valente et al. [18] reports a sufficiently fast optimization
procedure, but their three-segment profile could also be computed directly and leaves much
space for improving on time efficiency. This leads to a second kind of approach, which con-
struct the motion function directly based on the given restrictions and boundary conditions.
For the subsequent literature overview, we restrict ourselves to those approaches which
design a jerk-continuous motion function where restrictions at least regarding velocity,
acceleration and jerk can be prescribed [11,12,26-34].

In order to provide a well-structured overview, we apply the following criteria in our
description: we first consider the kind of task regarding the boundary conditions of the
motion. In many tasks, point-to-point motions are to be designed (e.g., in pick-and-place
tasks) where initial and final velocities and accelerations are zero. These are also called
rest-to-rest motions and are abbreviated as RR in Table 1. In automated manufacturing, one
often has a situation where initial and final velocities are given and higher-order derivatives
are zero (cf. [17,35,36]), e.g., when a tool moves with constant velocity for performing a
certain task and then has to quickly move to another place to again perform a task with
constant velocity. Using an abbreviation from a guideline of the German Association of
Engineers [37], we term this task GG in Table 1 (for more information on the tasks, see [4]).
Note that the task GG comprises the task RR, since the velocities are allowed to be zero.
In robotics, there are also situations where the initial and final velocities and accelerations
are arbitrary, e.g., when one has to react to unforeseen events (see [13]). This kind of task
is abbreviated as BB in Table 1, where BB+ denotes that higher-order derivatives greater
than 2 can also be prescribed. Again, the task BB contains the task GG. As can be seen in
Table 1, most of the recent articles are restricted to RR, since this task can become already
quite complicated when a fast motion function using the limitations as far as possible is
required. The second criterion consists of the type of jerk function. Many of the designed
functions in Table 1 work with a fifteen-segment approach, which is the natural extension
of the seven-segment profile for motion functions with continuous acceleration. Some
authors [11,27,34] also allow more generally for 2" — 1 segments when restrictions up to
the n-th derivative are to be taken into account. Other approaches achieve smoother jerk
functions using trigonometric and zero pieces (having less discontinuities in the snap), but
this restricts the possibilities to stay at the maximum value for some period of time. The
next criterion is the continuity level of the motion function, i.e., up to which derivative
continuity is guaranteed. All functions considered in this summary are required to be at
least jerk-continuous, i.e., the continuity level must be at least 3. As can be seen from Table 1,
most of the reviewed articles guarantee just the minimum order of 3. In the functions
proposed by Lee and Choi [29] and Nguyen et al. [27] (part b), the snap is also continuous,
which, on the other hand, has the disadvantage of a slower motion. In the approach by Ezair
et al. [34], Nguyen et al. [27] (part a) and Biagiotti and Melchiorri [11,33], the continuity
order can be freely chosen (we denote this by adding a “+” in Table 1), but orders higher
than 3 lead to an increase in computational effort, which can make the suitability for online
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trajectory generation questionable. Fang et al. [30] propose the sigmoid function for going
from one constant segment to another one, where all derivatives are continuous. Again,
this leads to slower motion functions, as there is always a tradeoff between smoothness and
time efficiency. The next criterion is concerned with the kind of kinematic restrictions that
can be taken into account. As stated above, we only consider proposals where restrictions
on velocity, acceleration and jerk can be guaranteed. Only the designs that work with
fifteen segments using linear pieces (or the sigmoid function) also allow us to prescribe a
restriction on the snap. This way, it is possible to avoid jerk functions that are “theoretically”
continuous but have such a steep increase in jerk that the intended property of vibration
reduction is not achieved. In the proposals by Ezair et al. [34], Nguyen et al. [27] (part a)
and Biagiotti and Melchiorri [11], one can choose up to which derivative restrictions can be
described (denoted by a “+” in Table 1).

Table 1. Jerk-Continuous Motion Functions with Restrictions.

Author/Year Boundary Type of Jerk Continuity Kinematic Constant Additional
Conditions Function Level Restrictions Phases Assumptions
Lambrechts et al. RR Piecewise linear, 3 vaisn voai j =0 at max./min.
2005 [26] 15 segments ra) ra) velocity
Piecewise linear, . .
Nguyen et al. RR 15 segments or higher 3+ v, a,j,sn+ v, a,j,sn+ j=0at m'ax./mm.
2008 a [27] velocity +
order
Nguyen et al. Piecewise trigon. and . j =0 at max./min.
2008 b [27] RR zero, 7 segments 4 Vias) va velocity
j =0 at max./min.
Lee/Choi Piecewise trigon. and . velocity; sn = 0 at
2015 [29] RR zero, 7 segments 4 Vods] M max./min.
acceleration
j = 0 at max./min.
Fang et al. 2019 Piecewise sigmoid and . . velocity; sn = 0 at
RR 00 v,a,j,sn v,a,j,sn .
[30] constant, 15 segments max./min.
acceleration
Wang et al. 2019 3rd degree poly., constant, . .
[31] RR 3rd degree poly. 3 v, a,j v Umay 18 reached
Fang et al. 2020 Piecewise trigon. and . . j = 0 at max./min.
[12] RR constant, 15 segments 3 Va) Va) velocity
Wu et al. 2022 Piecewise trigon. and . . j=0 at. ma’."/“Tm‘
RR 3 v, a,j v,a,j velocity; juay is
[32] constant, 15 segments
reached
T - Piecewise linear, algorithms are
Blaglz(gig/?]/[f ]1 chiorri RR 15 segments or higher 3+ v,a,j,sn+ v,a,j,sn+ based on
order assumptions
Biagiotti . . . . .
/Melchiorri 2020 RR Piecewise trigon. and 34+ va,j+ va+ j=0at ma.x./ min.
[33] zero, 7 segments velocity
all maxi-
Biagiotti et al. G Piecewise linear, 3 vaisn v.ai sn mal/minimal
2008 [1] 15 segments ra) ) values are
reached
Fan et al. 2012 GG Piecewise linear, 3 vaisn v.aisn j =0 at max./min.
[28] 15 segments ra) P velocity
Own 2022 GG Piecewise linear, 3 v, a,j,sn v, a,j,sn none
15 segments
Ezair et al Piecewise linear, j = 0 at max./min
2015 [34] BB+ 15 segments or higher 3+ v,a,j,sn+ v,a,j,sn+ velocity +

order

The final two criteria deal with the question of whether the proposed shape or algo-

rithm affects the time optimality of the motion function. The first one states for which
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kinematic functions periods of constant maximum or minimum value are possible. If this
is not the case, the resulting functions are often sub-optimal because they do not take full
advantage of the given restrictions. Only the designs working with a piecewise linear
function with fifteen segments (or more) provide the possibility of having constant phases
for maximum/minimum velocity, acceleration, jerk and snap. If there are only three seg-
ments as in Wang et al. [31], only the velocity can be held at a constant extremal value.
Secondly, there are assumptions in nearly all proposals that are often implicit in the jerk
functions and are only seldom stated explicitly. Biagiotti and Melchiorri [1] point out that
the provided formulae are only valid when all extremal values (for v, a, j) are taken (this
requires a minimum distance to be travelled). In the function proposed by Fang et al. [29],
the extremal jerk must occur, which, again, is not necessary for small distances. All but
one of the approaches include an assumption that is recognized as making the function
potentially sub-optimal by Ezair et al. [34] and Biagiotti and Melchiorri [11]: they assume
that when the velocity reaches its extremum in the middle piece (in functions with fifteen
segments, this is segment eight), the jerk goes back to zero. This is only necessary when the
extremum is the maximum/minimum possible velocity, and this is held for a time period
of length greater than zero. If the distances to be travelled are not so large that this is the
case, then the assumption leads to an avoidable loss in time efficiency. In the approaches
by Fang et al. [30], Nguyen et al. [27] (part b) and Lee and Choi [29], additionally, the
shape of the function requires the snap to be zero when the extremum of the acceleration
is reached, which is also unnecessary. Moreover, this applies to higher-order derivatives
in Ezair et al. [34] and Nguyen et al. 2008 a [27]. The reason for making this assumption
is quite obvious: it leads to a mathematically better tractable problem with manageable
complexity. Only in the approach by Biagiotti and Melchiorri [19] (in the task RR) is a way
to remedy this problem suggested by staying at the maximum/minimum jerk level, but we
will give an example showing that, still, their algorithm includes assumptions that prevent
them from finding a time-optimal solution in several configurations.

The design presented in this contribution improves what can be found in the literature
in the following ways:

e  We design a jerk-continuous motion function with better time efficiency by avoiding
any additional assumption, particularly that the jerk must go down to zero at the
intermediate extremal velocity. This improves the currently available approaches
relating to the rest-to-rest (RR) task as well as the work on the GG task (arbitrary initial
and final velocities). Using randomly generated input data (restrictions, distance,
initial and final velocities), we demonstrate that there are a variety of different possible
configurations, and hence we show that the task has an inherent level of complexity
that cannot be sidestepped without staying sub-optimal in some situations. Therefore,
one cannot expect that simple algorithms will optimally cover all situations.

e  The algorithm presented in this contribution is also computationally efficient and
hence suitable for Online Trajectory Generation (OLG), which is needed to quickly
react to unforeseen events in human-robot interactions.

We do not term our approach “optimal” because we do not have mathematical proof
for this (for such kinds of proof see [28,34] where, for example, in [28] the proof is performed
by assuming that there is a motion function needing less time, which leads to a contradiction
based on a theorem from the field of differential equations; the proof depends on the
additional assumption that the jerk is zero at an intermediate velocity). Since, at any time,
at least one restriction is adopted, we term our function “fast”.

Our approach has two main areas of real-world application: first, to improve on time
efficiency and hence throughput in automated production and, at the same time, to control
vibrations and positioning errors by guaranteeing jerk continuity and restriction; secondly,
to allow for quick reaction in case of unforeseen events in robotics, particularly when
human interaction is involved and computing a new motion function must be performed
within a controller cycle (cf. [13,25]).
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The paper is structured as follows: Section 2 provides some basic concepts and
visualizations that guide our work, and we split the task into two major cases depending
on whether or not the maximum jerk can be reached before the maximum acceleration
(the distinction is already made in Fan et al. [28]). In Sections 3 and 4, the motion models
that can occur in cases I and II are stated, and criteria for switching between models are
investigated depending on the intermediate critical velocities and jerk values being reached.
In Section 5, we outline our algorithm for setting up the fifteen-segment profile by finding
the suitable model. We present our implementation in Matlab®, which we validated using
a huge number of randomly chosen tasks. Stability and time efficiency aspects important
for online trajectory generation are discussed. In Section 6, we compare our results with
those of Fan et al. [28], Ezair et al. [34] and Biagiotti and Melchiorri [11] by presenting
some numerical experiments in example configurations. Section 7 summarizes the results,
highlights the improvements and outlines directions of future work. All formulae and
algorithms needed to reproduce our work have been placed in the appendices.

2. Basic Concepts and Situations

This contribution is concerned with finding a fast jerk-continuous motion function
when the following six values are given: stuax, jmax, @max, Umax (each >0) such that
—SMpax < Sn(t) < Snmax/_jmux < ](t) < jmax;_ﬂmax < ﬂ(t) < Amax,—Omax < Z)(t) < Umax;
initial velocity: v4; final velocity: vg; distance: As (arbitrary real numbers). Initial and
final accelerations and jerks are assumed to be zero. Without loss of generality, we only
consider the case v4 < vE, since otherwise, we can simply change the positive direction
of the distance. We solved this task using a fifteen-segment profile, as shown in Figure 1,
for the rest-to-rest (RR) situation. Note that all fifteen segments are only needed when the
maximum and minimum jerk, acceleration and velocity values are taken for a time period
of length larger than zero.
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Figure 1. Fifteen-segment motion profile.

Broquere et al. [38] introduced the so-called velocity-acceleration plane to visual-
ize seven-segment motion functions. This visualization has proved to be very helpful
in [4] in order to systematically go through the space of all possible situations. In this
contribution, we proceed analogously, but the plane has more structure to it. Figure 2a
depicts the area of the plane within which a motion can be placed as a parametric curve
(v(t),a(t),t =0...tys). The boundary curve consists of pieces where the extremal values
of snap, jerk and acceleration, respectively, are taken. We apply the following color coding:
light blue, light green and light red denote the maximum values of snap, jerk and accelera-
tion, respectively. The “dark” versions of the colors denote the minimum values. In order
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to avoid over-coloring, we draw the boundary curve in black and only apply the color
coding for the parametric motion curves. This can be seen in Figure 2b, where an example
curve is displayed, which has only nine segments. Such a curve must run from left to right
through the upper half-plane and from right to left through the lower one. Note that the
parametric curves do not have any kinks, as is the case for only acceleration—continuous
motion functions with piecewise constant jerk, as considered in [4,38].

T T T - T
(maz [ / 7 Amar [ M

UE

max snap
min snap
max jerk
min jerk
max acc
min acc

Acceleration [mmlsz]
o
Acceleration [m m/sz]
(=)

“Omax [

“Cmar [

—u )
Uinaa 0 Vmaz

Velocity [mm/s]

—u !
Umag 0 Umaz

Velocity [mm/s]

(a) (b)

Figure 2. Velocity-acceleration plane. (a) Boundary curve; (b) parametric motion curve.

Asis conducted in [28], we distinguish between two major cases depending on whether
or not the maximum jerk is reached when applying the maximum and minimum snap
in order to get from acceleration zero to maximal acceleration. For the convenience of
the reader, we briefly summarize some of the results developed in [28]. The maximum
jerk is not reached (Case I) if and only if juax > /@max-SMmax holds. We term the other
case as Case Il in the sequel. We describe a point in the velocity—acceleration plane by a
triple (v, a, j), where the third “coordinate” provides the jerk value of the point (v,4). A
straightforward computation (cf. [28]) yields the time needed for going from (v 4,0, 0) to
(vE, 0, 0) in the velocity—acceleration plane by accelerating and decelerating as much as
possible (see Figure 3a), abbreviated as T(v 4, vg). The results need further sub-cases and
are given in Table 2.

/ ul /

Acceleration [mm/sz]

K
Acceleration [mm/sZ]
—~ |

~maz

“VUmaz 0 v,
Velocity [mm/s]

“Vmag 0 VUmaa
Velocity [mm/s]

(a) (b)

Figure 3. Parametric motion curves. (a) Going from (v4,0, 0) directly to (vg,0, 0); (b) going from
(v4,0, 0) to (v, 0, jm) and back to (vg,0, 0).
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Table 2. Results by Fan et al. [28].
Cases Additional Conditions Durations
Case I (juax not reached)
. . 3/2 -
Sub — Case : a4y is not reached VE — 0p < 25Mmax (sﬁ::f:x) T(va,vE) = 43/ Z:En”:::
. 3/2 T(va,vE) =
Sub — Case : s is reached vE — 0 > 25 (1) P e T S

Shmax Amax

Case II (jpax reached)

Sub — Case : a4y and juqy not reached

— 4.3/YEZYA
T('UA,ZJE) =4 \/ 2Ty

Vg — 04 < 25Myayx (s]ry,’::x )

. 3
Jmax
UE —0A 22571max<‘ )
Sttmax \/4(UE —0 )" jmax-SNmax®+jmax

Sub — Case : a4, not reached, jy,r reached _ jmax
’ ] and jmax a T(UA’ UE) T Shpax Tmax SMmax
U — VA < Amax (Sl”mnx + /LI{’Z;)
Sub — Case : a4 reached (hence j, — Jmax Amax _ jmax Amax | VE—UA
max ( ]mﬂX) YE vA Z Amax SNmax + Jmax T(UA’UE) SMmax + Jmax + Amax

Using the durations stated in Table 2, the distance for going directly from (v 4,0, 0) to
(vg,0, 0) can simply be computed as:

UA+UE~T

5 M)

S(va,vE) = (va,vE)

In [28], this consideration is actually sufficient, since it is assumed that when the
velocity reaches its extremal value v;,;, then the jerk goes back to zero, such that the overall
motion can be split up into two parts, from (v4,0, 0) to (v,,0, 0) and from (vy,,0, 0) to
(vg,0, 0). This is depicted in Figure 3b.

Our basic idea is also to work with an intermediate extremal velocity v,,, but we obtain
a shorter time (in cases where the maximum velocity is not taken for a non-zero period)
by allowing the jerk to be non-zero. We will provide an example in Section 6. We first
restrict ourselves to the situation where the required distance As is greater than or equal to
S(va,vE). For finding a suitable intermediate velocity, we let v, move from vE to vyay. We
choose the corresponding jerk value by finding the lowest (negative) value j,, such that it is
possible to get back from (vy,, 0, jm) to (vg,0, 0) using extremal snap. Figure 4a shows the
jerk function j(t) with three time intervals of lengths At1, Aty and Atz = At,. This function
must fulfill the two requirements: a(At; +2Aty) = 0 and v(At; + 2At;) = vg. Since the
snap is maximal on the first interval, we obtain

Jm

SNmax

Aty = — (2)

Aty

o

Time [s]

Aty

Aty Aty

Jerk [mm/s3]

Time [s]

Acceleration [m m/52]

a(Aty)

(a) (b)

Figure 4. Function for going back. (a) Jerk (b) Acceleration.
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From the first requirement, it follows that — % Jm Dt = SNy (Atz)z, and hence

_ )Y m
by = \/;snmux’ ®)

Now, we consider a(t), as shown in Figure 4b. Since for t < At;, we have
a(t) = jmt + %Snmuxtz, we obtain

a(Aty) = — L. I @)
YU stimar

Now, we consider v(t). For t < At;, we have v(t) = vy, + %]m 2+ %snmaxt?’, and hence

1. 1
v(At) = v + E]mAtlz + gsnmuxAtf. (5)

From the second requirement, we obtain vp = v(At; +2Aty) = v(Aty) + 3a(At1)-2At,.
By substituting according to Equations (2)—(5), we finally obtain

B 1 V2 i
UF = Uy + <3+4>‘Sn%mx (6)
. 3] 1281052 (0 — 0E)

= — 7
Jm \/ 4432 @)

From Equation (6), we can also easily compute the intermediate velocity v;, for which
i3
jm reaches juin = —jmax, whichis vg — (% + %) SJZ% Note that this might be larger than

max

Umax, but we neglect this for the moment. We now define the function vm2jm, which maps
Ui to the corresponding jerk value ji:

3/ 1281022 (U —VE) 1 V2 Bax
' — ¢ =rmax O TE) for vp < vy < vp — (5 + %)
om2jm(vy,) = 443v2 d S A St (8)

—jmaxforvm > UE — (%—F%)

:3
. _Jmax

2
SMinax

The main reasoning behind our method can be summarized as follows:

e In order to cover all possible distances larger than or equal to S(v4, vg), we let the
intermediate velocity and corresponding jerk (v, 0, jn) “flow” from (vg,0, 0) via
(U, 0, vm2jm(vm)) to (Vmax, 0, vM2jm(Vmax)) Where vm2jm(v,,) might become con-
stantly j,;, at some intermediate velocity. Then, we proceed further by going from
(Vmax, 0, vM2jm(Vmax)) t0 (Vmax, 0, 0). From there, one can achieve arbitrarily large
distances by moving constantly with v,,,,. Since in this “flow”, we make continu-
ous changes in v;; and j;, the covered distances also change continuously, and thus
we have full coverage of all distances > S(v4,vg). One can proceed in a similar
way by letting (v, 0, jim) run from (v4,0, 0) to (—vax,0,0), covering all distances
< S(va,vE)-

e In this “flow”, we identify the occurring jerk models and the switching points when
there is a model change. For this, we compute the so-called “critical” velocities and
jerks where extremal values of acceleration or jerk are reached.

e  For all velocity-jerk combinations where there is a model change, we compute the
distances reached such that we can determine which model must be applied for the
given distance. In that model, we then can compute the time periods of the segments
it consists of.

The subsequent Sections 3 and 4 describe the occurring models, the computation of
“critical” velocities and jerks as well as model sequences when traversing the velocity-
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acceleration plane. In Section 5, we describe how to compute the time periods in the
applicable model using a simple bisection method.

3. Models and Critical Velocities and Jerks in Case I

In Case I, jiqx is not reached when going from (v4,0, 0) to the maximal acceleration
where the jerk must be zero. The maximal possible jerk value occurs when starting at
a point with a = a,,;, and applying maximal snap until one reaches 2 = 0. A simple
computation yields the value v/2aax5%max. If jmax is larger than this value, we simply set
Jmax = V20maxSNmax.

We first assume As > S(v4, vg), and we neglect the restriction on maximal velocity. In
order to manage complexity, we split the task of finding suitable models into two parts:
going “forth” from (v 4,0, 0) to (v, 0, ju) and going “back” from (v, 0, jm) to (vg,0, 0).
Figure 5 shows possible jerk models for going “forth” using maximal, minimal or zero snap
(the notation “I.xf” refers to these models in Case I). The first four models are built using
the criteria of whether j,;, is or is not reached when going from the maximal acceleration
(of this function) down to acceleration zero, and a4y is or is not reached. Model I.1f depicts
the situation where j,,;;, and a4 are both not reached. Model 1.2f shows the motion going
“forth” when j,,;, is reached but a,,,x is not reached, whereas Model 1.3f is vice versa. In
Model 1.4f, both j,;;;, and a4y are reached. In both models I.2f and 1.4f where j,,;;, is reached,
jm > jmin still holds, which need not be the case. As in Model 1.2f, in Model L.5f j,,;,, is
reached and a4,y is still not reached, but now, j,; = ji,. Finally, in Model L6f, both j,,;;,
and a4y are reached (as in Model 1.4f), and j;; = jin- Note that Models 1.5f and 1.6f could
also be treated as special cases of Models 1.2f resp. 1.4f with At5 = 0 resp. Aty = 0. We
decided to set up separate models for two reasons: reaching certain limits (here j,;, = ;i)
is more recognizable by having a model change, and the models can then be simpler (see
the formulae in Table A1).

i i
Model L1 Model I.2f

Time [s] Time [s]

Jerk [mm/s’]
3
Jerk [mm/s’]

0 % a6 a0 a a Py A
(a) (b)
o
Model 1.3f Model |.4f
£ Time [s] £ Time [s]
0
= 0 v VS A5 A% A 5 AL At Af AL Aty Aty
5 H
e /]
(9 (d)
.
Model 1.5f Model 1.6f
% L
H Time [s] 2 Time [s]
% 0 A Aty Aty ‘At % Ky an An A A
3 E
~om
(e) ®)

Figure 5. Jerk models in Case I going forth. (a) jin, @max not reached; (b) j,i, reached, ayqx not
reached, jiu > juin; (€) jmin Not reached, ayx reached; (d) juin, Amax reached, jm > jiuins (€) jmin
reached, a4y not reached, ji = jumin; (£) jmin, Amax reached, jum = juin-
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Um =04+ Snmax(At1)3 + Snmax(Atl)zAtS - %Snmax(Atl)3 + (Snmax(At1>2 - %Snmax(At3)3)At4_

If one of these models is suitable for going from (v4,0, 0) to (v, 0, ju) (conditions
for this are investigated below), one has to compute the length of the time intervals At;
(I=1... 40r5or6). In order to have a simple notation in the subsequent computations,

1
we define the point in time t; (i = 1...#intervals) as t; = ), Aty. From the jerk models,

one can easily produce acceleration and velocity models usi;lg the initial values 0 and vy4,
respectively. We have three conditions that must be fulfilled (t,,,; denotes the sum of the
time intervals):

j(tend) = Jm, a(tend) =0, v(tend) = Um )

Further conditions originate from the special shape of the model functions: In all
models we have At; = Aty; additional equations can be set up when j,;;; Or a4y are reached.
It is easy to check that this results in a sufficient number of equations for computing the
time intervals. These equations lead either directly to formulae for the time intervals or to a
polynomial equation that has a time interval as one of its roots. We demonstrate this for
Model L.1f, where the equations to be fulfilled are the following:

Ai’l = Ai’z, U(i’4) = Om, ﬂ(i’4) = O, j(i’4) = ]m (10)

Froma(ty) = 0, we obtain (Atl)zsnmax = (At3)2snmax - %(At?, - At4)zsnmax, and hence

At = \/;(At3)2 + AtsAty — %(At4)2. (11)

From j(t4) = jm, it follows that

Aty = Aty + 1" (12)

Nmax

By integrating the jerk function twice and using v(t4) = vy, one obtains:

i 2,1 3 (13)
jsnmaxAt3(At4) + Z5Mmax (At4) .

By substituting At; and Aty in Equation (13) using Equations (11) and (12), we obtain
an equation where only At3 is unknown. This equation cannot be solved analytically, and
because of the square root in Equation (11), it is not a polynomial equation. Yet, using
algebraic transformations, it can be turned into a polynomial equation of degree 6, the solu-
tions of which have to be multiplied with s, 1. We used the Computer Algebra System
(CAS) Maple® for doing this. The coefficients of the polynomial are given in Appendix A
(Table A1, Model I.1f). Note that all solutions to the original Equation (13) are also solutions
to the transformed polynomial problem but not the other way around, such that it must be
checked which of the solutions solve the original problem. Nonetheless, by transforming
the problem into a polynomial one, stable polynomial solvers can be employed, which find
all roots such that one can avoid the problem of depending on suitable initial values in
order to find feasible solutions. This strategy has been pursued at several places in our
algorithms, and all resulting polynomials can be found in the appendices.

In all other models in Case I “going forth”, we similarly get the respective equations
but those can be solved directly where again a CAS is helpful. Sometimes, one obtains
more than one solution, but it is always possible to find among those the only one that
provides a real positive value. The results are shown in Table A1 (Appendix A).

Figure 6 depicts the possible models for going “back” from (vy,,0, ju) to (vg,0, 0).
Clearly, before (or at the same moment as) the acceleration goes down to a,,;,,, the jerk
jm reaches its minimal value j;,. Therefore, we have a simple sequence of the three
models I.1b, I.2b and 1.3b, as shown in Figure 6a—c when we proceed from (vg,0, 0) to
(Vmax, 0, vm2jm(vmqy)). Note that not all models must be present depending on the value
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of Uax. When we then proceed from (vax, 0, vm2jm(Vmax)) t0 (Umax, 0, 0), as described in
the previous section, one of the Models 1.4b to I.7b might occur (Figure 6d-g). Models 1.4b,
1.5b and 1.7b simply add a “front piece” starting at j,;, which goes up to zero. Model 1.6b is
needed, since when starting with Model I.7b and reducing j, it is possible that first, the
minimal jerk becomes larger than j,,;;, before the minimal acceleration becomes larger than
Ayin- Note that when reaching (vyqx, 0, 0), the model must be symmetric, since one starts
and ends with acceleration zero. Again, one could treat Models I.1b, 1.2b and 1.3b as special
cases of Models I.4b, 1.5b and 1.7b with At; = 0, but, for the same reasons as stated above,
for going forth, we treat them separately. From the jerk models, one can easily produce
acceleration and velocity models using the initial values 0 and v,,, respectively. We have
three conditions that must be fulfilled (¢,,,; denotes the sum of the time intervals):

j(0) = jm, altena) =0, v(tena) = vE (14)
Jina j
% & ]
€ Times] E ) Time [s]
E 0 E I . .
= Aty Aty Aty £ Aty Aty Aty Aty
H] K
Model 11b Model 1.2b
Jma Jma:
() (b)
dma J
% ) %
E o Time [8] H Times)
% Aty Aty Aty Aty Aty 5 0 |AL, Aty Aty Aty
3 E
Model 1.3b Model .4b
na J
(9 (d)
J ma
% ) %
£ A Time [s] E Time [s]
% At Aty At At 5 Aty Aty Aty Aty Aty
] 3
3 3
Mode 1.5b Model 1.6b
iz J
(e) ®)
i
&
2 .
€ Aty Time [s]
E 0 ;
= Aty Aty Aty Aty At
E

Model 1.7b

(®
Figure 6. Jerk models in Case I going back. (@) ju > jimin; (b) jm = jmin, Gmin not reached; (¢) jiu = jmin,
Ayin reached; (d) v = Umax, Jmin, Amin NOt reached; (€) v = Vmax, jmin reached, a,,;, not reached;
(f) Um = Umax, jmin Not reached, a,,;, reached; (8) Vi = Vmax, jmin, Amin reached.
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Further conditions originate from the special shape of the model functions: in all
models, the final two time intervals must have equal length. Moreover, in Models 1.2b,
1.3b, I.5b and 1.7b, there is an interval where the jerk goes from its minimum to zero. In
Models 1.3b, L.6b and 1.7b, the minimal acceleration is reached. Finally, there is a relation
between the start jerk j,; and the first two resp. three time intervals in Models 1.4b, I.6b
resp. 1.5b, L.7b (note that in Model 1.1b, v;, and j,; are related via Equation (8), upper part,
so the system of equations is not overdetermined). It is easy to check that this leads to a
sufficient number of conditions to determine the time intervals in all models going “back”.
The corresponding equations lead either directly to formulae for the time intervals or to a
polynomial equation of a degree of at most four, which has a time interval as one of its roots
(cf. the exemplary computation of time intervals for the “going forth” model 1.1f above).
We provide the respective expressions in Appendix A, Table A2.

Next, we address the question in which possible sequences the models occur when
(Um, 0, jm) runs from (vg, 0, 0) to (Vmax, 0, vm2jm(vmay)), as stated in the previous section.
For this, we investigate the values of v;, for which, in the going forth situation, the minimal
jerk reaches the value jyijy = —jmax (denoted by vyjmina), and the maximal acceleration
reaches the value a,,,x (denoted by v;,54x4)- In the sequel, we present the procedure for
which the algorithm can be found in Appendix B, Algorithm Al.

3/2
e If the inequality vg —v4 > anmax( Amax ) holds (cf. Table 1), then ay,, is al-

SMmax

ready reached for vy, = vg, so we have Vyguaxa = vp. In order to find vy jmina,
we set j(t4) = jmin in Model 1.3f. In the equations given for the time intervals in
Appendix A, Table A1, for this model, now, j,; is unknown, but the additional equa-

tion j(t4) = jiin allows us to compute this quantity: since Aty = s]];';%, Ats = %,

and a,,,c = % JmaxOts + WA@, we obtain the formula presented in line 3 for jy,.
The corresponding value for v;, can be determined using Equation (6). This gives
UmjminA, and we are done.

o  Otherwise, we consider Model I.1f and investigate the condition j(¢3) = jyiy, i-e.,
Aty = s],;”ﬁ Again, j, is an additional unknown. If v4 = vg, we have j; = jupin
because of symmetry. Otherwise, by substituting At; and Aty in Equation (13) using
Equations (11) and (12), we obtain an equation where, now, only j,; is unknown.
This equation can be transformed into a polynomial one of degree 6, the coeffi-
cients of which are given in line 8 of algorithm Al. We pick the real root for which
jmin < jm < 0 holds.

e  Next, we have to check whether j,;,, is really reached before a;,4y. For this, we compute

a(ty) in Model L.1f, which gives %, and we check whether a(f;) < g,y holds.
If that is the case, then jy;, is reached first, and we compute vina according to
Equation (6) (cf. line 14). Then, we set a(f;) = amqay in Model 1.2f. This leads to the
formula for j,; presented in line 15. If j,; > juin, then Model 1.2f was applicable, and
we obtain vy,,,,x4 according to Equation (6), as presented in line 17. Otherwise, we
have to apply Model L.5f (i.e., j, has already reached j;,), and we obtain ;4014
according to line 18.

e Otherwise (i.e., a(t2) > amax), Amax is reached first, and we have to set a(fz) = dyax
in Model I.1f. This additional equation allows us to compute j,, as the real root of
the polynomial of degree 4 presented in line 21, for which 0 > j;; > i, holds. Then,
again, we obtain v, 4 according to Equation (6), as given in line 23. By setting
j(ts) = jmin in Model 1.3f, we obtain the value for j,, when j,,;, is reached, and line 25
computes the corresponding value for vjyina-

The algorithm illustrates a strategy often pursued in this work: By going stepwise
through the available models one ends up with an applicable model in which one can
compute the desired value either directly or by computing roots of a polynomial.

Note that “critical” velocities vy jmina, Vmamaxa might be larger than vy,,. We will look
at the possible configurations below. Next, we investigate at which value of v, in the going
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“back” part the minimal jerk and the minimal acceleration are reached (denoted by vyjmine
and by vyaming, resp.). In the “going back” situation, we always have vy jmine < Vmamink,
and we obtain v, using Equation (6) with jim = jiin and vyaming by setting a(t2) = apin
in Model I.2b (see Table A5).) Figure 7 depicts the possible relative positionings of vy,
UmjminA a0d Upamaxa on the vy,-scale and provides information on which model to apply
when vy, lies within a certain interval left of v,,y. In Figure 7b,d,e, Models I5.f resp. 1.6f
have to be chosen once v;jixf is reached. Note that the interval of possible values for vy,
starts at vg and ends at vy, so if, for example, Vg = Vyymaxa in Figure 7c or e, then Model
[.1f does not occur.

U M (Vs jiminAs Vimamaz )

>

Uy [/ s]

(a)
UrnamarA Urmaz U jmin A
\ | \
Uy [ /8]
1.1f 1.3f
()
UmamazA UmjminA Umazx
\ \ \
Uy [imy/ 5]
1.1f 1.3f
(e)

[
U jminA

3 )
Vmaz VimamazA

-

| |
T Uy [/ s

1.1f 1.2f or 1.5f
(b)
Umjmin A VmamazrA Uinazx
\ \ | >
v [mm/ s
1.1f 1.2f or |.5f 1.4f or |.6f
(d)

Figure 7. Relative positioning of Umax, Vimjmina and Upamaxa on the vy, scale and corresponding models.

Figure 8 depicts the possible relative positionings of vyax, Vmnjmine and Vygming on the

vy, scale and provides information on which model to apply when v, lies within a certain
interval left of v;y.

UmjminE

VmaminE

Upa[mim /]

(@)

Umamink

Ymaz

Vn[mim/s)

(9

UmjminE Umnai UmaminE

I I I
T U [mm/s]

(b)

Figure 8. Relative positioning of Umax, Vmjmine, and Uyaming on the vy-scale and corresponding models.
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So, we are able to specify the applicable model when v, runs from from (vg,0, 0) to
(Vmax, 0, vm2jm(vVpay ) ) in Case I. The remaining task consists of finding the correct model
when we go from (vax, 0, vm2jMm(Vpax)) to (Umax, 0, 0), i.e., we keep vy = Upayx coOnstant
and let j,; run from vm2jm(vmay) to 0. The additional challenge here originates from the
possibility that already-reached extremal values ji,, @max (for going forth) resp. jiin, Amin
(for going back) might be no longer reached. For example, when j,,;, was reached (going
forth) and j,; moves to zero again then, at some value of j, the minimal jerk has to be
above j,,i, since we are in Case I. Figure 9 demonstrates this in the velocity acceleration
plane where we omit the boundary curve for better visibility of interesting curve sections:
we have vy = 35, apax = 10, jmax = 12, s110x = 10 for the restrictions, v4 = 10, v = 20,
Um = Umay and j,, = vm2jm(vmax) = jy,, resulting in a distance As = 166.45 (in our
examples, the units are always mm, 3%, n;—zm, % and H;Tm, respectively, and we omit these
in the sequel for brevity). We recognize Model 1.6f for going forth and I.2b for going back in
Figure 9a,b. When we now enlarge j,, to —10.58, we obtain a distance of 167, and we see in
Figure 9c that the models switched to 1.4f and 1.4b, respectively. When we now consider the
final jerk value zero, we obtain as distance 201.19, and Figure 9d shows that the going forth
model again switched to 1.3f, whereas the going back model does not change. The three
curves in Figure 9b—d are close to each other, but by zooming, we see that we obtain higher
curvature when moving to j,, = 0. In this case, the maximal acceleration is still reached,
but when one moves v4 closer to v such that the part with constant acceleration a4y is
very short, another model switch might occur. This illustrates the inherent complexity,
which cannot simply be sidestepped.

anar FACceleration [mm/‘s,2

Velocity [mm/s]

\ l'”m(u‘

/

Zoom Area

Uina

D
Acceleration [mm/sz]
o

A |

(@) (b)

)
Vmazx

Acceleration [mm/szl
o
—_—
Acceleration [mmlsz]
o

(©) (d)

Figure 9. Going from i, = vm2jm(Vmax) = jmin t0 jm = 0. @) jm = jmin = —12, As = 166.45;
(b) zoom into (a); (¢) zoom into j,; = —10.58, As = 167; (d) zoom into j,, = 0, As = 201.19.
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Next, we find out at which values for j; certain model switches occur. We set
U = Umay and proceed similarly as when determining the critical velocities: in the models,
we add an additional equation depending on which extremal acceleration or jerk has been
reached, and we determine j,; as an additional unknown; the latter can be computed
directly or via solving a polynomial equation. If the solution leads to non-admissible values
for j,; or to negative values for time intervals, then there is no feasible solution. Since the
computations are straightforward and can be easily performed using a CAS, we just give
the results that are needed for implementation. The procedure is described in more detail
in Algorithm A3. We first consider the going forth part and refer to Figure 7 regarding the
possible positionings of vy,x. If we have situation (a), Model I.1f will be applied for all jerk
values. If situation (b) applies, we proceed as follows:

e InModel L1f, set vy = Uy and j(t3) = jimin and compute j,, by proceeding as stated
in Algorithm A3, line 2, denoted by j;,,switc,. There must be a solution, since we must
end up with a symmetric model, and Model 1.2f is not symmetric.

o  For vm2jm(Vmax) < jm < jmswitch, apply Model 1.2f, for jswitcn < jm < 0 Model L1f.

If situation (c) applies, the procedure is as follows:

e In Model L1f, set v;; = Vyay and a(tr) = amar and compute j,, by proceeding as
stated in Algorithm A3, line 5, denoted by j,switci in case of existence. If there is no
such solution, the suitable model is always Model 1.3f. This is also the case when
UE = Umamaxa holds (cf. the explanation for Figure 5).

e  Otherwise, for vm2jm(Vmax) < jm < Jmswitch, apPly Model L3f, for jswiten < jm < 0
Model I.1f.

If situation (d) applies, perform the following:

e In Model L.4f, set v;;, = vyax and Ats = O (i.e., the phase of constant minimal jerk
has duration zero). Compute j,; and substitute the value into the expression given
for Ats in Table A1, Model L4f. If Ats > 0 holds (i.e., the solution is admissible), set
Jmswiten1 = jm, and the next model is 1.3f. Otherwise, set At3 = 0 in Model L4f (i.e.,
the phase of constant maximal acceleration has duration zero) and compute j,; by
proceeding as stated in Algorithm A3, lines 12/13, also denoted by j,switch1- If there is
a real solution with vm2jm(vimax) < jmswiten1 < 0, the next model is 1.2f. Since Model
L1.4f is not symmetric, a valid jswitcy1 must exist.

o If Model L3f is next, set vy, = Uy and a(ty) = ayay in Model 1.1f and compute j,, as
in situation (c), denoted by jswitch2- This need not exist.

e If Model 1.2f is next, set v, = Upax and j(t3) = jin in Model L1f and compute jj, as in
situation (b), denoted by jswitchz- This, then, must exist, since 1.2f is not symmetric.

o Now, for juin < jm < jmswitcn1, take Model L4f. For juswiten1 < jm < jmswitch2, aPPLy
Model 1.3f or 1.2f, resp. If no valid jswitcno €xists, apply Model L3f for jyswiten1 < jm < 0.
Otherwise, for j,,switen2 < jm < 0, Model 1.1f is suitable.

Finally, if situation (e) applies, we have the same procedure as for situation (d). If
UE = UmamaxA, there is N0 jy,swircn2 and we switch directly from Model 1.4f to 1.3f.

Next, we consider the going back situation and refer to Figure 8. If we have situation
(@), Model 1.4b will be used for all jerk values. If situation (b) applies, we proceed as follows:

o In Model L5b, set v;; = vyax and At, = 0 and compute j;, denoted by j,switer bY
proceeding as stated in Algorithm A4, line 2. There must be a solution, since we must
end up with a symmetric model, and Model 1.5b is not symmetric.

o For juin < jm < Jmswitch, apply Model L5b; for jswiten < jm < 0, Model 1.4b.

If situation (c) applies, perform the following:

e In Model 1.7b, set v;; = vVyax and At, = 0 (i.e., the phase of constant minimal jerk
has duration zero), and compute j,, according to Table A2. Substitute the value in
the formula given for Aty (Model 1.7b), and check if Aty > 0. If this is the case, set
Jmswitch1 = Jm, and the next model is 1.6b. Otherwise, set Aty = 0in Model L.7b (i.e., the
phase of constant maximal acceleration has duration zero), and compute j,; according
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to Algorithm A4, line 10, also denoted by jswitcn1- If there is a real solution, the next
model is 1.5b. Since Model 1.7b is not symmetric, a valid jspitcr; must exist.

e If Model 1.6b is next, set v;; = vyay and At = 0, and compute j, according to
Algorithm A4, line 15, denoted by j;switch2- This need not exist.

e If Model 1.5b is next, set v;; = vjax and Aty = 0, and compute j;,; according to Algo-
rithm A4, line 2, denoted by j,,switcn2- This, then, must exist, since 1.5b is not symmetric.

e Now, for juin < jm < jmswiten1, take Model L7b. For juswitem1 < jm < Jjmswitch2s
apply Model 1.6b or 1.5b, resp. If no valid jyswitcno €Xists, apply Model 1.6b for
Tmswiten1 < jm < 0. Otherwise, for jyswitcna < jm < 0, Model 1.4b is suitable.

Now, for all triples (v, 0, jiu), we can determine the model to be applied in Case
I when S(va,vg) < As < S(va,Vmax) + S(Umax, vg) holds. Moreover, one can stay at
(Vmax, 0, 0) for a period of arbitrary length, which can easily be included between the going
back and the going forth part.

When As < S(vy4,vE), we can take intermediate velocities that lie left of v,4, and by
reflection and reversion, we can rewrite the problem as one where As > S(v 4, vg): Assume,
va, v (still with vy < vg), and As are given where As < S(v4,vg) holds. Then, consider
the reflected configuration (denoted by a bar): 74 = —vg, g = —v4, and A5 = —As. Since
As > 5(T4,vg), we can perform the procedure explained above. Then, we reverse the
solution by reflecting it again, i.e., we consider

= _}(tend - t)/ a(t) = a(tend - t)/ U(t) = _a(tend - t)/ S(t) = g(tend - t) - S(tend) (15)

Figure 10 illustrates this (we omit the boundary and color coding for simplicity rea-
sons). The left magenta part shows the solution to the reflected problem, and then by
reflection (and thus reversion), we obtain the solution to the original problem in black.
Thus, we cover all possible distances.

Acceleration

[mm/sZ]

Velocity
Tp U4 [mm/s]

Figure 10. Reflection of the problem and of the solution to the reflected problem.

4. Models and Critical Velocities and Jerks in Case I1

In Case II, we proceed analogously to Case I. Again, we take an intermediate velocity
v and a corresponding jerk j,, and go “forth” from (vy4, 0, 0) to (v, 0, /) and “back”
from (v, 0, ju) to (vg,0, 0). Figure 11 shows possible jerk models for going “forth” (the
notation “IL.xf” describes these models in Case II) using maximal, minimal or zero snap.
In Case II, there are three interesting switching points: j;, is reached when going down
from the maximal acceleration; jyax resp. amay is reached when going up from (v4,0, 0).
Note that Models II.1f, I1.2f and I1.3f are identical to Models 1.1f, 1.2f and 1.5f. In the other
models, the maximum jerk jy,x is reached, which is not possible in Case L.
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Figure 11. Jerk models in Case II going forth. (a) j,in, jmax and a,ax not reached; (b) j,,i, reached,
Jmax, Amax Not reached, ju > jins (€) jmin reached, juax, Amax not reached, ju = juin; (d) jmin and
Jmax reached, Jm > Jmin; Amax NOt reached; (e) Jmins jmax and a4y reached, Jm > Jmins (f) Jmin and Jmax
reached, a4y not reached; ji = juin. (8) jmin, Jmax and amay reached, ju = juin-
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If one of these models is suitable for going from (v 4,0, 0) to (v, 0, jm), one has to
compute the length of the time intervals At; I=1... 4,5, 6 or 7). Again, the conditions
stated in Equation (9) for Case I carry over to Case II. Further conditions can be identified
by looking at the special shape of a jerk model. If an interval starts or ends at jiax OF jyin,

it has to have a length Sﬁ;”ﬁ In Models I1.1f, I1.2f and I1.3f, the first two intervals have
the same length. Moreover, in Models IL.5f and IL7f, a(t3) = aax. It is easy to check that
these conditions provide the required number of equations for determining the At; in the
respective model. The results are given in Appendix A, Table A3.

Figure 12 depicts the possible models for going “back” from (v, 0, jm) to (vg,0, 0) in
Case II. Models II.1b and II.2b are identical to I.1b resp. 1.2b. In Model 11.3b, j;ay is reached,
and finally, a,,;, is reached in Model II.4b. We have a simple sequence of the four models, as
shown in Figure 12a-d, when we proceed from (vg, 0, 0) to (Umax, 0, vm2jm(vVmax)). Note
that not all models must be present depending on the value of v,;,x. When we then go
further from (Vpay, 0, vM2jm(Vmax)) t0 (Vmax, 0, 0), one of the Models IL.5b to I1.8b might
occur (Figure 6e-h). These models simply add a “front piece” starting at j,;. When reaching
(Vmax, 0, 0), the model must be symmetric.

Juma ia
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Figure 12. Jerk models in Case II going back. (a) ju > juin; (b) jm = jmin, @min DOt reached;
(©) jm = Jmin, jmax reached, a,,;, not reached; (d) ju = juin, jmax and a,;, reached; (€) v = Vmax, jmin,
Jmax, Amin NOt reached; (f) vy = Vmax, jmin reached, juax, Ami, not reached; (8) v = Vmax, jmin and
Jjmax reached, a,,;,, not reached; (h) v = Vimax, jmin, jmax and a,;, reached.
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For computing the length of the time intervals, as in Case I, Equation (14) provides
some conditions. Further necessary conditions can be derived similarly, as stated for the
going forth part in a straightforward manner, so we omit this. The results are given in
Appendix A, Table A4.

Next, we address the question of in which possible sequences these models occur
when (v, 0, ji) runs from (vg, 0, 0) to (Vmax, 0, vM2jm(Vmay)). For this, we consider the
critical velocities starting with the going forth situation. The value of v,, for which the
minimal jerk reaches the value ji; = —jmax is denoted by vyjmina; the value for which the
maximal jerk reaches jyqx is denoted by vy jmaxa. Moreover, the intermediate velocity at
which a4y is reached is called v,50x4- Case II is simpler than Case I in that we always
have the following inequality:

UmjminA < UmjmaxA < UmamaxA (16)

Using an analogous notation, we obtain the following for the going back situation:

OmjminE < UmjmaxE < UmaminE- (17)

The algorithm and formulae for finding these velocities are given in Appendix B,
Algorithm A2 and Table A6. In Case II, the line of argumentation is similar to that in
Case 1. Equations (16) and (17) make the model sequencing very simple depending on
where vy,4¢ lies. Figure 13 shows, for the going forth part, the possible positions of v;;4y
and the corresponding models that hold up to vy,.y. As in Case I, within the second,
third and forth interval, the model changes (to IL3f, IL.6f, IL.7f, resp.) if v;jminE is reached.
Additionally, as in Case I, the first model to be applied when going from (vg,0, 0) to
(Vmax, 0, vm2jm(vymay ) ) need not be I1.1f, since vr might, for example, already be identical
t0 Upmamaxa if the difference between vg and v, is large enough. Figure 14 shows the same
for the going back part.

® Possible Position of v,,,,
U [im /5]
@ (b) | (c) | (d)
@ @ @ @—
T U jmin A T U jmaz A T UmamazA T
11.1f 11.2f or 11.3f I1.4f or 11.6f I.5f or 11.7f

Figure 13. Possible positions of v,y and models for “going forth”.

® Possible positions of v,
Uy [ / 8]
(a) | (b) | (c) | (d)
T Umjmink T VmjmazE T Umamink T
II.1b II.2b 11.3b Il.4b

Figure 14. Possible positions of v,y and models for “going back”.

Finally, we determine the applicable model when we go from (vyax, 0, vm2j1(Vax))
to (Umax, 0, 0). First, we consider the going forth situation. As in Case I, we have to identify
the critical jerk values j,, where a model switch takes place. Our procedure is similar to that
conducted in Case 1. We refer to Figure 13. If the position of v,y is as marked as (a) there
is no switch, i.e., the model is still IL.1f. If we have position (b), we proceed as follows:
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In Model IL.1f, set vy, = Vyay and j(t3) = —jmax, and compute j,, by proceeding as
stated in Algorithm A5, line 2, denoted by j,,sitcn- There must be a solution, since we
must end up with a symmetric model, and Model II.2f is not symmetric.

For vm2jm(vmax) < jm < jmswitch, apply Model IL2f; for jswiten < jm < 0, Model IL1f.

If situation (c) applies, the procedure is as follows:

In Model I1.4f, set v;; = vj0x and Aty = 0 (i.e., the phase of constant maximal jerk
has duration zero), and compute j,, by proceeding as stated in Algorithm A5, line 5,
denoted by jswitch1 in case of existence. If there is such a solution, the next model is
I1.2f. If not, Model I1.4f is suitable for all jerk values.

If Model I1.2f is next, set in this model v;; = vy and Aty = 0, and compute j,; by
proceeding as stated in Algorithm A5, line 2, denoted by jswitcn2- This, then, must
exist, since Model I1.2f is not symmetric. The next model is IL.1f. So, for vm2jm(vmax) <
jm < Jmswiten1, take Model IL4f; for jyswitcnt < jm < Jmswitchz, apply Model 11.2f; and
for jmswitenz < —jm < 0, Model L1f.

If situation (d) applies, perform the following:

In Model IL5f, set v;;, = vUmay and Aty = O (i.e., the phase of constant maximal
acceleration has duration zero). Compute j,; by proceeding as stated in Algorithm
Ab5, line 13, denoted by jswitcn1- If there is such a solution, the next model is I1.4f.
Otherwise, Model I1.5f is suitable for all jerk values.

If Model I1.4f is next, set v;; = Vpax and At, = 0 in this model, and compute j,
by proceeding as stated in Algorithm A5, line 5, denoted by jswitci2, in case of
existence. If there is such a solution with j,,suiten1 < Jmswitehz < 0, the next model is
IL.2f. If not, apply Model IL5f for vm2jm(vmax) < jm < jmswiten1 and Model IL4f for
jmswitchl < ]m <0.

If Model I1.2f is next, set vy, = Vjax and Aty = 0 in this model, and compute j,; by
proceeding as stated in Algorithm A5, line 2, denoted by jswitcn3- This, then, must
exist, since IL.2f is not symmetric. Now, for vm2jm(vmax) < jm < jmswitch1, aPPLy
Model IL5f; for juswiten1 < jm < jmswitchz, Model IL4AE; £OT Juswitcnz < jm < Jmswitchas
Model I1.2f; and for jyswitens < jm < 0, Model IL1f.

Next, we consider the going back situation and refer to Figure 14. If we have sit-

uation (a), Model IL.5b is suitable for all jerk values. Note that, in situation (b—d), we
have vm2jm(vVyax) = jmin, which makes the inequalities a bit more compact. If situation
(b) applies, we proceed as follows:

In Model I1.6b, set v;;; = V¢ and Atp = 0, and compute j,,; by proceeding as stated in
Algorithm A6, line 2, denoted by j,;syitch- There must be a solution, since we must end
up with a symmetric model, and Model I1.6b is not symmetric.

For juin < jm < jmswitch, @pply Model IL.6b; for jswiten < jm < 0, Model I1.5b.

If situation (c) applies, perform the following;:

In Model I1.7b, set v;;, = Uay and Ats = 0 (i.e., the phase of constant maximal jerk has
duration zero). Compute j;,; by proceeding as stated in Algorithm A6, line 5, denoted
by juswitch1, In case of existence. If there is such a solution, the next model is II.6b.
Otherwise, Model 11.7b is suitable for all jerk values.

If Model I1.6b is next, set v;; = vy and Aty = 0, and compute j,;, by proceeding as
stated in Algorithm A6, line 2, denoted by j,switci2- This, then, must exist, since Model
IL.6b is not symmetric. The next model then is IL.5b. For juin < jm < jmswitch1, apply
Model IL7b; for juswiten1 < jm < Jjmswitchz, Model IL6b; and for j,switen1 < jm < 0,
Model I1.5b.

In situation (d), we can perform the procedure of situation (c):

In Model I1.8b, set v;; = vyax and Aty = 0, and compute j;,;, by proceeding as stated
in Algorithm A6, line 13, denoted by jswitci1- If this does not exist, Model 11.8b is
suitable for all jerk values.
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e  Ifit does exist, the next model is I.7b, and we proceed as in (c), obtaining a total of up
to three critical jerk values.

The remarks concerning the situation As < S(v4,vg) given for Case I also apply to
Case II.

5. Implementation and Validation
We assume that the following data are given:

The kinematic restrictions Umay, @max, jmax, SMmax-
The initial and final velocities v 4, vg, where v4 < vg.
The distance As > S(v4, VE).

The main task now consists of finding the intermediate velocity and corresponding
jerk (v, 0, jm), such that the covered distance equals As where (vy, 0, j) “flows” from
(vE,0, 0) via (Vpax, 0, vm2jm(Vimax)) t0 (Vmax, 0, 0) and stays there for an arbitrary period
of time. Algorithm 1 sketches how this task can be achieved. Briefly explained, the
algorithm determines all critical velocities and computes for each of them the distance w
covered using the appropriate models. If the given distance As is exceeded, one knows
the interval of critical velocities (including vg or vy,x) within which v, must lie. A simple
bisection method can then be applied to obtain a guaranteed solution. If As even exceeds
the distance one obtains for (v,ax, 0, vM2jm(vmay)), then the critical jerks are determined.
These might be differently sequenced, e.g., if we have jysyitcn_ going forth and jyswitcn_p
going back, the ordering might be jyswitcn_f < jmswitcn_p OF the other way around. For each
possible ordering, and for each critical jerk from vm2jm(v;qx) to 0, the covered distance is
computed using the appropriate models. If the given distance As is exceeded, one knows
the interval of critical jerks (including 0 and vm2jm(vyax )) within which j,, must lie. Again,
a simple bisection method can then be applied to obtain a guaranteed solution. If As even
exceeds the distance one obtains for (v,4x, 0,0) as intermediate velocity and jerk, one takes
the models to be applied for (vjay, 0,0) and inserts a segment with constant maximal
velocity, such that As = w.

We implemented the main algorithm and the auxiliary algorithms given in Appen-
dices B and C as Matlab ® functions using the Matlab ® programming language. In these
functions, the only calls to genuine mathematical facilities offered by Matlab ® are the
ones to Matlab’s polynomial solver called “roots”. Therefore, when implementing the
algorithms in another environment, only a polynomial solver needs to be programmed or
imported from a mathematics library.

We set up the following test scenario in order to check whether viable results are provided:

®  Umax, Amax, jmax, Smax are chosen randomly between 5 and 100 (g%, °3*, "33* and

S 7
AT, respectively; in the sequel, we will omit the units).
v 4 is chosen randomly between v,,,;,, and v;,4x, VE between v4 and vy4x.
As is chosen randomly between S(v4, vg) and S(v4, Vmax) + S(Vmax, VE)-

We generated 10° test configurations and checked and stopped the bisection iteration
when the resulting distance was reached with a maximal error of 1073 (i.e., 1 um). We
also checked the error regarding v and a(t,,;) = 0. In addition, we counted whether all
possible combinations for positioning v;,,, depicted in Figures 7 and 8 for Case I and in
Figures 13 and 14 for Case II are covered, as well as all feasible combinations of numbers
of jiuswitch values. Tables 3 and 4 provide the values for Case I; Tables 5 and 6 those for
Case II. Those entries that are marked with a star are not feasible. We will demonstrate the
reasoning behind this by giving two examples:

e  When, in Case I, “going forth”, we have situation (c) (see Figure 7), then, because of
OmjminA < Umjmint (See Section 3), only situation (a) is possible for “going back”.

e Assume, in Case II, that we have two jsyitc; values when “going forth”, so we must
have situation (c). Then, three j,;sitc;, Values for going back are only possible when we
have situation (d) for “going back”, but then, because of V014 < Vmamine, We must
also have situation (d) for “going forth”, which is a contradiction. Note that not all



Robotics 2022, 11,73 22 of 39

values in the upper triangle of Table 6 need to be zero: for example, we can have the
combination 0-1 in case of situation (c) “going forth” and situation (b) “going back”.

Algorithm 1. Main Algorithm.

Input: v4, Vg, Vmax, Amax, Jmax, SMmax, As

Output: (vy, 0,jy), models going forth and going back, corresponding At;

1:  Determine the critical velocities using the algorithms/formulae presented in Appendix B

2:  Determine the situation regarding the positioning of v,y

3:  Determine S(v4,vg) according to Equation (1) and Table 1

4. IfAs = S(vs,vg) Then

5: (om, 0,jm) = (vg, 0,0)

6: Determine the going forth model according to Table 1 and the At; according to Table A1 resp. A3

7:  Else

8: For Each critical velocity from (vg, 0,0) to (Vmax, 0, vm2jm(vpay)) (including vpayx )

9: Compute the distance w reached when going via this intermediate velocity from (v4, 0,0) to (vg, 0,0)

10: If As > w Then

11: Pick next critical velocity (or vyax )

12: Else

13: vy, must lie between the critical velocity reached before (or vg ) and the actual critical velocity.

14: Determine the models going forth and going back according to Figures 7 and 8 resp. 13, 14.

15: Apply a bisection method for determining v;;, and compute At; according to Appendix A.

16: Return

17: End If

18: End For Each % End to line 8

19: Determine the critical jerks using the algorithms presented in Appendix C

20: For Each possible sequence of critical jerks

21: For Each critical jerk from vm2jn(vyax) to 0 (including 0)

2 ' Compute ’Fhe distance w reached when going from (v4, 0,0) to
(v, 0,0) via (Vmax, O, juswitch)

23: If As > w Then

24: Pick next critical jerk (or 0)

25: Else

26: jm must lie between the critical jerk reached before (or vm2jm(vyay) ) and the actual critical
jerk, and the models to be applied are known according to the algorithms in Appendix C.

27: Apply a bisection method for determining j,; and compute At; according to Appendix A.

28: Return

29: End If

30: End For Each % End to line 21

31: End For Each % End to line 20

32: % now As > S(v4, Umax) + S(Vmax, vE) must hold

33: Return (vpax, 0,0) and the models to be applied for (vyay, 0,0), compute At; according to Appendix A,
and insert a segment with constant maximal velocity such that As = w.

34:  End If % End to line 4

35:  Return
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Table 3. Coverage of situations in Case I.

Lb (a) Lb (b) Lb(c)
Lf (a) 68,162,974 * *
Lf (b) 2,565,497 3,135,975 *
Lf (c) 4,472,190 * *
Lf (d) 689,239 2,251,849 4,733,898
Lf (e) 2,564,185 2,123,533 9,246,440

The left column contains the different situations for positioning v,y for going forth; the upper row contains
the different situations for positioning v, when going back. An asterisk * denotes that the combination is
not possible.

Table 4. Coverage of combinations of jsyitci Values for vy, = vpey in Case L.

# ] mswitch 0 1 2
0 2,044,3058 * *
1 1,598,261 4,048,933 77 A31
2 39,112 54,537 3063

The left column contains the number of j,s,itc;, Values for going forth; the upper row contains the number of
Jmswitch Values for going back (# stands for number). An asterisk * denotes that the combination is not possible.

Table 5. Coverage of situations in Case II.

ILDb (a) ILDb (b) ILDb (c) ILDb (d)
IL.f (@) 21,589,590 * * *
IL.f (b) 4,578,466 6,321,463 * *
ILf (0 4,569,027 8,493,669 33,378,435 *
IL.f (d) 1,156,690 2,154,669 6,511,882 11,191,542

The left column contains the different situations for positioning v, for going forth; the upper row contains
the different situations for positioning v,,,x when going back. An asterisk * denotes that the combination is
not possible.

Table 6. Coverage of combinations of j,,sitc;, values for v, = vy in Case II.

# ] mswitch 0 1 2 3
0 13,516,719 2,448,930 72,459 236
1 1,291,857 1,620,708 346 3
2 33,538 57,046 1202 *
3 145 291 3 2

The left column contains the number of j;;syircn Values for going forth; the upper row contains the number of
Jmswitcn Values for going back (# stands for number). An asterisk * denotes that the combination is not possible.

The data presented in Tables 3-6 demonstrate a satisfactorily coverage of all possible
combinations of situations and numbers of j,;;sy it Values.

Table 7 shows the maximum error regarding distance, final velocity and final accelera-
tion, as well as the mean and maximum number of iterations performed by the bisection
method in Cases I and II. The maximum error regarding distance is due to our stopping
criterion for the bisection method. All errors regarding the final velocity above 10> were
recorded. The number of occurrences was below 10, and the maximum value is given in
the table. No errors for a(t,,;) = 0 larger than 10~!2 were recorded. It is clear that the
boundary set for the maximum admissible error in As has a considerable influence on
the number of iterations performed by the bisection method, but one cannot relate the
values directly, since the bisection is not performed for distance intervals but for velocity or
jerk intervals.
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Table 7. Maximum error and number of iterations in Cases I and II.

Casel Case II
Error As (mm) <1073 <1073
Error vg (mm/s) <1.62%x 107> <15x%10°5
Error a(t,,g) (mm/s?) <1012 <1012
Mean number of iterations 13.97 13.75
Standard deviation 2.67 2.72
Maximum number of 48 48

iterations

All runs were completed successfully. In initial trials, occasionally, a run did not
succeed because of numerical problems. The latter were removed by applying the follow-
ing measures:

e  If certain velocity values are very close to each other (i.e., < 1075), they are set as equal,
e.g., if vp = vy, set vp = vy4; if VF = Upay, Set O = Upay; if 04 = vE, set vy, = vE.

e If in the bisection method, the middle of the considered interval coincides with a
boundary because of rounding, bisection is stopped, and the middle is taken.

o Ifvr = vy, models I.1f and II.1f are simplified by removing the fourth time interval,
which must be zero.

e  When finding and checking the zeros of polynomials, small imaginary parts are
neglected, and inequalities and equations of solutions are checked using an admissible
error margin.

To be suitable for online trajectory generation, it should be possible to complete the
computation within one controller cycle. As in [4] (cf. the discussion presented there), we
use 1ms as length of such a cycle. Time data were generated using the respective “tic” and
“toc” facilities offered by Matlab®, which start and stop a timer and provide information on
the time spent between the calls. Since the time needed by Matlab ® varies considerably
when one makes several computations using the same data set, we apply the same approach
as in [4]: for each random configuration, we make 1000 runs and take the minimum time.
We randomly generated 100.000 configurations. The time data are given in Table 8 for
Cases I and II; the underlying hardware consisted of a desktop PC running Windows 10
with a Xeon E5-1630v4 processor working at 3.7 GHz and 32GB RAM. Although the mean
values and standard deviations suggest that, in general, a boundary of 1ms can be achieved,
the maximum values show that, occasionally, computation might take longer. Using the
profiling tool in Matlab©, one can see that finding the roots of polynomials takes about 50%
of the overall computation time. In the bisection iterations, only polynomials of degree 4
occur. Whereas Matlab© implements a general polynomial solver, there are special ones
for degree four that are very efficient, needing only 0.5 ps per run (cf. the discussion and
references in [4]). Even for 50 bisection iterations in models I.1f and 1.4f resp. 11.1f and IL.5f,
with two polynomials per iteration, this would reduce the time needed considerably, such
that completion within 1 ms can be achieved (see also the discussion on code optimization
in [4]).

Table 8. Computational effort in Cases I and II.

Casel Case II

Mean time per run 276 us 154 ps
Standard deviation 144 ps 140 ps
Maximum time 831 us 732 us

6. Numerical Comparison with Related Work

In this section, we compare our results with two approaches from the literature that
also apply a fifteen-segment profile with piecewise constant snap and claim to provide a
time-optimal solution. For the point-to-point motion (abbreviated as RR, “rest-to-rest”)
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with initial and final velocity equal to zero, we consider the algorithm by Biagiotti and
Melchiorri [11], and for the constant-velocity-to-constant-velocity situation (abbreviated as
GG) with arbitrary initial and final velocities and zero acceleration and jerk, we consider
the algorithm by Fan et al. [28], who assume zero jerk at the intermediate velocity v,,. Ezair
et al. [34] make the same assumption and hence should provide identical results, but they
explicitly recognize the sub-optimality.

The algorithm presented by Biagiotti/Melchiorri (“CheckConstraintsT1” in [11]) is
based upon rectangular filter functions and has four time parameters Ty, ..., T; in case of
piecewise constant snap functions. It is strikingly simple and hence seems to contradict the
complexity of the situation as presented in this contribution. We first compare the results
of a configuration of Case I: v4 = vg = 0, Vyax = 30, apax = 10, jimax = 12, stax = 10.
We let As run from S(v4,vg) to S(vA, Vmax) + S(Vmax, vE), compute Ty, ..., Ty according
to [11] and sum up to obtain the overall time ¢;,,,. Then, we compute the time intervals
At; as specified in this article and sum up to obtain the overall time t;,,, for our approach.
Figure 15a depicts the two quite similar curves, but the plot of the improvement of our
approach compared to [11] in Figure 15b (in %) reveals that, over the whole range of
distances, there is a reduction in time, which goes up to about 1%.

Relative Improvement [%]

Our Approach
Biagiotti/Melchiorri
50 100 150 0 50 100 150
Distance ;\.S [mm] Distance ;\.S [mm]
(a) (b)

Figure 15. (a) Overall time needed for going over the distance As in [11] and in our approach.
(b) Relative gain provided by our approach.

In order to better understand this difference, we picked one specific distance As = 25,
with which we obtained the following results: the algorithm in [11] results in T; = 2.4103,
T, = 1.6069, T3 = Ty = 0.80343, summing up to ts,;,;, = 5.624s; our algorithm gives as
models to be applied 1.1f and I.1b with symmetric time interval lists. For model L.1f, we
have At; = At, = 0.8152, Atz = 1.1528, Aty = 0, resulting in ¢, = 5.566s. We compare
the jerk functions provided by both approaches in Figure 16. This shows that our approach
takes full advantage of the lower jerk limit j,;;, = —jmuax, whereas the algorithm of Biagiotti
and Melchiorri [11] seems to enforce that the maximum and minimum value of the resulting
jerk function have the same absolute value. This additional assumption might lead to a
sub-optimal result. Actually, in the given configuration, we have Case I, so the maximum
and minimum values of the resulting jerk function in our approach will have different
absolute values over the full range of considered distances. Hence, our approach always
results in a shorter time, as long as (v, 0, jm) has not reached (vjax,0,0). This shows that
the complexity of the situation demonstrated in this article cannot simply be sidestepped.
Yet, it is fair to state that the approach by [11] can be extended to also include frequency
restrictions, which makes it particularly interesting for vibration reduction.
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Figure 16. (a) Jerk function provided by [11]. (b) Jerk function and in our approach.

The following configuration serves to compare our approach with the one by Fan
etal. [28]: vg = —5,vg = 10, Upax = 30, apax = 10, jmax = 13, snyuax = 10 (Case I).
Again, we let As run from S(v 4, vg) t0 S(v A, Vmax) + S(Umax, vE) and compute the overall
time provided by our approach and by Fan et al., which is shown in Figure 17a. Here, the
difference is well-recognizable. Figure 17b shows the relative improvement realized by our
approach (in %), which goes up to 4.6%. If v4 = v holds, we even found examples with a
relative gain of up to 7%, which is due to the fact that the “base time” for going from v 4
directly to v is zero. Numerical experiments also show that if s#1,,4x is higher, the gain is
reduced, since one can quickly get back from jy;4x to zero.
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Figure 17. (a) Overall time needed for going over the distance As in [28] and in our approach.
(b) Relative gain provided by our approach.

Again, it is fair to state that the algorithm by Ezair et al. [34] providing the same results
as Fan et al. [28] has a wider range of applicability, since arbitrary boundary values for
acceleration and jerk can also be prescribed, and it can be applied to higher orders.

7. Conclusions

In this contribution, we describe how a fast jerk—continuous motion function can
be found when restrictions on velocity, acceleration, jerk and snap as well as initial and
final values for velocity are given. We apply a fifteen-segment motion function with
piecewise constant snap and ensure that, at each point in time, at least one restriction is
reached, because of which we call the function fast. Note that, as shown in [4], this does
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not guarantee optimality. The research literature published so far has mainly dealt with
point-to-point motions, where initial and final velocities are assumed to be zero, and the
jerk becomes zero when the velocity takes its extremal value. We drop this assumption,
which makes the situation much more complex, as was shown in the previous sections.
Yet, the additional complexity is manageable by suitably structuring the problem in the
following way:

o  We distinguished two major cases depending on whether the maximum /minimum jerk value
can be reached when going from acceleration zero to maximum/minimum acceleration.

e  We picked an intermediate velocity v,; with a corresponding jerk value and split up
the motion in the velocity—-acceleration plane into a going forth and a going back part.
We identified all possible jerk models for going forth and back
We identified the switching points for models by computing critical velocities and (at
U = Upax) jerks.

By providing the corresponding algorithms, formulae and polynomials, a re-implementation
is possible. Our own implementation in Matlab® showed that, in large test runs, a solution
could always be found, and the complexity is necessary. Moreover, the investigation of time
efficiency revealed that the computation should be achievable within a control cycle of 1 ms,
where there is still considerable potential for improvement using dedicated quartic solvers.

We compared our approach with other motion functions suggested in the literature
that apply the same fifteen-segment profile, since only those approaches allow us to stay at
each restriction over a time interval of non-zero length. Numerical experiments revealed
that a time improvement of up to 7% could be achieved compared to the algorithm by
Fan et al., which also includes the case where initial and final velocities are non-zero. The
algorithm by [11] is restricted to the point-to-point motion, and it is the only one that drops
the additional assumption that the jerk must be zero when reaching the extremal velocity
value. Yet, here, our algorithm showed an improvement of up to 1%, since the algorithm
in [11] includes other assumptions, which, for certain configurations, make the algorithm
sub-optimal.

The main progress compared to approaches that can be found in the literature can be
summarized as follows:

o  We take full advantage of restrictions on velocity, acceleration, jerk, and snap, and
by dropping any additional assumption reducing optimality we provide the fastest
currently available jerk-continuous motion function for rest-to-rest tasks and for tasks
where initial and final velocities are given.

e Inspite of the complexity caused by dropping any additional assumption our algorithm
is still computationally efficient and hence suitable for Online Trajectory Generation.

Our improvement in time efficiency has its price, because it leads to a considerable
extension of complexity. It certainly depends on the application whether the shorter pro-
cessing time is worth this effort. Moreover, our approach has all the limitations that come
with the application of fifteen-segment motion functions: the restrictions on jerk and snap
are usually not provided in specifications of electronic drives but must be determined ex-
perimentally or taken from former experience. Another limitation of our approach consists
of not taking into account the dynamics of manipulators, whereas in approaches working
with optimization procedures, these can be easily included in the form of restrictions.

Given that the complexity our approach already has for the point-to-point and constant
velocity-to-constant velocity task (termed RR and GG above), it might be worth investigat-
ing whether a general solution with arbitrary initial and final velocity, acceleration and jerk
can be achieved. Further investigation is required to determine whether a reduction in the
general case to the situation treated in this contribution is possible, as in [4].
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Research and Culture and the Aalen University of Applied Sciences in the funding programme Open
Access Publishing.
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Appendix A. Formulae and Polynomials for Computing Time Intervals

Table Al. Formulae and polynomials for computing time intervals in Case I going forth.

Model At; Formulae and Polynomials
L.1f Atl ZA@ASH%,M—]%,
25”72}111%

L roots([36]2,, 483, — 144sn? ., 0 4 + 144512, 0, — 18]k, —48)5, 4 1442512, 0.4

Sn”la.\/
2 a2 i : 2 i 2 4 2 4
Atz —144],2571,,1[”(20,,,, —17]6m + 48]3,snmava - 48]%snmuxvm — 72513, 04" + 144513, 0 AU
—728150:0m”])
At _m_
4 Ats + S
1.2f Af1 _Jmax + \/9jr2nnx +6\/9j§;,, +2473 fmax +1813 j210x =7 2jmax 5121050 A +7 2 max 13105 Om
25N pax 651101
At jmax
3 SMmax
At4 2At%5n510x+]:12r172j51ax
zsnnmx]nmx
AtS Jmtjmax
SMax
1.3f Afl | Bmax_
SMmax
Aty (—6maxSTmar+31% ) / 40maxmax~+272 = 12512 1 finax ) S 12502, (—04+0p ) 455,
12512, Apax
At _ Jm
4 AtS sn?nﬂx
At5 ]’m+ vV 4ﬂn1nx5;lmnx +27%1
SMmax
L.4f Atq Amax
sn”lax
At3 ((*24 ;ZLX:”YX ﬂnmx*24UA+24vz11)jnzzrx*12"112"[1)()Sn%ymx*12amax]‘3nnx5”max+3]3;+8jaljrnnx +6j12nj121mx
245”%4a;jmaxamax
At max_
4 SMmax
AtS 2urnnx5”nzax+j%;72jgrznx
2sn”1ﬂx]7nﬂx
At foines
Sn”‘ﬂ.\'
1.5f Af1 _Jmax + \/9]',2,,M+6\/3j,4,m772j,,,,,xsnﬁmv,q +72jimax SN2y U
251 ax 651101
At Jmax_
3 SMmax
At4 ZAt%sn%mxlijgrmx
zsnnmx]nmx
L.6f Af1 [ Amax
SMinax
Aty ((—24/ B g, — 240 A +2401, ) frnax — 12030 ) 15— 1 20 ma oy SMmax + o
245”%Inxjrnaxﬂnzax
At jrrtax
4 $Mmax
At5 zurmzxsnmn,}‘ _]%m:(

zsnmrlx]nmx

In all models At; = At holds.
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Table A2. Formulae and polynomials for computing time intervals in Case I going back.

Model At; Formulae and Polynomials
L1b Aty __m
SMmax
At _ jm
2 ﬁ2snmm—
At3 AtZ
IZb Atl 2At§Sn%rmx47]%mx
2sn”1ﬂx]77lﬂx
At Jmax_
2 Sn”[ﬂ.\'
At3 _Jmax + \/gjgrmx+6\/3]31{73:772jmﬂxsnarmxvE+72]'W/1Xsn%mxv”l
25N max 651101
Aty Ats
I-3b Atl Zﬂ}nnxsrly”("}/ 7j%1ﬂx
25”nmx]max
At Jmax
2 Snmn)’
At3 ((724\/ :ZZZZ;X anlﬂx724UE+247]M[)jrn(l,\‘712a51gx)snyzngx712gﬂm.\/]%1axsnﬂlnx+]‘ﬁ,ax

24s n%mxjmm Amax

At Amax
4 sn”lﬂx

Ats Aty
A0Zsn2 4272
L.4b Aty e VA a2
SMmax
Aty At] — snjli"
max
1 2 3 2 2 4 :6 3 002 i3 012
Ats s, Toots([367,, —48jy, + 144sny, . o — 1445154, 0, 18]y, 0, — iy, — 48]3,5173,0,VF + 48133515101 Um
+ 725140y VE? — 144811, OEUm + 72518 0 0m>])
Aty At3
L5b Aty It e
max
Afz 2Atisn%mx+]:%172jrznax
25””1111]1’”(1)‘
At jrnax
3 SMmax
At4  Jmax + \/9j%1nx+6\/9j;111+24]’%1]'”1111+18]%xjgrmx772]’“’“”’Snrznava+72jmﬂxsn%mxvm
25N ax 651101
Atsg Aty
I6b Atl ]m+ vV 4Hmux5121nmx+2fgn
Sn"‘ﬂx
AtZ Atl — m]i
max
At3 (6aﬂ’m/\'5nmﬂ)‘73j72n) 4a?l’lﬂxsnﬂlﬂ)‘+2j72n7125”%111;*[27!1!73(\/ %“"125”%‘”(7UE+UW)+4]'3,

5112
125”%1:( Amax

At4 Amax
SMinax

Ats Aty
L7b  Ah fntimax
SMmax
Atz 2urnnx5”nzax+j%;72jgrznx
SMmax Jmax
At jrnax
3 SMmax
At4 ( (724 5{:;3?;; umnxfzzlvE +24vm )jrnax 712aﬁzax)sngmx 712an10xjgmxsnmax+3jﬁy +8j31j"10~¥+6j%zjgnnx

24Sn%,lﬂxjr;xax Amax

AtS Amax
SMnax

Atg Ats
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Table A3. Formulae and polynomials for computing time intervals in Case II going forth.

Model At; Formulae and Polynomials
IL.1f Same as Model I.1f
1L.2f Same as Model 1.2f
1L.3f Same as Model 1.5f
1L.4f At max
SMmax
Atz 73]%’M+ \/ 18], + 48} jmax + 3677 fFuax + 367 hax — 144jmax 51304 + 144 max 5130 Om /6
zsnnmxjnmx
Aty A
Aty Al
2
At _Jm
5 Atz + 2anVIﬂX]7nﬂX
Ats [,
Snﬂlﬂ.\'
IL5f At Jmax_
SMmax
Ai—z amaxsnma{c _]%mx
SMinax Jmax
Aty Al
Af4 ((724DA+24U7” )jmnx 724[1%1“)511%,“ 724amﬂx]%mxsnmnx+3jgn +8]'3,jrrzax+6]'%,j%,{,x
245”%1ﬂxjnxaxanzax
Ats Atq
At6 ZﬂmxSVlmx+j£,72jfm,x
25N max fmax
At7 jnt +jrnux
snmn)’
IL6f Ak Jmax
SMmax
Atz _187271ax+\/42j;171nx_144j’VlﬂX5nﬁlava+144].Wﬂxsn%mxvm
Snrnuxjnxnx
Aty A
Aty Al
jmax
AtS Atz + 257N max
IL7f At Jmax
Snﬂlﬂ.\'
Atz arrmxsnrnu:f _jﬁmx
SWmax Jmax
Aty Al
At4 ((72417/% +24UVVI)]'VWX724[1%1{13()sn%m:(724“"”-“]‘%1(1:(5””11136+jfrmx
245”;211A1xjn1axarnux
Ats Al
2
At zumaxsnnm{ — Jmax
6 25”!»111,&]771.’1)’
able A4. Formulae and polynomials for computing time intervals in Case oing back.
Table A4. F 1 d poly Is f puting t tervals in Case II going back
Model At; Formulae and Polynomials
II.1b Same as Model I.1b
1I.2b Same as Model 1.2b
11.3b Afl _12j1%rmx+\/42j%m.\' —144inax 5130 OF +144max SN0 U
125”7”ﬂxjﬂlﬂx
Atz jvnax

SMnax
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Table A4. Cont.

Model At; Formulae and Polynomials
Ats Aty
_ Jmax
Aty Al = 25t
Ats At
II4b Atl zamaxsnma}f 7]%,7;5
SN max Jmax
Jmax
Atz SMmax
At3 ((7242754’242)”1 )jrnax 724“51{:,«)5715;“ 724”n1ﬂxj%znxs"1nax+j:lrznx
24812,y fmax@max
Aty Aty
AtS arrmxsnrnu:f _]%mx
SWmax Jmax
Atg At
IL.5b Same as Model 1.4b
II.6b Same as Model 1.5b
7b Ak Aty +
2
At A
2 Ats + zsnmux]nmx
Jmax
At3 SMmax
Aty At3
AfS 73]%’“ + \/18/.731 + 48] max + 3613 ax + 36]hax — 144jmax 51 OF + 144]max S0 0m /6
zsnmnxjnmx
Ate Aty
8b  Ah b
Atz 2umﬂxsnmm‘+]‘£! 72]%1{!)‘
zsnrrznxjrnax
Jmax
At3 SMmax
Aty ((_241’5 1240 ) fimax _24’1%1“)5"%1” —240max faxSMoax 3y 8] fmax 6] frax
245”%l{,x]‘maxumnx
Ats Aty
At6 amaxsnma{( 7]?7,3;

SMmax Jmax

Aty

Aty
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Appendix B. Algorithms and Formulae for Computing Critical Velocities

Algorithm A1. Algorithm for computing critical velocities in Case I going forth.

Input: v4, UE, Amax, jmax, SMmax

Output: UmjminA,» UmamaxA

_ 3/2
1: If v — v > 2SMpax <m’”j;> Then, % cf. Table 1
2: UmamaxA = VE
3: jm = — \/ng,mx — 201axShmax % for reaching i
4: OmjminA = VE — 1an2 (3\[ + 4) % according to Equation (6)
5: Return
6: EndIf
7. Ifva #vg

Find candidates for j;; by determining the roots of the polynomial with coefficient vector (highest power first):
8: 1, _Zﬁjmﬂx/ ]%mxt 2ﬁ(j3max + UAsntzﬂax - UES”fzﬂax)r _2j4max - 8jmaxsn)211ax(UA - UE)' 0,
) 2
8]21»1;\'5”%1”(0/\ - UE) + 45”%15{;\' (UA - UE)

9:  Pick for j,, the real root with —jyuax < ji <0
10:  Else set j;; = —jmax
11: EndIf
12: Determine a(t;) in Model L1f: a(t;) = %ﬂm{”’
13:  Ifa(tp) < amax Then, % jmin is reached first
14 vimina = vE — 12572 (3ﬁ + 4) % jm as determined in line 9 or 10.
15: jm = \/ih’% - %\/zjtznax + 8\/25”%rzaxamax San ’7{; Jmax + ammsnmax + amax]muxsnmax + 2]mux5”%1ax(vA —UEg)
16: If jiu > —jmax Then, % jy, is admissible
17: UmamaxA = VE — 125n2 (3\["‘ 4)
18 Else % compute vy;4,0x4 in Model L5f

: 24 iax SMqx Amax /o 123010 1200 fiax STmax —fiax

UmamaxA = VA + 24] xS

19: End If % from 16
20:  Else % amax is reached first
1. Find candidates for j;; by determining the roots of the polynomial with coefficient vector (highest power first):

’ {amax/ z\fsnmax <\/ et g vax + A — UE) 2umaxsnmam 0,8 amx ﬂmuxsn:r;nax(vA - UE) + 45”%1[1)( (UA - UE)z]
22:  Pick for jy the real root with — jmax <jm <0
23 UpamaxA = VE — 125,,2 (3\f + 4)
24: jm = \/Zj%mx — 2amaxShmax % for reaching j,i,

3

25: vmjminA = UE — 125],’1”3”M (3\/§+ 4)
26:  End If % from line 13
27:  Return
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Table A5. Formulae for computing critical velocities in Case I going back.

3
YUmjminE = VE + sy (3\6 + 4>

2
125nmnx

v =0 + a Amax ”%mz;\' ﬂnmxjmax jgnnx
manminE E max SMnax 2]111/1x 25N max 24sn2

max

Algorithm A2. Algorithm for computing critical velocities in Case II going forth.

Input: v4, Uk, Amax, jmax, SMmax

OUtPut Um]'minA,r UmjmaxA,rvmamﬂxA

i Ifop — vy > 202 Then % cf. Table 1

max

2: UmjminA = YE, UmjmaxA = VE

> )
3: Ifvp —vy > % + Amax s],;':’”,;( Then % cf. Table 1
4: UmamaxA = VE
5: Else % use first Model I1.4f and, if not successful, try Model II6.f
6: jm = \/zjmzm - %\/2]%,,” + 8\/211%7”5”%1[1)( + Zamax]%zaxsnmax + zjmaxsn%nax (va —vE)
7: If jiu > —jmax Then % jy,; is admissible
3

8: UmamaxA = VE — 125]% (3\/§ + 4)
9: Else

o 24 %y[{l/\‘ %n{l)f +24 max. 472}1[1/\‘ max )4)1a/\+24 'HULY %Ul\/’
10: UmamaxA = e = Zijmafsn%m] e 24
11: End If % line 7
12: End If % line 3
13:  Else
14: If A 75 UEF

Find candidates for j,;; by determining the roots of the polynomial with coefficient vector (highest
power first); same as in Algorithm Al line 8

15: . ) ) ] .
1, 72\/5]"’”130 ]rznaxfzﬁ(]gnax + vAsn%mx - UEsn%zax)/ 72]3!1113( - 8]7,,“35571%1”3((014 - UE)/ 0,
Sj%uxsngnax(v/\ —vg) + 45”%11135(”14 - UE)Z
16: Pick for jj; the real root with — jyay < jiy <0
17: Else set j;; = —jmax
18: End If % line 14
3
19: UmjminA =UE — 125];;'%,“ (3\ﬁ+ 4)
Determine vy x4 from j(t1) = jmax in Model I12.f:
20: .
jm = \/i]n% - %\/zjgmzx + 8\/4jénax + 2jmax57’l%1ux (UA - Z’E)
21: If jiu > —jmax Then % jy, is admissible
3
22 UmjmaxA = VE — 125]% (3\6 + 4)
23: Else % Move to Model I1.3f
. 4773
24: UmjmaxA = VA + 245]””12”

max

25: End If % line 7
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26:  Determine vy,,0x4 by setting a(t3) = amax in Model IL4f
27 jm = \@]m% - %\/2]%1“ + 8\/2‘1%1513(5”%1” + Zamux]%mycsnmax + 2jn1ax5”%1ux (UA - UE)
28: If iy > —jmax Then % jy, is admissible
i3
29: UmamaxA = VE — 125];:%’“ (3\@4' 4)
30: Else % Model I1.4f provides no solution, go to Model I1.6f
. 24 2 ¢ 2 24 max. %mx max ‘;1,“1,\- 24 .mﬂx yzngx
31: UmamaxA = Finex e + 2251 Zij,,,;sn%m] e 04
32: End If % line 28
33:  End If % line 1
34: Return

Table A6. Formulae for computing critical velocities in Case II going back.

UmjminE = VE + iy (3\/§+4>

12512,
47]‘31[1\'
UmjmaxE = VE + 2sn2,, .
2 i H
as,.. Amax Jmax Jmax
?J . — Z) 4mrl), _——
‘maminE Et Tmax SMpax 24sn2,,.

Appendix C. Polynomials and Formulae for Computing Critical Jerks

Algorithm A3. Computing critical jerks and models in Case I “going forth”.

Input: 4, UE, Vmax, Amax, jmax, SHmax, situation % situation according to Figure 7

Output: (possibly empty) list of j,,switcr Values (juswitcn1, Jmswitchz), list of models

1:  If situation = b Then % for situation=a there is nothing to do, see Section 3
17, 48jimax, 18]20xs 48]0y — 4851121050 4 + 4851120, Umax,

Compute roots of —36]% 0 — 144jimaxS12,0504 + 1441025120 Omax, O, and select the real negative j;;,
2: 144]'31”571%1”(% — Umax) + 725nénax(vA - Umax)z

with vm2jm(vmax) < jm < 0and v(t,,;4) = Umax. For the latter to be case, the following equation must hold:

v _ (73jgn+6jrzmzx) V 72]%+4j12rtizx+12v/45n5xnx74jsx712]‘51j"1ﬂ~¥+12j§nnx

max — 12sn2,,.

3t Juswiteh = jm and models=(1.2f,1.1f)
4:  Else if situation = ¢ Then

Compute roots of

1,0, —18amaxSHmax, 485123 Amax e 48512, (VA — Vmax), )
) ) - . e . and select the real negative jy,

5 736amaxsnmaxr 0,—144 snﬁ,l,(,l,:r amﬂxsnmax(vA - vmﬂx) - 725nnzax(UA - vmﬂx)

with om2jm(vpmax) < jm < 0 < j,m < 0and Ats > 0 (in Model 1.3f) and v(t,,,4) = Umax. For the latter to be case,

the following equation must hold:

6 max max73 %z 4 maxSMmax 2%1 12 3}1!7\:74'31

Umax = Amax S“é::z; + ( Ay ST ] )\/ ﬂlzss;;m +2j5, 120515, —4]
6. Jmswitch = jm resp. empty list and models=(I.3f,I.1f) resp. models=(I.3f)
7:  Else if situation = d or situation = e Then

Substitute j,,;, by — \/—2amaxsnmax + 2]',2,,” in the formula for At3 in Model 1.4f (Table A2)

8: If At; > 0 Then
9: jmswitchl = *\/*2amax5nmax + zj%nax
10: next_model=1.3f
11: Else % Try Model 1.4f with At3 =0
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Compute the roots of

. . 7 . . .
12: [3/ —8max, 6]%1,135/ 0, _24sngngxllmax Sn”::; Jmax — 1241%””5”%1“ - 12“711/1}(]%15[3(5”711/13( - 24]max5”3nax (UA - vmax)}

and select the root r for which Ats = isrealand >0

2jimaxSMimax
13: Tmswitchl = f\/ZAtsjmﬂxsnmax — 2aaxSTmax + 274 With Ats taken from the previous line
14: next_model=1.2f
15: End If
16: If next_model=1.3f Then
17 Do the same as in lines 5 and set jy,syitcnz = jm if this exists (situation=c)
18: Jmswitcnlist = (mswitcn1, Jmswitcn2) T€SP- fmswitcnlist = (jmswitcn1 ),
models=(L.4f,1.3f,I.1f) resp. models=(I.4f,1.3f)
19: Else % next_model=1.2f
20: Do the same as in lines 2 and set j,;,sitci2 = jm (situation=b)
21: imswitcnlist = (mswitchls imswitha ), models==(L4f, 1.2 1.1f)
22: End If
23:  End If
24:  Return

Algorithm A4. Computing critical jerks and models in Case I “going back”.

Input: v4, Vg, Umax, Amax, jmax, Smax, situation % situation according to Figure 8

Output: (possibly empty) list with jsuircn Values (juswiteh, jmswitcha ), list of models

1: If situation = b Then % for situation=a there is nothing to do, see Section 3

17, 48jmax, 18]20xs — 48]0y — 485120, VF + 4851201 Umax,
Compute roots of —36]‘%1,” — 144jmgxsn%nava + 144jmax5n%1uxvmgx, 0, and select the real negative j,
2: 144]31”5”%1(19((015 - Umﬂx) + 725”%1[135(05 - vmﬂx)z
with ji, < jm < 0and v(t,,4) = vg. For the latter to be case, the following equation must hold:
(3]'31_6]%:(13() V _2]'7271+4]%1a:(+1zvmﬂxsn%1ax+4j?u+12]%1j”1ﬂx_12j§nax

UF =

12512,
3: Jmswitch = jm and models=(1.5b,1.4b)
4.  Else if situation = ¢ Then
5: Substitute j,; by — \/ —20maxSNmax + 2j2max in the formula for Aty in Model 1.7b (Table A2)
6: If Aty > 0 Then
7 jmswitchl = _\/_Zaﬂmxsnmﬂx + zf%mx
8: next_model=I.6b
9: Else % Try Model 1.7b with Aty = 0

Compute the roots of

[3/ 8mazs 6fpiazs O, —245M 50 Amax S fmax — 1203,0xMax — 128max faaxSMmax — 24jmaxStipax (VE — Umax)}
10: and select the real negative j,; with jyi, < jm < 0and At, > 0 (in Model 1.7b) and v(¢,,4) = vE.

For the latter to be case, the following equation must hold:
o ( - 12”%,,,,,\- —24,/ fmx Aax fmax +240max fmax ) 5"%,” - 12anmx]‘%mxsnmux +3]:ln +8]?ujmﬂ.\/ +6].5,]%mx

Simax

Vg = .
E 24512, fmax
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11: jmswitchl = ]m
12: next_model=1.5b
13: End If
14: If next_model=1.6b Then
1,0, —18amax5Mmax, 485”%1”“/11” % + 485”3}1,195(05 - Umax)/
Compute roots of ) ) - . . 5
—36a3,02Minax, 0, =144 | 5 Ayax SNy (VE — Umax) — 725My0x (VF — Umax)
15 and select the real negative jp; with jy, < jm < 0and Aty > 0 (in Model 1.6b) and v(t,,,4) = vE.
For the latter to be case, the following equation must hold:
12/ g s — (6a,,msnm,,x—3j,2,,) V/ AaxSTmax +272,+475 +120pax 113,01
UET 125103 1
16: If such a jj, exists Then
17: Jmswitch2 = Jms Jmswitenlist = (jmswitch1, jmswitch2) and models=(1.7b,1.6b,1.4b)
18: Else
19: Fmswitchlist = (jmswitcn1 ) and models=(1.7b,1.6b)
20: End If
21: Else % next_model=1.5b
2 Do the same as in line 2 and set jswitch2 = jm (situation =b), jiswitenlist = (Jmswitchls Jmswitch2) and
" models=(1.7b,1.5b,1.4b)
23: End If
24: EndIf
25:  Return

Algorithm A5. Computing critical jerks and models in Case II “going forth”.

Input: 4, UE, Vmax, Amax, jmax, SMmax, situation % situation according to Figure 13

Output: (POSSibly empt}’) list of jmswitch values (jmswitchlr jmswitchZ/jmswitch3)r list of models

1:  If situation = b Then % for situation=a there is nothing to do, see Section 4
17, 48jimax, 18]20x, — 48]0y — 48512050 4 + 4851201 Umax,
Compute roots of —36jk0x — 144jmaxsn2,,.0 4 + 144 maxS12,00 Omax, 0, and select the real negative j,
) 144]'3max5n%mx (UA - Umux) + 7257’1;1"”(2)14 - Umﬂx)z
2 with om2jm(Vmax) < jm < 0and v(t.,4) = Umax. For the latter to be case, the following equation must hold:
(73j%z+6jsmx) \% 72]%1 +4j%mx+12vAs"%mx 74jr3n 71211271j"lﬂx +12j31ux
Umax = 2512,
% line 2 is identical to line 2 in Algorithm A3
Jmswiteh = jm and models=(I1.2fIT.1f)
4. Else if situation = ¢ Then
5. Compute roots of [3, 8jmax, 6241, 0, —48jikax — 24jmaxsn%x (VA — Umax)] and select the real negative root jiy
" with vm2jm(vmex) < jm < 0, if existing.
6: If such a jj,; exists Then
7: Jmswitch1 = Jm
8: Proceed as in line 2, set jswitch2 = jm and models=(I1.4f I1.2f I1.1f)
9: Else
10: Jmswitchlist = = empty list and models=(I1.4f)
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11: End If

12:  Else if situation = d Then

13, Compute roots of [3, 8jmax, 6720z, 0, —2402,,,51% 0 — 240 maxj2axSTmax — 24jmaxSN2ax (VA — Upiax)]
and select the real negative root j,;, with vm2jm(viax) < jm < 0, if existing.

14: If such a j;; exists Then

15: Jmswitchl = jm

16: Proceed as in line 5

17: If such a j,; exists Then

18: mswitci2 = j

19: Proceed as in line 2, set juswitcns = jms fmswitch!ist = (fmswitch1s Jmswitch2s Jmswitch3)
and models=(I1.5f,I1.4f,I1.2f,I1.1f)

20: Else

21: Tmswitehlist = (jmswitcn1) and Models = (IL5f, IL4f)

22: End If

23: Else

24: Jmswitcnlist = empty list, and models = (I1.5f)

25: End If

26: EndIf

27:  Return

Algorithm A6. Computing critical jerks and models in Case II “going back”.

Input: v4, UE, Umax, Amax, Jmax, SMmax, situation % situation according to Figure 14

Output: (POSSibly empt}’) list of jmswitch values (jmswitchl' jrnswitcthjlnswitch?;)t list of models

1: If situation = b Then % for situation=a there is nothing to do, see Section 4
17, 48jmax, 18]20x, —48j50y — 485120, VF + 485120, Umax,

Compute roots of —36]‘31,” — 144jmgxsn%1ava + 144jmax5n%1uxvmgx, 0, and select the real negative j,
2: 144].31513:5”%1“(015 — Umax) + 725n4max(vE - UWZX)Z

with jpiy < jm < 0and v(t,,s) = vg. For the latter to be case, the following equation must hold:

2 o2 /o2 1432 2 3 2. 453

Vg = (3 —6ax) v/ =2 +4j ’”“’ﬁ;i::“xsn’”“’+4] 12 o1 2jmax % line 2 is identical to line 2 in Algorithm A4
3. Jmswiteh = jm and models=(IL.6b,IL.5b)
4:  Else if situation = c Then
5. Compute roots of (3, 8jmax, 6210, 0, =48]k 0y — 24jmaxsn2,,, (VE — Umax)| and select the real negative root ji,, with

' jmin < jm < 0, if existing.

6 If such a j;; exists Then
7: Jmswitcht = Jm
8: Proceed as in line 2, set jsyitch2 = jm and models = (I1.7b,I1.6b,11.5b)
9 Else
10: Jmswitcnlist = empty list and models = (IL.7b)
11: End If
12:  Else if situation = d Then
13 Compute roots of [3, 8jmax, 6724y, 0, —2402,,.511% 01 — 24 maxjaxSMmax — 24jmaxSn2,., (VE — Umax)| and select

the real negative root j,; with j,;;, < jim <0, if existing.
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14: If such a j;; exists Then

15: jmswitchl = ]m

16: Proceed as in line 5

17: If such a j;,; exists Then

18: jmswitchZ = jm

19: Proceed as in line 2, set jmswitchS = jm/ jmswitchliSt = (jlﬂSZUitChl’ jmswitcth jmswitchB)r
" and models=(I1.8b,I1.7b,I1.6b,I1.5b)

20: Else

21: Jmswitchlist =(mswitcn1) and Models=(I1.8b, I1.7b)

22: End If

23: Else

24: Jmswitcnlist = empty list and models=(I1.8b)

25: End If

26: EndIf

27:  Return
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