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Abstract: We present numerical simulations to unravel the dynamics associated with the creation of a
vortex in a Bose-Einstein condensate (BEC), from another nonrotating BEC using two-photon Raman
transition with Gaussian (G) and Laguerre-Gaussian (LG) laser pulses. In particular, we consider
BEC of Rb atoms at their hyperfine ground states confined in a quasi two dimensional harmonic trap.
Optical dipole potentials created by G and LG laser pulses modify the harmonic trap in such a way
that density patterns of the condensates during the Raman transition process depend on the sign of
the generated vortex. We investigate the role played by the Raman coupling parameter manifested
through dimensionless peak Rabi frequency and intercomponent interaction on the dynamics during
the population transfer process and on the final population of the rotating condensate. During the
Raman transition process, the two BECs tend to have larger overlap with each other for stronger
intercomponent interaction strength.

Keywords: Bose-Einstein condensate; Laguerre-Gaussian; Raman transition; cold atoms; light—
matter interaction; particle transfer; density pattern

1. Introduction

Creation of vortex states in atomic Bose-Einstein condensates (BECs) has been the
subject of quite intensive research, with particular focus on superfluid properties [1-3]
and quantum turbulence [4-10]. A number of theoretical and experimental studies have
considered the properties of vortex states in single and multicomponent BECs [11-16],
their stability [17-24] and collective excitations [25-29], thus opening up an avenue of
opportunities to explore and develop quantum state engineering in a macroscopic sys-
tem [21,30,31]. Owing to the highly controllable state-of-the-art BEC experiments, the
presence of a vortex in BECs can be detected and their dynamics can be monitored with
good spatial and temporal resolution [31-36]. Numerous techniques, which mainly rely
upon two distinct physical situations, have been proposed theoretically [37-44] and devel-
oped experimentally [45-48] to generate vortices in BECs. In rotating traps, vortices are the
thermodynamic ground states with quantized angular momentum, but in stationary traps,
the creation of vortices requires other dynamical means. Various methods to create vortices
include the perturbation of the system with a time-dependent boundary. In particular, such
time-dependent boundaries can be created either by moving a blue detuned laser through
the condensate [43,49] or by rotating the trap anisotropy [46]. In the other scheme, the
so-called phase imprinting technique [37,42,45,50-54], one can engineer the macroscopic

Atoms 2021, 9, 14. https://doi.org/10.3390/atoms9010014

https://www.mdpi.com/journal /atoms


https://www.mdpi.com/journal/atoms
https://www.mdpi.com
https://orcid.org/0000-0002-1182-2785
https://orcid.org/0000-0001-8173-9525
https://orcid.org/0000-0003-3000-2376
https://orcid.org/0000-0001-9182-5400
https://orcid.org/0000-0001-9131-4520
https://doi.org/10.3390/atoms9010014
https://doi.org/10.3390/atoms9010014
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.3390/atoms9010014
https://www.mdpi.com/journal/atoms
https://www.mdpi.com/article/10.3390/atoms9010014?type=check_update&version=3

Atoms 2021, 9, 14

20f19

wavefunctions of BECs by coupling the internal atomic levels with either an optical field
or a magnetic field. Remarkably, the topological phase pattern of the coupling field is im-
printed into the condensate wavefunctions. This topological phase, which is independent
of the field strength, is uniquely determined by the spatial structure of the coupling field.

The helical phase front of Laguerre-Gaussian (LG) laser beams has been associated
with its orbital angular momentum (OAM) in the paraxial regime [55]. A photon of such
an LG laser modes has phase profile ¢/, and carries I unit OAM in the transverse plane,
where ¢ is the angular coordinate and [ is an integer, known as the winding number of the
beam. Such LG modes are known to transfer OAM from an optical field to the Rydberg
atom [56], BECs [57-60], and to create a mechanical rotation of particles [61,62]. It was
shown that a coherent coupling between the ground state of condensate with a rotating
condensate in vortex state, can be achieved by the transfer of OAM of photons to the
condensed atoms through Raman transitions [37]. Quantum dynamics of such vortex
coupler using LG beam was studied, and an off-axis motion of the quantized vortex cores
was interpreted as the collapse and revival of the atoms of the condensate [63]. Besides, a
pair of LG laser modes with unequal phase windings couple internal atomic states of BEC
through Raman transitions, and thus giving rise to spin and orbital angular momentum
coupling in the ground states of a spinor BEC [64,65]. Moreover, it has been shown that
almost all the atoms in the non-rotating BEC can be transferred to the BEC with vortex, by
employing LG beams [66,67].

Although an impressive volume of literature has been devoted to this subject, few
of its vital aspects remain further to be explored. One such aspect constitutes the role
played by the interaction between two BEC components on the population transfer. Indeed,
during the transfer process, atoms of two condensates are present in two different hyperfine
states, one with vorticity and another without vorticity. Thus, not only the atom-laser
coupling, but also the atom—-atom interaction between two different components is expected
to influence the population transfer process. Note that the focus of the majority of the
previous studies has been on the complete particle transfer from one quantum state to
another. However, it is expected that by maneuvering atom-light coupling and inter-
component interaction one could achieve a population transfer of any desired value. In this
way it equips us to realize a binary-mixture where one component contains a vortex, and
the other does not, thus emulating the so-called vortex-bright-soliton structure [16,68].
Additionally, it is also desirable to know, through the miscibility parameter [15,69,70], how
atoms in the condensate with a vortex penetrate into atoms of the condensate without
any vortex during the transfer process [15,69,70]. Therefore, motivated by experimental
accessibility [71,72] and theoretical novelty of the problem, we theoretically address these
important aspects of the transfer mechanism in this paper.

We investigate the dynamics of population transfer from a nonrotating BEC to a Raman
coupled rotating BEC by employing LG and Gaussian (G) pulses. In this process, the atoms
in rotating BEC gain angular momentum from the LG laser pulse. We consider pulsed G
and LG beams as the pump and Stokes beams, respectively, to transfer the atoms from one
hyperfine level to another. In particular, we choose the temporal width of the pulses to
be in the same time scale determined by the trap frequency. This consideration provides
us the framework to understand the dynamics during the transfer process. Numerically
integrating the Raman coupled multicomponent Gross-Pitaevskii equations, we point out
the following key points: (i) the sign of the vorticity of the condensate as well as the initial
growth region of the vortex state, captured within the density patterns, depend upon
which laser mode is chosen as pump or Stokes beam and (ii) the repulsive inter-component
atomic interaction and peak Rabi frequency of laser beams determine the number of atoms
transferred to the non-rotating BEC. By calculating the overlap integral between the two
condensates we also quantify how two condensates penetrate into each other during the
transfer process.

We have organized the remainder of this paper as follows. In Section 2 we describe
the theory of transfer mechanism. Section 3 provides a brief description of the numerical
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schemes used. In Section 4 we present results of the complete particle transfer and effects
of the inter-particle interactions and the Raman coupling parameter on the final population
of the rotating BEC. In Section 5, we discuss the implication and possible future extensions
associated with the results presented. Appendix A presents the effects of trap frequencies
and the time-delay between the pulses on the population transfer. Finally, in Appendix B
we briefly outline the Hamiltonian and the derivation of the equations of motions.

2. Theoretical Methods

In our study, we consider BEC of alkali atoms trapped in a quasi two- dimensional
harmonic trap confined in the x — y plane with z axis being the quantization axis. In order
to transfer OAM from the optical beam to the BEC, we consider three electronic levels of
the alkali atoms are coupled by a pair of laser pulses in A-type configuration as shown in
Figure 1. Atoms of initially prepared BEC are at the state |1), one of the hyperfine levels of
the electronic ground state of atoms. The state |3) is an intermediate non-resonant excited
state. The final state is considered to be |2), another hyperfine level of the electronic ground
state of the atoms. The atoms are irradiated by two laser pulses propagating collinearly
parallel to the quantization axis [73]. We remark that with the dipole approximation of
the atomic transitions, the changes in the internal spin states of atoms are dictated by
polarizations of two light fields. However, the changes in external orbital motion of the
atoms of BEC around the quantization axis are determined by the difference of the orbital
angular momentum (OAM) of two light fields [57]. Let us consider that the OAM of the
twisted laser pulses for the transition from state |1) to state |3) is I; and for |3) to |2)
transition is I. Then, the electric field vectors involved in this absorption or emission
transitions can be written as (for i = 1 and 2)

2+
| (5

E(xyt) =&&) (2 +y)) 2e 9 ikt 1)

where &;(t), €, k; and w; are the corresponding time dependent amplitude profile, polar-
ization vector, wave number and frequency of the i-th pulse, respectively. We consider the
temporal amplitude profiles of both pulses have the same form [74]:

) )2

51(2)(t) = gmaxei( T ’ (2)

where Ty(y) is the temporal position of the peak value of electric field &;(;). Maximum
amplitude Emax and pulse duration T are the same for both pulses. The optical absorption-
emission cycle imparts OAM onto the atoms in final state |2) and creates a vortex in the
BEC with charge (I; — I) unit. Because of collinearity of the E; and E; pulses, no additional
linear momentum is generated in the final state. In addition to such two-photon transitions
in atomic BEC, these lasers also create extra confining potential, namely optical dipole
potentials for the atoms in the states |1) and |2) [75]. In practice the value of detuning A is
large, which ensures the negligible populations in state |3). This allows us to eliminate the
state |3) adiabatically. During the transfer process, atoms are present in both the hyperfine
states, |1) and |2). Therefore, coherent evolution of the condensates of atoms in these two
states, characterized by wavefunctions ¥1(x,y, ) and ¥»(x, y, t) respectively, are governed
by two Raman coupled Gross-Pitaevskii equations (see Appendix B for the derivation)

oY 1 2 -z :
za—t1 = [— Evi + % + Y G Vi) hle }‘Yl +V (x,y,t)¥pe (1-2)¢ (3)
j
and,
¥, 1, 7 2 ) ‘
i = [— Ev”j +5 LG+ Vy(t)rille @ }‘Fz + V' (x,y, ) ¥R, (4)
j
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where 12 = x% + 32, V' = VY, (r?) 111112072 exp [ ~22(1/w? + 1/w3)], and Vyp) (t) =
Vimax €xp [— (t— Ti(2) )2 / Tz} with Vimax = Eéaxdz /P wA. 5§1ax is maximum light intensity
of both pulses and d is the atomic transition dipole moment and wj ) is the beam waist of

the corresponding laser pulse. Therefore, the effective trap potentials felt by atoms of the
condensates are

2

r T2
Vett1(2) = 5 + V1(2)(t)r2\ll\(\lz\)e 12) 5)

We derive Equations (3) and (4) by nondimensionalizing Equations (A11) and (A12)
respectively. For this, we scale the spatial coordinates by oscillator length aosc = 71/ mw,
time by 1/w and condensate wavefunctions by \/N/a3... Here, m is the mass of the atoms
and N is the total number of atoms in the system, and w is the trapping frequencies along
x and y directions of the harmonic trap. We denote N; and N, as the number of atoms
in condensates Y1 and ¥, respectively, and consider the total number, N = Nj + N,
is conserved during and after the transfer process. We point out that initially N; = N
and N, = 0. Note that, the parameter associated with the peak Rabi frequency, Vmax,
contains parameters from the considered atomic transition, laser pulses and the trap of the
condensate. The quasi-2D configuration of the trap is achieved by ensuring large trapping
frequency in z direction, that is, w, > w. The intra and inter-component coupling strengths
are G;; = 2N/ 2mAa;;/ aosc and gi]- = Q]-,- = ZN\/Zm\ai]-/aosc, respectively, and A = w,/w
is the anisotropy parameter. The intra-component and inter-component scattering lengths
are denoted by 4;; and 4;;, respectively. Initially, only the condensate ¥ is present within
the trap. With two photon Raman transitions, the condensate ¥, grows by gaining atoms
from the condensate '¥;. During this process atoms in ¥, gain (I; — I) unit orbital angular
momentum, which is manifested as a phase factor ¢!(h=1)? in the condensate wavefunction
¥,. The phase factor e~(1~12)¢ in the coupling term of Equation (3) ensures that no angular
momentum is transferred back to the atoms in condensate ¥;. Transfer of this angular
momentum to the condensate ¥ results in generating quantized vortex in the condensate.
A quantized vortex in a BEC is point like topological defect which is manifested in the
phase profile of the condensate wavefunction ¥,. Around the vortex the phase of the
condensate wavefunction changes by x x 27, where x is an integer, which is referred to as
the winding number or charge of the vortex.

A system of two component BECs can exhibit two phases, miscible or immiscible,
depending on the the strengths of intracomponent and intercomponent interactions. At
zero temperature, two defect free condensates in a homogeneous trap are miscible when
”%2 < aq142, and immiscible for ”%2 > a4y [76]. However, these conditions are modified
when the condensates are considered in inhomogeneous trap [77]. Effects of finite tem-
perature [70] and topological defects [15] on the miscible-immiscible transition have been
reported. A well known measure to characterize these two phases is the overlap integral
defined as [15,69,70]

. {//dxdynl(x,y) nz(x,y)}2 | o

[//dxdyn%(x,y)} {//dxdyn%(x,y)]

2
where 1115 (x, y) = “I’l(z) (x, y)’ are the densities of the condensates. A = 0 corresponds

that the two condensates are spatially separated, that is, the system is in immiscible phase.
Whereas, A = 1 implies maximal spatial overlap between the condensates, that is, the
system is in complete miscible phase.

To this end, by utilizing two-photon Raman transition, we transfer the atoms from one
initially populated quantum state to another unpopulated state via an intermediate state,
see Figure 1. A pump field links state |1) to electronically excited state |3), and Stokes field
links state |3) to another low energy state |2). We perform a one-way controlled particle
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transfer from one hyperfine state to another, where atoms of the daughter state carries one
unit vortcity, either positive or negative, thus enabling us to create a rotating BEC. In this
context, coherent population transfer is possible if the Stokes field precedes, but temporally
overlaps with, the pump field, and the pulses are applied adiabatically.

3)

LG(G) . G(LG)
) _

2)

Figure 1. Schematic of the electronic states considered, in a A configuration. Specifically, the states of
interest are |1) and |2) which represent the states associated with the two-component Bose-Einstein
Condensate (BEC). These two states are coupled, via |3), through detuned Guassian (G) and Laguerre—
Gaussian (LG) laser pulses. In this work two laser pulse sequences are considered: (i) G-LG where
the Gaussian is the pulse (|1) — |3)) beam and the Laguerre-Gaussian is the Stokes (|3) — |2)) beam
and (ii) LG-G where the Laguerre-Gaussian is the pulse (|1) — |3)) beam and the Gaussian is the
Stokes (|3) — |2)) beam.

3. Numerical Methods

We start with a BEC of N atoms at state |1), in the absence of laser pulses. Therefore,
we set terms associated with laser pulses in Equation (3) to be zero to obtain the initial
solution. Then, the wavefunction of the initial BEC, Y1, is generated by solving Equation (3)
in imaginary time using split-time Crank-Nicolson method [78]. The initial wavefunction
of BEC of the atoms in state |2), ¥, is considered to be zero. Using these two initial wave
functions, we evolve the system in presence of laser pulses. For this, we solve the coupled
GP equations in Equations (3) and (4) in real time. The phase imprinting in the ¥, occurs
dynamically due to the two photon Raman transitions, which is obtained by considering,

!/

i /
Fil ) = cos( 250 Jalay,t) —ie 0 sin (S ), ()

and

!/

i /
1.IJZ(x/y/ t?’l+l) = COS(VZ t)IPZ(x/yrtl’l) - iel(llilZ)(P Sin<vzdt>lfl(xryr tl’l) (8)

Since Y is zero at the initial time t(, /1 — I, unit vortex is imprinted on ¥, at t; = fy 4 Jt
and vorticity of ¥1 remains zero. This transfer of angular momentum continues, as long as
both pulses are present. However, since the process is one-way, it stops when all the atoms
in condensate ¥ are transferred to the rotating condensate. For simulations, we choose a
square grid of 300 x 300 grid points with a grid spacing §x = 6, = 0.05a,sc and time step
A+ = 0.0001w~!. In our study, we consider hyperfine states of 8 Rb with |1, —1) as |1)
and |2, +1) as |2). The intracomponent scattering lengths a7 and ay; of these two states
are 100.4ap and 95.444 [79] respectively, where ag is the Bohr radius. The trap frequency
w = 27 x 30.832 Hz [80] and the anisotropy parameter A = 40 are the same for both
condensates. For this system the oscillator length aosc = 1.94 pm. Furthermore, the relation
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H1(2) < hw; holds throughout the time evolution indicating that quasi-2D configuration is

maintained always. Total number of atoms in the system is N = 10*. To create a BEC with
a vortex of charge —1 unit, we use G pulse as “pump” of which /; = 0, and LG Pulse as
“Stokes” with I, = 1. If we interchange the “pump” and “Stokes” laser pulses, a vortex of
charge +1 unit will be created in the BEC. For simulations, we use the pulses with same
temporal duration of T = 4.9 ms.

4. Results and Discussion
4.1. Creation of Vortex in the BEC

In G-LG pulse sequence, we employ G pulse as pump and LG pulse as Stokes, for
which [; = 0 and I, = 1 respectively. For this arrangement, we consider 71 = 1.4 and
Tp = 1.0 in the units of 1/w. During the Raman transitions of atoms from state |1) to |2)
an amount of —1 unit OAM is transferred to the atoms in state |2). Here, we describe the
transfer process. First, a photon from the G laser pulse which has zero OAM is absorbed by
the atom in |1). As a result, the atom is excited to an intermediate excited state |3). Then, a
photon with +1 unit OAM is emitted by the atom at the state |3) onto the LG beam. After
this emission process the atom comes back to another ground state |2). The conservation
of the total angular momentum of the system, that is, the total angular momentum of atom
plus light pulses, ensures that atom at the state |2) gains —1 unit OAM. Thus, —1 unit
vorticity is created in the condensate ;. Similarly, 41 unit vorticity can be created in the
condensate ¥, through LG-G pulse sequence, where we use LG pulse as pump and G
pulse as Stokes of which /1 = 1 and I, = 0 respectively.

4.2. Density Evolution of the Condensates

We have discussed that the sign of the vorticity in condensate ¥, depends on the laser
modes chosen as pump and Stokes beam. Here, we point out how the sign of the vorticity
can be inferred from the changes of density patterns of the condensates during the transfer
process. Furthermore, these density patterns serve as promising candidates to elucidate
the residual excitations created during the light-matter interaction, since these excitations
leave their foot-prints on the density profiles creating additional humps and dips [81,82].
Figure 2(a;—a¢,b1-be) illustrate the density profiles of the condensates during the Raman
transitions, when the vortex of charge —1 unit is generated in the condensate ¥,. Whereas,
Figure 2(c1—c¢,d1—dg) illustrate the density profiles when +1 unit vortex is created. In the
lower-left corner of each density profile we mention the fraction of atoms in the condensate
with respect total number of atoms in the system.

From the comparison between the Figure 2(a1—a¢,b1-bg,c1—c6,d1—dg), it is evident that
density patterns of the condensates during the creation of —1 unit vortex are different
from the case of creation of +1 unit vortex. During the initial growth of the condensate
Y5, the atoms occupy the central region of the trap when the vortex of charge —1 unit is
created, whereas the atoms occupy the peripheral region of the trap when the +1 unit
vortex created. At t = 0, the laser pulses are absent and the condensate ¥ is populated by
all the atoms in the system, hence, the condensate ¥, is empty. It is important to mention
that for the coherent population transfer, we apply the Stokes beam first. Therefore, in the
early stage of the dynamics population of condensate ¥, remains zero. Once the pump
beam is applied, condensate ¥, starts growing at the expense of atoms being transferred
from the condensate Y. At the same time, a vortex of either —1 or 41 unit is imprinted on
condensate ¥, depending on the angular momenta of the pump and Stokes beams. For the
case of LG-G pulse sequence, which is illustrated in Figure 2(c1—cg,d1—d¢), we observe that
11% of atoms has been transferred in the first 10.84 ms, but 68% of atoms are transferred
in the next 1.96 ms. In contrast to this, we observe that fewer numbers of atoms are
transferred to condensate ¥; at the same time instants when compared to the G-LG pulse
sequence, which is also evident from Figure 2(b1—bg). In both the cases, the generated
vortex appears with core, that is, zero density region at the center of condensate ¥, which
is visible in the density profiles of ¥, shown in Figure 2(b1—bg,d1—ds). It is worth noting
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that density depleted region at the center of the trap is also observed in the density profiles
of condensate ¥1 during the creation of —1 unit vortex in ¥, (Figure 2(a1-a4)). However,
such a hole is absent in the condensate ¥;, when +1 unit vortex is created. To understand
the nature of the density depleted regions, we study the phase profiles of the condensates.
We confirm the presence of phase discontinuity at the center of condensate ¥, for both
the cases. It is mentioned earlier that the phase of the condensate wavefunction changes
by x x 27t around a quantized vortex, where « is the winding-number or charge of the
vortex. We compute the winding number x to be —1 when we use G as pulse and LG as
Stokes beam, whereas x = +1 when we consider LG-G pulse sequence. On the other hand,
the phase profile of the condensate ¥; does not possess phase discontinuity during the
transfer process for both cases. Thus, the hole in condensate ¥ which is generated during
the application of G-LG pulse sequence, is not a vortex.

12.6ms 13.42ms 13.94ms 14.56ms 26.22ms
220

110

0

—5
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11.46ms 11.98ms
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165
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(%]
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Figure 2. (Color online) Shows the time evolution of density profiles of the condensates of (a1—as), (c1—c¢) atoms in |1) and
(b1-bs), (d1—de) those in |2), when —1 unit [(b1-bg)] and +1 [(d1—de)] unit vortex is created in the condensate ¥5,. In the
course of time, the condensate ¥, gets populated. The fraction of atoms in the condensate with respect to total number of
atoms N = 10%, is mentioned at the bottom left corner of each figure. Atoms are kick-started to be transferred from the
condensate ¥ to the condensate ¥ in the central region of the trap for —1 unit vortex transfer, but in the peripheral region
of the trap for +1 unit vortex transfer. Almost 100% atoms get transferred to state |2) for both the cases.

Focusing our discussion on G-LG pulse sequence, we ascribe the presence of hole in
condensate ¥ to the distortion of harmonic trap potential by the optical dipole potential.
In this case, the optical dipole potential is induced by the G laser pulse for the condensate ¥';
and by the LG laser pulse for the condensate ¥5. Note that, at t = 0 ms the laser pulses are
absent and the minimum of the harmonic oscillator occurs at the center of the trap. Hence,
we obtain a pancake-shaped density profile of the condensate ¥, which has maximum
density at the trap center to minimize trap potential energy. Then, during the application
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of laser pulse, the G-pulse gradually creates a rotationally symmetric “hump” at the center
of the trap, which increases the potential energy at the trap center. Therefore, the minimum
of the effective trap potential V¢ ; gets shifted radially away from the center, resulting in a
rotationally symmetric annular region as the new minimum of the potential. It is important
to mention that the density profile of a condensate in a binary mixture depends on the
effective trap potential in conjunction with the number of atoms in the condensate, intra
and intercomponent scattering length. Therefore, the atoms of the condensate ¥; move
away from center of the trap and settle at the annular region to minimize the trap potential
energy. This creates a hole at the center of the density profile of the condensate ¥;. Since
the optical dipole potential induced by LG pulse has parabolic form around the center of
the trap, the position of the minimum of the effective potential V¢, does not change over
time. However, the steepness of this effective potential changes with time. It increases up
to time t = 7y and then gradually decreases back to its initial value which is determined by
the considered harmonic potential. Therefore, the atoms in the condensate ¥, are always
pushed towards the center of the trap to minimize trap potential energy. As a result, during
the growth of ¥, the central region of the trap is occupied by the transferred atoms first,
and then rest of the region is occupied.

For LG-G pulse sequence, laser modes of pump and Stokes beam are interchanged.
Now the optical dipole potential is induced by the LG laser pulse for the condensate ¥; and
by the G laser pulse for the condensate Y. Therefore, with the increase of the steepness of
the parabolic potential, which is generated by the LG pulse, the atoms in the condensate
Y, are pushed towards the central region of the trap. The atoms that are transferred to
condensate Y5 experience the “hump” in the trap potential at the center, which is created
by the G pulse. Thus, the atoms in condensate ¥; are pushed towards an annular minimum
region of the effective trap potential. This results in larger core of the vortex in condensate
Y, during the transfer process, which is to be contrasted with the previous case.

4.3. Root-Mean-Square Radius of the Condensates

The growth rate of condensate ¥, can be inferred from the rate of change of rms
radii of the condensates. In Figure 3 we illustrate the evolution of the s of both con-
densates during the transfer process for the cases when G-LG and LG-G pulse sequences
are considered. From the comparison between the considered cases, we can infer that the
growth rate of the condensate ¥, is faster in the case of LG-G pulse sequence than the
case of G-LG pulse sequence. Note that, for the chosen pulses, the strength of the Raman
interaction term )’ is always maximum, at the boundary of the trap. However, atoms in the
condensate try to occupy the minimum of the trap potential to minimize the trap potential
energy. In particular, the effective trap potential Vi, of condensate ¥, has a minimum

at the center of trap for G-LG pulse sequence, but at a distance r = wy \/ In(4Vs(t)/w3) /2
from the center, for LG-G pulse sequence. Therefore, in the later case, the minimum of the
effective trap potential is closer to the trap boundary where the Raman coupling V' term
is maximum.

This suggests that the growth rate of the condensate ¥, depends on the distance be-
tween the position of the minimum of effective trap potential and the position of maximum
Raman coupling. After the transfer process, the rms radius of ¥; oscillates around a mean
value. The frequency of such residual radial oscillations, as can be seen from Figure 3,
is approximately w’ = w/3 for both pulse sequences. The amplitude of oscillation is much
smaller than the mean radius of condensate. Most importantly, such a small amplitude of
oscillation indicates that negligible amount residual excitations have been activated during
the population transfer. However, detail analysis of such excitations is out of the scope of
this work.
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Figure 3. (Color online) Shows the time evolution root mean square radius ryms of BEC ¥ and ¥
for different pulse sequences(see legends). The BECs are confined harmonic trapping potential with
frequency w = 27t x 30.832 Hz and the intra-and interspecies interactions are taken as a7 = 100.04a,
ayy = 95.44ay, and a;, = 1004y respectively. The dynamics is triggered by employing LG[G]-G[LG]
pulse sequence, where LG[G] is the pump beam and G[LG] is the stokes beam.

4.4. Effects of Intercomponent Interaction

We now discuss the effects of intercomponent interaction between the two condensates,
during the transfer process and the final population of the condensate ¥,. We consider the
LG-G pulse sequence as the representative example.

The scattering length 415, which quantifies interactions between the atoms of the
two different components, plays an important role in determining spatial wavefunctions
and the energy of the condensates. Indeed, for certain temporal duration of pulses and
intercomponent scattering length, the strength of the atom-light interaction Vax have to be
monitored to get the desired population of atoms in the state |2). In the Figure 4, we present
the number of atoms in condensate ¥, at the end of the transfer process as a function
of a13 and Vimax. We vary peak Rabi frequency Viax from 1 to 100 and intercomponent
atomic scattering length a1, from 704 to 110ag. Peak Rabi frequency can be controlled
either by changing peak light intensity of the pulse or by changing the detuning. Whereas,
the scattering length can be varied through the magnetic Feshbach resonance [83]. We
observe complete population transfer from condensate ¥'; to condensate ¥, when Viax is
greater than 100 (not shown in the diagram). Intercomponent interactions merely affect
the transfer process. In this region, atom-light interaction is strong enough to affect
any density distribution determined by a1,. However, this situation does not hold for
intermediate values of Viax, predominantly between 100 and 10. In this region, stronger is
the intercomponent interaction, larger is the number of atoms transferred to condensate
Y. For small values of Viax, larger values of a1, suppresses the transfer process, which is
evident from Figure 4. It is important to mention that in this limit, we observe the growth
of condensate ¥, is different for different values of intercomponent atomic scattering
length. That is, depending on the strength of the atom-light interaction, a1, affects the
population transfer in different manner. For example, for Vimax = 1, the final population
of ¥, is suppressed for larger a1,, whereas, for Vimax = 10, strong interaction increases the
population in ¥, (see Figure 5a,b).
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Figure 4. (Color online) Illustrates the number of atoms transferred to the condensate ¥, as a
function of intercomponent scattering length a;, and the light-matter interaction parameter Viax.
The colorbar shows the fraction of atoms in condensate ¥, with respect to the total number of atoms
N = 10* in the system at the end of the transfer process. The population transfer from ¥; to ¥,
is carried-out using LG(pump)-G(stokes) pulse sequence. The system is confined in a harmonic
trapping potential with frequency w = 27 x 30.832 Hz and the intraspecies scattering lengths are
an = 100.04510 and axy = 95.44&0.

0.6 1.0
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<
0.4
0'2— ——— ay2 = 7T0ag
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Figure 5. (Color online) Shows the time evolution of the population in the condensate ¥, for a fixed Rabi frequency, with
(@) Vmax = 1 and (b) Vmax = 10, and different interspecies scattering lengths a,, [see legends]. The dynamics is triggered by
employing LG(pump)-G(stokes) pulse sequence. The BEC ¥ is confined in a harmonic trapping potential with frequency
w = 271 x 30.832 Hz. The total number of atoms in the system is N = 10* and the intraspecies scattering lengths are given
by a17 = 100.04ap and ay = 95.44ag. For Vimax = 1, larger a;, suppresses the population transfer processes, but favors the
same for Vmax = 10.

In order to gain further intuition regarding the combined effect of the atom-light cou-
pling and inter-component interaction we resort to the density evolution. Figure 6 presents
few representative snapshots of the density profiles for Vmax = 1 and a1, = 804ap. Note
that this particular parameter set corresponds to 45% particle transfer to ¥, (see Figure 5),
therefore, enabling the creation of binary mixture of almost equal particles. This, in par-
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y(units of acsc)

ticular, is better comprehended from the density profiles depicted in Figure 6. Preparing
the initial state characterized by all the atoms residing at the state |1) (Figure 6(a1,b1)), the
light-matter interaction is initiated by employing LG-and G beams as pump and stokes
beam, respectively. Note that the large vortex core of ¥, during the early stage of pop-
ulation transfer is caused by the presence of the Gaussian potential barrier at its center
(see Figure 6(b)). However, the same vortex core gradually shrinks as more number of
particles are transferred and the Gaussian barrier gradually diminishes (see Figure 6(b3,b4)).
Finally, the BEC at |2) possess 45% of the total number of particles. A close inspection of
Figure 6(a4—a¢,b4—bg) reveals that a breathing motion characterized by expansion and con-
traction of the density profiles has been triggered in both ¥; and ¥5. Another observation
is that Y5, after the population transfer, exhibits larger vortex core when compared to the
case of complete particle transfer, see Figure 2(d¢) and Figure 6(be).

t = 0.0ms 11.36ms 12.6ms 13.94ms 29.94ms 35.1ms

7220

165

110

55

z(units of @)

Figure 6. (Color online) Shows the time evolution (see the legends) of the density profiles of the BEC ¥ at (a1—as) |1) and
those of BEC ¥ at (b1-bs) |2). The population transfer from ¥; to ¥ is triggered by utilizing a LG(pump)-G(stokes) pulse
sequence and setting the light-matter interaction parameter Vmax = 1 and the interspecies scattering length a1, = 804y,
while all other parameters are the same as before. The fraction of atoms the condensate with respect to the total number of
atoms N = 104, is mentioned at the bottom left corner of each figure.

In addition, we observe the peak Rabi frequency plays an important role in determin-
ing the miscibility between the two components during light-matter interaction. This is in
contrast to the case when the light field is absent, that is, miscibility of two condensates
is determined by the intra and intercomponent interactions. To illustrate this, we have
considered Rabi frequencies, Vmax = 1 and Vmax = 10, for which both the condensates ¥,
and Y, have finite number of atoms Nj and Ny, even after the light-matter interaction. For
these two cases, we show the variation of the miscibility parameter A with time in Figure 7.
Note that just after the initiation of the transfer process, condensate ¥, grows within the
condensate Y1, resulting in gradual increase of A. However, when a sufficient number of
atoms have been transferred to condensate ¥, and both the pulses have significant tempo-
ral overlap, mutual repulsion between the condensates and the optical dipole potential tend
to push the two condensates away from each other. This results in decrease of A. Again, the
overlap between the condensates and hence A increases as pulses gradually die down. It is
important to notice that during the light-matter interaction we obtain larger values of A
for larger values of a1». This indicates, the stronger the intercomponent repulsion between
the two condensates, the larger the overlap between them is. This is to be contrasted with
the case when light-matter interaction is absent, in which, larger intercomponent repulsion
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separates the condensates spatially. After the light-matter interaction, that is, when the
optical dipole potentials disappear, the miscibility between the condensates is determined
by intra- and inter-component interactions.

1.0
(a) (b)
0.8
0.6
<

0.4

0.2 —— @12 =T0a) =— a;; =100a, 1 —_ gy, = T0ag = 100aq
a2 =80ag — (15 =110ag a2 = 80ay a12%= 110ay

— 13 =90ay — 1o = 90ag
0.0 - - - - : : . .
5 10 15 20 25 5 10 15 20 25
t(ms) t(ms)

Figure 7. (Color online) Shows the time evolution of the overlap integral A for a fixed Rabi frequency, with (a) Vimax = 1
and (b) Vmax = 10, and different interspecies scattering lengths a1, [see legends]. The dynamics is initiated by employing
LG(pump)-G(stokes) pulse sequence. The binary BECs are confined in harmonic trapping potential with frequency
w = 27t x 30.832 Hz. The total number of atoms in the system is N = 10* and the intraspecies scattering lengths are given
by a = 100.04610 and ayy = 95.4.4.(10.

5. Conclusions

In conclusion, we have shown that how two-photon Raman transition can be used to
generate a rotating BEC with vorticity of either sign, by transferring atoms from another
condensate. In this transition, atoms gain angular momentum from the LG laser pulse be-
fore being transferred to a rotating condensate. Density patterns of the condensates during
the light-matter interaction depend on sign of the vorticity of the rotating condensate.

In particular, we have show that how a specific choice of pump and stokes beams can
alter the locations, within the trap, where the transferred particles start accumulating. No-
tably, this result stems form the optical potentials felt by the atoms of each individual state.
Most importantly, the interchange of pump and stokes laser beams not only changes the
sign of vorticity, but also gives rise different dipole potentials influencing both the growth
rate and growth region of the new Bose-Eintein condensate. The growth of the new conden-
sate with —1 unit vorticity is started from the central region of the trap, but a condensate
with +1 unit vorticity starts to grow from the peripheral region of the same. Furthermore,
the “smoothness” of the density profiles and the temporal evolution of rms radius imply
that there are very few excitations emerging during the light-matter interaction.

Moreover, we have shown that the number of transferred atoms can be monitored by
tuning the intercomponent interaction, if the peak Rabi frequency of light-matter interac-
tion is low and in particular, large intercomponent interaction subdues this transfer process.
In this way, by maneuvering the atom-light interaction strength and the intercomponent
scattering length one can create binary mixture of condensates.

Another major finding from our investigation is that intercomponent interaction kind
of plays an opposite role in the process of phase separation during the Raman transition
process, in contrast to literature [84] when such dynamical perturbation is absent. We
find that a stronger intercomponent interaction favors greater miscibility between the
condensates during the light-matter interaction.
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Finally, we point out that the storage of a photon pair entangled in OAM space
through Raman transition in the cold atomic ensemble has served as a sandbox to study
information processing [85]. Besides, because atoms can have higher spin manifolds than
light, the extension of our work to the spinor BEC would be an important study. Various
topological properties can be developed in the ground state depending on Rabi frequency
and atom-atom interaction strength, for example, a Mermin-Ho vortex or a meron pair
phase [86], and might lead to the exhibition of non-Abelian braiding statistics [87] which is
particularly interesting for topological quantum computing protocols [88]. We expect our
study will shed light for further research in this direction.
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Appendix A. Effects of Harmonic Trap and Time-Delay between the Pulses

Here we discuss the effects of the trapping frequencies of the harmonic potentials and
the time-delay between two pulses during the particle transfer and on the final population
of the component ¥,. In particular, we are interested in the weak atom-light coupling
regime where both components contain finite number of particles. To that purpose we set
Vmax = 1, also the interspecies scattering length is a1, = 80ay. Figure Ala presents time
evolution of the fraction of total number of particles in ¥, for different trapping frequencies
w. It is evident that consideration of a different trapping frequency only changes the time
scale of the relevant phenomenology. Remarkably, it does not alter the final population
of the ¥; to a great extent. The onset and the growth rate of the population transfer are
influenced by the trapping frequency. For instance, for w/(27r) = 30.832 Hz, the transfer
starts at earlier time instant and occurs at a faster rate when compared to the others.

Next we inspect the effect of varying time-delay between the two pulses on the
population transfer in the weak light-matter coupling regime (see Figure Alb). We fix the
peak location (1) of the stokes pulse at 7 = 10.33 ms and vary the peak location (77) of the
pump pulse. We notice that maximum particle transfer is approximately 45% of the total
population, which is achieved when T lies in the range 11.36-12.39 ms. However, when the
time delay is too large (13 = 15.49 ms) or too small (7; = 10.36 ms) the number of particles
in ¥, decreases. Besides, when the time delay is very small, in other words temporal
peaks of the two pulses are very close to each other, the growth of the population shows
a very different behavior, see the blue curve in Figure Alb. The noticeable swell, during
the light-matter interaction, in the curve corresponding to 7y = 10.36 ms can be related
to the creation of significant amount of excitations in both components. These excitations
stemming from the interactions with laser pulses also remain in both components after
the interaction is over. We remark that such residual excitations leave their finger-prints
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onto the density profiles of the components (not shown here for the brevity), and bear the
signatures of the break-down of coherent population transfer.

1.0
— o = 15 Hz — 77 — 10.36 ms
(a) w = 20 Hz (b) 7 = 11.36 ms
0.8 — 9 — 25 Hz — T = 12.39 ms
— w = 30.832 Hz —_— 177 = 14.46 ms
— 171 = 15.49 ms
0.6
==z, Zl=
0.4 - [
0.0 . . : . / : :
(0] 10 20 30 40 (0] 10 20 30 40
t(ms) t(ms)

Figure Al. (Color online) Time evolution of the fraction of particle number transferred to the BEC ¥, for (a) various
trapping frequencies w and (b) various peak positions of the (17) of the pump laser pulse. A LG-G pulse sequence is used to
trigger the dynamics in the weak light-matter interaction regime characterized by Vmax = 1. While studying the effect of
the trapping frequencies [(a)], T» and Ty are fixed at 10.33 ms and 13.43 ms, respectively. On the other, the rapping frequency
w = 27 % 30.832 Hz and peak position 7, = 10.33 of stokes pulse are kept fixed when studying the variation of 7y [(b)]. The
total number of particles in the system is N = 10%, and the intra-and interspecies interactions are a11 = 994y, ay = 95.44ay
and a1p = 80ay.
Appendix B. Hamiltonian and Derivation of Equation of Motions

Let ‘i’; and ‘i’]- be the creation and annihilation operators respectively for atoms at state
7). The Hamiltonian for interacting boson alkali atoms in a trap potential, with respect to a
frame rotating at the frequency of applied laser fields in the rotating wave approximation
can be written as
H= / drl‘ﬁ(rl, t)fll‘ill (I‘l, i’) + / dl‘zfi’;(rz, t)flz‘i’z(l‘z, i’) + hA / dl‘3‘i’;(r3, t)‘i’3(r3, t)
U1 S A o o u22 A ~ A N
+-2 / dry¥] (r1, %] (r1, %1 (10, )1 (1, ) + =2 / de¥i(ra, ¥h (12, )¥1 (12, ) ¥1 (12, )
+Ujp / dr ¥l (¥ (¢, ¥, (7, ) Fa (Y, 1) + / dr'Qy (¢, 1) (¢, 1) (¢, 1)
+h / dr'Qy (v, )20} (¢, £) ¥, (¢, 1) + H.c

we have following commutation relations for the bosonic operators:

[¥(r, 1), FL (K, 1)] = 6(r —1')dy, (A1)

in LY (n 1), H] (A2)
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ih% = [¥a(r,t), H] (A3)

ih% = [¥3(r,t), H] (A4)

Using bosonic commutation relation and Heisenberg equation of motion we get

th———"* = hl‘I’l (I‘, t) + Un‘i’{ (I‘, f)‘i’l (1‘, t)‘iﬁ (l‘, t) (A5)
+ U ¥ (r, ) %o (x, ) ¥1 (x, £) + Qi (r, £)e 9% 5(x, 1),

a"ijz(r, f)

ZhT = ;{2‘?2(1‘, t) + Lbz‘i’}(r, t)‘i’z(r, t)‘i’z(r, t) (A6)
+ Un ¥ (r, )% (x, ) ¥a (1, £) + 1O (x, t)e 205 (x, 1),
and
iha‘hai(:’t) = hA¥5(x, t) + 1Oy (r, )%, (. t) (A7)
+ 1y (1, £)e2 ¥, (1, 1).
Eliminating of the field operator ¥3(r, t) adiabatically,
. a‘i’g(r, t)
h—2 " — A
i o 0 (A8)
‘,I\Ig(r, f) = —(Ql(r, t)eill""i’l(r, t) + Qz(r, t)ei12¢‘i’2(r, t))/A (A9)
Putting (A9) into (A5) and (A6) we get,
co¥i(rt) o . . .
Zh% =mhY (l‘, t) + UH‘I’{(r, t)‘fl (1‘, t)Tl (1‘, t)+ (A10)
2
Ui ¥5 (x, )% (1, )% (1, £) — M‘n (r, )
O, (x, 1) (1, 1) —i(l—
2(r i i )‘I’z(r,t)e i(h—h)¢
and
Lo¥a(rt) s o - . .
zh% = hoW¥o(r,t) + Up¥d (x, ) ¥ (x, ) ¥ (x, )+ (A11)

N . - h| Qo (x, t 2
Un¥T(x, )1 (x, ) ¥2(x, t) — %%(r, t)—
)y (r,t)QE(r,t)

A ¥, (x,t)elh—R)9

where 1 (r) and Q) (r), Rabi frequencies of the transitions [1) — |3) and [3) — |2), are
given by E;(r,t) - dy3/h and Ep(r,t) - d3p/h with di3 and d3, being the corresponding
transition dipole moments. we consider dy3 = do3 = d. At T = 0, in limit of low energy s-
wave scattering, and neglecting quantum fluctuation, the field operator ‘i’j can be replaced
by a complex valued wavefunction ¥;. Therefore, (A3) and (A4) become
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L oY (rt n? 1Oy ()
lh% = |: — %VZ + V(r) — %} 1[11 + u11|T1|2‘Y] + UlZ‘T2|2T1 (A12)
hQO (x, )OO (1, ¢ )
PO g it
and
L 0¥ (¢ n? h|Qa(x, 1) 2
lh% = |: - %VZ + V(I’) - %} Y + U11|‘I’2|2Y2 + UlZ‘Tl |2T2 (A13)
@) O )
iy (r, ti Z(r't)‘lfz(r,t)e’(h*bW
Using (1) and (4)
2,2
2 t—T _o(*Hty )
‘0(1)2‘ = (%)26(7 ) (x% +y?)h@le “i) (A14)
and
-7 - I |+
Q50 = (Emdaz (-2 2 2y il

hA
_ 224 (A15)

Here the BEC is considered to be confined at z = 0 plane and w; =~ wy.
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