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Abstract: The excitation cross sections of the nS states, n = 2 to 6, of atomic hydrogen at various
incident positron energies (10.23 to 300 eV) were calculated using the variational polarized-orbital
method. Nine partial waves were used to obtain converged cross sections. The present results
should be useful for comparison with results obtained from other theories and approximations.
The positron-impact cross section was found to be higher than the electron-impact cross sections.
Experimental and other theoretical results are discussed. The threshold law of excitation is discussed
and the cross sections in this region were seen to obey the threshold law proportional to (ln k f )

−2.
Cross sections were calculated in the Born approximation also and compared to those obtained using
the variational polarized orbital method.
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1. Introduction

Dirac [1] in 1928 formulated the well-known relativistic wave equation and predicted an antiparticle
of spin h̄/2. This antiparticle, later on called the positron, was detected experimentally by Anderson [2]
by observing, in a cloud chamber, decay of cosmic ray pions into positrons and neutrinos. Over the years,
research has been carried out to study its interaction with matter. For example, positronium annihilation
has been observed from the center of the galaxy and also in solar flares. Positron annihilation can
be used to study metallic defects [3]. They are essential in the formation of antihydrogen and in
understanding of positron binding to neutral systems. Resonances in electron-atoms and electron-ions
are ubiquitous but not in the case of positrons. However, some resonances have been calculated
in positron-atom systems. Positrons are also used to detect diseases in a body by observing the
positronium decay, called positron emission tomography.

The static potential between an incoming positron and a fixed target and the polarization potential
are of opposite signs. The resultant potential is attractive but not attractive enough to bind a positron
to atomic hydrogen. Total cross sections for positrons colliding with hydrogen atoms have been
measured by Zhou et al. [4] in the energy range 1 to 1000 eV. Their measured cross sections include
elastic scattering, excitation to all the higher levels, and perhaps ionization, but not annihilation and
positronium cross sections. Total cross sections have been calculated by Gien [5] using the modified
Glauber approximation, and by Walters [6] using a multi-pseudostate approximation, supplemented
by the second Born approximation. He has calculated elastic and excitation of 1S to 2S and 2P cross
sections, 2P cross sections being much larger than the 2S cross sections. Total cross sections calculated
by him are the sum of elastic and excitation cross sections to all levels above n = 1. In a previous
publication [7], results for positron-impact excitation cross sections for the excitation of the 2S state of
atomic hydrogen were given for the incident positron energies (10.30 to 300 eV). It was shown that at
high-incident energies cross sections are very close to those obtained using the Born approximation.
In that calculation [7], there was a misprint in the computer program for scattering, found recently,
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affecting results for higher partial waves. For example, for k = 0.90 the cross section changes from
previous value of 0.247 to 0.246, at k = 1.2 it changes from 0.338 to 0.317, and at the highest k = 4.696
it changes from 0.0128 to 0.0151. After correcting, the same calculation was repeated and extended
to the excitation of higher states up to n = 6. Previous results were not much affected. Nine partial
waves were used to obtain converged cross sections. The results of the previous calculation were
compared with the close-coupling results of Burke et al. [8] and of Morgan [9] for the 2S excitation.
A close-coupling calculation was carried out by Sarkar and Ghosh [10] with two basis sets of hydrogen
and positronium states. The agreement is good with all these calculations and the comparison is not
repeated here. There are various approximations to calculate excitation cross sections. The aim of this
calculation is to provide another method for comparison of results obtained from various theories and
approximations. Rydberg units are used and cross sections are in units of πa2

0.

2. Theory and Calculations

The present calculations were carried out using the variational polarized-orbital method [11],
using the expression for the cross section:

σ =
k f

ki
|T f i|

2, (1)

where ki and k f are the initial and final momenta of the positron, respectively, and the transition
matrix is:

T f i = −(
1

4π
) < Ψ f

∣∣∣∣∣ 2
r1
−

2
r12

∣∣∣∣∣Ψi > (2)

The positions of the incident positron and target electron is given by r1 and r2, r12 =
∣∣∣∣→r 1 −

→
r 2

∣∣∣∣.
The nucleus is assumed to be of infinite mass and the incident wave function is Ψi, which, in principle,
is an exact solution of the Schrödinger equation. It is given by:

Ψi(
→
r 1,
→
r 2) = u(

→
r 1)Φpol(

→
r 1,
→
r 2) (3)

The scattering function u(
→
r 1) in the plane wave normalization for a partial wave L is given by:

u(
→
r 1) = a(L)

u(r1)

r1
YL0(Ω1). (4)

The plane wave normalization is:

a(L) =
√

4π(2L + 1). (5)

Other quantities in Equation (3) are given in [7] and the parameter β in Equation (8) of [7] is
generally equal to 0.5. The final state wave function for a partial wave L is given by:

Ψ f (
→
r 1,
→
r 2) = ei

→

k f .
→
r 1 ΦnS(

→
r 2) = 4π(i)L jL(k f r)

∑
YLm(k̂ f )YLm(Ω1)ΦnS(

→
r 2) (6)

ΦnS are the excited S state functions. Using Equations (3) and (6) in Equation (2), we find that the
cross section is given by:

σL(πa2
0) = 16π(2L + 1)2 k f

ki
(ZL)

2, (7)

where

ZL =

∫
r1dr1u(r1) jL(k f r)X(r1), (8)
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and

X(r1) =

∫
d
→
r 2

Rns(r2)

r12
(R1s(r2) +

χ(r1)

r2
1

e−r2(0.5r2
2 + r2)

cos(θ12)
√
π

). (9)

jL is the spherical Bessel function, Rns and R1s are the radial functions for the nS and 1S states.
In the expression (7), we used: ∑

m
|YLm(k̂ f )|

2 =
2L + 1

4π
, (10)

Total cross sections converge when L is equal to 8 or less and it is given by:

σ(πa2
0) =

8∑
L=0

σL(πa2
0). (11)

3. Born Approximation

The Born approximation is obtained by replacing the scattering function u(
→
r 1) in Equation (3) by

an incident plane wave ei
→

k i.
→
r i :

T f i = −
1

4π
< e−i

→

k f ·
→
r 1ϕ2S(

→
r 2)

∣∣∣∣∣ 2
r1
−

2
r12

∣∣∣∣∣ei
→

k .i
→
r 1 Φpol > (12)

T f i = T1 + T2 (13)

It can be shown that:

T1 =
4
√

8

(a2 + p2)3 , (14)

T2 =

√
2

3

∞∫
0

dr sin(pr)χST(r)[−
112
r2a5 + e−ar(

58r
a2 +

56
a3 +

112
a4r

+
112
a5r2 )] (15)

Cross section is given by:

σ =
k f

ki

∫
d
_
k f

∣∣∣∣∣T∣∣∣∣∣2 (16)

In the above equations,
→
p =

→

k i −
→

k f , a = 3/2, and χST is given in Equation (7) of [7].

4. Results

Results for various cross sections, calculated in the variational polarized approximation [11],
are given in Table 1 from ki = 0.867 to ki = 4.696. The higher excited state cross sections are small
compared to the n = 2 excitation cross sections. However, they increase as the incident energy increases.
Walters [6] has calculated elastic and excitation to 2S and 2P cross sections at k = 2.0, 2.711, 3.834,
and 4.696 corresponding to 54.4, 100, 200, and 300 eV. In Table 2, results for elastic and total excitation
cross sections obtained in this calculation are given and are compared to those obtained by Walters [6].
He has calculated elastic and excitation to 2S and 2P states, but not for higher states. The sum of
these three cross sections does not add up to his total cross sections, which agree with those obtained
by Gien [5] and the experimental results obtained by Zhou et al. [4]. It seems there is a substantial
contribution from higher-excited nP, nD, and nF states. These calculations will be carried out in the
near future.
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Table 1. Excitation cross sections of nS states, n = 1 to 6, of atomic hydrogen using the variational
polarized orbital method with lmax = 8.

ki 2S 3S 4S 5S 6S Total

0.867 4.68 (−2) 4.68 (−2)
0.8675 5.75 (−2) 5.75 (−2)
0.868 6.64 (−2) 6.64 (−2)
0.869 8.12 (−2) 8.12 (−2)
0.87 9.35 (−2) 9.35 (−2)
0.88 1.69 (−1) 1.69 (−1)
0.89 2.14 (−1) 2.14 (−1)
0.90 2.46 (−1) 2.46 (−1)
0.92 2.90 (−1) 2.90 (−1)
0.95 3.28 (−1) 8.90 (−4) 3.28 (−1)
0.96 3.35 (−1) 1.39 (−3) 3.37 (−1)
1.00 3.53 (−1) 2.60 (−3) 5.94 (−4) 2.32 (−2) 3.86 (−5) 3.79 (−1)
1.10 3.50 (−1) 4.27 (−3) 9.09 (−4) 1.02 (−1) 3.30 (−4) 4.57 (−1)
1.20 3.17 (−1) 5.20 (−3) 1.01 (−3) 4.71 (−2) 6.00 (−4) 3.71 (−1)
1.40 2.50 (−1) 6.03 (−3) 1.15 (−3) 5.40 (−2) 1.97 (−3) 3.13 (−1)
1.50 2.20 (−1) 6.12 (−3) 1.19 (−3) 5.62 (−2) 2.62 (−3) 2.86 (−1)
1.55 2.05 (−1) 6.18 (−3) 1.21 (−3) 5.72 (−2) 2.77 (−3) 2.72 (−1)
1.60 1.95 (−1) 6.19 (−3) 1.23 (−3) 8.13 (−2) 2.98 (−3) 2.63 (−1)
1.80 1.53 (−1) 6.07 (−3) 1.24 (−3) 5.91 (−2) 4.43 (−3) 2.24 (−1)
2.00 1.21 (−1) 5.83 (−3) 1.18 (−3) 5.68 (−2) 5.09 (−3) 1.90 (−1)
2.50 7.13 (−2) 5.11 (−3) 8.97 (−4) 4.36 (−2) 4.39 (−3) 1.25 (−1)
2.711 5.83 (−2) 4.80 (−3) 7.76 (−4) 3.77 (−2) 3.66 (−3) 1.05 (−1)
3.834 3.24 (−2) 3.30 (−3) 4.32 (−4) 2.05 (−2) 1.26 (−3) 5.85 (−2)
4.696 1.51 (−2) 2.41 (−3) 3.52 (−4) 1.66 (−2) 4.33 (−4) 3.49 (−2)

Table 2. Elastic and total excitation cross sections (πa2
0) and those obtained by Walters.

E (eV) A a B b C c D d E e F f

54.4 3.54 (−1) 2.62 (−1) 6.16 (−1) 1.37 3.02 2.85
100.0 2.15 (−1) 1.05 (−1) 3.20 (−1) 9.80 (−1) 2.24 2.00
200.0 9.58 (−1) 5.85 (−2) 1.54 (−1) 6.28 (−1) 1.33 1.24
300.0 8.18 (−2) 3.49 (−2) 1.17 (−1) 4.65 (−1) 9.69 (−1) 8.73 (−1)

a Elastic cross sections. b Total excitation cross sections (n = 2 to 6).c Elastic and excitation cross sections in the
present calculation. d Elastic and excitation to 2S and 2P states obtained by Walters [6]. e Total cross sections
obtained by Walters [6]. f Total cross sections (interpolated) obtained by Gien [5].

In Figure 1, total excitation cross sections for 2S to 6S are shown. We added cross sections at
ki = 0.867, 0.8675, 0.868, and 0.869, close to the threshold. In the present calculation, very close to
the threshold kf tends to zero and the Bessel function is close to 1, making cross sections large in the
threshold region.

The minimum is at k = 0.87 and the cross sections increase smoothly up to k = 1.0, then they
start decreasing. The cross sections in the threshold region are shown in Figure 2. Wigner [12] has
emphasized the importance of the long-range forces near the threshold region. The long-range force
has been included in the present calculation, as indicated in [7,11]. In the threshold region the cross
sections are proportional to (ln(k f ))

−2 [13]. The cross sections calculated here in the threshold region
can be fitted to −0.03367+ 3.477672

(ln(k f ))
2 −

0.12238
(ln(k f ))

4 , as shown by the solid line in Figure 2. Threshold behavior

can be a useful diagnostic of the long-range potential [13].
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region, the solid line represents the fit to the squares (calculated cross sections).

No scaling law between the cross sections proportional to the power of n, the quantum number of
the excited state, could be discerned. The cross sections including polarization of the target obtained in
the Born approximation are given Table 3. In general the Born approximation is valid at high-incident
energies. However, the agreement is quite good even at low-incident energies.
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Table 3. 2S excitation cross sections in the Born approximation.

ki Cross Section ki Cross Section ki Cross Section

0.867 4.23 (−2) 0.92 3.11 (−1) 1.55 3.30 (−1)
0.8675 5.21 (−2) 0.95 3.77 (−1) 1.60 3.13 (−1)
0.868 6.03 (−2) 0.96 3.93 (−1) 1.80 2.53 (−1)
0.869 7.40 (−2) 1.00 4.42 (−1) 2.00 2.08 (−1)
0.87 8.56 (−2) 1.10 4.82 (−1) 2.711 1.15 (−1)
0.88 1.61 (−1) 1.20 4.66 (−1) 3.834 5.75 (−2)
0.89 2.10 (−1) 1.40 3.88 (−1) 4.696 3.83 (−2)
0.90 2.50 (−1) 1.50 3.49 (−1)

A comparison of positron-impact excitation cross sections and electron-impact cross sections to the
excited 2S is shown in Figure 3, which was given in the previous publication [7] and is repeated again
because results at higher energies are not the same as before, as explained above. The positron-impact
cross sections are higher than the electron-impact cross sections.
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5. Conclusions

We applied the variational polarized method to calculate excitation cross sections by positron
impact for 2S state to 6S states. Results of this calculation were compared to the results obtained using
other theories and approximations. The positron-impact cross sections were found to be higher than
the electron-impact cross sections. Cross sections in the threshold region were proportional (ln (k f )

−2

and they were fitted to a form depending on (ln(k f ))
−2 and (ln(k f ))

−4. The present results were also
compared with those obtained using the Born approximation.
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