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Abstract: The excitation cross-sections of the 2S state of atomic hydrogen at low (near threshold
energy) to high incident positron energies (10.30 to 300 eV) have been calculated using the variational
polarized-orbital method. Nine partial waves have been used to obtain converged cross-sections
in the above energy range. The cross sections compared to the electron-impact excitation of the
S state of atomic hydrogen are larger in the present case. The maximum cross section is 3.63(-1)
ﬂﬂ% at 16.5 eV compared to 1.37(-1) naé at 11.14 eV for the electron-impact excitation. The present
results are compared with other calculations. Cross-sections have also been calculated in the Born
approximation in which the polarization of the target has been included. Differential cross sections
were calculated at k = 1.0 (13.6eV), 2.5 (85 eV), 3.483 (200 3V), and 4.696 (300 eV).
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1. Introduction

Calculation of cross-sections for excitation of the 2S state of atomic hydrogen at low incident
energies requires that coupled equations be solved. The close-coupling method has been applied
by Burke et al. [1] in which the total wave function is expanded in eigenstates of the hydrogen
atom to calculate the positron-impact excitation cross-sections of the 1S state to the 25 state of the
atomic hydrogen. Their results are given in Table 1. The same method has been applied to calculate
positron-impact excitation by Morgan [2]. The wave function has both 1S and 25 states, and therefore is
equivalent to solving coupled equations. She used three-state and twelve-state bases obtaining 2.08(—1)
and 2.61(-1) na%, respectively, for the excitation cross-section at k = 1.5. The present calculation gives
2.48(-1) ng at k = 1.5, which is in good agreement with the cross section obtained by Morgan [2].
A close-coupled pseudostate approximation used by Walters [3] to calculate 1S to 25 and 2P excitation
cross sections at four incident energies. His results are 1.27(—1), 6.1(-2), 3.0(-2), and 2.0(-2) mzé at54.4,
100, 200, and 300 eV incident energies, respectively. His results are compared with the present results,
given in Table 1. Calculations carried out by Kernoghan et al. [4], using a 33-state approximation
between 0 and 110 eV incident energies. They used 1s, 2s, and 2p eigenstates of both positronium and
hydrogen atoms, together with 27 hydrogen pseudostates, to calculate elastic scattering cross sections,
H(2s) and H(2p) excitation cross sections. Their results are given in figures rather than in a numerical
form, making it difficult to compare their results with the present results. However, some results have
been extracted from their figure and are also given in Table 1. Calculations carried out by Das et al. [5]
by applying a distorted wave theory that takes into account a polarization potential with a variable
cutoff parameter and Lorentzian astrophysical plasma, for incident positron energies of 54.4, 100, and
200 eV, obtaining cross-sections of 1(—1), 5(=2), and 2(-2) T(ag, respectively, for 15 to 25 excitation. The
calculations from this research gave 1.44(-1), 7.21(-2), 2.60(-2), and 1.28(-2) na% atk=2.0(54.4¢V),
2.711 (100 eV), 3.843 (200 eV), and 4.696 (300 eV), respectively, which are fairly close to their results [5].
A close-coupling calculation has been carried out by Sarkar and Ghosh [6] with two basis sets of
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hydrogen and positronium atoms. Calculations of excitation cross sections in the close-coupling
approximation by Mitroy et al. [7] have been carried out using six hydrogenic and six positronium
states. Their results are shown in Figure 8 of Reference [7]. They find excitation cross-sections increase
in a linear manner as the incident energy is increased from the threshold to 1 Ry. Calculations have
been carried out by Ratnavelu et al. [8] to obtain total cross-sections: elastic scattering, positronium
formation, and ionization cross sections. Total cross-sections must include excitation to higher levels.
However, they do not give any results for excitation cross-sections and estimating cross-sections for
the 2S5 state only is unlikely. Moreover, their cross-sections have a 30% uncertainty. The present results
are given in Table 1 and are compared with results obtained in References [1-6] wherever available.

Table 1. Present results (na%) for excitation of the 25 state of atomic hydrogen using the variational
polarized orbital method with Liax = 8 and a comparison with the results obtained in references [1-6].

K Present Ref. [1] Ref. [2] Ref. [3] Ref. [4] Ref. [5] Ref. [6]
0.87 9.35(-2)

0.88 1.70(-1)

0.90 2.47(-1) 5.9(-2) 3.25(-2)

0.92 2.92(-1)

0.95 3.32(-1)

0.96 3.41(-1)

1.00 3.61(-1) 1.46(-1)

1.10 3.63(-1) 1.95(-1)

1.20 3.38(-1) 2.13(-1) 1.38(-1)

1.50 2.48(-1) 2.08(-1) 2.61(-1)

1.60 2.20(-1)

1.80 1.75(~1) 1.40(~1)

2.00 1.44(-1) 1.38(-1) 1.27(-1) 1.25(-1) 9.90(-2)

2.50 8.66(-2)

2711 7.21(-2) 6.10(-2) 7.00(-2) 5.70(-2) 5.80(-2)
3.843 2.60(-2) 3.00(-2) 3.00(-2) 2.90(-2)
4.4696 1.28(=2) 2.00(~2) 1.80(=2)

Electrons and positrons have the same mass. However, there is no exchange in the positron-atom
interactions; therefore, the local interactions are not the same in the positron and electron interactions
with the target. The effect of the polarization of the target is to produce an attractive long-range
potential a; /1*, where a; is the polarizability of the target. This attractive potential is the same for
positron and electron interactions with the atoms. The shift in energy due to the incident electron or
positron at the hydrogen atom, in the dipole approximation, is of second order, and therefore it is
proportional to the square of the electric field [9]. Therefore, the shift in energy does not depend on the
direction of the electric field. Reversing the direction of the field does not have any effect. However,
in the electron-atom interactions, the local and polarization potentials are both attractive and they add
up to give a resultant attractive potential, while in the positron—atom interactions, the two potentials
are of opposite sign and they tend to cancel each other.

Annihilation and positronium formation have been calculated earlier [10] and are not included in
the present calculation because inclusion of both will give coupled equations. Moreover, annihilation
takes place due to electromagnetic forces and is proportional to the cube of the fine structure constant,
. Clearly, it has to be treated separately. They have not even been included in the close-coupling
calculations of Burke et al. [1], along with some other calculations, where it might have been easier.
We use Ry units. Throughout, a(—b) implies a x 107P.

The present calculation has been carried out using the variational polarized-orbital method [11].
The convergence of the present results is shown in Table 2. The present results are also shown in
Figure 1, along with the results obtained by Burke et al. [1], Walters [3], and Kornoghan et al. [4]. Their
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results are generally lower than the present results, except for the electron-impact excitation results of
Burke et al. [1], which were higher except at a high energy; at high energy they are the same.

Table 2. Cross sections (na%) for 1S to 2S excitation in a variational polarized-orbital approximation.

k Lmax =0 Lmax =1 Lmax =2 Lmax =3 Lmax =4 Lmax =5 Lmax =6 Lmax =7 Lmax =8

0.87  9.3473(-2) 9.3542(-2) 9.3542(-2
0.88 1.6913(-1) 1.6958(-1) 1.6958(-1

1.6958(~1)

(= )
(= )
090 24580(—1) 24574(—1) 2.4746(-1) 2.4747(-1)
092 28914(—1) 22924(—1) 29244(—1) 2.9248(~1) 2.9248(~1)
095 32599(—1) 3.3201(=1) 3.3204(—1) 3.3215(-1) 3.3217(~1) 3.3218(=1) 3.3218(=1)
096 33363(~1) 3.4068(—1) 3.4072(—1) 3.4085(—1) 3.4089(~1) 3.4090(~1) 3.4090(~1)
1.0 35002(~1) 3.6108(-1) 3.6109(-1) 3.6138(~1) 3.6150(~1) 3.6152(~1) 3.6153(~1)
11 34147(-1) 3.6159(~1) 3.6168(=1) 3.6228(~1) 3.6278(~1) 3.6298(—1) 3.6304(-1)
12 3.0884(—1) 3.3530(—1) 3.3602(~1) 3.3657(~1) 33747(~1) 3.3800(~1) 3.3819(-1) 3.3819(-1)
15  20753(—1) 2.4031(=1) 2.4000(~1) 2.4520(~1) 24571(—1) 24589(—1) 24684(—1) 2.4743(-1) 2.4776(-1)
1.6 18106(-1) 2.1083(=1) 2.1166(~1) 2.1680(~1) 2.1720(~1) 2.1832(~1) 2.1963(~1) 2.1964(-1) 2.1964(-1)
1.8 13909(-1) 1.6455(-1) 1.7210(=1) 1.7306(~1) 1.7309(~1) 1.7369(~1) 1.7497(-1) 1.7502(-1) 1.7508(~1)
20 1.0830(~1) 1.2985(-1) 1.3853(—1) 14033(—1) 1.4048(—1) 1.40—64(1) 1.4135(-1) 14222(~1) 1.4302(~1)
25  61313(-2) 7.4516(~2) 8.0809(—2) 8.3483(—2) 8.6560(~2) 8.6596(~2) 8.6596(~2) 8.6596(~2) 8.6597(-2)
2711 4.9474(=2) 6.0347(=2) 6.6592(~2) 6.8987(~2) 72110(~2) 7.2117(~2) 7.2119(=2) 7.2119(-2) 7.2119(-2)
3.834 1.8448(—2) 22409(—2) 2.4813(-2) 2.54458(—2) 2.5950(~2) 2.5957(—2) 2.5957(=2) 2.5958(~2) 2.5958(-2)
4696 1.0044(-2) 12118(=2) 12505(-2) 12683(=2) 1.2809(~2) 12819(~2) 1.2821(-2) 1.2822(-2) 1.2822(~2)
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Figure 1. (Color online) Total 15-2S excitation Cross Sections (na%) versus the incident momentum k
(Ry). The green plus points represent the results of Burke et al. [1], the blue stars represent the results of
Walters [3], and the black squares represent the results of Kernoghan et al. [4].

The maximum of these cross-sections is 3.63(—1) naé at k =1.1 (16.46 eV), and beyond this energy,
cross-sections keep on decreasing with the increase of the incident energy, while the electron-impact
excitation cross-sections of the atomic hydrogen have a maximum of 1.37(-1) mzé at 11.14 eV, then
a minimum and another maximum [12]. This clearly indicates that the interactions with atoms for
positrons and electrons are not the same.
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2. Theory and Calculations

The present calculation has been carried out in the distorted-wave approximation. The total

"2

cross-section from a state “i” to a state “f” can be written in the form:

k
o= k—ff)Tfllde, (1)
1

where k; and ky are the initial and final momenta and T/; is a matrix element given by:

1
Tfi = _(E) < TflVl‘Yl >, (2)
In the above equation,
v=2_2; ©
o T2

Z = 1is the nuclear charge; and the positions of the incident positron and target electron are given
by rq and rp, where 11, = |71 - 72|. The nucleus is assumed to be of infinite mass. The incident wave
function, which in principle, is an exact solution of the Schrodinger equation, is given by:

¥(71,72) = u(r1)®" (71, 72). @)

In order to include the polarization of the target, the effective target function can be written as:

x(r1) w1s—p(r2) cos(012)

5 ) VZn

It should be noted that the second term has a plus sign rather than a negative sign, as in the case

P = o (72) +

©)

of electron scattering. ¢0(72) is the target function. Temkin and Lamkin [13] have shown that the
function w15, is given by:

4
Mls—)p(rZ) =e 272(5”3 + V%) (6)

The term x(r1)/ r% — 0 when r; — 0. The cutoff function x(r1), introduced by Shertzer and
Temkin [14], is given by:

_ 1 4
xsr(rn) =1-e?n (g(Z71)4 + g(Zrl)B +2(Zr1)?* +22r +1). @)

This cutoff function was used only for the partial wave L = 0 and for higher partial waves to get
more accurate wave functions, it was replaced by:

x(Bri) = 1-eP)", ®)

where n > 3 [15]. This function gives us another nonlinear parameter , which is a function of k,
the incident positron momentum, along with the exponent n. Phase shifts were optimized to get an
accurate scattering wave function. The scattering function u(?l) in Equation (4) is given by:

- u(ry)
u(rq) =a(lL) "

Yio()- ©)

In the above equation, we have used the plane wave normalization:

a(L) = \J4m(2L +1). (10)
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u(r) = %for r1 — oo. (11)

The equation for the scattering function is obtained from:
< YLQ(Q])(DPOZ(71,72)|H_E|Ti(71, 72) > . (12)

The integration in the above equation is carried out over d(); and d7 . The initial wave function
is assumed to be exact and the final wave function, in the plane wave approximation, is given by:

¥, = 55 (7). (13)

The excited state wave function is q)zs(?z) and the cross section is given by:

k
olad) = [ TP O (14)

In the above equation, k; and ky are the initial and final momenta, and 6y; is the angle between the
initial and final states.

3. Cross-Sections

Cross-sections for excitation from the 1S to the 2S state have been calculated for the partial waves
L =0to L =8 and they are given Table 2 for various incident energies from k; = 0.87 to 4.696. The
convergence is good up to the fifth to sixth decimal places. The maximum cross-section is 3.63(—1)7‘(&1(2)
atk; = 1.1 (16.46 eV). A comparison of the present results with the results of other calculations is given
in Table 1. .

If we replace u(?l) in Equation (4) with e’k '71, we get the Born approximation. Cross-sections
obtained in this approximation, shown in Table 3, are lower than those obtained in the
present calculation.

Table 3. Cross-sections (na%) for 1S to 2S with a comparison of results obtained using the Born
approximation and hybrid theory.

k Born Approx. Hybrid Theory
0.87 7.33(-2) 9.35(-3)
0.90 1.86(-1) 2.48(-2)
0.93 2.27(-1) 2.27(-1)
0.96 2.37(-1) 3.40(-1)

1.0 2.41(-1) 3.61(-1)
15 1.27(-1) 2.48(-1)
2.0 7.14(-2) 1.43(-1)
2.5 4.57(=2) 8.65(—2)
2.711 3.89(-2) 7.21(-2)
3.834 1.96(-2) 2.60(-2)
4.696 1.31(-2) 1.28(-2)

4. Differential Cross-Sections

The differential cross-section for excitation is given by:

d k
% _ k—f|z (2L +1)Tf;Py(cos 65:) . (15)

Differential cross-sections as a function of the scattering angles 6y;, in an interval of 5°, are given
in Table 4 for k; = 1.0, 2.5, 3.834, and 4.696. Differential cross-sections at k; = 1.0 increase from the value
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at 6 = 0° till 0 = 60° and then start decreasing. Differential cross-sections at k; = 2.5 has a maximum
at 20° and keeps on decreasing till 0 = 70°, has another maximum at 6 = 90°, start decreasing again
till 0 = 150°, and then start increasing again. Differential cross-sections at k; = 3.834 and 4.696 had a
maxima at @ = 0° and kept on decreasing with some oscillations toward the end. They are shown in
Figure 2 for k = 1.0, and for other energies in Figure 3. In this figure, cross-sections are shown only up
to 0 = 60°. Beyond this angle, they were getting close to zero. Walters [3] has calculated differential
cross-sections at higher energies, but there is no indication of any structures, as shown in his figures [3].

Table 4. Differential cross sections (naé/degree), at k; = 1.0, 2.5, and 3.834, and 4.696 at various
scattering angles.

7] do/dO

Ok 1.0 2.5 3.834 4.696
0 1.99(-2) 9.78 493 1.24

5 2.75(-2) 9.31 4.61 1.15
10 5.59(~2) 8.02 3.76 9.10(-1)
15 1.17(-1) 6.21 2.64 6.13-1)
20 2.20(-1) 4.28 1.55 3.49(-1)
25 3.57(-1) 2.57 7.21(-1) 1.67(-1)
30 5.08(-1) 1.29 2.33(-1) 6.83(-2)
35 6.40(-1) 4.95(-1) 3.33(-2) 2.53(-2)
40 7.27(-1) 1.10(-1) 7.22(—4) 1.03(-2)
45 7.52(-1) 1.55(-3) 1.92(-2) 5.91(-3)
50 7.18(~1) 2.60(~2) 2.60(~2) 5.04(=3)
55 6.42(-1) 7.20(-2) 1.35(-2) 4.87(-3)
60 5.44(-1) 8.29(-2) 9.91(-4) 421(-3)
65 4.44(-1) 5.48(~2) 3.95(-3) 2.94(-3)
70 3.55(-1) 1.66(~2) 1.969(-2) 1.68(=3)
75 2.82(-1) 2.15(-6) 3.33(-2) 9.08(~4)
80 2.24(-1) 1.63(=2) 3.25(-2) 6.76(~4)
85 1.79(-1) 5.04(-2) 1.84(-2) 8.76(-4)
90 1.44(-1) 7.53(=2) 3.52(-3) 1.49(-3)
95 1.15(-1) 7.33(=2) 9.89(~4) 2.33(-3)
100 9.07(-2) 4.78(-2) 1.36(-2) 2.88(-3)
105 7.02(-2) 1.74(=2) 3.16(-2) 2.61(-3)
110 5.35(~2) 8.60(~4) 4.02(-2) 1.57(=3)
115 4.07(-2) 4.84(-3) 3.20(-2) 4.35(—4)
120 3.16(-2) 2.24(-2) 1.32(-2) 3.88(—4)
125 2.57(~2) 4.03(-2) 4.48(-4) 6.10(~4)
130 2.22(-2) 4.78(-2) 7.07(-3) 1.89(-3)
135 2.04(-2) 4.10(-2) 3.19(-2) 3.07(-3)
140 1.95(-2) 2.36(~2) 5.78(~2) 3.42(-3)
145 1.86(-2) 5.43(-3) 6.45(~2) 2.69(-3)
150 1.74(-2) 1.14(-3) 4.48(-2) 1.30(-3)
155 1.54(=2) 2.64(=2) 1.40(-2) 1.52(—4)
160 1.30(-2) 9.12(-2) 1.14(-4) 2.63(—4)
165 1.05(-2) 1.92(-1) 2.32(-2) 2.08(-3)
170 8.39(=3) 3.06(~1) 7.83(~2) 5.09(-3)
175 7.05(-3) 3.97(-1) 1.35(-1) 7.91(-3)
180 6.59(=3) 4.32(-1) 1.60(-1) 9.06(~3)
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Figure 2. (Color online) Differential Cross Sections (m% /0°) versus angle 0 at k = 1.0.
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Figure 3. (Color online) Differential cross-sections (naé /0°) versus angle (°) at k = 2.5 (upper curve),
3.834 (middle curve), and 4.696 (lower curve).

5. Conclusions

Calculations for the excitation of the 2S state of the hydrogen atom from the 1S state were carried
out in a distorted-wave approximation using the variational polarized-orbital method [15]. The phase
shifts calculated in this approximation have lower bounds. This criterion has been used here to get
accurate wave functions. At low incident energies, cross-sections were calculated at a fine energy
interval. Using results between k; = 0.87 (threshold) and 4.696 (200 eV), cross-sections at other k; values
can be obtained using interpolation. The present results have converged to at least five decimal places.
Cross-sections have also been calculated in the Born approximation and they are lower than those
obtained using the hybrid theory.

Positron impact excitation cross-sections were higher than those for electron-impact excitation
cross-sections [12], as indicated in Figure 4. In a similar situation, proton-impact cross-sections were
calculated by Saxena et al. [16], Cheshire and Sullivan [17], and Kolakowska et al. [18]. However,
Sabbah and Tantawi [19] calculated cross-sections by proton impact as well as by antiproton impact.
Their results are shown in Figure 2 of Reference [19] and they are seen to be of the same order, with the
difference being that the proton impact cross-sections had a maximum at about 50 keV, just as in the
present calculation, while the antiproton cross-sections decreased monotonically with the increase of
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the incident energy. Figure 2 of Reference [19] is plotted using a log scale, and as such, it is very difficult
to extract meaningful results. Whatever results could be extracted are given in Table 5. In the proton
and antiproton excitation of the hydrogen atom, not only is there no exchange with the target electron,
the masses are also different. The same is true when a muon and antimuon are used for excitation.

0.4

0,359

0.31

0.254

0.24

cross sections (15-235)

0154

0.1

0.05 T T T
0.8 1 1.2 1.4 1.6 1.8 2

k{Ry)

Figure 4. (Color online) Comparison of the excitation Cross Sections of positron (upper curve) and
electron impacts (lower curve).

Table 5. Comparison of proton- and antiproton-impact excitation cross-sections (units are 10717 cm?).

E (keV) Proton Antiproton
6 0.5 0.8
10 2.5 4.0
20 5.0 3.0
60 2.0 0.8
100 0.8 0.5

Differential cross-sections were calculated at k; = 1.0, 2.5, 3.834, and 4.696. There was no structure
at low energies. However, there were maxima and minima at k = 2.5. Applications of the hybrid theory
to calculate resonance parameters [20] and photoabsorption cross-sections [21] gave accurate results.
Therefore, it is expected that the present excitation cross-sections are fairly accurate. The present
results provide motivation for future experiments to measure excitation cross-sections and verify the
calculated values. The experiments might also indicate the validity of methods and approximations
used for calculations.
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