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Abstract

Laser-induced breakdown in water-rich biological media results from the interplay between
primary photoionization processes and avalanche amplification of free electrons. Under-
standing this competition is essential for predicting ablation thresholds under ultrashort-
pulse irradiation. In this work, we develop an analytical rate-equation model for the
buildup of electron density in water-like biological tissues. It combines photoionization
and chromophore ionization into a single seed-generation term, while avalanche ionization
is described through a cascade gain factor. This formulation provides a framework for
describing cascade electron-impact ionization processes in liquid-like media under strong-
field excitation. Our approach gives an analytical expression for the temporal evolution
of electron density driven by a Gaussian laser pulse and makes it possible to separate the
contributions of direct ionization of water and ionization of chromophore centers. The
analytical results are compared with numerical simulations that include carrier diffusion, bi-
molecular recombination and trapping. The comparison clarifies the roles of seed formation
and cascade amplification in the growth of the electron population. The predicted depen-
dence of threshold fluence on pulse duration agrees well with experimental data reported
for water-like tissues such as the corneal tissues at a wavelength of 800 nm. The model
provides a simple analytical picture of ultrafast plasma formation and electron-driven
energy deposition in water-like biological media.

Keywords: electron impact ionization; laser-induced breakdown; ultrashort laser pulses;
multiphoton ionization; tunneling ionization; cascade ionization; water-like biological
tissues; chromophore ionization

1. Introduction

Laser-induced breakdown (LIB) in transparent and water-rich media is governed by
the generation and subsequent amplification of free electrons in a strong electromagnetic
field. From a microscopic perspective, the growth of the free-electron population is strongly
influenced by electron-driven impact processes, which govern the redistribution of energy
and secondary ionization events in the medium. In this sense, LIB can be viewed as a cou-
pled photoionization-electron impact ionization process, particularly in dense, water-like
environments. The interplay between these microscopic ionization mechanisms directly
determines the efficiency and localization of energy deposition in the medium. This process
underlies a wide range of applications, including laser surgery, ophthalmology, and preci-
sion micromachining, and is more generally relevant for understanding energy deposition
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in systems such as laboratory plasmas and radiation-matter interaction, where electron-
driven impact ionization plays a fundamental role [1-4]. For ultrashort laser pulses, the
initial free-electron population is typically described through photoionization (PI) mecha-
nisms, most notably multiphoton ionization (MPI) and tunneling ionization (TI), whose
relative contribution depends on the Keldysh parameter and the laser wavelength [5,6].
In water and biological tissues, often approximated as wide-bandgap dielectric systems
with an effective ionization energy of approximately 6.5-9 eV, these mechanisms define
the seed electron density that initiates breakdown [7-9]. This energy scale determines the
effective multiphoton order and leads to a pronounced wavelength dependence, with more
efficient seed generation at shorter wavelengths, while at longer wavelengths the reduced
seed efficiency enhances the relative importance of avalanche growth [3,8].

The subsequent evolution of the electron density is dominated by cascade (avalanche)
ionization (CI), which amplifies the initial seed population through impact processes. Clas-
sical descriptions of optical breakdown in water and tissues can be traced to the models
of Noack and Vogel [10] and Stuart et al. [11] and later extended by Loesel, Venugopalan,
Rogov and others within the rate-equation framework [3,12,13]. These models successfully
reproduce experimentally observed breakdown thresholds but are most often implemented
numerically. While such approaches capture the full dynamics, they tend to obscure the
relative roles of individual ionization mechanisms and make it difficult to extract simple
scaling relations with respect to laser and material parameters. This limitation becomes par-
ticularly important in biologically relevant, water-rich media. Tissues such as the corneal
epithelium and stroma (with a water content of about 78-85%) are commonly treated as
effective dielectrics, but their response is modified by molecular constituents [3,12]. In ad-
dition to MPI and TI, seed electrons can be generated through chromophore-assisted (CH)
absorption processes, while the subsequent dynamics are influenced by additional loss
mechanisms, including recombination, diffusion, and trapping into localized or hydrated
states [12]. Chromophore centers may also contribute to secondary electron generation
through electron-impact excitation and ionization during cascade development [7-10].
Additional intermolecular ionization pathways, such as collective autoionization and in-
termolecular Coulombic decay (ICD), can further promote secondary electron emission
through energy transfer between neighboring molecules or chromophore centers following
multiphoton excitation [13,14]. Within the present framework, the electron-density dynam-
ics are described through effective seed generation by MPI, TI, and chromophore-assisted
ionization, followed by cascade amplification. In the standard description of ultrafast
optical breakdown in water-rich media, the initially generated seed electrons gain en-
ergy through inverse Bremsstrahlung (IB) absorption and subsequently induce additional
impact ionization events, leading to avalanche growth of the free-electron population.
Qualitative illustrations of these coupled processes are presented by Vogel and coworkers
in Ref. [1] and in many later studies based on the similar physical framework [2—4,10,11].
In heterogeneous biological environments, however, additional cumulative absorption
pathways associated with chromophore centers may also contribute to the formation and
temporal redistribution of the initial seed electron population prior to cascade amplification.
At the same time, in water-rich and condensed aqueous media, the subsequent electron
dynamics are further influenced by ultrafast localization, trapping, and solvation pro-
cesses. In liquid water, the formation of pre-solvated electrons occurs on sub-picosecond
timescales (typically 100-300 fs), followed by full solvation on a few-picosecond scale,
which directly competes with CI during the pulse [15]. These effects are often omitted or
only partially included in analytical descriptions, although they can significantly affect
both the magnitude and temporal evolution of the electron density. Additionally, in dense
molecular environments, recombination and trapping dynamics may also be accompanied
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by additional intermolecular interactions and correlated decay pathways contributing to
secondary electron production [16,17].

In this work, we develop an analytically tractable rate-equation model for the evolu-
tion of free-electron density in water-like biological media. The model introduces a unified
source term that combines MPI, TI, and CH ionization, while Cl is retained as a separate
amplification mechanism. The resulting backbone equation admits a closed-form analytical
solution in the lossless case, which provides direct insight into the scaling of electron
density with laser parameters and serves as a natural starting point for incorporating loss
mechanisms. This formulation allows the total electron density to be decomposed into phys-
ically interpretable contributions and enables analytical estimates of breakdown-related
quantities, such as threshold fluence, without relying exclusively on numerical simulations.
The analytical results are validated against numerical solutions that include recombina-
tion, diffusion, and trapping and are further compared with experimental data for corneal
tissues [18], establishing a direct link between the model and observable breakdown behav-
ior. Finally, the present work contributes to the theoretical description of electron-driven
ionization dynamics in complex media under ultrafast excitation conditions.

The paper is organized as follows: Section 2 introduces the theoretical framework and
the analytical model. Section 3 presents the results and discussion, including comparison
with numerical simulations and experimental data. Section 4 presents the conclusions.

2. Theoretical Framework

To describe the pulse-driven evolution of the free-electron density in water-like biolog-
ical media, we adopt a rate-equation framework that combines seed electron generation
and cascade amplification. The model is formulated in two steps. We first introduce a
lossless backbone equation, which admits a closed-form analytical solution and serves to
isolate the competition between the source and amplification terms, thereby providing a
minimal reference framework in which the intrinsic structure of the ionization channels
can be analyzed without the additional complexity of competing loss mechanisms. We
then extend the same framework numerically by including trapping, recombination, and
diffusion losses and finally relate the resulting electron-density dynamics to the breakdown
threshold fluence.

2.1. Free-Electron Density Equation and Model Assumptions

In the present treatment, plasma formation is described through the time evolution
of the free-electron density, 1,(t), generated by an ultrashort laser pulse in a water-like
biological medium. The key quantity is therefore not the optical field itself, but the rate
at which bound electrons are transferred into quasi-free states and the rate at which this
free-electron population is subsequently amplified. In this sense, the model separates
two physically different stages of the breakdown process: direct bound-to-free electron
generation and free-carrier multiplication.

The first stage is represented by a total source term Wsgc(t), which collects all pro-
cesses that create free electrons directly from bound states. In the present case, this source
contains three contributions. The first two are MPI and TI, which correspond to the
two-standard strong-field limits of host-medium ionization. The third is CH ionization,
introduced here to account for molecular absorption centers embedded in the water-like
media. This contribution is particularly relevant where local absorbers can modify the
early-stage electron population and are often neglected or treated only implicitly in analyti-
cal models (for example, see Refs. [8,19]). Once this initial population has been created, its
density may increase much more rapidly through CI, which is treated separately because it
does not generate electrons directly from bound states but acts on those already present.
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The incident pulse is represented by a Gaussian temporal envelope:

2
I(t) = Ipexp [—4ln2(:) 1, (1)

p

where Ij is the peak intensity and ¢, is the full width at half maximum (FWHM) of the

pulse, with t, = 100-500 fs and peak intensities of Iy = 10'-10'* W/cm?, corresponding to

typical conditions for femtosecond LIB in water-like and corneal media [18,20]. This choice

follows the standard treatment used in ultrashort-pulse breakdown models and provides a

realistic temporal pulse shape while keeping the rate equation analytically tractable.
With these assumptions, the analytical backbone of the model is written as:

dn
cTtE = Wsre(t) + Wer(t)ne, 2)

where W (t) is the CI rate and

Wsrc(t) = Wapr(t) + Wri(t) + Wep(t). 3)

is the total bound-to-free electron generation rate. In this form, the source term, Wsrc(t),
determines how the initial free-electron population is built, while the multiplicative CI term
determines how efficiently that population grows during the pulse. This separation is the
basis of the analytical treatment developed below. Here, Wyp;(t), Wr (), and W (t) de-
note the multiphoton, tunneling, and CH ionization rates, respectively. Their explicit forms
are adopted from established formulations in the literature, namely Equations (40) and (41)
of Keldysh [5] for TI and MPI, respectively, and Equation (5) of Deliba$i¢ et al. [21] for
CH ionization.

In this work, the MPI and TI contributions are combined in an additive form, following
a commonly adopted approach in modeling LIB in dielectric and biological media [22],
where individual ionization channels are treated as effective source terms. This formulation
is not intended to represent a strict separation of physical mechanisms, but rather a practical
approximation that allows different ionization pathways to be incorporated within a unified
framework. Such an approach has been widely used in the literature (for example, see
Refs. [22,23]) to capture the overall scaling of seed electron generation, particularly in
regimes where a fully unified description would significantly complicate the analytical
treatment. It should be emphasized that this additive formulation represents an effective
approximation rather than a strict separation of physical mechanisms and is primarily
intended to preserve analytical transparency while retaining the dominant contributions to
seed electron generation.

2.2. Limiting Cases and Their Physical Interpretation

Before solving the full backbone equation, it is useful to examine several limiting cases
that isolate the individual channels entering the model. The purpose of this step is not to
replace the complete description of optical breakdown, but to separate the physical roles
of the terms that appear in Equation (2). In particular, the source term Wsrc(t) collects
all mechanisms that transfer bound electrons into free states, whereas the W¢(t)n, term
describes the subsequent multiplication of an already existing free-electron population.
Earlier work used this strategy for multiphoton and avalanche ionization alone [24]. In
the present case, the idea is extended to a broader physical picture: the seed population is
not attributed to a single channel but may arise from MPI, TI, and CH ionization, each of
which probes a different aspect of free-electron generation in a heterogeneous water-like
medium. Considering these limits separately, therefore, provides a clearer interpretation of
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how the initial electron population is formed, how strongly each mechanism depends on
wavelength and absorption, and how the onset of cascade amplification is conditioned by
the structure of the source term itself.

2.2.1. Multiphoton Seed Generation

The MPI contribution is considered first, as it isolates the direct creation of free
electrons from bound states in the medium, without requiring any pre-existing electron
population. In this sense, it provides the most transparent representation of the initial source
term entering the full rate-equation model. Physically, this mechanism corresponds to the
simultaneous absorption of N photons whose combined energy exceeds the ionization
potential, I, thereby defining the initial seed population that is subsequently amplified
by impact (avalanche) processes. Such a separation is consistent with earlier analytical
descriptions of ultrashort-pulse plasma-mediated ablation, where the primary ionization
stage was treated independently from subsequent cascade growth [24,25]. In the present
formulation, however, MPI is not assumed to be the sole seeding mechanism, but rather
one component of the total source term introduced in Equation (3).

In the MPI-only limit, the free-electron density obeys:

dnppr
dt

= Wmpi(t), nmpr(—o) =0, 4)

where the boundary condition reflects the fact that the Gaussian pulse is centered at t = 0,
so that a finite ionization rate exists already on the leading edge of the pulse, t < 0. Using
the Keldysh expression for MPI (see Equation (41) in Ref. [5]) and substituting the Gaussian
pulse from Equation (1), the rate can be written in the compact form:

Wapr(t) = Kyprexp (—aNtz)exp [—ZﬁNexp (—atZ) ] , (5)

where a = (4In2)/t is the temporal-width parameter of the pulse, N = (I,/ (hw) +1)
denotes the effective multiphoton order (with (x) representing the integer part of x), which,
for water-like media with I, ~ 6.5-9 eV [2,9,13], corresponds to N ~ 4-6 at A = 800 nm and
N ~ 3-4atA = 400 nm. The parameter B = (Ipe?)/(2cm.w?n,egl,) quantifies the coupling
between the laser intensity and the ionization probability and effectively controls the
relative weight of higher-order contributions in the ionization rate. Here, £ is the reduced
Planck constant, w = 27tc/ A is the angular frequency of the laser field, e is the elementary
charge, c is the speed of light in vacuum, m, is the electron mass, 1, is the effective
refractive index of the medium, and ¢ is the vacuum permittivity. For the conditions
considered in this study, A = 400 and 800 nm, while #, is taken in the range 1.33-1.38,
representative of water-like and corneal media [26]. The prefactor in Equation (5) is given
by: Kpr = (2w/97) (mew /) > @y [(21\] — (21, /fiw))" 2} (B/4)Nexp(2N), where @, is
a special function arising in the Keldysh formalism, related to the Dawson integral.
The corresponding electron density is obtained as:

nypr(t) = KMPI/_; exp(—aNTz)exp[—ZﬁNexp(—aﬁ)}dT, (6)

which represents the cumulative contribution of direct multiphoton transitions over the
temporal envelope of the pulse. For analytical purposes, Equation (6) may be written as
a convergent series by expanding the nested exponential term: exp[—2BNexp(—at?)] =
Yor_o [(=2BN)"exp(—amt?)]/m!, so that the integrand becomes a sum of Gaussian func-
tions, exp[—aNt?|exp[—amt?] = exp[—a(N +m)t?]. It is important to state here that
this transformation has a clear physical interpretation: the MPI rate can be observed as a
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weighted sum of effective channels with broadened temporal widths a(N + m), reflecting
higher-order intensity-dependent corrections. Therefore the electron density can then be

2’8N I ooexp[ a(N + m)t?]dr,
where each integral is evaluated using the Gaussian 1ntegra1. f_oo exp[—yT?]dt =
[ﬁ (1 + erf (’yl/ 2t> )} /2+/71/2. This yields the explicit analytical expression:

written as a term-by-term integral: nyp;(t) = Kppr¥m—o

1/2 ) 7 m
nmpr(t) = KMP12 172 Z m,((sz_I\Z)l/Z [1 +erf(( (N +m))/?t )} (7)

Equation (7) represents the most useful explicit form of the MPI-only solution in
the present context. It satisfies the physically appropriate condition nyp;(—o0) = 0,
describes the monotonic buildup of the MPI-generated electron density during the pulse,
and yields the total direct contribution in the limit + — +o00. Since the effective multiphoton
order decreases at shorter wavelengths [5], the MPI channel is expected to contribute
more efficiently at shorter wavelengths due to the reduced effective multiphoton order,
whereas at longer wavelengths the relative contribution of avalanche growth increases. In
addition, the series representation in Equation (7) converges rapidly for moderate values of
the parameter BN, corresponding to typical experimental intensities in the femtosecond
regime [7,11,18], thereby providing a convenient analytical form. For larger values of
BN, where higher-order terms become significant, the integral form given in Equation (6)
remains preferable as a more stable and physically transparent representation.

2.2.2. Tunneling Seed Generation

In addition to MP], seed electrons may also be generated through TI, which becomes
relevant in the strong-field regime where the laser field significantly distorts the Coulomb
potential and facilitates electron emission via tunneling. In this case, the ionization process
is governed primarily by the instantaneous field strength, resulting in a different functional
dependence of the ionization rate compared to the multiphoton mechanism. Consequently,
the TI contribution represents an additional seed channel that is most pronounced near the
peak of the pulse, where the instantaneous field strength is maximal.

When only the tunneling contribution is considered, the free-electron density is gov-
erned by:

dTlTI
dt

where the tunneling rate Wr;(t) describes the direct field-driven emission of electrons and

= Wri(t), nri(—o0) =0, 8)

therefore acts as a primary source term in the absence of avalanche processes. Starting from
the Keldysh expression for TI (see Equation (40) in Ref. [5]) and substituting the Gaussian
pulse from Equation (1), I(t) = Ipexp(—at?), with a = (4In2)/ t%,, the rate may first be
written as:

—C D
WTI(t) = KTI(exp [—atz} )5/4exp [ (exp[—a?zl])l/z (1 — exp[zlﬂﬂ} )] . 9)

Here, K7 sets the overall magnitude of the TI rate, C; governs the dominant expo-
nential suppression associated with barrier penetration, and DT represents the higher-
order correction retained from the Keldysh formulation. Their explicit forms are: Kt =

5/4
[(le) / (9ﬁ712)} [7116171,//’12]3/2 {(210 (eh))?)/ (melf,’cn,so)} , Dy = (melyenyeqw?) / (1662 1p),
/
Crr = [t/ (4eh)] {(nglfgcnrso) /IO} v Using the following relations: (exp[—at?] )5/4 -

exp[—5at?/4], 1/ (exp[—at?])V/2 = exp[at?/2], 1/exp[—at?] = exp[at?], the expo-
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nent in Equation (9) can be rearranged as: — [CTI (1 - ﬁ)} /(exp[_th])l/Z =
—Crrexp[at?/2] + CriDrrexp[3at?/2]. Accordingly, the tunneling rate can be written
in the compact form:

2 2
WTI(t) = KTIEXp %5511‘2 - CTIexp |:ﬂ;:| + CTIDTIeXP |:3a2t:| :| . (10)
Equation (10) makes explicit the strongly nonlinear temporal structure of the TI
contribution. In contrast to the MPI term, whose dependence can be organized around the
effective multiphoton order, the TI rate is dominated by the field-dependent exponential
factor associated with tunneling through the distorted potential barrier. Additionally, since
the Keldysh parameter depends explicitly on both the laser wavelength and field strength,
the relative contribution of TI is expected to increase at longer wavelengths, where the
system progressively approaches the tunneling regime [1-4,16-18].

The corresponding electron density is obtained as:

2 2

nri(t) = KTI/:O exp [_45112 — Crrexp [a;} + CriDrrexp F)a;} } dr, (11)
which represents the cumulative contribution of TI over the pulse duration. For ana-
lytical purposes, the integrand may be expanded by treating the field-dependent expo-
nential terms as following: exp[—Crrexp[a(72/2)]] = Lo—o(—Cr1)" exp[(mat?) /2] /m!,
exp|[CriDriexp[3at?/2]] = Lo (Cr1Dr;)" exp [ (3nat?) /2] /n!. Substitution into Equa-
tion (10) yields: Wr(t) = Kri¥is,—o [(=Cr1)™ (CriD11)" exp(aAmnt?)]/ [m!n!], where
Apyn = %5 + 5+ 37" The electron density can therefore be written in the explicit analyti-

cal form:
o0 —Cr)"(CrDrp)"
mi(t) = Ko P ), 1)
where
/
72(7;?”12”)1/2 [1 + erf((—aAmn)1/2t>], Apyn <0,
an(t) - t, Amn = 0/ (13)
1/2 .
merfl((a/\mn)l/zt), Amn > 0.

Equations (12) and (13) provide an explicit analytical representation of the TI-only
solution, revealing that the tunneling contribution can be interpreted as a superposition
of effective channels characterized by the scaling parameters A;;;. In this picture, each
term in the series corresponds to a distinct field-driven contribution with its own effective
temporal behavior, reflecting the interplay between the Gaussian pulse envelope and the
nonlinear dependence of the tunneling probability on the instantaneous field strength.
The parameters Ay, effectively control the temporal localization and growth rate of these
individual contributions. This decomposition provides direct physical insight into the
structure of the tunneling process, in contrast to the MPI case, where the dynamics are
governed by a discrete multiphoton order and lead to a single-index expansion. Here,
the emergence of a double-index series reflects the intrinsically non-polynomial, field-
controlled nature of TI. At the same time, for practical evaluation, the integral form in
Equation (11) remains preferable. This is because terms in Equation (11) with Ay, > 0
give rise to contributions involving the rapidly growing imaginary error function, which
can reduce numerical stability without altering the underlying physical content of the
solution. For this reason, Equation (11) is retained as the principal analytical expression,
while Equations (12) and (13) serve to elucidate the internal analytical structure of the
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tunneling dynamics. The series representation is retained primarily to expose the analytical
structure of the solution and to enable a direct comparison with the MPI case, where a
single-index expansion naturally arises. While it is not intended for numerical evaluation
due to stability considerations, it provides valuable insight into the underlying scaling and
decomposition of the TI contribution. Finally, for the parameter ranges considered in the
present work, the series converges rapidly, and in practice the dominant contribution is
captured by the first few terms (typically m, n ~ 3-5), while higher-order contributions are
progressively suppressed by the factorial structure of the expansion coefficients.

2.2.3. Chromophore-Assisted Seed Generation

In addition to direct PI channels, the presence of chromophores introduces a ther-
mally mediated pathway for seed electron generation, governed by cumulative optical
absorption [27]. In water-rich and biological media, even a relatively weak absorption
by chromophores can lead to a significant local temperature rise, which in turn facilitates
electron release through thermally activated processes. As a result, the CH contribution
provides an additional source of seed electrons that is not directly tied to the instantaneous
electric field but rather to the total energy deposited into the medium. This mechanism
is particularly important in the context of LIB, where the initial electron population plays
a critical role in triggering subsequent CI. The efficiency of this cumulative absorption
pathway may also exhibit wavelength dependence through the spectral absorption proper-
ties of the chromophore centers [27-29] and the corresponding variation in the absorption
coefficient. By gradually increasing the number of free electrons prior to the onset of
strong cascade processes, chromophore absorption effectively pre-conditions the medium,
lowering the requirements for breakdown and modifying the temporal evolution of plasma
formation. Consequently, even when direct PI alone would produce a limited seed density,
the CH channel can significantly enhance the overall ionization yield. This behavior reflects
the cumulative nature of the process, which is more naturally described in terms of the
laser fluence F(t), directly quantifying the energy deposited into the medium over time.
It should be emphasized, however, that the ionization process itself remains thermally
activated, with the fluence entering the model only through its role in determining the
effective temperature rise. In this sense, the use of F(t) represents a reduced description of
the energy balance, where the temperature is treated as a local function of the absorbed
energy, while neglecting spatial heat transport and relaxation processes. This description
assumes a spatially uniform temperature increase and neglects heat diffusion and cool-
ing processes, which is justified on ultrashort (sub-picosecond) timescales where energy
deposition occurs faster than thermal transport [28].

Following Ref. [21], the CH ionization rate can be expressed in terms of the cumu-
lative laser fluence F(t) = fot I(#')dt, which accounts for the total energy deposited into
the medium up to time t. Although originally introduced in the context of longer pulse
durations [21], the cumulative-fluence formulation remains applicable here as an effective
description of chromophore-assisted energy accumulation and seed electron generation as-
sociated with localized absorption. For a Gaussian pulse, this quantity admits an analytical
representation in terms of the error function, allowing the CH rate to be rewritten in the
compact form:

3
. d 2kp(To + Dcperf(at))\ 2 —Ip
Wen(t) = Ken g l( I, P\ 2%5(To + Denerf(an)) ) |- (¥
where the effective coefficients are introduced as follows: Kcy = (371” 2”CHNb> /4,

Dcy = (Ionl/zyu) /(accupcrfen), « = (4n2)'/?/t,. Here, K¢y determines the overall
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magnitude of the chromophore-assisted contribution, while D¢y characterizes the strength
of the thermally induced response arising from cumulative absorption of the laser pulse.
The parameter « sets the temporal scale of the Gaussian pulse in the error-function rep-
resentation of the cumulative fluence. The remaining quantities are defined as follows:
ncy denotes the chromophore density, N, is the density of available bound states, kp is
the Boltzmann constant, Ty is the initial temperature, I, is the ionization potential, y,
is the absorption coefficient of the chromophore-containing medium, ccp is the specific
heat capacity, pcpy is the mass density, and fcpy is the chromophore volume fraction. In
the present water-like/corneal setting, typical values are Ty = 300 K, pcy =~ 103 kgm 3
and ccpy ~ (3-4) x 10% Jkg~'K™!, while the absorption coefficient is taken in the range
#a ~ 10-500 m~! [27]. The chromophore volume fraction is treated as an effective parame-
ter in the range fcy ~ 10761073, while the chromophore density ncp and the density of
available bound states N, are taken in the range 10?4~10%° m 3, representative of condensed
biological media [28,29]. Importantly, the appearance of the error function in Equation (14)
reflects the integrated nature of the energy deposition, in contrast to field-driven mecha-
nisms, and directly encodes the temporal accumulation of absorbed energy. This makes the
analytical form particularly suitable for linking the ionization dynamics to experimentally
controllable pulse parameters such as duration and peak intensity [18,30].

The structure of Equation (14) reveals that the CH ionization rate can be writ-
ten as a total time derivative of a thermally activated function. Introducing: ®(T) =
[(ZkBT)/Ip]B/ZeXp [I,/(2kgT)], and defining the effective temperature as: T(t) = Ty +
Dcyerf(at), Equation (13) can be recast in the compact form: Wey (t) = Key[d®(T(t))/dt].
This representation allows for a direct analytical integration of the governing equation:

dncn _ Wen(t), (15)

yielding ncy(t) = neg(—o0) + Key[P(T(t)) — @(Tp)]. Assuming that no chromophore-
induced seed electrons are present prior to the arrival of the laser pulse, i.e., ncg(—o0) =0,

() ool) (B en()] o

where « = I,/(2kp) defines the characteristic thermal energy scale associated with the

the solution reduces to:

ncy(t) = Ken

ionization process. However, the temperature profile T(t) = Ty + Dcperf(at) formally
extends below Tj at early times (¢ — —o0), which is not consistent with the cumulative
nature of chromophore heating. Since the absorbed energy can only increase the local tem-
perature, it is convenient to introduce a regularized form: T(t) = Tp + AT[1 + erf(at)]/2,
which preserves the temporal scaling while ensuring that T(t) remains bounded between
Top and Ty + AT. The parameter AT represents the effective temperature increase associated
with cumulative energy deposition and is directly related to the absorbed laser fluence
through the relation AT ~ u,F/(pchcch), where y, is already defined as the absorption
coefficient, and pcrccy denotes the volumetric heat capacity of the medium. In the present
formulation, AT is treated as an effective parameter that captures the overall strength of
the thermally mediated ionization channel. This regularization does not introduce a new
physical mechanism but rather enforces the physically required constraint that the temper-
ature remains bounded between its initial and asymptotic values. It can be interpreted as a
reduced representation of the cumulative heating process in the absence of explicit heat
transport, ensuring consistency with energy conservation while preserving the analytical
structure of the model. As a result, the electron density evolves smoothly from zero to

https://doi.org/10.3390 /atoms14050039


https://doi.org/10.3390/atoms14050039

Atoms 2026, 14, 39

10 of 23

a finite asymptotic value, exhibiting a gradual increase followed by saturation without
unphysical excursions.

2.2.4. Cascade Amplification

In contrast to the previously discussed seed-generation channels, CI does not transfer
electrons directly from bound states into the conduction band but amplifies an already
existing free-electron population through impact ionization [31]. In the standard picture
of LIB, this mechanism represents the secondary stage of plasma formation: once seed
electrons are present, they may acquire sufficient energy from the laser field to ionize
additional bound electrons, leading to a multiplicative growth of the electron density.
The Cl-only limit is therefore not intended as a self-sufficient description of breakdown
initiation but as an analytical tool for isolating the amplification stage of the full dynamics.

When only the cascade contribution is retained, the electron density satisfies the linear
homogeneous equation:

dn
=L = Wey(t)ner, nei(to) = no. (17)

dt

Here, Wc;(t) is the time-dependent CI rate, while ty denotes the reference time at
which a finite seed population is assumed to be already present. Physically, ty corresponds
to the moment when primary ionization mechanisms (MP]I, TI, or CH) have generated
a nonzero electron density that can subsequently be amplified by cascade processes. In
the full model, the transition from seed generation to cascade amplification is continuous,
and the parameter t) should therefore be understood as a reference time introduced for
analytical convenience rather than a sharply defined physical threshold. In practice, it
corresponds to an early stage of the pulse where the electron density becomes sufficiently
large for cascade processes to contribute appreciably. The quantity ny = nc;(to) therefore
represents the initial seed electron density available for avalanche growth. Unlike the
source-driven cases considered above, Equation (16) requires a finite initial condition,
ng # 0. If ng = 0, the solution remains identically zero for all ¢, which reflects the physical
fact that CI cannot initiate breakdown in the absence of primary seed electrons but only
amplifies those already generated by the source term.

Equation (17) is separable and may be written as: n¢c; ! (dncy/dt) = Wey(t). Integrat-
ing from £ to t gives: f;oa(t) dn'/n' = ftg Wer(u)du, so that In(nc(t) /ng) = ft; Wer(u)du.
Hence, the general analytical solution of Equation (16) is:

t
ncy(t) = noexp (/t Wcz(u)d“)/ (18)

This form makes explicit the multiplicative nature of the cascade process: the electron
density grows through an exponential gain acting on the initial seed population, rather
than through an additive source term. In this sense, Wc¢;(t) can be interpreted as the
instantaneous logarithmic growth rate of the electron density.

To obtain a closed-form expression, we assume that the temporal dependence of the
cascade rate, taken from standard IB-based models of CI (see Ref. [9]), adapted here to
follow the Gaussian pulse envelope introduced in Equation (1):

— Dcr, (19)

2
Wei(t) = Kerexp [—4ln2<tt>
14

where K¢y = (Ipe*tn) / [enymeegl, (1 + w?t3)] and Dep = (mew? ) / [M(1+ w?T3)] (M
denotes an effective mass associated with heavy particles in the medium, typically of the

https://doi.org/10.3390 /atoms14050039


https://doi.org/10.3390/atoms14050039

Atoms 2026, 14, 39

11 of 23

ner(t) = ngex

order of 3 x 10726 kg for water-like systems). Here, 7, denotes the effective momentum
relaxation time of free electrons, which characterizes the average time between successive
scattering events with the surrounding medium (in water and water-like media, it typically
lies in the femtosecond range, 7, ~ 1 — 10 fs) [32]. Physically, it determines how efficiently
electrons can gain energy from the oscillating laser field before this energy is redistributed
through collisions. In addition, the appearance of the factor (1 + w?73) ! reflects the
frequency-dependent response of free electrons: for wt, < 1, electrons undergo frequent
collisions and the energy transfer from the field is limited, whereas for wt, > 1, electrons
respond more freely to the field, leading to more efficient energy absorption and stronger
cascade growth. Since the optical frequency is directly related to the laser wavelength,
this dependence also implies a wavelength-sensitive efficiency of IB heating and, conse-
quently, of the cascade amplification process itself [30-32]. The first term in Equation (18),
proportional to K¢j, describes the field-driven energy gain of free electrons and follows the
temporal profile of the laser pulse. Its magnitude is directly controlled by 7, indicating
that longer relaxation times allow electrons to accumulate more energy between collisions,
thereby enhancing the probability of impact ionization. The second term, proportional
to D¢y, represents an effective reduction of the cascade efficiency associated with energy
redistribution processes, including collisional damping and coupling to heavier particles in
the medium. This parameter effectively accounts for collisional energy losses that do not
contribute to impact ionization, such as excitation of molecular and vibrational modes of
the medium.
Substituting Equation (19) into Equation (18) yields:

2
/t t (KCIexp (—41n2(tu) ) _ DC1> du]. 20)
0 P

The integral presented in Equation (20) can be evaluated term by term. The first con-

ncy(t) = noexp

tribution corresponds to a Gaussian integral, while the second yields a linear dependence on
time. Using the result: [ exp {—4ln2 (u/tp)Z] du = (tpnl/z) / (4(1n2)1/2)erf[(2u(1n2)1/2) /tp} ,
s . . . . 2 tpmrl/2

it is possible to write the following expression: ftto Kcrexp (—41n2 (u/tp) )du = &W X
(KCItpnl/z) / (4(1r12)1/2) [erf[(Zt(an)l/z) /tp} - erf[(Zto(an)l/z) /tp} } , while defining

/, tt) Dcidu = Dcj(t — tg). Bearing all this in mind, the analytical solution therefore takes

the form:
Keptpmt/? 2(In2)!/? 2(In2)'/?
P 4(ln2)1/2 erf : t| —erf Tto — Dcp(t—t) |- (21)

For compactness, introducing the parameters: a = (4In2)/ t%, and I' = (KCItpnl/ 2)

/ 4(ln2)1/ 2 the solution can be written as:

ney(t) = npexp {F(erf(a“%) — erf(al/zto)) — D¢y (t— to)}. (22)

This expression shows that the cascade-driven evolution of the electron density is gov-
erned by the competition between cumulative amplification, described by the error-function
term, and a temporal reduction proportional to D¢j. The error-function dependence reflects
the fact that the effective gain is accumulated over the Gaussian pulse envelope, reaching
its largest contribution near the pulse maximum, while the linear term introduces a gradual
reduction of the net growth over time. In this form, the CI-only solution provides a direct
analytical description of how an initial seed population 7y evolves under the action of the
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pulse. It therefore serves as a useful reference for interpreting the amplification stage of the
full model, where the electron density results from the combined effect of continuous seed
generation and cascade growth.

2.3. General Analytical Solution of the Backbone Model

Having established the roles of the individual ionization channels, we return to
Equation (2), which describes the evolution of the free-electron density under the combined
action of seed generation and cascade amplification. The equation can be written in the

standard linear form: p
n
17: — Wer(t)ne = Wsgcel(t), (23)

where Wsrc(t) is given by Equation (3), and W (t) denotes the CI rate (see Equation (18)).
This equation expresses the balance between the continuous injection of free electrons from
bound states and their subsequent multiplication through impact ionization.

Equation (23) is a linear first-order nonhomogeneous differential equation. Its solution
is obtained by the integrating-factor method. Introducing: ¢(t) = exp {— ffi) We [(Z/I)du} and
multiplying Equation (23) by &(t), one obtains: 4 [Z(t)n.(t)] = &(t)Wsgrc(t). Integration
from t( to t gives: &(t)n.(t) = ne(ty) + ftg &(s)Wsrc(s)ds, so that:

ne(t) = exp </t: WCl(u)du> {ng(to) + /tot WSRC(S)GXP<—/t: WC](u)du) ds]. (24)

The limits of integration in Equation (24) reflect the causal structure of the process. The
lower limit, ¢y, denotes the time at which a finite electron population is present, while the
upper limit ¢ corresponds to the observation time. The integral over s accounts for electrons
generated at each instant, whereas the inner exponential describes the cascade amplification
accumulated from the time of their creation up to time t. The structure of Equation (22)
separates the two contributions identified in the model. The source term Wsrc(t) governs
the formation of the seed population, while the exponential factor describes its subsequent
amplification. Electrons generated earlier during the pulse experience a longer amplifi-
cation time and therefore contribute more strongly to the final density. In the case of an
ultrashort Gaussian pulse, the initial time ty; may be chosen on the leading edge of the
pulse, where the electron density is negligible, so that .(tg) ~ 0. The solution then reduces
to a purely source-driven form weighted by the cascade gain.

Equation (24) provides a closed analytical expression for the electron density in the
absence of additional loss mechanisms. It combines all seed-generation channels within a
single formulation and allows direct comparison with numerical solutions of the full model.
The same expression serves as the starting point for evaluating breakdown conditions,
since the threshold fluence is determined by the requirement that the electron density
reaches a critical value [33]. In this way, the analytical solution captures the temporal
relation between seed formation and cascade amplification, which governs LIB in the
ultrafast regime.

2.4. Numerical Implementation Including Losses

The analytical solution derived in Section 2.3 is based on a lossless formulation, in
which the evolution of the free-electron density is governed solely by seed generation and
cascade amplification. While this approach allows for a closed-form solution and isolates
the fundamental structure of the model, it does not account for processes that reduce the
free-electron population during and after the laser pulse. In water-like biological media,
several such processes are known to occur on timescales comparable to or shorter than
the pulse duration. These include electron trapping into localized or solvated states [34],
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recombination with positive charge centers [35], and transport of electrons out of the
interaction region [36]. To account for these effects, the same rate-equation framework is
extended numerically by introducing explicit loss terms, without modifying the source or
cascade contributions. The governing equation is written as:

dn,

ar = Wsrc(f) + Wer(t)ne — L(ne, t). (25)

Here, L(n,,t) denotes the total rate at which free electrons are removed from the

conduction-band population. The loss term is decomposed as:

L(”e; t) = Ltrap(”e: t) + Lrec(”er t) + Ldiff(”lh t)/ (26)

where each contribution represents a distinct physical mechanism. The term Ly, (ne, t) de-
scribes electron trapping. In water and water-rich media, newly generated electrons do not
remain indefinitely in a mobile, quasi-free state. Instead, they interact with the surrounding
molecular environment and undergo localization, first forming short-lived pre-solvated
states and subsequently more stable solvated electrons. These states are energetically bound
and do not efficiently absorb energy from the laser field, which effectively removes the
electrons from the population participating in CI. This process is modeled as a first-order
loss: Ltmp(ne, f) =mn./ Ttrap, Where Tirgp is the characteristic trapping time. In water-like
media, the trapping time typically lies in the range Tir,p ~ 100-300 fs, corresponding to
ultrafast localization of pre-solvated electrons [36]. Next, the term Ly (1, f) accounts for
recombination processes, in which free electrons recombine with positive charge centers.
Since this process depends on the probability of particle encounters, it scales with the elec-
tron density squared and is written as: Lyec (e, ) = ‘ang, where By, is the recombination
coefficient. Typical values of the recombination coefficient are B, ~ 10713210 U m3s1,
consistent with recombination processes in condensed aqueous media [37]. Finally, the term
Lyiff(ne, t) represents the loss of electrons due to spatial transport out of the interaction
region. In the present formulation, this effect is incorporated through an effective escape
rate from the focal volume, written as: Lg; ff(ne, t) = Wprrrn., where the diffusion rate
is given by: Wpirr = tAE {(2.4/@4}0)2 + (1/ZR)2} /3m, [11]. Here, T, is the momentum
relaxation time, which characterizes the average time between electron-collision events and
therefore determines how efficiently electrons undergo diffusive motion in the medium.
The quantity AE denotes the characteristic kinetic energy of free electrons, which sets the
scale of their velocity through the relation [35]: v* ~ 2AE/m, (AE ~ 1-10 eV, correspond-
ing to typical kinetic energies of free electrons in SFI regimes). The factor 7,,AE/3m, can
therefore be interpreted as an effective diffusion coefficient, D,, within a kinetic (Drude-like)
description of electron transport. The parameters wy and zg define the geometry of the
interaction region, where wy is the beam waist radius and zp is the Rayleigh length. Typical
values are wy ~ 1-5 um for the focal spot radius [34], while the Rayleigh length is given by
ZR = nw% /A, yielding zr ~ 5-50 um for near-infrared wavelengths [36]. These parameter
ranges ensure that the loss mechanisms are evaluated on physically relevant timescales
comparable to the pulse duration and electron dynamics.

The formulation presented with Equations (25) and (26) retains the structure of the
analytical backbone model while incorporating the main physical mechanisms that limit the
growth of the free-electron population. Trapping acts on ultrafast timescales and directly
competes with cascade amplification [34], whereas recombination and diffusion become
increasingly important at higher electron densities and at later stages of the evolution.
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3. Results and Discussion

The electron-density dynamics are analyzed using both the analytical backbone model
and its numerical extension, including trapping, recombination and diffusion losses. The
analytical formulation is used to isolate the roles of the individual ionization channels and
their temporal interplay under strong-field excitation, while the numerical model provides
a more realistic description once loss mechanisms are included.

In particular, the simulations are performed for Gaussian laser pulses (see Equation (1))
with durations spanning the femtosecond-to-picosecond regime and central wavelengths
of 400 nm and 800 nm. The 800 nm case corresponds to the Ti:sapphire excitation condi-
tions used in the experiment [18] and is therefore employed for direct comparison with
the measured ablation thresholds, while the 400 nm results are included to illustrate the
wavelength dependence of the ionization dynamics. The focal spot diameter is taken
as 8 um, which defines the characteristic interaction volume and diffusion scale. The
peak intensity range is chosen to reproduce the experimentally relevant fluence interval
(=~ 1-7]/cm?), yielding characteristic intensities on the order of 10'3-10!* W/cm?. Impor-
tantly, while the pulse duration is varied up to the picosecond regime in the threshold
analysis, the time-resolved dynamics are evaluated within a restricted temporal window
around the pulse maximum (typically ¢ < 300 fs), where the dominant ionization processes
and the rapid buildup of the free-electron population take place. Also, to ensure consistency
with corneal media, the material parameters are fixed to the following values. The effective
ionization potential is set to [, = 8 eV, reflecting the reduced gap in biological tissue
compared to pure water due to molecular constituents, while the refractive index is fixed at
ny = 1.35. The chromophore density and the density of available bound states are taken as
ncy = 102° m~3 and N, = 10%® m—3, with thermodynamic parameters pcy = 10° kg/m?
and ccy = 3.5 x 10% Jkg 'K}, representative of water-rich biological media. The absorp-
tion coefficient, 1i,, is varied in the range 10-500 m~! and the chromophore fraction is fixed
at fcy = 107#, corresponding to moderate absorption conditions relevant for corneal tissue.
The transport and loss parameters are likewise fixed to ensure a consistent description of
electron dynamics. The momentum relaxation time is set to T, = 5 fs, while the trapping
time is taken as Tyr,p = 200 fs, consistent with ultrafast localization of pre-solvated electrons
in aqueous environments. The recombination coefficient is fixed at S = 10~12 m3s—1,
and the characteristic electron energy is set to AE = 5 eV. The diffusion rate is evaluated
using a focal radius wy = 4 pm and the corresponding Rayleigh length zg ~ 60 pm. Under
these conditions, the model provides a physically consistent description of electron-driven
ionization dynamics in corneal tissue. While the temporal evolution of the electron den-
sity reflects the interplay between seed generation and cascade amplification on ultrafast
timescales, the onset of breakdown is determined by the condition that the electron density
reaches a critical value. In this sense, the model establishes a direct connection between
the localized ultrafast dynamics and the macroscopic breakdown threshold, providing a
physically grounded framework for interpreting plasma formation in biological media.

As a first step, in Figure 1, we examine the temporal structure of the ionization rates
entering the rate-equation model introduced in Section 2. We analyze the source term
Wsrc(t) (Equation (3)), which follows the instantaneous laser intensity, and the CH con-
tribution Weg (f) (Equation (14)), which represents absorption-mediated seed generation.
The calculations are performed for Gaussian laser pulses at a central wavelength of 800 nm,
consistent with Ti:sapphire excitation conditions, and for absorption coefficients spanning
the range y, = 10-500 m~!. This interval corresponds to weakly to moderately absorbing
water-rich biological media in the near-infrared spectral region [38] and is used here to
probe the sensitivity of CH ionization under physiologically relevant conditions. To isolate
the temporal dynamics of the individual mechanisms, the ionization rates are normalized
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to their respective maximum values, W(t) = W(t) /Wi, enabling a direct comparison
of their temporal localization relative to the laser pulse envelope. In addition, the normal-
ized intensity profile I(t) /I is also shown in Figure 1 for the reference, highlighting the
femtosecond time window (¢ < 300 fs) in which the dominant ionization processes and the
initial buildup of free electrons take place.
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Figure 1. Temporal profiles of the normalized ionization rates for different absorption coefficients,
ta: (@) 10m~1, (b) 50 m~, (c) 150 m !, and (d) 500 m . The solid black curve denotes Wsgc(t), the
dashed black curve Wy (t), and the red dashed line the normalized laser intensity I(t)/Iy. All rates
are normalized as W(t) = W(t)/Wiyax .

The source-related contribution Wggc(t), presented in Figure 1, remains broad and
nearly symmetric over the entire range of y,, indicating that it is predominantly governed
by ionization channels directly tied to the laser pulse envelope. This behavior is expected,
since direct PI processes respond to the instantaneous electric field and therefore inherit the
temporal symmetry of the driving pulse. As a result, its temporal structure is only weakly
affected by absorption, and it does not exhibit significant distortion even as i, increases. In
contrast, the CH contribution W (t) shows a systematic evolution from a quasi-symmetric
to a strongly asymmetric temporal profile. For low absorption (see Figure 1a), Wy (t)
remains weak and nearly symmetric, closely following the overall pulse envelope. In this
regime, the absorbed energy is insufficient to produce a significant temperature rise, so the
ionization probability remains effectively slaved to the instantaneous laser intensity. As
14, increases to 50 m~! (Figure 1b), the magnitude of the response grows, but its temporal
structure is still largely determined by the laser intensity. A qualitative transition occurs at
intermediate absorption, presented in Figure 1c, where Wy () develops a noticeable asym-
metric distortion, characterized by a slower decay on the trailing edge of the pulse. This
behavior reflects the integrative nature of the CH mechanism: the ionization rate depends
on the cumulative absorbed energy, which continues to increase even as the instantaneous
laser intensity begins to decrease. Physically, this corresponds to a progressive buildup
of lattice temperature, which enhances thermally assisted ionization even after the peak
of the optical field has been reached. As a result, the effective ionization window extends
toward later times. This effect becomes dominant for strong absorption (Figure 1d). In
this regime, W (t) exhibits a clear temporal lag with respect to the laser intensity profile,
with its maximum shifted toward the trailing edge of the pulse. This time lag is a direct
consequence of the non-instantaneous thermal response of the medium: the temperature
reaches its maximum only after sufficient energy has been deposited, not at the peak of
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the laser intensity. This non-instantaneous thermal response arises from the competition
between two processes: the decreasing laser intensity and the increasing temperature due
to cumulative energy deposition. The maximum of Wcp(t) is therefore reached when
the rate of thermally activated ionization growth is balanced by the decay of the driving
field. Consequently, the production of seed electrons is no longer synchronized with the
pulse maximum but is shifted to later times. Importantly, this temporal shift is not fully
reflected in Wsgc(t), which retains a nearly symmetric profile. This indicates that direct
ionization channels continue to provide an instantaneous contribution that anchors the
overall response to the pulse center, preventing a complete temporal shift in the ionization
dynamics. These results demonstrate that increasing absorption not only enhances the
magnitude of the CH contribution but also fundamentally modifies the temporal pathway
of seed generation. This integrative nature of the system alters the initial conditions for
subsequent CI. The temporal overlap between seed generation and avalanche growth is
modified, which is expected to play a decisive role in determining the electron-density
formation and the breakdown threshold discussed in the following section.

Before analyzing the fully coupled ionization dynamics, it is essential to examine
the contribution of each individual channel separately. In strong-field interactions with
condensed media, different ionization mechanisms operate on distinct physical principles
and timescales: direct channels such as MPI and TI are governed by the instantaneous
electric field, whereas CH and cascade processes depend on cumulative energy deposition
and electron multiplication. Treating these channels independently allows one to isolate
their characteristic temporal signatures and validate the analytical descriptions derived for
each mechanism in Section 2. This step is particularly important in rate-equation models,
where multiple nonlinear processes are coupled, as it ensures that the behavior of the full
system can be traced back to well-defined physical contributions.

For the MPI channel shown in Figure 2a, the electron density exhibits a rapid rise
followed by saturation after the pulse maximum. This reflects the strong nonlinear depen-
dence of MPI on the instantaneous intensity: the rate of electron generation follows the laser
field, while the density itself accumulates and therefore remains constant once the pulse
has passed. The higher electron yield obtained at 400 nm compared to 800 nm is consistent
with the reduction in the effective multiphoton order (k ~ 3 vs.k ~ 6 for [, ~ 8 eV), in
agreement with the Keldysh framework [5] and breakdown studies in dielectrics [7,11]. The
nearly parallel evolution of the curves at 400 nm and 800 nm indicates that the underlying
dynamics are governed by the same mechanism, with the difference arising primarily
from the wavelength dependence of the ionization rate. The TI channel, presented in
Figure 2b, exhibits a similarly sharp onset, but with a more pronounced threshold-like
behavior due to the exponential dependence of tunneling probability on the electric field
strength. In terms of the Keldysh parameter <y, the 800 nm case corresponds to a deeper
tunneling regime (smaller ), while at 400 nm the system remains closer to the multiphoton
regime. This explains why both curves rise in a similar temporal window around ¢t = 0,
yet maintain a systematic offset in magnitude. The close agreement between analytical
and numerical results confirms that the transition between multiphoton and tunneling
regimes is correctly captured. In contrast, the CH channel (Figure 2c) shows a delayed
and more gradual buildup of electron density. This behavior is consistent with previous
studies of laser interaction with water and biological media, where absorption-driven and
thermally assisted ionization mechanisms introduce a temporal offset relative to direct
photoionization channels [2,3,10,39]. The onset of CH-driven ionization occurs closer to the
pulse maximum and extends into t > 0, reflecting the fact that the ionization probability
depends on cumulative energy deposition rather than on the instantaneous field. As a
result, this channel continues to contribute even after the peak intensity has been reached,
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effectively sustaining seed generation on the trailing edge of the pulse. Finally, the CI
channel (Figure 2d) displays a nonlinear growth characteristic of avalanche ionization. In
this case, the electron density remains nearly constant for t < 0 and increases predomi-
nantly for t 2 0, confirming that CI is a secondary process that requires pre-existing seed

=3 is introduced in

electrons. For this reason, a finite initial electron density 1y = 1010 m
the model, representing a physically realistic background population due to impurities,
thermal excitation, or preceding ionization events [9,11,36]. The stronger growth observed
at 800 nm is a direct consequence of enhanced IB heating, which scales approximately as A2
within the Drude model [40]. The model, therefore, correctly reproduces the well-known
wavelength scaling of avalanche ionization efficiency reported in breakdown studies [7,11].
The relative timing of the ionization channels clearly establishes their physical roles: MPI
and TI provide the initial seed electrons on the leading edge and around the pulse maxi-
mum, the CH channel sustains electron production through cumulative absorption near
and after t = 0, and CI acts as a final amplification mechanism on the trailing edge. This
temporal ordering reflects the interplay of ionization processes and explains why a multi-
channel model is required to accurately describe electron-density buildup and breakdown
thresholds. Overall, the agreement between analytical and numerical results, together with
the consistency with established literature trends, confirms that the model captures the
essential physical mechanisms governing both seed generation and avalanche amplification
in laser-matter interaction.
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Figure 2. Time-dependent electron density . (f) for individual ionization channels: (a) nyp;(t),
(b) nry(t), () ncy(t), and (d) ncy(t). Solid lines represent analytical solutions (Equation (7),
Equation (11), Equation (16) and Equation (22), respectively), while symbols denote numerical results.
Calculations are shown for wavelengths of 400 nm (blue) and 800 nm (black). The dashed vertical
line indicates the pulse maximum.

Building on the analysis of individual ionization channels, the next step is to consider
their combined action, since the electron density in the system is determined by their
simultaneous interplay. Continuous seed generation from MPI, TI, and CH channels must
be considered together with cascade amplification, which depends on the existing electron
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population. Figure 3 therefore examines the solution of the full rate equation, where all
mechanisms are coupled within the analytical framework given by Equation (24). This
allows us to assess how the temporal distribution of seed generation is translated into
electron-density buildup when amplification is considered. In addition, by comparing the
solution obtained without losses to the case where trapping, recombination, and diffusion
are included (see Equation (25)), we can isolate the role of dissipative processes in shaping

the physically relevant electron-density evolution.
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Figure 3. Electron-density evolution ,(t) in the full coupled model. (a) Semi-analytical solution
(Equation (24)) and corresponding numerical result in the absence of losses. (b) Comparison with
results including losses: solid curves (filled symbols) denote the lossless case, while open symbols
represent solutions where trapping, recombination, and diffusion are added to the rate equation and
treated numerically. The dashed vertical line marks the pulse maximum at t = 0. Results are shown
for 400 nm and 800 nm.

In contrast to the separate-channel analysis in Figure 2, Figure 3 shows the electron-
density evolution when all ionization pathways are treated simultaneously within the full
rate equation. Figure 3a presents the lossless solution, where the dynamics are governed
by the interplay between continuous seed generation and cascade amplification. The
initial rise closely follows the MPI behavior (Figure 2a), confirming that MPI provides the
dominant seed population under the present conditions. This is expected, since MPI is
the only mechanism that produces a substantial electron density already on the leading
edge of the pulse, whereas TI is confined to the vicinity of the pulse maximum and CH
develops later due to cumulative energy deposition [1,41,42]. In contrast to the isolated
MPI case, where the density saturates after the pulse, the coupled solution continues
to grow for t > 0, reflecting the amplification of earlier-generated electrons by CI, as
described by Equation (24) and widely reported in breakdown models [10,11]. The higher
final density at 400 nm therefore originates from more efficient seed generation, while the
similar temporal shape indicates that the amplification mechanism is the same for both
wavelengths. Figure 3b shows how this behavior is modified when trapping, recombination,
and diffusion are included. The initial rise remains largely unchanged, indicating that early-
time dynamics are still governed by seed generation and the onset of avalanche growth.
However, after the pulse maximum, the electron density reaches a peak and then decreases,
marking the transition from amplification-dominated to loss-dominated dynamics. This
delayed maximum arises because cascade amplification continues briefly after the intensity
peak until the combined loss terms exceed the gain. Among the considered mechanisms,
trapping dominates on the present time scale due to sub-picosecond electron localization in
water-like media [8,41], while recombination contributes at higher densities and diffusion
remains comparatively slow within the considered temporal window. The wavelength
dependence in Figure 3b is reflected primarily in the absolute electron-density levels rather
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than in a qualitative change in the dynamics. The higher density at 400 nm results from
more efficient seed generation, whereas both wavelengths exhibit a similar post-peak
evolution, indicating that the turnover is governed by the balance between amplification
and depletion. The onset of the decay therefore corresponds to the point at which loss
processes overcome cascade gain, consistent with recent descriptions of ultrafast breakdown
in condensed media [42].

To connect the modeled electron-density dynamics with experimentally measured
breakdown thresholds reported in [18], the extended rate-equation model (Equation (25))
is applied. In this formulation, the electron density n.(t) is evaluated for a given pulse
duration T and fluence F, while the breakdown threshold is defined by the condition
max¢he(t; F, T) = ncr, where n., denotes the critical plasma density, taken here as cm 3
for 800 nm excitation. In the present work, the critical density is used as an effective
criterion for the onset of dense plasma formation and strong plasma absorption during
ultrafast excitation, rather than as a direct description of the complete ablation process
itself. Subsequent thermal, hydrodynamic, and material-removal processes may continue to
evolve on longer timescales depending on the physical properties of the irradiated medium.
The use of the abovementioned criterion is justified as an effective condition for the onset of
strong plasma absorption and rapid energy deposition. Although breakdown in water and
biological tissues may also involve hydrodynamic and cavitation processes, these occur on
longer timescales and are typically initiated once a sufficiently dense electron plasma is
formed, as discussed in previous studies (e.g., Refs. [1,13]). Figure 4 shows the resulting
dependence Fy, () for corneal epithelium (Figure 4a) and stroma (Figure 4b), together
with the corresponding experimental data from [18]. Both tissues are treated as water-like
media due to their high water content and the dominance of water-mediated ionization
dynamics under near-infrared femtosecond excitation. The shaded region marks the
interval in which the pulse duration becomes comparable to the characteristic timescales
of electron dynamics. Within this regime, the threshold reflects the coupled action of
seed formation and subsequent amplification, whereas outside it, the dynamics approach
limiting regimes dominated either by instantaneous photoionization (short pulses) or by
cumulative processes (long pulses).

T T T T
5 L Eq. (25) Iy S s [ e Eq. (25) 1
(a) X Giguere et al., 2007 (b) X Giguere et al., 2007
4+ e 4t i
S 3t x: . 3t .
= tox
X -
5 X
2| X . 2F x X 7
"x
X X
X et e
Thrieeeeaemeees i l i WL l | )
10! 102 103 104 10! 10? 103 10*
7 (fs) 7 (fs)

Figure 4. Threshold fluence Fy;, as a function of pulse duration 7 for: (a) corneal epithelium and
(b) corneal stroma at 800 nm. Symbols denote experimental data [18], while the dashed line represents
the model prediction obtained from Equation (25) using the critical-density criterion max; 1, = ;.

The results presented in Figure 4 show that the model successfully reproduces the
experimentally observed increase in the threshold fluence with pulse duration for both
corneal epithelium and stroma. In the short-pulse regime, the threshold remains relatively
low and only weakly dependent on T, reflecting efficient seed generation driven by strong
instantaneous ionization and rapid cascade amplification. It should be noted that the
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present model is calibrated for pulse durations down to approximately 100 fs, consistent
with the available experimental data, while for significantly shorter pulses (50 fs) additional
effects such as ponderomotive corrections and modifications of the effective multiphoton
order may become relevant. As the pulse duration increases, the threshold rises, indicating
that a higher fluence is required to reach the critical electron density due to the reduction
of peak intensity and the increasing role of cumulative processes. In this regime, CH
absorption, electron thermalization, and trapping-induced depletion contribute to limiting
the effective electron-density buildup. The transition between these regimes is most pro-
nounced within the shaded interval, where the threshold exhibits the strongest dependence
on pulse duration and cannot be described by simple limiting scaling. A systematic shift
toward higher threshold values is observed for the stroma (see Figure 4b), reflecting differ-
ences in effective material response, including variations in absorption and scattering, as
well as the presence of collagen fibrils that modify local energy deposition and ionization
conditions. Despite this, the model captures both the scaling and the relative offset between
the two tissues. Experimental uncertainties reported in [18], typically on the order of
10-15%, are consistent with the level of agreement observed between the model and the
data. The agreement is further supported by low error metrics, with root mean square error
values of 0.116 ] /cm? (Figure 4a) and 0.345 ] /cm? (Figure 4b) and mean absolute percentage
errors of 5.18% and 9.46%, respectively. The model parameters are chosen within physically
established ranges for water-like media and are not fitted individually for each dataset,
ensuring that the agreement reflects the robustness of the underlying physical description
rather than parameter tuning. It should be noted, however, that the present rate-equation
framework is intended to describe the dominant ionization and amplification dynamics on
the level of the free-electron density. In more extreme femtosecond regimes, particularly
for pulse durations well below 100 fs, very high intensities, or strongly inhomogeneous
excitation volumes, additional effects such as nonequilibrium electron-energy distributions,
nonlocal carrier transport, and transient deviations from local thermodynamic equilibrium
may become important. These effects may modify the detailed early-time kinetics and
spatial redistribution of electrons, but they do not change the main threshold-scaling trends
captured here within the considered experimental range.

4. Conclusions

An analytical rate-equation framework has been developed to describe the formation
of free-electron density and plasma formation in water-like biological media under ultra-
short laser irradiation. By combining multiphoton, tunneling, and chromophore-assisted
ionization into a unified source term and treating CI as a separate amplification process,
the model resolves the internal structure of electron generation and its subsequent growth.
The results show that the electron-density dynamics are governed by the temporal ordering
of ionization channels within the pulse. Direct PI establishes the initial seed population on
the leading edge and near the pulse maximum, while CH ionization introduces a delayed
contribution driven by cumulative energy deposition, shifting electron production toward
later times. This temporal redistribution modifies the conditions under which electron-
impact-driven CI develops, since the avalanche process acts on a seed population whose
structure is already shaped by both instantaneous and cumulative mechanisms.

When all channels are coupled, the electron-density evolution reflects a balance be-
tween early-time seed formation and post-peak amplification, followed by a transition
to loss-dominated dynamics once trapping, recombination, and diffusion are included.
The model reproduces the observed increase in threshold fluence with pulse duration and
captures the relative behavior of corneal tissues without parameter fitting, indicating that
the essential scaling of energy deposition is correctly described. Although simplified in its
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treatment of thermal and transport processes, the framework captures the dominant role
of electron-impact ionization and cascade amplification in the buildup of dense electron
populations in water-like media. Although simplified in its treatment of thermal, transport,
and post-breakdown material dynamics, the presented framework captures the dominant
role of electron-impact ionization and cascade amplification in the buildup of dense electron
populations in water-like media. The analytical structure of the model further enables the
individual ionization channels to be separated and interpreted in terms of their temporal
and physical contributions to the overall breakdown dynamics. In this way, the present
formulation provides a physically transparent connection between ultrafast seed electron
generation, avalanche amplification, and experimentally observable threshold behavior in
biologically relevant media. Future work will extend the model toward a more complete
description of LIB by incorporating hydrodynamic response, post-ionization energy relax-
ation, and material-modification processes occurring on longer timescales following the
initial plasma formation stage.
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Abbreviations

The following abbreviations are used in this manuscript:

CH Chromophore-assisted

CI Cascade (avalanche) ionization
FWHM  Full width at half maximum
LIB Laser-induced breakdown

LIP Laser-induced plasma

MPI Multiphoton ionization

PI Photoionization

SFI Strong-field ionization
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TI Tunneling ionization
1B Inverse Bremsstrahlung
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