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Abstract

We present fully relativistic calculations of integral cross sections and swarm transport
properties for positron-radon scattering over a wide energy range (0-1000 eV) and reduced
electric field range (0.01-1000 Td). Elastic (total, momentum-transfer and viscosity-transfer),
discrete excitation, direct annihilation, positronium formation and positron-impact ion-
ization cross sections are obtained using a complex relativistic optical potential method.
Owing to the large atomic number of radon and the absence of experimental scattering
data, a consistent relativistic treatment is essential. The present work provides the first
fully relativistic, internally consistent cross-section dataset for positron swarms in radon
gas. Using a multi-term solution of Boltzmann's equation, steady-state transport coeffi-
cients are calculated and found to be strongly influenced by energy-dependent reactive
loss, particularly positronium formation. Significant divergence between bulk and flux
transport coefficients is observed, including non-monotonic bulk drift velocities and pro-
nounced suppression of longitudinal bulk diffusion at intermediate fields (0.3-1000 Td).
Time-dependent field-free calculations further quantify thermalization and annihilation
dynamics through the evolution of the mean energy and (Z.) (t). These results provide a
robust theoretical foundation for modelling positron transport and annihilation in radon
and other heavy noble gases where relativistic and reactive effects are crucial.
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1. Introduction
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the low-lying excited states. Despite its fundamental interest, radon remains experimentally
inaccessible for scattering studies due to its radioactivity and short half-life, as well as
the toxicity of its decay products. Consequently, there are currently no experimental data
for either electron or positron scattering from radon, and reliable theoretical predictions
are essential.

Radon is produced naturally through the radioactive decay chain of uranium, and its
spatial distribution is therefore strongly governed by local geology. Although radon is un-
likely to find application in conventional gaseous electronic devices due to its radioactivity,
knowledge of its transport properties provides a stringent test of theoretical predictive
capability for heavy atomic systems. Furthermore, such data may be relevant in geophysi-
cal and environmental contexts, including subsurface gas transport, resource exploration,
and seismic monitoring, where radon is commonly used as a tracer species [7,8].

Positron scattering differs qualitatively from electron scattering through the presence
of annihilation and positronium (Ps) formation channels, and the absence of the exchange
process [9,10]. The reactive processes introduce strong energy-dependent loss mechanisms
that can significantly alter both the scattering cross sections and the resulting transport
behavior. In particular, Ps formation provides an additional inelastic pathway that can
dominate the collision dynamics once energetically accessible. For heavy targets such as
radon, where polarization and relativistic effects are pronounced, a consistent and fully
relativistic treatment of these processes is especially important.

While previous theoretical work has investigated positron-radon scattering using
semi-relativistic optical potential methods [11], a fully relativistic and internally consis-
tent treatment of elastic, excitation, ionization, annihilation and positronium-formation
processes has not been reported. Very recently, electron scattering from radon has been
reported by the authors [12], demonstrating the importance of a fully relativistic treat-
ment for this heavy target. The present study naturally extends this approach to positron
scattering, where the consequences of such cross sections for positron swarm transport in
radon gas remain previously unexplored. Swarm transport calculations provide a power-
ful framework for linking microscopic cross sections to macroscopic observables such as
drift velocity, diffusion coefficients and annihilation rates, and are essential for modelling
positron behavior in gaseous environments [13-15].

In this work, we present comprehensive calculations of integral cross sections for
positron-radon scattering over the energy range 0-1000 eV using a complex relativistic
optical potential (ROP) method [6]. The calculated cross sections are then employed in a
multi-term solution of Boltzmann’s equation [13,16,17] to determine steady-state transport
coefficients over reduced electric fields from 0.01 to 1000 Td. We also investigate field-free
thermalization and annihilation dynamics through time-dependent calculations of the
mean energy and effective annihilation parameter (Z.) (). The results provide the first
fully relativistic cross section and transport dataset for positron swarms in radon and
demonstrate the pronounced influence of energy-dependent reactive loss processes on
positron transport in heavy noble gases.

2. Theoretical Scattering and Transport Simulation Details
2.1. Cross Sections

Elastic and inelastic positron-radon scattering cross sections were calculated using the
fully relativistic optical potential (ROP) method of Chen et al. [6]. This approach is based
on an approximate solution of the relativistic close-coupling equations formulated within
the Dirac-Fock framework. The method has recently been applied successfully to electron
scattering from radon, and we refer the reader to Refs. [6,18] for comprehensive details.
Only a concise summary is provided here.
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The scattering of a positron with wave number k from a radon atom is described by
the integral-equation form of the partial-wave Dirac-Fock scattering equations. In the ROP
formulation, these may be written in matrix form as

() _ (o1kr)
Gk (1) vy (kr)

N %/Orc(r,x) [U(x) — ilopi(x)] (é’j&)dx )

where F; and Gy are the large and small components of the relativistic scattering wavefunc-
tion, v; and v, are free-particle solutions expressed in terms of Riccati—Bessel functions,
and G(r, x) is the free-particle Green function. All the wavefunctions were obtained numer-
ically from the relativistic wavefunction program of Grant et al. [5].

For positron scattering, the real local potential is given by

U(r) = Ust(r) + Upol (), ()

where Us(r) is the static Dirac-Fock potential obtained from the ground-state atomic
wavefunctions of radon, and Uy (r) is a local polarization potential. The polarization
potential includes the first eight multipole contributions (excluding monopole), determined
using the polarized-orbital method of McEachran et al. [3]. This construction ensures a
consistent relativistic description of polarization effects, which are particularly important
for heavy atoms such as radon. These polarization potentials are all zero at the origin and
behave asymptotically as 53 . Here ay is the multipole polarization potential and v is the
order of the multipole (i.e., v = 1 corresponds to the dipole potential).

The imaginary component of the optical potential, Upt(r), accounts for inelastic pro-
cesses via absorption of incident flux into excitation, ionization and positronium-formation
channels. It is constructed from sums and integrations over discrete and continuum Dirac-
Fock states of the atom (see Equation (21b) of Ref. [6] for details). In the present implemen-
tation, the real part of the original optical potential is replaced by the explicit polarization
potential described above, so that Uopt represents purely the absorptive contribution [4].

The elastic and inelastic cross sections are obtained from the complex phase shifts

- (k) = 67 (k) + iy (k), €)

where the superscripts & denote the relativistic spin—orbit components. The integrated
elastic cross section is given by

27T
Uel(kZ) = 77
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agk

1=0

+le™271 (cosh 2y, —cosZél_)], (4)

while the total inelastic (absorption) cross section is

7T
Uinel(kz) =12
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For positron scattering, exchange effects are absent, and all phase shifts vanish as
k — 0. Nevertheless, the scattering length remains finite, leading to a non-zero elastic cross
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section in the zero-energy limit. The purely elastic regime extends from threshold up to the
positronium-formation energy at 3.95eV.

2.2. Direct Annihilation

Direct annihilation arises from the overlap of the incident positron wavefunction with
the target electron density, leading predominantly to 27y decay. The annihilation rate is
expressed in terms of the effective electron number Z.g, which quantifies the electron
density sampled by the positron. In the polarized-orbital framework [3], Z.¢ is obtained
from the positron—atom wavefunction via a contact-density integral over all electrons.
The corresponding cross section is

c
Oann = nr(z)gzeffr (6)

where 1y is the classical electron radius and v is the positron velocity. In the present work,
Oann is calculated using the relativistic ROP scattering wavefunctions, which account for
the distortion of the positron wavefunction and the resulting low-energy enhancement of
the annihilation probability.

2.3. Excitation and Ionization

Inelastic excitation and direct ionization processes are incorporated through the ab-
sorptive component of the optical potential, constructed from discrete and continuum
Dirac—Fock states of radon.

Eight low-lying bound excited states were included explicitly in the absorption po-
tential, namely 7s[3/2]1, 7s[1/2]1, 7p[1/2]o, 7p[5/2)2, 7p[3/2]2, 6d[1/2]1, 6d[3/2]; and
6d[7/2]3. These states correspond to dipole-allowed and dominant quadrupole transitions
from the ground configuration and therefore provide the leading contributions to discrete
excitation. Here the excitation and ionization threshold energies were taken from the NIST
database [19].

Continuum states with orbital angular momenta [ = 0-4 were included to sim-
ulate direct ionization of the outer-shell 6p, 6p and 7s electrons. The integration over
the continuum spectrum in the absorption potential was performed using a 16-point
Gauss-Legendre quadrature.

Within the relativistic close-coupling framework, the total angular momentum J of
the positron—atom system is conserved. Consequently, the total angular momentum of the
excited (bound or continuum) electron must be coupled to that of the incident positron.
This procedure leads to a maximum of 30 discrete excitation channels and 198 ionization
channels contributing to the absorption potential.

The excitation cross section reported in this work corresponds to the sum of the indi-
vidual cross sections from the ground state to each of the eight discrete excited states listed
above. Physically, this represents transitions in which a 6p or 6p electron is promoted to
one of the specified excited configurations. The direct ionization cross section corresponds
to processes in which both the incident positron and the ejected target electron emerge in
the continuum.

2.4. Positronium Formation

Positronium (Ps) formation was incorporated following the approach of McEachran
and Stauffer [20], which is a modification of the method originally proposed by Reid and
Wadehra [21]. In this framework, the Ps formation cross section is obtained by comparing
direct ionization cross sections calculated with two different effective threshold energies.

Specifically, the direct ionization cross section is first calculated using the physical
ionization thresholds of radon. A second calculation is then performed in which the
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ionization thresholds are reduced by 6.77 eV, corresponding to the binding energy of
ground-state positronium. The Ps formation cross section is taken as the difference between
these two ionization cross sections. This procedure effectively accounts for the capture of a
target electron into a bound positronium state while conserving energy.

As with any simulation-based treatment of Ps formation, the method contains an
adjustable high-energy parameter that governs the asymptotic behavior of the cross sec-
tion. For the noble gases, this parameter is conventionally chosen to be 120eV + Ejop.
Importantly, this parameter primarily affects the high-energy tail of the Ps formation cross
section and has negligible influence on its threshold behavior or peak magnitude. Since the
transport properties of interest are dominated by low- (<3 eV) and intermediate-energy
(3-100 eV) collisions, the calculated swarm coefficients are largely insensitive to this choice.

The threshold for ground-state Ps formation in radon occurs at 3.95 eV, correspond-
ing to the difference between the first ionization energy and the positronium binding
energy. In the energy interval 3.95-6.77 eV (the Ore gap, i.e., the energy range between
Ps formation at 3.95 eV and the first excitation threshold at 6.77 eV), Ps formation is the
only energetically accessible inelastic channel. At higher energies, discrete excitation and
eventually direct ionization processes also become allowed, leading to competition between
inelastic channels.

2.5. Comparison of the ROP and OPM Methods

Both the relativistic optical potential (ROP) method employed in the present work and
the optical model potential (OPM) approach used by Khandker et al. [11] are formulated
within a Dirac-based scattering framework. However, the physical construction of the
interaction potentials and the treatment of inelastic processes differ significantly between
the two approaches.

In the ROP method, the real interaction potential comprises a static Dirac-Fock po-
tential supplemented by a polarization potential constructed from the first eight multipole
contributions (excluding monopole), determined using atomic wavefunctions and their
first-order polarized corrections. This yields a fully relativistic and internally consistent de-
scription of polarization effects. In contrast, the OPM approach employs just a dipole polar-
ization potential based on the Buckingham form, which contains an adjustable parameter.

The treatment of inelastic processes also differs fundamentally. In the ROP framework,
the absorptive (imaginary) potential is derived explicitly from discrete and continuum
Dirac-Fock states of the atom, providing a microscopic representation of excitation, ioniza-
tion and Ps-formation channels. The OPM method instead incorporates inelastic effects
through a semi-relativistic optical potential of Salvat [22], which does not resolve individual
inelastic channels explicitly.

The importance of a fully relativistic treatment is particularly pronounced for radon.
As a heavy atom, radon exhibits strong spin-orbit splitting and substantial relativistic
contraction and expansion of its orbitals. For example, the fine-structure separation of the
low-lying 7s and 7p states is several electron volts [23]. Since the ROP method consistently
employs relativistic atomic wavefunctions in constructing both polarization and absorption
potentials, it is expected to provide a more reliable representation of positron-radon
scattering than semi-relativistic approaches.

2.6. Transport Simulations

The positron transport coefficients presented in this work were obtained from a
multi-term solution of Boltzmann’s equation, following the methodology described in
Refs. [13,16,17]. Only a brief outline is provided here.
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In the presence of a spatially uniform electric field E, the phase-space distribution
function f(r, v, t) satisfies

U g sy B U _

o o )] )

where e and m,, denote the positron charge and mass, respectively, and J(f) is the collision
operator incorporating elastic scattering, discrete excitation, ionization, direct annihilation
and Ps formation.

Assuming weak spatial gradients, the distribution function may be expanded in terms
of the positron number density n(r, t) via the density-gradient expansion [24],

f(r,v,t) = nF(v) —FY(v)-Vn+F? (v):VVn+- - . (8)

This expansion separates the velocity dependence from the spatial evolution of the swarm.
The velocity dependence of each coefficient is further expanded in spherical harmonics.
In practice, we employ a Legendre polynomial expansion,

i v)Py(cos ), )

with analogous expansions for higher-order terms. Here 0 is the angle between the velocity
vector and the electric field direction. Substitution into Boltzmann's equation yields a
hierarchy of coupled differential equations for the expansion coefficients [25].

A full multi-term solution is obtained by truncating the expansion at /max and in-
creasing Imax until convergence of the transport coefficients is achieved. In the present
work, convergence within 0.5 % over the full reduced electric field range was obtained
for Imax = 9. The necessity of a multi-term treatment arises from the strong anisotropy
induced by inelastic and reactive processes, particularly Ps formation, which renders the
conventional two-term approximation insufficient (see Section 2.5).

From the converged solution, the flux transport coefficients are calculated as

e= 27rmp/0 v*Fy(v) do, (10)
W= 47” v3F (v) do, (11)
0
DbT = %” F" (v) do, (12)
0

where ¢ is the mean energy, W is the flux drift velocity, and D' and DT are the flux
longitudinal and transverse diffusion coefficients, respectively.

In systems with non-conservative processes, it is essential to distinguish between flux
and bulk transport coefficients. Flux coefficients describe the average motion of individual
positrons, whereas bulk coefficients characterize the evolution of the swarm’s center of
mass. The two are related by correction terms involving the reactive collision frequency
vr(v) (see Refs. [25,26]):

Wg=W—dr /O PR (0)Fy (v)do, (13)
47 [

Dé:DL—ﬁ/Ov2vR(v)[FgT(v)—ﬁF&L(v)}dv, (14)
4 [ 2

DgzDT—% /O vzvR(v)[FgT(v)nL\Z[ 2L (v )]dv. (15)
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For radon, the reactive collision frequency is
VR(?) = NO[0ann (V) + 0ps(v)], (16)

where N is the gas number density, and cann and opg are the direct annihilation and

Ps-formation cross sections. These reactive channels strongly influence bulk transport

properties and may produce qualitative differences between bulk and flux coefficients.
Finally, the average effective electron number (Z.) is obtained from

v, v
(Zegt) = 470 /0 ;:“Tyﬁ)(v)vzdv, (17)
o0

where 7g is the classical electron radius and van, is the energy-dependent annihilation
frequency. This quantity is directly proportional to the experimentally measurable 2y anni-
hilation rate [1,27]. An analogous expression may be written in terms of the Ps-formation
collision frequency vps, which is sometimes expressed in the literature as an effective an-
nihilation parameter (1 Zqg) [2,27,28]. Although Ps formation and direct annihilation are
physically distinct processes, both contribute to the overall disappearance rate of positrons
from the swarm and therefore influence bulk transport properties and experimentally
inferred annihilation characteristics.

3. Results and Discussion
3.1. Cross Sections

The calculated positron-radon cross sections obtained using the ROP method de-
scribed in Section II are shown in Figure 1 and tabulated in Table 1. Results are presented
for the elastic total cross section, momentum-transfer cross section (MTCS), viscosity-
transfer cross section (VTCS), direct annihilation, Ps formation, summed discrete excitation,
and positron-impact ionization processes. For comparison, cross sections are digitized from
the semi-relativistic OPM calculations of Khandker et al. [11] together with representative
empirical models for positronium formation [29] and ionisation [30]. For comparison with
the corresponding electron-radon results, the reader is referred to the recent study by the
authors in Ref. [12].

The elastic cross sections decrease smoothly with increasing energy and exhibit broadly
similar trends in both the ROP and OPM approaches, particularly above approximately
10 eV. The direct annihilation cross section displays the characteristic low-energy enhance-
ment associated with the 1/v dependence of the annihilation probability, reflecting the
increased interaction time between the positron and the target electrons as the positron
velocity decreases.

The direct annihilation cross section for positrons in radon is very similar to that in
xenon [18,31]. Across the noble gases from helium to xenon, the cross section increases with
atomic number, reflecting the growing electron population. For heavier atoms, however,
outer-shell screening limits the contribution of inner electrons, leading to a saturation with
increasing atomic size, as observed for xenon and radon.

https://doi.org/10.3390 /atoms14050034
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Figure 1. Integral cross sections for positron-radon scattering calculated using the fully relativis-
tic optical potential (ROP) method described in Section 2.1 (solid lines). Displayed are the elastic
momentum-transfer (MTCS) and viscosity-transfer (VTCS) cross sections, direct annihilation, positro-
nium formation, summed discrete excitation, and positron-impact ionization over 0-1000 eV. The an-
nihilation cross section is scaled by 10* for visibility. Also shown are semi-relativistic optical model
potential (OPM) results digitized from Khandker et al. [11] (dash-dot lines), as well as empirical
cross sections for positronium formation [29] and ionisation [30] (dotted lines). The OPM VTCS is
scaled by 2/3 to account for differing definitions of the viscosity-transfer cross section. The OPM
“Excitation” curve represents the total inelastic cross section.

Ps formation becomes energetically accessible at 3.95 eV, corresponding to the dif-
ference between the first ionization potential of radon and the 6.77 eV binding energy of
ground-state positronium. Above this threshold the Ps formation cross section rises rapidly
and dominates the inelastic collision processes within the Ore gap, where no other inelastic
channels are energetically available. A noticeable change in slope occurs just below the
ionization threshold and corresponds to the onset of excited-state Ps formation, beginning
with the n = 2 level. Higher excited states (n = 3 and n = 4) are also accessible below the
ionization threshold but contribute only weakly on the scale shown. At higher energies,
excitation and subsequently ionization channels open and compete with Ps formation,
redistributing the inelastic flux. The empirical models of Machacek et al. [29] and Kim
& Rudd [30] produce similar magnitude and energy dependence for Ps formation and
ionization respectively, providing additional support for the present ROP results.

Overall, the ROP and OPM elastic cross sections show good qualitative agreement,
particularly above approximately 10 eV. However, notable differences arise in the treatment
of inelastic processes. The OPM results report only a total inelastic cross section, without re-
solving excitation, ionization and Ps formation separately. In contrast, the ROP method
explicitly distinguishes these channels, allowing a more detailed assessment of their indi-
vidual contributions. In particular, the ROP positronium-formation cross section is larger
than the OPM total inelastic cross section at low and intermediate energies, indicating a
significant quantitative difference in the predicted absorption strength.
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Table 1. Positron-radon integral cross sections calculated using the fully relativistic ROP method
(Section 2.1). Shown are the elastic (Elas.), momentum-transfer (MTCS), viscosity-transfer (VTCS),
direct annihilation (Ann.), positronium formation (Ps), excitation (Exc.), and ionization (Ion.) cross

sections over 0-1000 eV. All values are given in units of 10~20 m?2,

Energy [eV] Elas. MTCS VTCS Ann. Ps Exc. Ion.
0 213 x 10* 213 x 10* 142 x 108 oo 0 0 0
1 x 1073 154 x 10* 154 x 10* 1.02 x 10* 612 x 1072 0 0 0
1 x 1072 428 x 10° 430 x 102 286 x 10> 561 x 1073 0 0 0
0.1 457 x 102 4.38 x 102 3.02 x 102 249 x 107* 0 0 0
0.2 210 x 102 178 x 10> 134 x 102 103 x 107%* 0 0 0
0.3 134 x 102 951 x 100 812 x 10! 662 x 107> 0 0 0
0.4 993 x 10! 577 x 101 566 x 10! 505 x 107° 0 0 0
0.5 8.08 x 10! 3.84 x 10! 428 x 101 421 x 107 0 0 0
0.6 6.95 x 10! 278 x 10! 342 x 10! 369 x 107° 0 0 0
0.7 618 x 10! 219 x 10! 284 x 10! 332 x 10 0 0 0
0.8 561 x 10!  1.84 x 10! 242 x 101 304 x 107°> 0 0 0
0.9 516 x 10!  1.64 x 10! 211 x 101 281 x 107°> 0 0 0
1.0 479 x 101 152 x 10! 186 x 101 263 x 107° 0 0 0
12 420 x 108 138 x 10! 150 x 10! 232 x 107 0 0 0
14 374 x 101 129 x 10! 125 x 101 209 x 107°> 0 0 0
1.6 336 x 100 122 x 10! 1.07 x 101 191 x 107°> 0 0 0
1.8 3.05 x 10!  1.15 x 10!  9.35 176 x 107° 0 0 0
2.0 2.80 x 100  1.09 x 10!  8.40 164 x 107° 0 0 0
2.2 261 x 100 1.03 x 10  7.79 155 x 107° 0 0 0
2.4 241 x 101 9.70 7.18 145 x 107° 0 0 0
2.6 226 x 101  9.18 6.79 138 x 107° 0 0 0
2.8 213 x 101  8.70 6.50 132 x 107° 0 0 0
3.0 2.02 x 101 8.8 6.27 126 x 107° 0 0 0
3.2 1.93 x 101 791 6.10 122 x 107° 0 0 0
3.4 1.85 x 10! 7.58 5.96 118 x 107° 0 0 0
3.6 1.77 x 101 7.29 5.85 114 x 107° 0 0 0
3.8 1.71 x 101  7.04 5.75 111 x 107° 0 0 0
4.0 1.65 x 101  6.80 5.65 1.08 x 107° 3.75 x 1072 0 0
42 159 x 10! 6.53 5.54 1.05 x 107° 3.60 x 107! 0 0
4.4 153 x 101  6.26 5.42 1.03 x 107° 813 x 107! 0 0
4.6 1.47 x 101 6.00 5.30 1.00 x 107° 1.34 0 0
48 142 x 101 5.76 5.17 9.82 x 107¢ 1.90 0 0
5.0 1.38 x 10!  5.56 5.06 963 x 107¢ 244 0 0
5.2 134 x 10!  5.36 4.94 945 x 107¢ 2.99 0 0
54 130 x 10! 5.17 4.82 929 x 107¢ 3.53 0 0
5.6 127 x 10! 5.00 4.70 9.13 x 107¢ 4.07 0 0
5.8 124 x 10! 4.84 4.59 898 x 107¢ 4.58 0 0
6.0 1.22 x 101 4.69 4.48 8.85 x 107¢ 5.07 0 0
6.2 1.19 x 10! 435 422 872 x 107% 5.82 0 0
6.4 1.16 x 10!  4.10 4.01 8.60 x 107¢ 6.37 0 0
6.6 1.14 x 10! 3.87 3.82 848 x 107° 6.89 0 0
6.8 1.11 x 10!  3.66 3.63 837 x 107% 7.36 0 0
7.0 1.14 x 10! 438 4.22 827 x 107¢ 797 494 x 1072 0
7.2 1.13 x 101 4.29 4.15 817 x 107% 823 122 x 1071 0
7.4 1.12 x 10! 4.20 4.07 8.08 x 107® 849 188 x 1071 0
7.6 1.10 x 10!  4.12 4.00 799 x 107® 8.73 245 x 1071 0
7.8 1.09 x 101  4.04 3.93 790 x 107® 8.95 311 x 1071 0
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Table 1. Cont.

Energy [eV] Elas. MTCS VTCS Ann. Ps Exc. Ion.
8.0 1.08 x 10! 3.97 3.86 7.82 x 107® 9.16 370 x 1071 0
8.2 1.07 x 101 3.90 3.80 7.75 x 107® 9.36 423 x 1071 0
84 1.06 x 10! 3.83 3.73 7.67 x 107® 9.55 478 x 1071 0
8.6 1.06 x 10! 3.76 3.67 760 x 107% 9.74 548 x 1071 0
8.8 1.05 x 10!  3.69 3.61 753 x 107® 9.83 728 x 1071 0
9.0 1.04 x 10! 3.63 3.55 747 x 107® 9.95 855 x 1071 0
9.2 1.04 x 10! 3.56 3.50 740 x 107® 1.01 x 10} 948 x 1071 0
94 1.03 x 10!  3.50 3.44 734 x 107 1.02 x 100 1.03 0
9.6 1.02 x 10! 3.44 3.39 728 x 107 1.03 x 100  1.10 0
9.8 1.02 x 10!  3.39 3.34 723 x 107 1.05 x 10} 117 0
10 1.01 x 10! 3.33 3.29 717 x 107® 1.06 x 100 1.24 0
11 9.90 3.08 3.05 693 x 107 121 x 100 141 1.91 x 1072
12 9.70 2.87 2.85 672 x 107 1.28 x 100  1.66 2.17 x 1071
13 9.51 2.69 2.67 654 x 107 132 x 100 1.88 520 x 101
14 9.34 2.54 2.52 638 x 107 134 x 100 2.04 8.77 x 1071
15 9.16 2.41 2.38 623 x 107 135 x 100 2.16 1.26
16 9.00 2.30 2.26 6.11 x 107 134 x 100 225 1.66
17 8.84 2.20 2.16 599 x 107¢ 132 x 10! 234 2.08
18 8.68 2.11 2.06 589 x 107® 1.30 x 10! 242 2.48
19 8.53 2.03 1.98 579 x 107 127 x 100 2.49 2.88
20 8.38 1.96 1.90 571 x 107 124 x 100 253 3.25
21 8.23 1.89 1.83 563 x 107 120 x 100 257 3.61
22 8.09 1.84 1.77 555 x 107 1.16 x 100 2.58 3.94
23 7.95 1.76 1.72 548 x 107 1.13 x 101  2.59 4.25
24 7.81 1.73 1.66 542 x 107 1.09 x 10! 2.59 4.54
25 7.68 1.69 1.62 535 x 107 1.06 x 101  2.60 4.81
30 8.47 2.36 1.96 510 x 107 8.19 2.61 5.87
35 7.93 2.13 1.77 489 x 107 6.94 2.58 6.57
40 7.43 1.95 1.62 473 x 107¢ 593 2.51 7.01
45 6.99 1.81 1.51 459 x 107 5.07 244 7.30
50 5.47 1.11 1.08 448 x 1076 4.75 2.35 7.48
55 5.23 1.06 1.04 437 x 1076 4.11 2.28 7.56
60 5.01 1.02 1.00 428 x 107 3.56 2.21 7.59
65 4.83 986 x 1071 975 x 1071 420 x 107¢ 3.01 2.16 7.59
70 4.68 957 x 1071 951 x 1071 413 x 107® 2.66 2.10 7.53
75 4.54 933 x 107! 930 x 1071 4.07 x 10=¢ 229 2.04 7.47
80 4.42 912 x 107! 912 x 1071 4.01 x 10 1.96 1.99 7.39
85 432 894 x 1071 895 x 107! 395 x 10°¢ 1.67 1.93 7.30
90 423 878 x 1071 878 x 107! 390 x 10°¢ 1.41 1.87 7.21
95 419 835 x 107! 886 x 107! 385 x 10°® 1.25 1.81 7.11
100 412 820 x 10! 875 x 107! 381 x 107® 957 x 1071 1.77 7.06
110 4.00 794 x 1071 854 x 100! 373 x 107® 596 x 1071 1.68 6.86
120 3.90 770 x 1071 836 x 107! 3.66 x 107® 296 x 10! 1.59 6.64
130 3.81 749 x 1071 819 x 107! 3.60 x 107® 451 x 1072 1.50 6.43
140 3.75 6.65 x 1071 758 x 107! 355 x 107® 0 1.43 6.23
150 3.68 653 x 107! 747 x 107! 350 x 107 0 1.36 6.04
160 3.63 641 x 1071 736 x 107! 346 x 107® 0 1.30 5.85
170 3.57 630 x 1071 724 x 107! 341 x 107® 0 1.24 5.68
180 3.53 6.18 x 1071 713 x 107! 338 x 10°°® 0 1.18 5.51
190 3.48 608 x 1071 703 x 107! 334 x 10°® 0 1.13 5.36
200 3.44 597 x 107! 692 x 1071 331 x 107® 0 1.09 521
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Table 1. Cont.

Energy [eV] Elas. MTCS VTCS Ann. Ps Exc. Ion.
250 3.26 548 x 107! 640 x 1071 317 x 107® 0 928 x 1071 459
300 3.12 505 x 107! 594 x 1071 3.06 x 107® 0 786 x 1071 4.09
350 3.00 468 x 1071 553 x 1071 297 x 107¢ 0 6.76 x 1071 3.67
400 2.90 435 x 107! 517 x 107! 289 x 10°° 0 5.89 x 1071 3.33
450 2.81 407 x 1071 486 x 107! 282 x10° 0 518 x 1071  3.04
500 2.73 382 x 1071 458 x 1071 276 x 107¢ 0 460 x 1071 2.79
550 2.66 360 x 1071 433 x 1071 270 x 107® 0 441 x 1071 263
600 2.59 340 x 1071 411 x 1001 265 x 107® 0 400 x 1071 244
650 2.53 323 x 107! 391 x 1001 260 x 107¢ 0 364 x 1071 228
700 247 307 x 1071 373 x 1071 255 x 107® 0 333 x 1071 213
750 242 292 x 1071 357 x 1071 251 x 107® 0 3.05 x 1071 2.00
800 2.37 279 x 1071 342 x 1071 247 x 107® 0 282 x 1071 1.88
850 2.33 267 x 1071 328 x 1071 244 x 10°® 0 260 x 107 177
900 2.29 256 x 1071 315 x 1071 240 x 107® 0 240 x 1071 1.67
950 2.25 246 x 1071 3.04 x 1071 237 x 107® 0 224 x 1071 158
1000 2.21 236 x 1071 293 x 1071 234 x 107® 0 208 x 107! 151

At higher energies (above ~30eV), the ROP ionization cross section exceeds the
OPM inelastic result, despite the latter nominally including all inelastic channels. This
suggests that differences in the construction of the absorption potential lead to appreciable
variations in predicted inelastic flux. Given the fully relativistic and state-resolved treatment
employed in the ROP framework, these results provide a more physically transparent
representation of positron-radon scattering dynamics.

3.2. Transport Properties
3.2.1. Steady-State Calculations

Steady-state transport coefficients for a positron swarm in radon at 293 K were cal-
culated over the reduced electric field range 0.01 < E/N < 1000Td using the ROP
cross-section set. Both flux and bulk coefficients are presented in order to quantify the
influence of non-conservative processes on swarm dynamics. The results are shown in
Figure 2.

The top left panel displays the volumetric reaction rates for direct annihilation, positro-
nium (Ps) formation and positron-impact ionization. At very low reduced electric fields,
the annihilation rate is relatively large due to the enhancement of the low-energy annihila-
tion cross section. As E/ N increases and the mean positron energy rises, the annihilation
rate decreases accordingly. Ps formation becomes energetically accessible once the mean
energy exceeds the threshold at 3.95 eV, corresponding to E/N ~ 0.5Td. Above this field
strength, Ps formation rapidly dominates the reactive loss processes. Although ionization
is energetically allowed at higher fields, it remains a comparatively weak channel over
the entire range considered. It should be noted that, for positron swarms, ionization is a
particle-conserving process.

The top right panel shows the bulk and flux drift velocities. Even at the lowest
field strength considered, the two differ appreciably, reflecting the influence of energy-
dependent reactive loss. At very low fields, annihilation preferentially removes slower
positrons from the swarm, leading to an increase in the average velocity of the surviving
particles (annihilation heating). As E/N increases toward ~0.1Td, both drift velocities
rise sharply, with the effect being particularly pronounced for the bulk drift velocity. This
behavior results from the interplay between field-driven acceleration, elastic momentum
transfer and reactive loss, an effect noted by Robson in 1986 [25] for positrons in helium.
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Figure 2. Steady-state positron swarm transport properties in radon at 293 K calculated using the fully
relativistic ROP cross section set described in Section 2.1. Results are shown over the reduced electric
field range 0.01-1000 Td. (Top Left) Volumetric reaction rates for direct annihilation, positronium
formation, and positron-impact ionization (the latter being particle-conserving). (Top Right) Bulk and
flux drift velocities. (Bottom Left) Bulk and flux longitudinal and transverse diffusion coefficients.
(Bottom Right) Mean energy together with longitudinal and transverse characteristic energies.

Beyond this initial rise, the flux drift velocity increases monotonically with E/N,
as expected from continued acceleration in the applied field. In contrast, the bulk drift
velocity decreases over the range ~0.1-30 Td before increasing again at higher fields.
This non-monotonic behavior is a direct consequence of energy-selective Ps formation,
which preferentially removes higher-energy positrons and thereby alters the motion of
the swarm centroid. As a result, the bulk drift velocity may exceed or fall below the flux
value depending on field strength, demonstrating the qualitative impact of reactive loss on
swarm evolution.

The bottom left panel presents the longitudinal and transverse diffusion coefficients in
both bulk and flux forms. At very low reduced electric fields (E/N < 0.05Td), both bulk
and flux diffusion coefficients approach approximately constant values. In this regime,
the swarm is close to thermal equilibrium with the background gas, and the transport
coefficients are governed primarily by elastic momentum-transfer collisions. Reactive
losses enhance the bulk components with respect to the flux components.

As E/ N increases beyond ~0.1 Td, both longitudinal and transverse diffusion coeffi-
cients exhibit a sharp rise. This increase coincides with the rapid growth in drift velocity
and mean energy and observed in the top right and bottom right panels, and reflects the
onset of strong field-driven acceleration combined with annihilation heating. As the swarm
begins to sample higher energies where the momentum-transfer cross section decreases,
the effective collision frequency is reduced, leading to enhanced spatial spreading and
hence larger diffusion coefficients.
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At higher fields, the flux diffusion coefficients increase smoothly with E/N and
eventually converge, consistent with an increasingly anisotropic velocity distribution domi-
nated by elastic scattering. In contrast, the bulk diffusion coefficients exhibit pronounced
structure at low and intermediate fields. Most notably, the longitudinal bulk diffusion
coefficient decreases by several orders of magnitude between approximately 0.3 and 20 Td.
This dramatic suppression reflects strong spatial localization of the swarm caused by
energy-dependent positron loss, particularly Ps formation, which preferentially removes
higher-energy positrons and reduces the variance of the swarm position along the field
direction. The transverse bulk diffusion coefficient displays a similar but less pronounced
trend, consistent with the anisotropic influence of the electric field.

The bottom right panel shows the mean energy together with the longitudinal and
transverse characteristic energies using both bulk and flux definitions. The mean energy
increases quickly near ~0.1 Td, consistent with the combined effects of annihilation heating
and field acceleration. The flux transverse characteristic energy provides a reasonable
approximation to the mean energy over much of the field range. The flux longitudinal
characteristic energy also provides a reasonable estimate at both very low and high energies,
but fails between ~0.1 and 5 Td. The bulk characteristic energies exhibit extreme variations
due to their sensitivity to reactive loss and the non-monotonic bulk drift velocity. These
results highlight that bulk characteristic energies do not represent simple thermodynamic
measures, but rather reflect the coupled spatial and energetic evolution of a reactive
positron swarm.

3.2.2. Multi-Term Convergence

To quantify the influence of velocity—space anisotropy on the calculated transport
coefficients, we compared results obtained from the full multi-term solution of Boltzmann'’s
equation using different numbers of Legendre terms.

The two-term approximation is frequently adopted for computational efficiency; how-
ever, its limitations in systems exhibiting strong anisotropy or non-conservative processes
are well established [32-34]. In the present work, a full multi-term Legendre expansion
(Section 2.6) was implemented. The expansion was truncated at progressively higher /max
until all transport coefficients converged to within 0.5 % over the entire reduced electric
field range. Global convergence was achieved using Imax = 9.

The convergence behaviour at representative reduced electric fields between 0.01 and
1000 Td is summarised in Table 2. At low fields (E/N = 0.01 Td to 10 Td), the velocity dis-
tribution remains nearly isotropic and the two-term approximation provides an adequate
description. As the field increases, generally progressively higher-order angular compo-
nents become significant. For example, at E/N = 100 Td, at least six terms are required to
achieve convergence at the 0.5 % level, reflecting increasing anisotropy of the distribution
function. At the highest field considered (E/N = 1000 Td), convergence requires Imax = 9.

The required truncation order is therefore strongly field-dependent. In particular,
at E/N = 1000 Td the two-term approximation deviates substantially from the converged
solution, with discrepancies ranging from approximately 50 % to more than 200 %, de-
pending on the transport quantity considered. Furthermore, the two-term approximation
exhibits a nonphysical negative bulk longitudinal diffusion coefficient, which quickly cor-
rects for Imax > 3. These large deviations arise from the pronounced anisotropy induced
by strong field acceleration combined with energy-dependent reactive loss, especially
Ps formation.
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Table 2. Convergence of select steady-state transport coefficients with increasing spherical harmonic
truncation order Imax. Values are shown to three significant figures.

E/N Imax € Wg D{“; DETB'
[Td] [eV] [ms—1] (102 m~1s71] [102° m~1s71)
0.01 1 430 x 1072 2.18 5.50 x 101 5.50 x 10!
3 430 x 102 2.18 5.50 x 10! 5.50 x 10!
0.1 1 434 %1072 2.22 x 10! 6.15 x 101 5.73 x 10
3 434 %1072 2.22 x 10! 6.10 x 101 5.72 x 10
5 434 x 1072 2.22 x 10! 6.10 x 101 5.72 x 10!
1 1 1.20 5.38 x 102 5.98 x 102 1.28 x 10*
3 1.20 5.38 x 102 5.98 x 102 1.28 x 10*
10 1 1.59 5.49 x 10 1.43 1.09 x 10*
3 1.59 5.49 x 10! 1.44 1.09 x 10*
100 1 2.42 1.54 x 103 5.26 x 102 2.19 x 10*
3 2.39 2.11 x 103 7.22 x 102 1.65 x 10*
5 2.39 2.10 x 10° 7.19 x 102 1.64 x 10*
7 2.39 2.10 x 10° 7.19 x 102 1.64 x 10*
1000 1 11.8 1.33 x 10° —2.60 x 10* 6.55 x 10*
3 8.35 498 x 10° 2.05 x 10* 1.54 x 10°
5 7.91 4.18 x 10° 2.04 x 10* 2.86 x 10*
7 7.85 4.08 x 10° 2.04 x 10* 2.07 x 10*
9 7.85 4.07 x 10° 2.04 x 10* 1.99 x 10*
11 7.85 4.06 x 10° 2.04 x 10* 1.99 x 10*

Such behaviour is consistent with previous investigations of charged-particle swarms
in reactive gases [35]. Energy-selective loss mechanisms enhance angular structure in the
velocity distribution function, amplifying higher-order Legendre components and often
rendering low-order truncations inadequate. Consequently, reliable modelling of positron
transport in radon requires a fully converged multi-term framework. This is particularly
important for inverse swarm analyses aimed at refining cross sections, where insufficient
angular resolution may introduce systematic bias.

3.2.3. Field-Free Thermalization and Annihilation

We now consider field-free positron annihilation and thermalization in radon gas.
The experimentally accessible quantity in such studies is the time-dependent effective
electron number, (Zq¢) (t), which is determined from measurements of the 27 annihilation
intensity as a function of time [1,27].

Thermalization refers to the evolution of the normalized positron energy distribution
toward a steady state. This steady state represents a balance between collisional energy
exchange with the background gas and energy-selective reactive loss through direct annihi-
lation and positronium (Ps) formation. Because the annihilation and Ps cross sections are
strongly energy-dependent, reactive heating and cooling effects may drive the distribution
away from a Maxwellian form and produce a steady-state mean energy that differs from
the thermal energy of the gas [25,36].

Time-resolved annihilation measurements have previously been performed for
positrons in noble gases from helium through xenon; however, no such data are avail-
able for radon. Moreover, the initial energy distribution of injected positrons is generally
not well characterized. Following Boyle et al. [17], we assume an initial distribution uniform
in energy space up to the radon ionization threshold of 10.7 €V, i.e.,

€'/2£(,0)0(10.7 eV —€) = C, (18)
where O is the Heaviside function and C is a normalization constant. The sensitivity of the

relaxation dynamics to this assumption was examined in Ref. [17].
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Figure 3. Field-free thermalization of a positron swarm in radon at 293 K. Shown are the temporal
evolution of the mean positron energy € and the effective electron numbers (Zqg) (¢) (direct annihila-
tion) and 1 (Zeg) () (positronium formation analogue), calculated using the ROP cross-section set.
The initial positron energy distribution is uniform in energy space up to the ionization threshold
(10.7 eV). The reduced time is expressed in density-scaled units N - t (ns-amagat). The inset highlights
the early-time dynamics, where relaxation is dominated by inelastic energy loss through Ps formation.

Figure 3 shows the temporal evolution of the mean positron energy and the corre-
sponding (Zeg) (t) and (Zeg)1(t) under field-free conditions. The mean energy decreases
rapidly from its initial value of 5.35 eV toward the steady-state value of 0.0426 eV, reaching
equilibrium on a timescale of approximately 300 ns-amagat. The initial stage of relaxation,
highlighted by the figure inset, is dominated by inelastic energy loss, particularly Ps for-
mation, which efficiently removes higher-energy positrons from the swarm. Once the
mean energy falls below the Ps formation threshold, inelastic processes are suppressed and
subsequent cooling proceeds primarily via elastic momentum-transfer collisions.

The evolution of (Z.) () reflects this changing balance. At early times, the total loss
rate is strongly influenced by Ps formation, leading to a rapid decrease in (Z.)1(t) as the
high-energy portion of the distribution is depleted. As the swarm cools further through
elastic collisions and samples progressively lower energies, the direct annihilation cross
section increases, and (Z.) (t) rises gradually toward its steady-state value of 242.

The steady-state (Z) in radon is lower than that reported for xenon (approximately
350). As discussed earlier, although the annihilation cross sections for xenon and radon
are very similar, reflecting saturation of the annihilation probability with increasing atomic
size, differences in the elastic momentum-transfer cross sections modify the steady-state
energy distribution. Consequently, the ensemble-averaged sampling of the annihilation
cross section differs between the two gases, leading to distinct steady-state (Zog) values.

The overall relaxation timescale in radon (approximately 300 ns-amagat) is slightly
longer than in xenon (approximately 200 ns-amagat). This difference reflects the greater
atomic mass of radon and the corresponding reduction in energy transfer per elastic
collision, resulting in slower cooling of the positron swarm.
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4. Summary

We have presented comprehensive calculations of integral cross sections and swarm
transport properties for positron-radon scattering using a fully relativistic optical potential
(ROP) framework. Given the large atomic number of radon and the absence of experimental
scattering data, a consistent relativistic treatment is essential. The present work provides
the first ab initio fully relativistic and internally consistent cross-section and transport
dataset for positron swarms in radon gas.

Elastic (total, momentum-transfer and viscosity-transfer), direct annihilation, Ps for-
mation, discrete excitation and positron-impact ionization cross sections were calculated
over the energy range 0-1000 eV. Comparison with previous semi-relativistic optical model
calculations reveals broadly similar elastic behaviour at intermediate and high energies,
but significant quantitative differences in the magnitude and decomposition of inelastic
channels, particularly Ps formation.

These cross sections were employed in a multi-term solution of Boltzmann’s equation
to determine steady-state transport coefficients over reduced electric fields from 0.01 to
1000 Td. The results demonstrate the pronounced influence of energy-dependent reactive
loss on positron swarm dynamics. Strong divergence between bulk and flux transport
coefficients is observed, including non-monotonic bulk drift velocities and substantial
suppression of longitudinal bulk diffusion at intermediate fields (0.3-1000 Td). These
features arise from the interplay between field-driven acceleration, elastic momentum
transfer and energy-selective positron loss, and highlight the necessity of a fully converged
multi-term treatment.

Time-dependent, field-free calculations were also performed to investigate thermal-
ization and annihilation dynamics. The positron mean energy relaxes on a timescale
of approximately 300 ns-amagat, with the very early stages dominated by Ps formation.
The steady-state effective electron number (Z.) is found to be lower than in xenon de-
spite similar annihilation cross sections, reflecting differences in the steady-state energy
distributions induced by elastic scattering.

Overall, the cross-section set and transport coefficients presented here establish a
robust theoretical foundation for modelling positron transport and annihilation in radon
and other heavy noble gases, where relativistic structure and reactive processes play a
dominant role.
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