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Abstract: We study a system of ultra-cold dipolar Bose gas atoms confined in a two-
dimensional (2D) harmonic trap with a dipolar impurity implanted at the center of the trap.
Due to recent experimental progress in dipolar condensates, we focused on calculating
properties of dipolar impurity systems that might guide experimentalists if they choose to
study impurities in dipolar gases. We used the Gross–Pitaevskii formalism solved numeri-
cally via the split-step Crank–Nicolson method. We chose parameters of the background
gas to be consistent with dysprosium (Dy), one of the strongest magnetic dipoles and of
current experimental interest, and used chromium (Cr), erbium (Er), terbium (Tb), and
Dy for the impurity. The dipole moments were aligned by an external field along what
was chosen to be the z-axis, and we studied 2D confinements that were perpendicular or
parallel to the external field. We show density contour plots for the two confinements, 1D
cross-sections of the densities, calculated self-energies of the impurities while varying both
number of atoms in the condensate and the symmetry of the trap. We also calculated the
time evolution of the density of an initially pure system where an impurity is introduced.
Our results show that while the self-energy increases in magnitude with increasing number
of particles, it is reduced when the trap anisotropy follows the natural anisotropy of the
gas, i.e., elongated along the z-axis in the case of parallel confinement. This work builds
upon work conducted in Bose gases with zero-range interactions and demonstrates some
of the features that could be found when exploring dipolar impurities in 2D Bose gases.

Keywords: Bose-Einstein condensates; dipolar gases; dipolar impurities

1. Introduction
Dipolar BECs have long been of interest in cold atom physics due to the large variety

of physics they display [1,2]. The first such system was a condensate of 52Cr atoms
discovered in 2004 [3] utilizing its magnetic dipole moment, but BECs using electric dipole
moments have recently been realized [4]. While the condensates themselves are of interest,
experiments with impurity species implanted in them may become of great interest in the
coming years. Boson impurities in non-dipolar condensates have been well studied both
experimentally [5,6] and theoretically [7–9].

Given the high degree of experimental control and precision, cold atomic systems
are a great sandbox for impurity physics. In addition to the dipolar impurities studied in
the present work, impurities such as ions [10,11], molecules [12], and Rydberg atoms [13]
provide examples of systems with long-range interactions that allow one to go beyond the
standard polaron paradigm. When an impurity is introduced into a cold atomic system,
it becomes dressed by the medium particles. These interactions alter the properties of
the impurity from its bare form and also allow the impurity to act as a local probe of
its environment [14–16]. The impurity may also alter properties of the bath local to the
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impurity, as it will change the bath density around it. The extent of its effects depend on
both the strength and range of the impurity’s interactions and the properties of the medium.
These effects have been studied experimentally and have also been studied in the case of
two-dimensional (2D) systems [17–19]. Two-dimensional boson physics beyond contact
interactions have attracted recent interest employing a variety of approaches such as Monte
Carlo [20], variational ansatz [21], mean field [12], and diagrammatic methods [22]. For
further review, see [23].

There has been other work with impurities in dipolar media [24–28]. Most of these
works [24–27] have been in momentum space, while our work is in coordinate space. This
gives us access to important quantities such as the density. Our aim is to further the
exploration of impurities in cold dipolar gases with a study in which the impurity is also a
dipole. Furthermore, the gas is confined to two spatial dimensions, which has been less
explored than 3D, though [27] is in 2D and their momentum-space results are a useful
complement to the results presented in this paper. This is in contrast to our previous
work [28], where we worked in 3D and with a Gaussian impurity which was strongly
interacting and had other tuneable properties. In our system, the dipolar BEC is confined
in a 2D harmonic trap with a dipolar impurity implanted inside the trap. The dipoles are
polarized in the z-direction, and we have studied both of the extreme orientations, where
the trap contains the dipoles in the plane perpendicular to the polarization direction or
parallel to it.

This paper is structured as follows. After the introduction, we will report our results
for the two geometries and discuss them. We will then describe the methods used in our
calculations and conclude. Following the conclusion there is an Appendix A which details
the derivation of one of the equations used in our work.

2. Results
In this section, we will present our results starting with static properties calculated in

the two different geometries mentioned in the introduction: confining the particles to the
xy-plane (perpendicular to the dipole polarization) and the xz-plane (parallel to the dipole
polarization). One of the static results we will show in both subsections is the self-energy
of the impurity. The self-energy is defined as

Esel f = E[β]− E[β = 0], (1)

where E[β] is the energy of the system with an impurity of strength β. This quantity is an
important characteristic for an impurity system as it indicates how the system’s energy
is affected by the introduction of an impurity. Several different impurities were chosen
with different strengths: 162Dy, 52Cr, and 168Er. While at first glance, it may seem that 162Dy
cannot be an impurity in a gas of 162Dy atoms, the impurity atom can be kept in a different
hyperfine state and thus distinct from the background gas.

2.1. xy-Plane

In the xy-plane, the angle θd in Equation (5) is always π/2, which results in a dipolar
interaction that is purely repulsive and isotropic. Thus, we have a system with only
repulsive interactions present that is confined by a harmonic trap. In Figure 1a, we can
see the density contours of this system. The repulsive impurity at the origin depletes the
density there, which then concentrates in an annulus around the center. The contours
are circular in shape, fitting with the isotropic nature of the interactions. In Figure 1b, a
1D cross-section of the density clearly shows the dip in the density at the center caused
by the impurity. We show curves for three different impurities, in which we see minor
differences in the density in the center, with the strongest impurity creating the largest
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decrease in the density, as expected. For the other impurities, both the depth and breadth
of the density ‘divot’ are decreased. Also, as is typical of condensates, far enough away
from the impurity (further than the healing length), there is no distinction in the density
profile between the different impurities, in this case at approximately 2 µm from the center.
In Figure 2, we plot the self-energy (Equation (1)) as a function of particle number for a few
different impurity strengths. Unsurprisingly, the self-energy is higher for larger interaction
strengths. With increasing particle number, it also increases and appears to scale linearly at
large particle numbers. We have added another curve corresponding to 159Tb, an as yet
unexplored element with a strong magnetic dipole moment, in order to display another
curve for strength dependence.

Figure 1. Shown in panel (a) is a density contour plot for a dipolar gas consisting of 2000 Dy atoms
confined in the xy-plane with dipole moments polarized perpendicular to the plane with an impurity
Dy atom at the origin. Panel (b) shows a one-dimensional (1D) cross−section of the density taken
along the x-axis for three different impurities as well as the cross−section of the system without an
impurity. This inset in panel (b) shows a close-up of the profile near the origin. The y-axis cross-section
is not shown, as the system is isotropic, and thus, it is identical to the x-axis cross-section.

Overall, the xy-confined system shows the expected isotropic response to the single
impurity at the origin. The impurity’s effect is rather mild, as except for the inner ∼4% of
the trap, the density is indistinguishable from the case with no impurity.

Figure 2. Self−energy, Equation (1), of an impurity implanted into a dipolar gas confined to the
xy-plane as a function of the number of particles in the dipolar gas for four different impurities.

2.2. xz-Plane

If the particles are confined to a plane parallel to the dipolar axis, then θd in Equation (5)
can take any value and we have an anisotropic system that, roughly speaking, should be
attractive along the z-axis and repulsive along the x-axis. The density contours of this
system can be seen in Figure 3a. The shape is no longer circular, as the contours are elliptical
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with the major axis along the z-axis. The dipoles preferentially line up along the z-axis in
order to keep their preferred head-to-tail configuration. Since the trap is isotropic, this is the
natural shape caused by the interactions within the gas. This can also be seen in Figure 3b,c,
which show the 1D density cross-sections along the x- and z-axes, respectively. Looking
at the spatial extent of these cross-sections, one clearly sees that the z density extends to
larger values from the origin than along the x-axis. The overall extent is much smaller in
the xz case, which can be seen from the boundaries of the plots. The repulsive character of
the xy system forces the particles to spread out more and thus form a more dilute system
overall, whereas the attraction present in the xz and the large concentration in the center
caused by the impurity means the total system size is smaller in the xz case. The density
of the xz system does not drop to what was the peak density in the xy system until about
4 µm from the origin.

Figure 3. Shown in panel (a) is a density contour plot for a dipolar gas consisting of 2000 Dy atoms
confined in the xz-plane with dipole moments polarized parallel to the plane with an impurity Dy
atom at the origin. Panels (b,c) show one-dimensional density cross-sections along the x- and z-axes,
respectively, for three different impurities and the no-impurity system. Panels (b,c) also show insets
showing a close up of the density profiles near the origin.

The effect of the impurity is to cause a spike in density at the very center, a spike which
is wider in the z-direction than in x (shown clearly in the insets of Figure 3b,c). This is in
contrast with the xy confinement, where there was only repulsion and thus a divot in the
center. The spike, however, is larger in magnitude to the no-impurity density compared to
the size of the divot, although in both cases, they are around a factor of two relative to the
pure system. Still, far away from the impurity, the density returns to the no-impurity value.

Figure 4 shows the self-energy as a function of particle number. Here, the self-energies
are negative, as the presence of the impurity adds attraction to the system and lowers the
energy. Its effect is greater with more particles present but overall behaves in a similar
way to the xy-plane case, just attractive instead of repulsive. However, it is not simply a
reflection over the horizontal axis, as the self-energies for xz are more negative than the
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xy ones are positive. As stated previously, the spike in density caused by the attractive
impurity is larger than the density cavity caused by the repulsive impurity, so the impurity
is affecting more of the bulk gas atoms and thus has a greater self-energy.

Figure 4. Self-energy, Equation (1), of an impurity implanted into a dipolar gas confined to the
xz-plane as a function of the number of particles in the dipolar gas for four different impurities.

2.3. Anisotropic Trap

Experimenters have control over the geometry of their traps, and thus, the harmonic
trap can be modified to make it anisotropic. If the deformation is extreme, the system
becomes quasi-one-dimensional. Note that we do not show results in the xy confinement
case, as the deformation did not change the self-energy. The overall energy of the system
did increase with increasing deformation, but these differences in particle distribution were
far away from the center of the trap, and therefore, the self-energy remained constant.

For the xz confinement, the trap potential is now

Vtrap(x, z) =
1
2

m
[
ω2
(

b2x2 + a2z2
)
+ ω2

3Dy2
]
, (2)

where the parameters a and b are adjusted such that the area of the trap remains constant.
This means that

√
ab = constant. In order to quantify the deformation, we introduce the

parameter ε = a/b − b/a. For an isotropic case, ε will be zero, then will be positive for
a trap deformed along the x-axis and negative for a trap deformed along the z-axis. We
should also mention that the scenario of having an impurity pinned to the center of the
trap by an external laser is most appropriate for this section, and would not make sense for
a mobile impurity.

The self-energy of the xz-system as a function of ε is shown in Figure 5. This quantity
will show the interplay between the impurity and the trapping potential, while being
insensitive to the interplay between the trap and the bulk medium. As before, the magni-
tude of the self-energies increases with the strength of the impurity dipole strength. With
deformation, when the trap is deformed in the direction orthogonal to the external field, the
self-energy increases, whereas when the trap deformation is parallel to the external field, it
decreases. This makes sense, as the perpendicular deformation forces more particles into
the horizontal direction where dipoles will be in their repulsive orientation, including in
the vicinity of the impurity and thus the difference in self-energies. One can see this in
the densities, as well shown in Figure 6. In the upper panel, where a = 4b or ε = 3.75,
the contour lines closest to the impurities are elongated along the z-axis before changing
to match the elongation of the trap further away. The lines are not perfect ellipses even
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further away from the origin. They protrude slightly outward in the z-direction, reflecting
the preferred alignment of the dipoles. In the lower panel, the contours all match as the
trap is elongated in the preferred direction of the gas. Like in the upper panel, there is a
slight deviation from a purely elliptical shape, where in this instance, the contour lines
slightly pinch inward along the x-axis.

Figure 5. Self-energy plotted as a function of the deformation ε for four different impurities. These
plots were obtained for a system of 2000 Dy atoms confined in the xz-plane with their dipole moments
aligned along the z-axis.

Figure 6. (a,b) Density contour plots for a system of 2000 Dy atoms confined in the xz-plane. Here,
the confining harmonic trap has been deformed as described in Equation (2), and these results are for
the most extreme deformations we considered, which are ε = ±3.75.

2.4. Time Dynamics

In order to understand how a dipolar gas reacts to the introduction of an impurity,
we employ the real-time propagation of the split-step Crank–Nicolson method in our
numerical calculations. In these calculations, the dipolar gas without an impurity is our
initial state, which we then propagate in real time with the impurity potential. The density
results of these calculations are shown in Figure 7 for the xz-plane and Figure 8 for the
xy-plane. Since the xy-plane results are isotropic, we only show results along the x-axis.
In the case of the xz results, one can see at small times the density increasing in the center
from the introduction of the impurity, but also causing ripples in the density that extend
further out to distances beyond what was seen in the static results. As the time increases,
the central spike increases in height and the ripples dampen out as the profile approaches
the static result. Broadly, the behavior is the same along both the x and z axes; however,
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they are not identical. Due to the larger extent in the z direction, the ripples appear smaller
in amplitude, and, as in the static case, the central maximum is wider.

Figure 7. Density profiles along the x-axis (a) and the z-axis (b) for different amounts of time
evolution. At t = 0, the dipolar BEC of 2000 Dy atoms confined in the xz plane has a Dy impurity
implanted at the origin. The time unit, ω−1, corresponds to about 2.5 ms.

In the case of the xy-plane system (Figure 8), the depth and width of the central density
minimum increases with time. The ripples increase in amplitude towards the center as
they decrease over time. As in the xz case, the density ripples extend far outside the region
where the static density profile differed from the no-impurity profile (about ±2 µm).

Figure 8. Density profile along the x-axis for different amounts of time evolution. For the same gas as
in Figure 7, only this gas is confined to the xy plane. Since the system is isotropic, the profile along
the y-axis is identical.

3. Methods
Our dipolar BEC consists of N dipoles in a 2D harmonic trap with a single impurity

dipole implanted inside. The Hamiltonian of our system is:

H =
N

∑
k=1

(
p2

k
2m

+ Vtrap(rk) + βVdip(rk − r)

)
+

p2

2mimp

+
N

∑
i<j

Vc(ri − rj) +
N

∑
i<j

Vdip(ri − rj), (3)



Atoms 2025, 13, 24 8 of 12

where m is the mass of a dipolar boson, mimp and r are the mass and position of the impurity
dipole, respectively, Vc is the contact interaction, Vdip is the dipole–dipole interaction,
which will be detailed subsequently, and β is a scaling factor for the strength of the dipole–
impurity interaction.

The contact interaction is Vc(r) = 4πh̄2aδ(r)/m, where a is the scattering length. The
dipole–dipole interaction is long-range and anisotropic. In general form, it reads as follows
for magnetic dipoles:

Vdip(r) =
µ0

4π

d2 − 3(d · r̂)2

|r|3 , (4)

where d is the dipole moment, µ0 is the permeability of free space, and r̂ is the unit vector
along r. In our system, the dipoles are polarized in the z-direction by an external field. In
this case, the dipole–dipole interaction can be written as

Vdip(r) =
Cdd
4π

1 − 3 cos2(θd)

r3 , (5)

where θd is the angle between r and d. We have used the standard notation
Cdd = µ0d2, allowing us to introduce a useful length scale add = Cddm/(12πh̄2), known as
the ‘dipolar length’ [1]. The dipolar length allows us to easily compare the relative strengths
of interactions in the problem, by comparing it with the scattering length of the contact
interaction. The scaling factor that appears in Equation (3) allows us to treat an impurity
with a different dipole moment than the background dipolar gas. In such a situation,
Equations (4) and (5) would need two different dipole moments, dg and di, instead of the
d2 terms. We have chosen to handle this by using a scaling factor β = |di|/|dg|, where
dg is the dipole moment of a bulk gas atom and di is the dipole moment of the impurity.
In terms of the dipolar lengths add,g and add,i (the dipolar lengths of the gas and impurity,

respectively), β =
√ add,img

add,gmi
, where mg and mi are the masses of a dipolar gas atom and

impurity atom, respectively. Note that the dipole–dipole interaction is singular at the origin.
In order to treat this difficulty, at the origin, we have taken the potential to be a constant
value equal to the average of the potential value at the four nearest grid points to the origin
in our numerical solution. The short-range behavior of the dipole–dipole interaction is
beyond the scope of this paper and not vital to our findings.

In order to solve Equation (3), we assume that our wave function ψ, can be written
as a product of one-particle wave functions, i.e., ψ(r1, r2, . . . , rN) = ψ(r1)ψ(r2) . . . ψ(rn).
If there is no trap, it is common practice to transform the resulting Schrödinger equation
(Hψ = Eψ) into the frame of the impurity [29–34]. For our trapped system, following [35],
we can perform an extended Lee–Low–Pines transformation [36,37], which takes our N + 1
coordinates to N coordinates that are relative to the impurity and then the center-of-mass
coordinate to obtain:

−1
2

(
1
m

+
1

mimp

)
∇2ψ(r) +

(
mω2r2

2
+ βVdip(r)

)
ψ(r)

+ψ(r)
∫ [

Vc(r′ − r) + Vdip(r
′ − r)

]
|ψ(r′)|2dr′ = Eψ(r). (6)

This equation is a Gross–Pitaevskii equation (GPE). Despite the trap, this transfor-
mation makes our results somewhat relevant for mobile impurities. Alternatively, this
system can be realized by using an external laser to pin the impurity at a certain location,
such as the center of the trap [38], which results in a similar GPE. We will solve the GPE
numerically by adapting a publicly available code [39] to our problem. The code solves the
GPE using the split-step Crank–Nicolson method.
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Our system is in a harmonic trap, which we have initially chosen to be radially
symmetric:

Vtrap(r) =
1
2

m
(

ω2r2 + ω2
3Dx2

3

)
, (7)

where r2 = x2 + y2 or r2 = x2 + z2, depending on the confinement geometry of the system,
x3 = z or y and ω3D is the confinement frequency in the third dimension, and we will
assume ω3D ≫ ω. In our calculations, we have chosen the oscillator length, ℓ =

√
h̄/mω,

to be 1 µm, which is within the range of typical experimental values. Our dipolar length
is 130a0, which is the value for 162Dy, which has a very large magnetic moment and is of
great current experimental interest [2]. We have used a = 150a0 for the contact interaction
scattering length. While this is close to the background value for Dy, this is also something
that is tuneable experimentally via Feschbach–Fano resonances [40]. For our mean field
approach, the system is stable if a > add [1]; however, in reality, systems close to collapse
can be stabilized by quantum fluctuations [41].

The reader will have noticed that the Hamiltonian, Equation (3), is a three-dimensional
equation, whereas we are interested in studying 2D systems. As hinted at above, we work
in quasi-2D, where one of the confining frequencies in the harmonic trap is large and we
assume that the particles are in the ground state in that direction, which is a Gaussian wave
function. That direction is then integrated out and the resulting equation is then in 2D [42].

4. Conclusions
In this paper, we have shown density and self-energy results for a dipolar impurity

immersed in a 2D dipolar BEC for two different geometries. We have found that the
impurity distorts the gas in its immediate environment while mostly leaving the gas far
away unchanged. Our dynamic results show, however, that when an impurity is first
introduced, it can cause density fluctuations at a much greater distance. We have primarily
used impurity strengths that are experimentally relevant and hope that our results provide
some impetus for experimental exploration of these systems.

Some related systems that could be studied further include adding an additional
impurity or impurities. Not only would they add further distortion to the BEC, but the
impurities themselves would interact via the exchange of elementary excitations of the
medium [43]. One could also imagine tilting the confinement to orientations between the
xy- and xz-plane extremes. One might expect interesting behavior at the so-called ‘magic
angle’= cos−1(1/

√
3) ≈ 54.74◦, where the dipolar interaction vanishes in one direction,

but the interaction in the perpendicular direction would remain dipolar. Finally, the model
considered here was a mean-field model, but it is known that close to the collapse, quantum
fluctuations modify the properties of the system [41]. Our studied systems were not close
to the collapse, but to study these systems near the collapse, further investigation using a
beyond-mean-field model would be required [2].
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Appendix A. Derivation of Our GPE
Here, we show the derivation of Equation (6), following [35]. We start with

Equation (3):

H =
N

∑
k=1

(
−h̄2

2m
∇2

k + Vtrap(rk) + βVdip(rk − r)

)
+

p2

2mimp

+
N

∑
i<j

Vc(ri − rj) +
N

∑
i<j

Vdip(ri − rj). (A1)

We will then transform into the frame of the impurity. This is accomplished by
referencing all the bath particles to the impurity as well as separating out the center of
mass. We define new coordinates:

Xi = ri − r (A2)

R =
m ∑N

k=1 rk + mimpr
Nm + mimp

, (A3)

where Xi is the coordinate of the ith particle relative to the impurity, and R is the center of
mass. After this substitution, the Hamiltonian becomes

H =
N

∑
k=1

(
−h̄2

2m
mimp + m

mimp
∇2

Xk
+

mω2

2
mimp + (N − 1)m

mimp + Nm
X2

k ) + βVdip(Xk)

)

+
1

2(mimp + Nm)
∇2

R +
(mimp + Nm)ω2

2
R2 +

N

∑
i<j

Vc(Xi − Xj) +
N

∑
i<j

Vdip(Xi − Xj)

−1
2 ∑

i<j

(
1

mimp

∂2

∂Xi∂Xj
+

1
mimp + Nm

XiXj

)
, (A4)

where we have explicitly defined the trap to be a harmonic trap. The center of mass is
completely decoupled and an effective interaction has appeared (the last two terms). This
transformation is an extension of the Lee–Low–Pines transformation [36,37]. We have
assumed that our wave function is a product of the single-particle wave functions. In the
new coordinates, the wave function is Ψ(Xi, R) = ϕ(R)∏N

i ψ(Xi).
Using this wave function and the transformed Hamiltonian, we obtain the GPE:

Eψ(X) = −1
2
(

1
m

+
1

mimp
)∇2ψ(X) +

(
mω2

2
(1 − m

mimp + Nm
)X2 + βVdip

)
ψ(X)

+ψ(X)
∫
[Vc(X′ − X) + Vdip(X

′ − X)]|ψ(X′)|2dX′. (A5)

For large N, this is Equation (6), as the term involving the trap frequency becomes
independent of particle number. The effective potentials that appeared in the Hamiltonian
vanish over the integration in the two-body term of the GPE. We have also ignored the
center-of-mass energy, which contributes a constant to the total energy of the system.
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