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Abstract

This paper investigates the validity of the long wavelength approximation in the calculation
of two-photon decay of 2s; /, level in hydrogen-like ions with nuclear charge Z =1 — 100
based on time-dependent second-order perturbation theory and angular momentum alge-
bra. While the relativistic structure effects on the two-photon decay rates are highlighted
in the literature, the role of slowing effects in the photon electric dipole operators are not
discussed extensively. The rate is computed by the sum-over-states method, with bound-
bound and bound-free electric dipole matrix elements obtained in the Babushkin and
Coulomb gauges, which satisfy the Lorenz gauge condition, as well as their non-relativistic
limits in the long-wavelength approximation (Length and Velocity forms, respectively).
The present results explicitly show how this approximation breaks gauge invariance by
overestimating the Babushkin values by ~24%(xZ)? while underestimating the Coulomb
rates by ~31%(aZ)?. Using analytical eigenfunctions of the Dirac equation, we found
that the contributions of the negative continuum states to the rate scale are ~0.0134(xZ)*
in the Babushkin gauge and ~1.46(aZ)* in the Coulomb gauge, making the latter gauge
more susceptible to errors when attempting to achieve basis completeness in multiphoton
calculations. The present results are useful in assessing the complexity requirements of
radiative transition rates for atomic systems of interest.

Keywords: two-photon decay rate; Dirac orbitals; atomic transitions; metastable levels

1. Introduction

The two-photon decay process is described by the simultaneous emission of photons
with a continuous energy distribution through intermediate real or virtual states [1-4].
This process is encountered in atomic [5-13], nuclear [14,15], or solid-state physics [16]. It
was first theoretically described by Maria Goppert-Mayer in her 1931 PhD dissertation [1],
where she developed the quantum-mechanical formalism for multiphoton absorption and
emission processes, laying the foundation for modern nonlinear optics. The two-photon
decay has an important influence in the study of the cosmological hydrogen recombination
epoch, where radiative recombination to 2 s metastable level of H I did not result in fast
ionization of neighboring atoms [17] and may also be used in the spectroscopy of long-lived
states [18] in astrophysical plasmas such as planetary nebulae [3].

The two-photon decay rate of the metastable state 2 s in the hydrogen atom was
first estimated by Breit and Teller [2] between 6.5 s~! and 8.7 s~!, then computed by
Spiltzer and Greenstein [3] arriving at the 8.23 s~! value, and later by Shapiro and Breit
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at 8.226 & 0.001 s~ 1. These authors used the sum over states (SOS) method to include all
virtual bound np and continuum ep states, and they subsequently applied increasingly
accurate approximations for the non-relativistic radial integrals involved in the calculations.
Klarsfeld [19] was the first to account for the summation over intermediate states using the
closed form of the non-relativistic Coulomb-Green function [20], which was inspired by a
similar function developed for Compton scattering of a bound electron [21], obtaining the
value 8.2283 s~ for the two photon decay rate. Furthermore, Tung et al. [22] obtained the
value of 8.2284 s~ ! and also extended the calculation of the two-photon decay rate to other
excited levels of hydrogen-like ions. When computing the two-photon decay rate between
two energy levels, the presence of real intermediate states lying energetically between them
gives rise to resonances in the differential rate [23-26] .

The first relativistic calculation was performed by Johnson [27], obtaining a value of
8.2290 s~!, where he used Dirac orbitals to construct the Green function in the velocity
gauge within the long wavelength approximation (LWA), computing the two-photon decay
rate of 25/, for the hydrogen-like isoelectronic series from Z = 1 to Z = 100. Goldman
and Drake [28] performed a similar calculation using the discrete-basis-set method to
construct the Dirac Coulomb-Green function [29], accounted for the slowing effects in the
photon multipoles, and were also the first to check the gauge invariance of their results.
Their values were larger by 20%(aZ)? than those of Johnson [27], mainly due to the use
of relativistic expansion of the radiation field in the corresponding length and velocity
gauges. These effects become relevant at higher Z values, whereas for the 2s;/, level
in a hydrogen atom, they obtained a two-photon decay rate of 8.2291 s~!. Parpia and
Johnson [30] confirmed these results and also included contributions of the finite nuclear
size, showing minor corrections for the high Z values.

Savukov and Johnson first noticed that negative Dirac energy states play a major role in
M1 [31] and then in E1M1 [32] transitions for metastable states in higher Z helium-like ions.
In the case of two-photon decay rates of excited states in hydrogen-like ions, the interference
between the simultaneous emission process and the cascade terms has been investigated
along with the influence of negative continuum [33-38]. The two-photon decay rates of
high-lying energy levels in hydrogen atoms have shown that a dominant decay channel
of ns — 1s, with 2 < n < 100, is given by non-sequential E1E1 transition, while other
multipoles (M1M1, E2E2) are negligible [39]. A cascade type E1 — E1 transition can occur
due to the Lamb shift [40], which places the relativistic 2p; /» level below 257 /5, allowing
sequential 251 ,» — 2pq/ — 1515 two-photon transition; however, the contribution to the
total decay rate is ten orders of magnitude smaller than its non-sequential counterpart for
the hydrogen atom.

Relativistic effects play a crucial role for higher Z elements through Dirac orbitals,
providing the negative continuum contributions [41,42] that modify the two-photon decay
rates of the 251/, level up to 1% and 40% in H-like ions Xe>** and U°'*, respectively.
In the case of EIM1, M1E1 non-sequential two-photon decay of odd 1522s2p 3PJ levels in
Be-like ions, the non-relativistic calculations [43,44] overestimate the two-photon decay
rates by one and three orders of magnitude in Xe®** and U™, respectively, compared to
their relativistic counterpart [41]. For high Z hydrogen-like ions, higher-order multipole
channels can provide small contributions to the total lifetime [42], as shown for U1, where
the E1E1 rate is given by IE1El = 3.8256 x 10'? s~1, while E2E2 and M1M1 only give rise
to ngszs =1.7859 x 108 s~ ! and F%y\fsl =1.1093 x 10° s~ 1, respectively. For Xe23t, these
two higher-order multipole channels are roughly five orders of magnitude below the E1E1
rate, rendering them negligible.

The two-photon decay calculations can also be used as an initial assessment into
multiphoton processes in highly charged heavy ions. Vanne and Saenz [45] theoretically in-
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vestigated the interaction between a laser pulse and hydrogen-like ions by time-propagation
of a free-field B-spline expansion of the Dirac equation and demonstrated a shift of ioniza-
tion potential with increasing ionic charge. The dipole approximation has been used in
both length and velocity gauges, while only the latter required the presence of negative
continuum states, as expected. Avetissian et al. [46] determined the high-harmonic spec-
trum of hydrogen-like ions in a laser field using both analytical and numerical solutions
of the Dirac equations. Ivanova et al. [47] developed scaling laws for the multiphoton
ionization yields in hydrogen-like ions with different nuclear charges. The LWA approach
is taken as a default in these kind of calculations. Telnov and Chu [48] computed the
ionization probabilities of hydrogen-like ions using an eigenstates expansion of the Dirac
equation while including the full plane wave form of the photon operators in the velocity
gauge. The inclusion of negative states in a time-dependent Dirac equation calculation
becomes computationally expensive [49-51], since the spectral domain is also extended by
the 2mc? gap in addition to the negative continuum and finer time steps up to two orders
of magnitude compared to the time-dependent Schrodinger equation [52] are required to
reach convergence.

In this paper, we investigate the validity of the long-wavelength approximation (LWA)
on the non-sequential two-photon E1E1 decay of the 251/, level in hydrogen-like ions
from Z = 1 to Z = 100 using SOS method with Dirac bound and (positive + negative)
continuum states. In Section 2, we describe the analytical formulation of the E1E1 two-
photon decay rate, the evaluation of matrix elements in both relativistic (Babushkin and
Coulomb) and non-relativistic (Length and Velocity, respectively) gauges, as well as the
numerical methods used in our model. Section 3 contains the main results of this work,
comprising data assessment in the form of gauge invariance, comparison with other works
from literature, negative continuum contributions, and evaluation of LWA deviations
compared to the relativistic treatment of the photon multipole operators. Conclusions are
provided in Section 4. Furthermore, an extended data table containing the two-photon
decay values of 25 /; level in hydrogen-like ions in both relativistic and non-relativistic
gauges are provided in Appendix B.

2. Theoretical Background
2.1. Two-Photon Decay Rate Derivation

The two-photon decay process of 251/, level in hydrogen-like ions is schematically
drawn in Figure 1, showing the virtual bound np;;3,,, positive continuum €epq /73,2
(where e = E —mc? > 0), and negative continuum €p, ;, 3, (Where e = E + mc? < 0)
states. These Dirac states are described in Appendix A.

/\/\/\fpl/z
i} ./\/\//\V/\\%/z
np1/2
2s. NP3z /2
me2| 0| R
IENIPN|
1sy/7
0 /
*77[(12
\/\/W €DP1/2
\/\/\/ €P3/2

Figure 1. Two-photon decay scheme for hydrogen-like ions.
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The Dirac interaction Hamiltonian [53], written using the volume V box quantization
of the electromagnetic field [54] in c¢gs (Gaussian) units, is given by:

H;y (7, 1) —ehcz th {Z 2 [ ( L(e )—l—GA()(r,wk)

1M=L
+AAY, W, Wk)) — G (7, Wk)]D](\I/f,)fA(lAc)} “"kt L tee (D)

where Aﬁ/ge’l’m) and ¢, are the spherical tensor components of rank L and projection M of
the vector and scalar potential, respectively, e stands for electric, [ for longitudinal, and m

for magnetic type multipole, as taken from Grant’s book [53]. The gauge parameter Gy
from the interaction Hamiltonian is taken as either 0 (Coulomb) or \/@ (Babushkin).

The photon helicity states are written with respect to the quantization axis of the
atomic system taken along the Z axis using the Wigner matrices. The matrix elements are
then decomposed into reduced elements and Wigner 3j symbols:

L o
<E5K’3Wlﬁ;k)\‘Him‘E‘XK,Xm,X,‘O> = ehc Zl ]ﬁ mﬁ< _]5[/5 . T]:“ )

(-)*DY (k)

< (Eprp | T8 ) | Eure) s

The other matrix element type uses normalization for the two-photon state, leading to:

(2)

o o N o ] 1 i
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The two-photon decay amplitude [54] between two atomic states is given by:

-Aif(t) = <Efomf; ElAl,Ez/\z‘ZJ(f)

..0> 4)

where the time evolution operator U(t) is expanded as a Dyson series [54] as follows:

=1-— f/ dt'( — (;)2/0tdt’(ﬁim)l(t/)/ot, dt" (Hit) (") — ... (5)

We insert the completeness relation containing the sum over all discrete and contin-
uum available eigenstates v of the unperturbed atomic Hamiltonian, as well as all the
single-photon helicity states kA, and, by performing the time integrals of the second-order
perturbation theory while eliminating highly oscillating terms corresponding to sequential
processes, the non-resonant two-photon decay amplitude becomes:

VKyMy, %)\|Hint | Ejxim;; 0>

wy + Wy — w;j

1
"2 J-

Z<Efoﬂ1f,k1)\1k2)\2|H1m|1/KL ml,,k)\> <
My kA

(non) _
Al (1) =

ei(u)f+w1 +wy—wp)t 1

(6)

B
wf+w1+aJ2—w,v
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Here, the intermediate virtual states fiw, are situated above the initial and final energy
levels; thus, no sequential contributions are possible. The time dependence of the Hi,
operator has been included in the phase factor at the end of Equation (6).

The two-photon decay rate is obtained by averaging over all initial states (1;) and
summing over all final states (1 ; k1A, %2/\2):

S S ol v » X A 2

Jime==jf k11 kaAy

where [j] = 2j 4 1is the degeneracy of a state with total angular momentum j.
The temporal component of the diagonal non-resonant contribution becomes a param-
eterized Dirac J function in the long interaction time limit [54]:
d@ritwrtwr—w)t _ 4 2 sin[(a}f +wy +wy — wi)t/2] 2
(an +wtwy—wi)/2

~ 2mtd(ws + wy + Wy — w;)

Wy +wy +wr — w;
2
‘A(non) '

= lim ift ‘ o« 2716wy + wi +wy — w;)  (8)

t—co

which results in the well-known energy conservation relation for the two-photon decay
process. This is a standard result for calculations where no resonances are included.
The rate is obtained by dividing the two-photon probability to the interaction time:

LR ol i o) »

mi=—jj mg= ]f kl)‘l kz/\z
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By replacing the matrix elements, the rate becomes:
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One can pass from the Cartesian box quantization [54] to spherical coordinates:

27 2

7'[ lis
dwl/ /sin91 del/dgbz/ sin 0, d6, (11)
0

0
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Combining two Wigner matrices that have the same Euler angles as arguments and
then performing an integration over the corresponding solid angle, followed by a summa-
tion over the helicity states, yields the following:

(1 W% 2y _ (140 8T 1 1 0
L Jaong s G = ot R a2

The result will now contain products of four Clebsch-Gordan coefficients that can either be
reduced to Kronecker symbols or to 6; symbols by the appropriate sum rules. The Dirac
S(w Ftwr+wr— w;) cancels the w; integral and, after performing the integrations and
the corresponding sum rules, we arrive at:

WZsl/zﬁlsl/z_lsnjzhz/dwl w1 (was, ,, — Wis,,, — W1)
{a st en ]+ e e[ ]« g [J k] + s 2]
+(-1) H{% % 1}[895{/22]( D8t (@) + 81 (@nga) (@)
e s ) + el )
et sl )+ el )
b T et o+ e ] | 0o

where gm and gm are the individual sums/integrals over intermediate states of angular
15] /2 251 /2
momentum j = 1/2 or j = 3/2. The 1s and 2s subscripts show which state is connected to

the “first” photon denoted by T (wy) :
o0 -f (15172 | 5 (@asy 1y o = 01) [ v ) (v || TE1 (@) | 250/2)
g251/2 ! 7' v Ky Jod Wy +wq — szl/z

['E1 ~E1
(o) :[Z(Sj j<1s1/2 (| TE (wn) || VKV><1/KV | TE (wasy 115, — @1) |l 251/2>

815 w
172 S Wy — W1 — Wisy )y

(14)

These intermediate functions are evaluated for discretized values of w; after comput-
ing the matrix elements using Dirac orbitals in Babushkin and Coulomb gauges, as well as
in their non-relativistic (LWA) counterparts, Length and Velocity, respectively.

2.2. Matrix Elements in Different Gauges

The Dirac electric multipole matrix elements, whether in Coulomb or Babushkin
gauge, are structured using the following radial integrals [53,55]:

TE () = [ [Pl () Qe (1) 2 Qf e, (1) Py, () (k) (15)

Ji(k) =

J [Py (1) P () + Qi gy () Qi (1) (k) (16)
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It is useful to define the reduced matrix element of the tensor-like spherical harmonic
between relativistic (k) states:

N ymn il 0K
(kllC I w) = (-1 w(m ) _1/2> 17)

The electric dipole reduced matrix element for Dirac orbitals in Coulomb and
Babushkin gauges is given by [53,55]:

<Eﬁxﬁ H TEl H EaK“>Coulomh - (_i)<Kﬂ ” CK H K‘X>

x {é (kg — ka) Ty +2Z5 | — V2[(xg — xa) Ty — Iy | } (18)

(Eprep | T )| Ear) = (=30) (g || €% [ )

X {\2 (kg — Ka) Iy 4+ 215 ] — \ﬁJl} (19)

Babuskin

In the LWA limit, only the integrals containing the lowest-order spherical Bessel functions
are retained, and their first order approximation in the expansion is applied. The Coulomb
and Babushkin gauges are reduced to Velocity and Length gauges, respectively:

(Egrp || T5 | Earca)

<E,g;<,3 | TEL | E,,(K,x> = i\fz<xﬁ | cK | Ka>

Coulomb kr<1 Velocity

(k5 = Ko = 1P (1) Qe (1) + (i = o 1) Qe () P, ()] (20)
0

~EL ~ ~E1 _ K
<Eﬁxﬁ H T H EaKa>Bubuskin kf<%1 <EﬁKﬁ H T H EaK“>Length Z\/§<Kﬁ H ¢ ” Ka>
%[ [Py 1) Pras, (1) + Qe (1) Qe ()7 21)
0

2.3. Numerical Approach

The radial functions for the bound and continuum states were generated on a loga-
rithmic grid of 5000 points between 1078 /Z and 50/ Z atomic units. All radial integrals
contained either 1s; /, or 2s; /, orbitals in their arguments, ensuring that all the relevant
contributions are included by using a maximum radius of 50/Z atomic units.

We included 1000 bound states of np;, and npsz,, types, while for the positive or
negative continuum, we discretized the energy into 2000 logarithmic grid points from
107272 to 10%Z? atomic units of energy for each ep; /, and €p3,; types. A fine tuning was
performed for the minimum continuum energy cutoff in the 10722 to 10-3Z2 atomic
units of energy range in order to avoid the singularity at e — 0 by maintaining gauge
invariance between Babushkin and Coulomb treatments. The LWA radial integrals and
matrix elements have also been evaluated for the same numerical parameters.

After computing the reduced elements, we discretized the photon energy w; into

513 points from w; = 0to w1 = wys, ,, The functions g[f] (w1) containing the sum-

lSl /2°
mation over intermediate states were evaluated at these points. The number of points
513(= 2% 4 1) has been chosen in order to optimally match the Clenshaw—Cutris quadra-

tures scheme used to integrate the two-photon decay rate. Calculations were simultane-
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ously performed for 257(= 28 + 1) points, showing no deviation compared to the previous
case within the five significant digits.

3. Results and Discussion

The two-photon decay rates of the 251/, level in hydrogen-like ions with nuclear
charges Z = 1 — 100 have been calculated using the SOS method based on analytical Dirac
eigenstates within Babushkin, Coulomb, Length (LWA), and Velocity (LWA) gauges. This
section is dedicated to assessment of results, while the complete set of data are available in
the extended table in Appendix B. In Figure 2, we check the gauge invariance of the present
results in the relativistic Babuskin and Coulomb approaches:

WBabushkin - WCoulomb % (22)

& =
[WBabushkin + WCoulomb} /2

For lighter ions, there is no difference up to 5 significant decimals; however, smaller
deviations appear with increasing nuclear charge Z, no larger than 0.07%.

0.04] )
X 002} Lt .o

N 0.00 s S e
L = 002/ Co L

= ~0.04} .
—0.06¢ . oo
0 20 40 60 8 100

Z

Figure 2. Relative deviations between Babushkin and Coulomb calculations based on Dirac orbitals
for gauge invariance assessment.

Present relativistic SOS results are compared with Dirac-Coulomb Green function
expansion in finite basis calculations based on B-splines by Labzowsky et al. [37], variational
eigenstates by Goldman and Drake [28], and analytical solutions by Parpia and Johnson [30].
These papers used the full expansion of the photon electric dipole operators demonstrating
gauge invariance in their results. Figure 3 shows the present two-photon decay rates
scaled with the nuclear charge Z° together with those from the works mentioned earlier.
The relative deviations in % compared to present results are provided in Figure 4.

The present results, together with those from Labzowsky et al. [37] and Goldman and
Drake [28], already attained gauge invariance (negligible differences between Coulomb
and Babushkin gauges); hence, we only plot the Coulomb values to avoid overloading
the figure.

For low nuclear charge Z < 20, the results agree to better than 0.1%, but the deviations
steadily increase up to around Z ~ 80, where they reach roughly 1.4-1.8% relative values.
After Z = 80, the deviations evolve in the opposite direction, first decreasing, then reaching
roughly 1-1.5% relative error at Z = 100. The Green function method assures completeness,
while the SOS approach requires large numbers of bound, positive, and negative continuum
states for convergence. However, the deviations are most likely caused by the numerical
continuum energy cutoff near € — 0 at high Z values.
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Figure 3. Relativistic two-photon decay rates for the 25 /; level in hydrogen-like ions scaled with the
nuclear charge Z° determined using SOS (Present), and Dirac-Coulomb Green function approach
based on B-Splines [37], variational states [28], and analytical eigenstates [30].

1.5F ;
1.0f
<
c 05
Re]
S 0| Smveeme . | _
é : -w’..,..".. « Green(B-Splines)
O _osl Tea e : Green(Variational)
> .
5 "ae H + Green(Analytic)
—_ -
O -1.0f .®
x . .
* 0
-1.5¢ * S ] ‘00
0 20 40 60 80 100
z

Figure 4. Relative deviations of the relativistic two-photon decay rates for the 2s; /, level in hydrogen-
like ions scaled with the nuclear charge Z° determined using Dirac-Coulomb Green function approach
based on B-Splines [37], variational states [28], and analytical eigenstates [30] compared to present
SOS results.

The negative continuum states contribution to the two-photon decay rate is gauge-
dependent, which also implies method-dependence. Tables 1 and 2 provide comparisons
for rates belonging to H? and U°'* between the present SOS approach based on Dirac
analytical eigenstates and the Dirac B-splines approaches of Labzowski et al. [37] and
Surzhykov et al. [42]. While the total rates loosely agree, one notices orders of magnitude
differences between different works for positive- and negative-energy contributions to
the total rates. Depending on how closely the pseudo-states (B-splines in those works)
approximate the real eigenstates, the distribution of contributions from positive- and
negative-energy states changes. When exact energy eigenstates are used (present study),
the negative continuum contributions to Babushkin and Length (LWA) gauges are quite
small, though not negligible for higher Z values. On the other hand, the Coulomb and
Velocity (LWA) gauges are sensible to negative-energy states even for lower Z elements,
and their inclusion is essential for achieving gauge invariance.
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Table 1. Positive- (W), negative- (W_), and full (W;) energy contributions to the two-photon
decay rate provided by the present work, Labzowsky et al. [37], and Surzhykov et al. [42] in
Babushkin gauge.

Ion Rate SOS (Present) Labzowsky et al. [37]  Surzhykov et al. [42]
W 8.2281E + 00 8.2206E + 00 8.2291E + 00
HY W_ 4.1584E — 22 3.9975E — 22 2.4949E — 08
W 8.2281E + 00 8.2207E + 00 8.2291E + 00
W 3.8163E + 12 3.8230E + 12 2.9041E + 12
ut wo 7.7250E + 06 1.2851E + 05 6.8066EF + 11
Wt 3.8059E + 12 3.8216E + 12 3.8256E 1+ 12

Table 2. Positive- (W), negative- (W_), and full (W;) energy contributions to the two-photon decay
rate provided by the present work, Labzowsky et al. [37], and Surzhykov et al. [42] in Coulomb gauge.

Ion Rate SOS (Present) Labzowsky et al. [37]  Surzhykov et al. [42]
W, 8.2274E + 00 8.2202E + 00 8.2291E + 00
HY  W_ 1.3978E — 08 6.2233E — 09 6.2372E — 09
Wy 8.2281E + 00 8.2206E + 00 8.2291E + 00
W, 2.7157E + 12 2.3914E + 12 2.3939E + 12
utt owo 9.4393E + 10 1.7026E + 11 1.7044E + 11
W 3.8081E + 12 3.8216E + 12 3.8256E + 12

The gauge behaviors are better shown in Figure 5, where one can clearly see that
Babushkin and Length gauges are only affected by the negative states at high nuclear
charge Z, with contributions estimated at —1.34%(aZ)* and —0.75%(aZ)*, respectively.
However, the Coulomb and Velocity gauges are deeply affected by the negative states, even
for low Z ions, with contributions estimated at 1.46(aZ)* and 1.99(xZ)*, respectively.

These estimations have been achieved by minimizing the squared deviations be-
tween rates computed using the full Dirac spectrum versus rates using only the positive
energy eigenstates.

Because the Lorenz gauge condition is no longer satisfied in the LWA implemen-
tation, gauge invariance is increasingly broken as Z increases such that the Length
gauge calculations overestimate the Babushkin result by ~24%(xZ)?, while the Velocity
gauge calculations underestimate the Coulomb results by up to ~31%(aZ)?, as shown in
Figure 6. Goldman and Drake [28] stated that the LWA values of Johnson [27] underesti-
mate the Coulomb results by roughly ~20%(«Z)?. By minimizing the deviations between
Coulomb [28] and Velocity [27] values from those works, we notice the deviations are closer
to 24%(aZ)?. While the LWA limit behaves similarly in both approaches, the differences
in deviations, 24%(xZ)? compared to 31%(xZ)?, may arise due to the different methods
used in the calculation, such as the relativistic Coulomb-Green function method versus the
present SOS approach.

Depending on the basis completeness and how closely the pseudo-states approach the
true eigenstates, models involving simultaneous two-photon processes in highly charged
heavy ions become sensitive to the electric dipole slowing effects in both the Babushkin
and, in particular, the Coulomb gauge. The latter is especially sensitive to the negative
continuum contribution along the whole hydrogen-like isoelectronic series.
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Figure 5. Two photon decay rates scaled by Z° computed with the full Dirac Hamiltonian spectrum
W; (black symbols) or with positive states only W, (red symbols). Full symbols indicate results
obtained in the relativistic Babushkin or Coulomb gauges, while empty symbols correspond to the
LWA (Length and Velocity) gauge calculation. The top panel presents the Babushkin and Length
gauge results, while the bottom panel indicates the Coulomb and Velocity gauge results.

. Coulomb

= Babushkin
Velocity(LWA)
Length(LWA)

6 26 4‘0 6‘0 86 1 60

Z
Figure 6. Two photon decay rates of 251, level in hydrogen-like ions scaled by Z® computed in
relativistic, Babushkin (full black square) and Coulomb (full black disk), and non-relativistic, Length
(empty black square) and Velocity (black circle), gauges. The full discrete and (positive+negative)
continuum Dirac spectrum is considered.
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4. Conclusions

The two-photon decay rate corresponding to the 251, — 1sq /5 transition in hydrogen-
like ions has been evaluated in the second-order perturbation theory by summing over
intermediate states represented by the analytical Dirac bound and (positive and negative)
continuum eigenstates in relativistic Babushkin and Coulomb gauges, as well as in their
non-relativistic Length and Velocity counterparts by taking the LWA limit, respectively.

When the long-wavelength approximation is implemented, the present results show a
24%(xZ)? overestimation of the Babushkin gauge values and a 31%(«Z)? underestimation
of the Coulomb results. The negative continuum contributions bear little effect on the
Babushkin values when analytical energy eigenstates are used but are crucial in Coulomb
calculations for obtaining gauge invariance.
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Appendix A. Dirac Orbitals

The Dirac orbitals [53,55] are four-component bispinors described by the principal
quantum number 7, the relativistic angular momentum « = (I — j)(2j + 1), and the total

angular momentum projectionm = —j, —j +1,..j —1,j:
1 Peye(r) xxm (6, ¢)
r,0,¢)=—| . Al
lpEK’m( (P) 7 ( iQF« (r)X—Km(9/¢) ( )

where Pr, and Qpy are the large and small components, respectively.

The Dirac bound energies depend both on the principal quantum number n and
on the relativistic angular momentum «; therefore, it is useful to define Y = x* —a?Z2.
The relativistic energy corresponding to a bound state solution of Dirac equation E, is
computed using the apparent principal quantum number Ny

Nux = \/n2 = 2(n — [x]) (|| = 7) (A2)

2 z2

EnK:C 1—m

(A3)
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By defining the variable A = —ip related to the electron relativistic momentum, which is
purely real or imaginary depending on whether the solution is bound or free, respectively,
one can define the bound radial components:

21 E
Fic(r) = N”"W(ZMW_M[(W = [x[) 1Fi(=n+ | + 1,27 +1;27)
+(Nux — 6) 1P (—n 4 ||, 27 + 1;2A7)]  (A4)

2 — Eux

Que(r) = Nawx (2Ar) e [ (n = |x[) 1Fy (=1 + [x] + 1,27 + 1;247)

—(Nux = x) 1P (=n + ||, 29 +1;2Ar)] (A5)

where the normalization constant [53] is explicitly given by:

_ aZ T2y +n—|x|+1]
A = \/ZNzK(NnK ) (n— [x[)T 27 + 12 (A6)

The (positive) continuum Dirac solutions are described by the scaled energy ¢ =
E — % > 0. Instead of the principal quantum number, the following energy dependent
terms are defined:

Z €
n(e) = \/m(HFZ) (A7)
n'(e) = z (A8)

2¢(1 + a2e/2)
such that the large and small radial components are given by:
Per(r) = Nex (2pr)Ye P { =[x — i’ (€)] 1F1(y + 1 + i (€), 27 + 1;2ipr)
oy —ig(e)] 1By +in(e), 2y +12ipr)}  (A9)
Qex(r) = Nex\/i H% (2pr)Te” " {ic — iy ()] 1 Fu(y + 1+ in(e), 2y + 1;2ipr)
+[y —in(e)] 1Fi(y +in(e), 2y + 1;2ipr)}  (A10)

where the normalization is performed to the energy Dirac J function [55]. This is done by
imposing the /p/(me) asymptotic condition for the amplitude of the large component:

i (€)

_ [P U+ L in(e)]) ™
O T B T .
— [ [Pr)Parc(r) + Qie(r) Qere(1))dr = 5(e ) (a12

The negative continuum states are described by the scaled energy € = E + mc? < 0,
and the radial functions follow accordingly. For example, the energy-dependent terms
become 77(e < 0) = —7(|e]) and ' (e < 0) = 7'(|e|), and the normalization prefactor is

replaced with / £ — | /m, becoming purely imaginary.
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Appendix B. Extended Tables

The two-photon decay rates of 2s; /, levels are listed in the following Table A1, con-
taining six columns. The first column denotes the hydrogen-like ion. The second column
shows the types of states involved: W for bound and positive continuum, W_ for negative
continuum, and W; for all available eigenstates.

The third and fourth columns give the values determined within relativistic Babushkin
and Coulomb gauges, respectively, while the sixth and seventh columns provide their non-
relativistic (LWA) limits in the form of Length and Velocity, respectively. All rates provided
are in units of s 1.

Table Al. Two-photon E1E1 decay rates 2s;,, — 1s1,, in H-like ions using Dirac orbitals. First
column provides the hydrogen-like ion, second column specifies whether the two-photon decay rate
was computed with positive- (W), negative- (W_), or full (W;) Dirac energy spectrum. Third and
fourth columns provide the results in the relativistic Babushkin and Coulomb gauges, respectively.
Fifth and sixth columns provide analogous results in the non-relativistic photon-operator limit, using
the LWA approach expressed in the Length and Velocity gauges, respectively.

E1E1 E1E1(LWA)
Ion Rate " .
Babushkin Coulomb Length Velocity

Wy 8.2281E + 00 8.2274E + 00 8.2283E + 00 8.2271E 4 00

HO W_ 4.1584E — 22 1.3978E — 08 1.4076E — 25 1.6637E — 08
Wi 8.2281E + 00 8.2281E + 00 8.2283E + 00 8.2279E + 00

Wy 5.2658E + 02 5.2653E + 02 5.2661E + 02 5.2646E + 02

He'*  W_ 6.7772E — 18 1.0422E — 06 1.7276E — 21 1.8595E — 06
Wi 5.2658E -+ 02 5.2658E -+ 02 5.2661E -+ 02 5.2652E 4 02

Wy 5.9970E + 03 5.9961E + 03 5.9979E + 03 5.9941E +- 03

Lt W_ 1.9676E — 15 4.0272E — 05 3.4695E — 19 8.0033E — 05
Wi 5.9970E + 03 5.9970E + 03 5.9979E + 03 5.9955E + 03

W4 3.3687E + 04 3.3677E 4 04 3.3698E + 04 3.3658E + 04

B3t W_ 1.0988E — 13 6.7822E — 04 1.2838E — 17 1.3690E — 03
Wi 3.3687E + 04 3.3687E +- 04 3.3695E + 04 3.3671E + 04

Wy 1.2846E + 05 1.2841E + 05 1.2851E + 05 1.2829E + 05

B W_ 2.4887E — 12 6.3293E — 03 1.9494E — 16 1.2770E — 02
W 1.2846E + 05 1.2846E + 05 1.2851E + 05 1.2837E + 05

Wy 3.8342E 4- 05 3.8318E + 05 3.8364E +- 05 3.8268E + 05

>t owo 3.1899E — 11 3.8837E — 02 2.0274E — 15 7.8584E — 02
Wi 3.8342E + 05 3.8342E 4- 05 3.8364E + 05 3.8303E + 05

W4 9.6637E + 05 9.6555E + 05 9.6711E + 05 9.6384E + 05

Nt W_ 2.7608E — 10 1.8065E — 01 1.7221E — 14 3.6608E — 01
Wi 9.6637E + 05 9.6637E + 05 9.6711E + 05 9.6503E + 05

Wy 2.1520E + 06 2.1496E + 06 2.1542E + 06 2.1447E 4 06

o't W_ 1.7927E — 09 6.8509E — 01 1.2946E — 13 1.3896E + 00
Wi 2.1520E + 06 2.1520E + 06 2.1542E + 06 2.1481E + 06

Wy 4.3600E + 06 4.3538E + 06 4.3655E + 06 4.3412E + 06

P+ w_ 9.3483E — 09 2.2217E 4+ 00 8.7003E — 13 4.5097E + 00
Wi 4.3600E +- 06 4.3600E +- 06 4.3655E + 06 4.3500E +- 06

Wy 8.1982E + 06 8.1840E + 06 8.2109E + 06 8.1547E 4+ 06

Neot  Ww_ 4.1005E — 08 6.3667E + 00 5.1832E — 12 1.2931E + 01
Wi 8.1982E + 06 8.1982E + 06 8.2109E + 06 8.1751E + 06
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Table A1l. Cont.
E1E1 E1E1(LWA)
Ion Rate - -
Babushkin Coulomb Length Velocity

Wy 1.4512E + 07 1.4482F + 07 1.4539E + 07 1.4419E + 07

Naglo+  Ww_ 1.5638E — 07 1.6505E + 01 2.7278E — 11 3.3354E + 01
Wy 1.4512E + 07 1.4512E + 07 1.4539E + 07 1.4463E + 07

W, 2.4439E + 07 2.4378E + 07 2.4494F + 07 2.4253E + 07

Mgt W 5.3130E — 07 3.9393E + 01 1.2736E — 10 8.0086E + 01
Wy 2.4439E + 07 2.4439E + 07 2.4494E + 07 2.4341E + 07

W, 3.9469E + 07 3.9353E + 07 3.9572E + 07 3.9117E + 07

A2t W 1.6383E — 06 8.7701E + 01 5.3228E — 10 1.7838E + 02
Wy 3.9469E + 07 3.9469E + 07 3.9572E + 07 3.9284E + 07

W, 6.1507E + 07 6.1297E + 07 6.1693E + 07 6.0872E + 07

Sild+  W_ 4.6516E — 06 1.8403E + 02 2.0124E — 09 3.7448E + 02
Wy 6.1507E + 07 6.1507E + 07 6.1693E + 07 6.1173E + 07

W, 9.2946E + 07 9.2582F + 07 9.3269E + 07 9.1846E + 07

P4+ W 1.2307E — 05 3.6727E + 02 7.1329E — 09 7.4752E + 02
Wy 9.2946E + 07 9.2946E + 07 9.3269E + 07 9.2369E + 07

W, 1.3674E + 08 1.3613E + 08 1.3728E + 08 1.3490E + 08

gl5+ W_ 3.0572E — 05 6.9992F + 02 2.2216E — 08 1.4256E + 03
Wy 1.3674E + 08 1.3674E + 08 1.3728E + 08 1.3578E + 08

W, 1.9649E + 08 1.9550E + 08 1.9737E + 08 1.9351E + 08

cret  Ww_ 7.1968E — 05 1.2840E + 03 6.6118E — 08 2.6163E + 03
Wy 1.9649E + 08 1.9649E + 08 1.9737E + 08 1.9494E + 08

W, 2.7652E + 08 2.7495E + 08 2.7790E + 08 2.7184E + 08

A7t W_ 1.6149E — 04 2.2787E + 03 1.8589E — 07 4.6434E + 03
Wy 2.7652E + 08 2.7652E + 08 2.7790E + 08 2.7408E + 08

W, 3.8196E + 08 3.7955E + 08 3.8408E + 08 3.7477E + 08

K8+ W 3.4702E — 04 3.9104E + 03 4.8928E — 07 7.9750E + 03
Wy 3.8196E + 08 3.8196E + 08 3.8408E + 08 3.7823E + 08

W, 5.1886E + 08 5.1524E + 08 5.2204E + 08 5.0808E + 08

Ca%t  W_ 7.777E — 04 6.5373E + 03 1.2326E — 06 1.3338E + 04
Wy 5.1886E + 08 5.1887E + 08 5.2204E + 08 5.1329E + 08

W, 6.9430E + 08 6.8892F + 08 6.9899E + 08 6.7835E + 08

Sc20+ W 1.4341E — 03 1.0660E + 04 2.9715E — 06 2.1760E + 04
Wy 6.9429E + 08 6.9429E + 08 6.9899E + 08 6.8604E + 08

W, 9.1637E + 08 9.0859E + 08 9.2316E + 08 8.9341F + 08

T2+ W 2.7770E — 03 1.6997E + 04 6.8830E — 06 3.4707E + 03
W; 9.1637E + 08 9.1636E + 08 9.2316E + 08 9.0455E + 08

W, 1.1945E + 09 1.1835E + 09 1.2041E 4 09 1.1619E + 09

v2+ W 5.2262E — 03 2.6548E + 04 1.5370E — 05 5.4233E + 04
Wy 1.1945E + 09 1.1945E + 09 1.2041E + 09 1.1778E + 09

W, 1.5394E + 09 1.5238E + 09 1.5529E + 09 1.4937E + 09

cr3+ W 9.5776E — 03 4.0683E + 04 3.2876E — 05 8.3147E + 04
Wy 1.5394E + 09 1.5394E + 09 1.5529E + 09 1.5160E + 09

W, 1.9631E + 09 1.9416E + 09 1.9818E + 09 1.9001E + 09

Mn2++ W_ 1.7147E — 02 6.1270E + 04 6.8888E — 05 1.2529E + 05
Wy 1.9631E + 09 1.9631E + 09 1.9818E + 09 1.9310E + 09
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Table A1l. Cont.
E1E1 E1E1(LWA)
Ion  Rate - -
Babushkin Coulomb Length Velocity
W, 2.4795E + 09 2.4499E + 09 2.5050E + 09 2.3932E + 09
Fe?>t  W_ 3.0031E — 02 9.0825E + 04 1.4030E — 04 1.8581E + 05
W 2.4795E + 09 2.4794E + 09 2.5050E + 09 2.4355E + 09
W, 3.1034E + 09 3.0635E + 09 3.1379E + 09 2.9878E + 09
Co2+  W._ 5.1547E — 02 1.3269E + 05 2.7824F — 04 2.7159E + 05
Wy 3.1034E + 09 3.1034E + 09 3.1379E + 09 3.0449E + 09
W, 3.8526E + 09 3.7991E + 09 3.8985E + 09 3.6985E + 09
NiZ7+  W_ 8.6800E — 02 1.9143E + 05 5.3758E — 04 3.9191E + 05
W 3.8526E + 09 3.8525E + 09 3.8984E + 09 3.7748E + 09
W, 4.7457E + 09 4.6752E + 09 4.8061E + 09 4.5428E + 09
Cu®+ W_ 1.4963E — 01 2.7240E + 05 1.0138E — 03 5.5795E + 05
Wy 4.7456E + 09 4.7458E + 09 4.8061E + 09 4.6439E + 09
W, 5.8040E + 09 5.7112E + 09 5.8829E + 09 5.5389E + 09
Zn®+  W_ 2.3395E — 01 3.8297E + 05 1.8832E — 03 7.8487E + 05
Wy 5.8039E + 09 5.8038E + 09 5.8829E + 09 5.6712E + 09
W, 7.0505E + 09 6.9301E + 09 7.1526E + 09 6.7077E + 09
Ga30+t  W_ 3.7523E — 01 5.3292F + 05 3.4150E — 03 1.0926E + 06
Wy 7.0504E + 09 7.0505E + 09 7.1526E + 09 6.8795E + 09
W, 8.5108E + 09 8.3557E + 09 8.6420E + 09 8.0710E + 09
Gt W_ 5.9333E — 01 7.3400E + 05 6.0761E — 03 1.5055E + 06
W 8.5107E + 09 8.5108E + 09 8.6420E + 09 8.2924E + 09
W, 1.0213E + 10 1.0014E + 10 1.0380E + 10 9.6528E + 09
As¥?t  W_ 9.2578E — 01 1.0012E + 06 1.0619E — 02 2.0543E + 06
W 1.0213E + 10 1.0213E + 10 1.0380E + 10 9.9358E + 09
W, 1.2188E + 10 1.1935E + 10 1.2399E + 10 1.1479E + 10
Se33t  W_ 1.4266E + 00 1.3533E + 06 1.8251E — 02 2.7779E + 06
Wy 1.2187E + 10 1.2186E + 10 1.2399E + 10 1.1838E + 10
W, 1.4467E + 10 1.4149E + 10 1.4732E + 10 1.3579E + 10
Br3tt  W_ 2.1730E + 00 1.8122E + 06 3.0955E — 02 3.7220E + 06
W 1.4467E + 10 1.4466E + 10 1.4732E + 10 1.4031E + 10
W, 1.7088E + 10 1.6690E + 10 1.7419E + 10 1.5981E + 10
K35t W_ 3.2726E + 00 2.4108E + 06 5.1547E — 02 4.9528E + 06
Wy 1.7088E + 10 1.7088E + 10 1.7419E + 10 1.6547E + 10
W, 2.0090E + 10 1.9594E + 10 2.0500E + 10 1.8718E + 10
R3Ot W_ 4.8814E + 00 3.1815E + 06 8.5324E — 02 6.5386E + 06
W 2.0089E + 10 2.0089E + 10 2.0499E + 10 1.9423E + 10
W, 2.3514E + 10 2.2900E + 10 2.4019E + 10 2.1824E + 10
S+ W_ 7.2026E + 00 4.1669E + 06 1.3816E — 01 8.5670E + 06
Wy 2.3513E + 10 2.3512E + 10 2.4019E + 10 2.2695E + 10
W, 2.7406E + 10 2.6648E + 10 2.8024E + 10 2.5335E + 10
Y38+ W_ 1.0540E + 01 5.4290E + 06 2.2276E — 01 1.1163E + 07
W 2.7405E + 10 2.7403E + 10 2.8024E + 10 2.6407E + 10
W, 3.1813E + 10 3.0888E + 10 3.2566E + 10 2.9292E + 10
Zr¥t  W_ 1.5278E + 01 7.0220E + 06 3.5333E — 01 1.4443E + 07
W 3.1812E + 10 3.1812E + 10 3.2566E + 10 3.0604E + 10
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Table A1l. Cont.
E1E1 E1E1(LWA)
Ion Rate - -
Babushkin Coulomb Length Velocity

W, 3.6789E + 10 3.5663E + 10 3.7702E + 10 3.3735E + 10

N+ W_ 2.1963E + 01 9.0265E + 06 5.5428E — 01 1.8570E + 07
Wy 3.6787E + 10 3.6790E + 10 3.7701E + 10 3.5332E + 10

W, 4.2389E + 10 4.1025E + 10 4.3489E + 10 3.8706E + 10

Mo¥+  W_ 3.1323E + 01 1.1536E + 07 8.6055E — 01 2.3739E + 07
W; 4.2386E + 10 4.2391E + 10 4.3489E + 10 4.0642E + 10

W, 4.8675E + 10 4.7019E + 10 4.9996E + 10 4 4243E + 10

T2+ W_ 4.4371E + 01 1.4676E + 07 1.3306E + 00 3.0201E + 07
W; 4.8672E + 10 4.8669E + 10 4.9996E + 10 4.6579E + 10

W, 5.5706E + 10 5.3714E + 10 5.7286E + 10 5.0406E + 10

Ru®+  W_ 6.2362E + 01 1.8571E + 07 2.0272E + 00 3.8218E + 07
Wi 5.5702E + 10 5.5699E + 10 5.7285E + 10 5.3213E + 10

W, 6.3551E + 10 6.1164E + 10 6.5432F + 10 5.7239E + 10

RIM4+ W 8.7044E + 01 2.3381E + 07 3.0590E + 00 4.8119E + 07
Ws 6.3547E + 10 6.3542E + 10 6.5431E + 10 6.0598E + 10

W, 7.2279E + 10 6.9443E + 10 7.4508E + 10 6.4803E + 10

P+ W 1.2073E + 02 2.9279E + 07 4.5857E + 00 6.0260E + 07
W; 7.2274E + 10 7.2279E + 10 7.4507E + 10 6.8805E + 10

W, 8.1973E + 10 7.8595E + 10 8.4606E + 10 7.3133E + 10

Agtot  W_ 1.6643E + 02 3.6550E + 07 6.8190E + 00 7.5214E + 07
Wy 8.1966E + 10 8.1968E + 10 8.4604E + 10 7.7886E + 10

W, 9.2710E + 10 8.8699E + 10 9.5807E + 10 8.2292F + 10

cav+ W 2.2806E + 02 4 5440E + 07 1.0052E + 01 9.3486E + 07
Wi 9.2702E + 10 9.2696E + 10 9.5805E + 10 8.7918E + 10

W, 1.0456E + 11 9.9860E + 10 1.0819E + 11 9.2372E + 10

I8+ W 3.1069E + 02 5.6262EF + 07 1.4694E + 01 1.1571E + 08
W; 1.0455E + 11 1.0458E + 11 1.0819E + 11 9.9009E + 10

W, 1.1765E + 11 1.1207E + 11 1.2189E + 11 1.0335E + 11

Sn¥t  W_ 4.2083E + 02 6.9307E + 07 2.1303E + 01 1.4250E + 08
W; 1.1764E + 11 1.1763E + 11 1.2189E + 11 1.1115E + 11

W, 1.3203E + 11 1.2550E + 11 1.3697E + 11 1.1537E + 11

SpOOt W 5.6726E + 02 8.5245E + 07 3.0691E + 01 1.7517E + 08
Wy 1.3202E + 11 1.3202E + 11 1.3697E + 11 1.2452E + 11

W, 1.4783E + 11 1.4019E + 11 1.5356E + 11 1.2847E + 11

TS+ W_ 7.6121E + 02 1.0440E + 08 4.4115E + 01 2.1443E + 08
W; 1.4781E + 11 1.4782E + 11 1.5355E + 11 1.3919E + 11

W, 1.6515E + 11 1.5620E + 11 1.7178E + 11 1.4268E + 11

52+ W_ 1.0162E + 03 1.2752E + 08 6.2800E + 01 2.6172E + 08
Wy 1.6512E + 11 1.6511E + 11 1.7177E + 11 1.5519E + 11

W, 1.8407E + 11 1.7367E + 11 1.9173E 4+ 11 1.5812E + 11

XePBt+t W 1.3495E + 03 1.5505E + 08 8.8574E + 01 3.1796E + 08
W; 1.8405E + 11 1.8404E + 11 1.9172E + 11 1.7258E + 11

W, 2.0474E + 11 1.9267E + 11 2.1354E + 11 1.7484E + 11

Cs+  W_ 1.7859E + 03 1.8841E + 08 1.2470E + 02 3.8603E + 08
Wi 2.0471E + 11 2.0472E + 11 2.1353E + 11 1.9160E + 11
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Table A1l. Cont.
E1E1 E1E1(LWA)
Ion Rate - -
Babushkin Coulomb Length Velocity
W, 2.2726E + 11 2.1329E + 11 2.3736E + 11 1.9289E + 11
Ba®t  W_ 2.3532E + 03 2.2799E + 08 1.7474E + 02 4.6662E + 08
Wy 2.2722E + 11 2.2724E + 11 2.3735E + 11 2.1227E + 11
W 2.5177E + 11 2.3563E + 11 2.6332E + 11 2.1235E + 11
La%®t  W_ 3.0858E + 03 2.7522F + 08 2.4221E + 02 5.6256E + 08
Wy 2.5171E + 11 2.5175E + 11 2.6331E + 11 2.3471E + 11
W, 2.7841E + 11 2.5972E + 11 2.9159E + 11 2.3324E + 11
Ceo’t  W_ 4.0331E + 03 3.3148E + 08 3.3534E + 02 6.7661E + 08
Wy 2.7835E + 11 2.7831E + 11 2.9158E + 11 2.5895E + 11
W, 3.0727E + 11 2.8578E + 11 3.2229E + 11 2.5572E + 11
Pro8t  W_ 5.2539E + 03 3.9886E + 08 4.6267E + 02 8.1301E + 08
Wi 3.0720E + 11 3.0718E + 11 3.2226E + 11 2.8527E + 11
W, 3.3853E + 11 3.1386E + 11 3.5558E + 11 2.7982F + 11
Nd¥®+  W_ 6.8160E + 03 4.7807E + 08 6.3488E + 02 9.7271E + 08
Wy 3.3844E + 11 3.3843E + 11 3.5555E + 11 3.1367E + 11
W 3.7232E + 11 3.4406E + 11 3.9164E + 11 3.0560E + 11
Pmo+  W_ 8.8089E + 03 5.7221E + 08 8.6278E + 02 1.1620E + 09
Wy 3.7222E + 11 3.7223E + 11 3.9161E + 11 3.4431E + 11
W, 4.0881E + 11 3.7649E + 11 4.3065E + 11 3.3313E + 11
Smbélt  W_ 1.1358E + 04 6.8417E + 08 1.1754E + 03 1.3868E + 09
Wy 4.0868E + 11 4.0874E + 11 4.3061E + 11 3.7794E + 11
W, 4.4819E + 11 41115E + 11 4.7283E + 11 3.6239E + 11
Eu®2t  W_ 1.4586E + 04 8.1600E + 08 1.5976E + 03 1.6502E + 09
Wy 4.4804E + 11 4.4799E + 11 4.7278E + 11 4.1275E + 11
W, 4.9055E + 11 4.4834F + 11 5.1828E + 11 3.9361E + 11
Gd%3+  W_ 1.8675E + 04 9.7106E + 08 2.1367E + 03 1.9586E —+ 09
Wy 4.9037E + 11 4.9035E + 11 5.1822F + 11 4.5087E + 11
W, 5.3610E + 11 4 8809E + 11 5.6725E + 11 4.2679E + 11
T4+ W_ 2.3835E + 04 1.1546E + 09 2.8599E + 03 2.3226E + 09
W; 5.3589E + 11 5.3594E + 11 5.6717E + 11 49181E + 11
W, 5.8507E + 11 5.3035E + 11 6.1999E + 11 4.6183E + 11
Dy®+  W_ 3.0340E + 04 1.3706E + 09 3.8194E + 03 2.7488E + 09
Wy 5.8483E + 11 5.8475E + 11 6.1990E + 11 5.3552E + 11
W, 6.3754E + 11 5.7551E + 11 6.7661E + 11 4.9907E + 11
Ho®+  W_ 3.8529E + 04 1.6264E + 09 5.0920E + 03 3.2526E + 09
W; 6.3725E + 11 6.3731E + 11 6.7650E + 11 5.8252E + 11
W, 6.9382E + 11 6.2336E + 11 7.3746E + 11 5.3825E + 11
Ero7t  W_ 4.8771E + 04 1.9258E + 09 6.7443E + 03 3.8380E + 09
Wy 6.9348E + 11 6.9344E + 11 7.3732E + 11 6.3254E + 11
W, 7.5406E + 11 6.7415E + 11 8.0270E + 11 5.7956E + 11
Tm®+  W_ 6.1580E + 04 2.2777E + 09 8.9041E + 03 4.5225E + 09
Wy 7.5366E + 11 7.5350E + 11 8.0254E + 11 6.8595E + 11
W, 8.1835E + 11 7.2822F + 11 8.7247E + 11 6.2327E + 11
Yoot W_ 7.7599E + 04 2.6932E + 09 1.1744E + 04 5.3278E + 09
Wy 8.1788E + 11 8.1802E + 11 8.7227E + 11 7.4323E + 11
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Table A1l. Cont.
E1E1 E1E1(LWA)
Ion Rate - -
Babushkin Coulomb Length Velocity
W, 8.8710E + 11 7.8521E + 11 9.4721E + 11 6.6899E + 11
Lu’%*  Ww_ 9.7496E + 04 3.1799E + 09 1.5404E + 04 6.2651E + 09
Wy 8.8655E + 11 8.8668E + 11 9.4698E + 11 8.0401E + 11
W, 9.6044E + 11 8.4544F + 11 1.0271E + 12 7.1695E + 11
Hf'% W 1.2222E + 05 3.7510E + 09 2.0138E + 04 7.3577E + 09
Wy 9.5980E + 11 9.5996E + 11 1.0268E + 12 8.6871E + 11
W, 1.0386E + 12 9.0898E + 11 1.1124E + 12 7.6717E + 11
T2+ W 1.5288E + 05 4 4214E + 09 2.6254E + 04 8.6321E + 09
Wy 1.0378E + 12 1.0381E + 12 1.1120E + 12 9.3756E + 11
W, 1.1219E + 12 9.7555E + 11 1.2035E + 12 8.1932F + 11
W7+ W_ 1.9086E + 05 5.2110E + 09 3.4171E + 04 1.0126E + 10
Wy 1.1211E + 12 1.1210E + 12 1.2031E + 12 1.0104E + 12
W, 1.2104E + 12 1.0459E + 12 1.3004E + 12 8.7407E + 11
R4 W 2.3772E + 05 6.1351E + 09 4 .4288E + 04 1.1861E + 10
Wy 1.2094E + 12 1.2097E + 12 1.2999E + 12 1.0882E + 12
W, 1.3046E + 12 1.1194E + 12 1.4037E + 12 9.3066E + 11
0s73+  W_ 2.9556E + 05 7.2196E + 09 5.7273E + 04 1.3881E + 10
Wy 1.3034E + 12 1.3035E + 12 1.4032E + 12 1.1703E + 12
W, 1.4046E + 12 1.1964E + 12 1.5137E + 12 9.8942F + 11
76+ W 3.6667E + 05 8.4908E + 09 7.3816E + 04 1.6234E + 10
Wy 1.4032E + 12 1.4032E + 12 1.5130E + 12 1.2573E 4+ 12
W, 1.5107E + 12 1.2769E + 12 1.6305E + 12 1.0503E + 12
P77+ W_ 4.5413E + 05 9.9862E + 09 9.4976E + 04 1.8984E + 10
Wy 1.5091E + 12 1.5091E + 12 1.6297E + 12 1.3495E + 12
W, 1.6231E + 12 1.3610E + 12 1.7545E + 12 1.1133E + 12
Aut W 5.6146E + 05 1.1737E + 10 1.2186E + 05 2.2174E + 10
Wy 1.6213E + 12 1.6215E + 12 1.7536E + 12 1.4472E + 12
W, 1.7421E + 12 1.4487E + 12 1.8861E + 12 1.1783E + 12
H{t W 6.9281E + 05 1.3790E + 10 1.5591E + 05 2.5889E + 10
Wy 1.7400E + 12 1.7407E + 12 1.8850E + 12 1.5505E + 12
W, 1.8684E + 12 1.5392E + 12 2.0259E + 12 1.2445E + 12
T80+ W_ 8.5363E + 05 1.6200E + 10 1.9910E + 05 3.0213E + 10
Wy 1.8660E + 12 1.8662E + 12 2.0246E + 12 1.6591E + 12
W, 2.0019E + 12 1.6330E + 12 2.1740E + 12 1.3124E + 12
Ppélt  W_ 1.0501E + 06 1.9028E + 10 2.5369E + 05 3.5249E + 10
Wy 1.9992E + 12 1.9991E + 12 2.1725E + 12 1.7738E + 12
W, 2.1429E + 12 1.7312E + 12 2.3303E + 12 1.3827E + 12
Bi%2t  W_ 1.2896E + 06 2.2343E + 10 3.2240F + 05 4.1102E + 10
Wy 2.1395E + 12 2.1408E + 12 2.3286E + 12 1.8959E + 12
W, 2.2921E + 12 1.8307E + 12 2.4966E + 12 1.4526E + 12
Po83t  W_ 1.5816E + 06 2.6236E + 10 4.0904E + 05 4.7923E + 10
Wy 2.2885E + 12 2.2885E -+ 12 2.4946E + 12 2.0227E + 12
W, 2.4493E + 12 1.9343E + 12 2.6718E + 12 1.5246E + 12
AT W 1.9368E + 06 3.0799E + 10 5.1773E + 05 5.5842F + 10
Wy 2.4452E + 12 2.4458E + 12 2.6696E + 12 2.1577E + 12
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Table A1l. Cont.
E1E1 E1E1(LWA)
Ion Rate -
Babushkin Coulomb Length Velocity

Wy 2.6157E + 12 2.0396E + 12 2.8576E + 12 1.5963E + 12

Rn85t  W_ 2.3689E + 06 3.6152E + 10 6.5428E + 05 6.5059E + 10
Wy 2.6110E + 12 2.6105E + 12 2.8549E + 12 2.2986E + 12

W, 2.7904E + 12 2.1490E + 12 3.0529E + 12 1.6699E + 12

Fr86t  W_ 2.8932E + 06 4.2333E + 10 8.2494F + 05 7.5777E + 10
Wy 2.7850E + 12 2.7862E + 12 3.0499E + 12 2.4487E + 12

W, 2.9751E + 12 2.2593E + 12 3.2597E + 12 1.7425E + 12

Ra¥*t  W_ 3.5294E + 06 4.9796E + 10 1.0385E + 06 8.8227E + 10
Wy 2.9689E + 12 2.9699E + 12 3.2562E + 12 2.6051E + 12

W, 3.1695E + 12 2.3717E + 12 3.4779E + 12 1.8150E + 12

At W_ 4.2997E + 06 5.8435E + 10 1.3045E + 06 1.0271E + 11
Wy 3.1625E + 12 3.1637E + 12 3.4737E 4+ 12 2.7699E + 12

W, 3.3751E + 12 2.4837E + 12 3.7086E + 12 1.8851E + 12

Th®+  W_ 5.2328E + 06 6.8568E + 10 1.6364E + 06 1.1355E + 11
Wy 3.3671E + 12 3.3655E + 12 3.7039E + 12 2.9409E + 12

W, 3.5902E + 12 2.5992E + 12 3.9506E + 12 1.9561E + 12

Pa?0t  W_ 6.3609E + 06 8.0456E + 10 2.0490E + 06 1.3915E + 11
Wy 3.5811E + 12 3.5809E + 12 3.9452F + 12 3.1234E + 12

W, 3.8163E + 12 2.7157E + 12 4.2053E + 12 2.0258E + 12

ut+ W 7.7250E + 06 9.4393E + 10 2.5623E + 06 1.6192E + 11
Wy 3.8059E + 12 3.8081E + 12 4.1990E + 12 3.3155E + 12

W, 4.0550E + 12 2.8299E + 12 4 4745E + 12 2.0912E + 12

Np?*+  W_ 9.3710E + 06 1.1073E + 10 3.1982E + 06 1.8837E + 11
Wy 4.0433E + 12 4.0442F + 12 4.4672E + 12 3.5144E + 12

W, 4.3058E + 12 2.9435E + 12 4.7578E + 12 2.1538E + 12

Pust  W_ 1.1357E + 06 1.2988E + 11 3.9862E + 06 2.1911E + 11
Wy 4.2924E + 12 4.2925E + 12 4.7492E + 12 3.7232E + 12

W, 45690E + 12 3.0561E + 12 5.0552E + 12 2.2132E + 12

AmPH W_ 1.3752E + 06 1.5230E + 11 4.9619E + 06 2.5482E + 11
Wy 4.5538E + 12 4.5538E + 12 5.0455E + 12 3.9425E + 12

W, 4.8451E + 12 3.1670E + 12 5.3677E + 12 2.2687E + 12

Cm®t  W_ 1.6639E + 07 1.7862E + 11 6.1686E + 06 2.9633E + 11
Wy 4.8279E + 12 4.8289E + 12 5.3566E + 12 4.1730E + 12

W, 5.1346E + 12 3.2755E + 12 5.6957E + 12 2.3196E + 12

Bkt  W_ 2.0116E + 07 2.0942F + 11 7.6584E + 06 3.4455E + 11
W; 5.1151E + 12 5.1184E + 12 5.6829E + 12 4.4153E + 12

W, 5.4403E + 12 3.3756E + 12 6.0422F + 12 2.3610E + 12

Cf7+  W_  24297E+07  24547E+11 94937E +06  4.0052E + 11
Wy 5.4182F + 12 5.4166E + 12 6.0276E + 12 4.6636E + 12

W, 5.7580E + 12 3.4764E + 12 6.4031E + 12 2.4006E + 12

Es®+  W_ 2.9331E + 07 2.8767E + 11 1.1758E + 07 4.6550E + 11
Wy 5.7331E + 12 5.7369E + 12 6.3863E + 12 4.9307E + 12

W, 6.0934E + 12 3.5661E + 12 6.7840F + 12 2.4283E + 12

Fm®+  W_ 3.5381E + 07 3.3704E + 11 1.4543E + 07 5.4095E + 11
Wy 6.0652E + 12 6.0660E + 12 6.7648E + 12 5.2038E + 12
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Table Al. Cont.

E1E1 E1E1(LWA)
Babushkin Coulomb Length Velocity

W, 6.4446E + 12 3.6487E + 12 7.1832E + 12 2.4479E + 12
Mg+ w_ 4.2657E + 07 3.9477E + 11 1.7973E + 07 6.2849E + 11
Wy 6.4127E + 12 6.4114E + 12 7.1612E + 12 5.4899E + 12

Ion Rate
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