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Abstract: In this work, a krypton gas impurity seeding experiment was conducted in a Large Helical
Device. Emission lines from the Na-like Kr ion in the extreme ultraviolet wavelength region, such as
22.00 nm, 17.89 nm, 16.51 nm, 15.99 nm, and 14.08 nm, respective to 2p63p(2Po

1/2)− 2p63s(2S1/2),
2p63p(2Po

3/2) − 2p63s(2S1/2), 2p63d(2D3/2) − 2p63p(2Po
3/2), 2p63d(2D5/2) − 2p63p(2Po

3/2), and
2p63d(2D3/2)− 2p63p(2Po

1/2) transitions, are observed. In order to generate a theoretical synthetic
spectrum, an extensive calculation concerning the excitation of the Kr25+ ion through electron impact
was performed for the development of a suitable plasma model. For this, the relativistic multicon-
figuration Dirac–Hartree–Fock method was employed along with its extension to the relativistic
configuration interaction method to compute the relativistic bound-state wave functions and excita-
tion energies of the fine structure levels using the General Relativistic Atomic Structure Package-2018.
In addition, another set of calculations was carried out utilizing the relativistic many-body per-
turbation theory and relativistic configuration interaction methods integrated within the Flexible
Atomic Code. To investigate the reliability of our findings, the results of excitation energies, transition
probabilities, and weighted oscillator strengths of different dipole-allowed transitions obtained from
these different methods are presented and compared with the available data. Further, the detailed
electron impact excitation cross-sections and their respective rate coefficients are obtained for various
fine structure resolved transitions using the fully relativistic distorted wave method. Rate coefficients,
calculated using the Flexible Atomic Code for population and de-population kinetic processes, are
integrated into the collisional-radiative plasma model to generate a theoretical spectrum. Further, the
emission lines observed from the Kr25+ ion in the impurity seeding experiment were compared with
the present plasma model spectrum, demonstrating a noteworthy overall agreement between the
measurement and the theoretical synthetic spectrum.

Keywords: electron; excitation; cross-sections; relativistic; distorted wave theory; fusion; plasma;
Large Helical Device; tokamak; impurity seeding; extreme ultraviolet; collisional-radiative model

1. Introduction

Spectroscopy of high-temperature fusion plasma plays an essential role in investigat-
ing different plasma diagnostics associated with magnetic confinement fusion devices [1–4].
Large tokamak and stellarator devices such as ITER, DEMO, LHD, Wendelstein 7-X, JET,
ASDEX Upgrade, JT-60U, EAST, etc., are expected to have inert gases as the external im-
purities, which are injected into the machine as the coolant gases [5–13]. Many impurity
seeding experiments have been conducted in the existing fusion plasma devices using
Nitrogen (N2), and inert gases such as Neon (Ne), Argon (Ar), and Krypton (Kr), to study
the radiation enhancement and reduction in the particle heat load in the divertor region
for divertor detachment [10,13–16]. In earlier studies, the spectroscopic measurements of
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highly charged Kr18+, Kr17+, Kr24+, and Kr25+ ions along with lower ionization states, viz.
Kr7+ and Kr5+, were investigated to examine the relevance of different ionization states
in divertor detachment operation in a Large Helical Device (LHD) [17,18]. However, in
ASDEX Upgrade (AUG) and JT-60SA tokamaks, numerical simulation and experimental
studies have been conducted using Kr gas and Kr+N2 gases in support of ITER experiments
and the development of impurity scenarios for a large-scale fusion DEMOnstration reactor
(DEMO) [19]. In high-atomic-number (Z) impurities, Kr gas is the favorable atomic element
as it is chemically non-invasive and radiates efficiently in the Scrape-Off Layer (SOL) and
core regions [19]. The presence of Highly Charged Ions (HCIs) of such impurity leads
to lower dilution within the core plasma and helps in facilitating the identification of an
impurity scenario that enables the optimization of plasma performance in terms of power
exhaust and confinement. Hence, there has been a significant interest in conducting experi-
mental research within tokamak and stellarator devices utilizing Kr gas for fusion plasma
diagnostic investigations. In the context of spectral measurements in high-temperature
fusion plasma, a thorough theoretical validation of the precise contribution from each
charge state of highly charged Kr ions remains elusive due to the paucity of atomic and
electron collision data. To address this gap and acquire deeper insights into the spectro-
scopic and dynamic properties of highly charged Kr ions, it becomes imperative to provide
dependable atomic data encompassing excitation energies of fine structure levels, transition
probabilities, oscillator strengths, and excitation cross-sections for a substantial number
of transitions. These data are pivotal for formulating a robust plasma model capable of
generating synthetic spectra to corroborate experimental findings. The accuracy of this
theoretical spectrum hinges on the meticulous incorporation of collisional and radiative
processes into the model, necessitating precise atomic structure calculations, cross-sections,
and respective rate coefficient determination for various processes. Given the complexity
of performing measurements alone, the growing demand for the atomic structure and
electron-ion collision data of HCIs cannot be solely satisfied through empirical means.
Therefore, a complete set of reliable atomic and electron collision data derived from rigor-
ous relativistic methodologies is required, with integration into the plasma model being
essential for diagnostic purposes [20].

In this study, we conducted Extreme Ultraviolet (EUV) spectral diagnostics for the Na-
like Kr ion using the emission spectra of Kr atomic ions measured in the impurity seeding
experiment of LHD, along with appropriate Collisional-Radiative (CR) plasma model
calculations. To develop a suitable CR model, detailed atomic ion structure and electron
collision calculations were performed for the Kr25+ ion. In this view, a fully relativistic
multiconfiguration Electron Impact Excitation (EIE) calculation of the highly charged Na-
like Kr ion was discussed from its ground state 2s22p63s(2S1/2). Two sets of theoretical
calculations were carried out using the Relativistic Multiconfiguration Dirac–Hartree–Fock
(RMCDHF) method and the Relativistic Many-Body Perturbation Theory (RMBPT) to
make Kr25+ ion computation consistent. In the first set, we studied the excitation of
the Kr25+ ion by considering the ground state configuration and Multi-Reference (MR)
2s22p63l1(1 ≤ l1 ≤ 2), 2s22p64l2(0 ≤ l2 ≤ 3), 2s22p65l3(0 ≤ l3 ≤ 4), 2s22p66l3(0 ≤ l3 ≤ 4),
and 2s22p67l3(0 ≤ l3 ≤ 4) configurations. Here, the orbital 2s2 is common; therefore, it will
be omitted from this point forward. In this set of calculations, the RMCDHF method was
applied along with Relativistic Configuration Interaction (RCI) to incorporate the relevant
relativistic corrections, namely the transverse photon interaction as the Breit interaction and
the vacuum polarization, and the self-energy correction as Quantum Electrodynamic (QED)
corrections [21–23]. The relativistic wave functions, information on the considered fine
structure energy levels, and their respective excitation energies with respect to the ground
state were calculated using the General Relativistic Atomic Structure Package (GRASP
2018) [24]. Moreover, transition parameters such as transition probabilities, weighted
oscillator strengths, and wavelengths of the dipole-allowed transitions were also obtained
using the relativistic atomic ion wave functions and excitation energies.



Atoms 2023, 11, 142 3 of 25

Further, an additional set of calculations were conducted by considering the ground
state 2p63s(2S1/2), and different excited states, such as 2p63l1(1 ≤ l1 ≤ 2), 2p64l2(0 ≤
l2 ≤ 3), 2p6n1l3(5 ≤ n1 ≤ 7 and 0 ≤ l3 ≤ 4), 2p53s3l1(1 ≤ l1 ≤ 2), 2p53sn2l4(4 ≤
n2 ≤ 6 and 0 ≤ l4 ≤ 2), 2p53l21(1 ≤ l1 ≤ 2), 2p53p3d, and 2p53p4l4(0 ≤ l4 ≤ 2). The
RMBPT and RCI methods were employed using the Flexible Atomic Code (FAC) [25]
(RCI method from FAC hereafter FAC-RCI) to calculate the various atomic and transition
parameters, as mentioned earlier [26]. In this calculation, the impact of several other excited
states was explored by including the orbitals up to 7l (where l = 0–4). This extended
consideration not only aids in investigating the reliability of the relativistic wave functions,
energies, and transition parameters determined using these methods but also enables their
assessment through comparison with the parameters obtained from the RMCDHF-RCI
GRASP 2018 [24] calculation. Here, the results obtained for these parameters through
different relativistic methods consistently align with the data from the NIST database [27]
and Rathi et al. [28]. This comparative analysis indicates that the wave functions have been
effectively optimized. Therefore, these refined wave functions are suitable for subsequent
calculations pertaining to electron-ion collision parameters and the development of the
plasma model.

The atomic structure and transition parameters calculated through the FAC-RCI
method are integrated into the detailed electron collision and CR model calculations.
The relativistic bound-state wave functions, generated using the FAC-RCI method, are
incorporated in constructing the Transition matrix (T-matrix) for excitation cross-section
computations. Here, we calculated detailed EIE cross-sections from the ground state to the
2p63l1(1 ≤ l1 ≤ 2), 2p6nl(4 ≤ n ≤ 7 and 0 ≤ l ≤ 2) excited states and among the excited
states, along with their respective rate coefficients, using the Relativistic Distorted Wave
(RDW) method [26]. The EIE cross-sections of various fine structure transitions are reported
for the incident electron energies ranging from the excitation threshold up to 21 keV, and
excitation rate coefficients are presented for the transitions from the ground state only as a
function of electron temperature, ranging up to 600 eV.

Moreover, a suitable CR model was developed to generate a theoretical synthetic
spectrum for the EUV spectral analysis of Kr25+ ion . In the development of a CR model,
we incorporated various population transfer kinetic processes among the considered fine
structure levels of the Kr25+ ion, including electron impact excitation, ionization, radiative
decay, and their corresponding reverse processes, such as electron impact de-excitation and
three-body recombination. The rate balance equation constructed with the help of these
collisional and radiative processes utilizes the rate coefficients of the different processes
calculated using the FAC. In the CR model calculation, rate balance equations are solved si-
multaneously for the considered fine structure levels of Kr25+ ion . The theoretical CR model
synthetic spectrum of Kr25+ ion is generated based on the intensities of the emission lines,
which are determined by the state population of the respective fine structure level involved
in the radiative transition. Further, the emission lines from the Na-like Kr ion observed in
the EUV spectrum, viz. 22.00 nm, 17.89 nm, 16.51 nm, 15.99 nm, and 14.08 nm, respective to
2p63p(2Po

1/2)− 2p63s(2S1/2), 2p63p(2Po
3/2)− 2p63s(2S1/2), 2p63d(2D3/2)− 2p63p(2Po

3/2),
2p63d(2D5/2)− 2p63p(2Po

3/2), and 2p63d(2D3/2)− 2p63p(2Po
1/2) transitions, are compared

with the theoretical CR model spectrum. The comparative analysis suggests that the line
emission wavelengths and their respective intensities in LHD spectral measurement align
well with the CR model calculations, demonstrating a significant degree of agreement.

The CR model developed for this work aims to demonstrate the reliability of the
atomic structure parameters and electron-ion collision calculations based on the precision
of the wave functions. An extensive analysis of the theoretical CR model spectrum, in
conjunction with the LHD-measured spectrum, for the calculation of electron temperature
and electron density, along with absolute intensity comparison, is not in the scope of this
article. Through this comparison, we can assert that the current atomic structure and
electron-ion collision calculation data and the corresponding CR model synthetic spectrum
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of the Na-like Kr ion are reliable to incorporate in EUV spectroscopic diagnostics for future
fusion experiments in different tokamak devices.

This article is arranged as follows: In Section 2, the details of the Kr gas impurity
seeding experiment in LHD are discussed. A concise overview of the relativistic theoretical
methods is given in Section 3. In Section 4, the results of excitation energies, transition
parameters, fine structure EIE cross-sections, and rate coefficients of Kr25+ ion are presented
and discussed. In Section 5, we briefly describe the development of the CR model, and
a comparison of the theoretical spectrum from the CR model with the LHD-measured
spectrum is discussed.

2. Kr Gas Impurity Seeding Experiment in LHD
2.1. Experimental Setup on LHD

LHD is a superconducting fusion plasma confinement device that operates within a
heliotron magnetic configuration. The integral coil configuration of LHD consists of a pair
of continuous superconducting helical coils featuring poloidal and toroidal pitch numbers
of 2 and 10, respectively, along with three pairs of superconducting poloidal coils [29]. In the
standard configuration with a toroidal magnetic field of 3 T and a maximum plasma volume
of 30 m3, LHD plasma possesses major (R) and averaged minor (a) radii of 3.6 m and 0.64 m,
respectively [4,29–31]. Figure 1 depicts a schematic representation of an experimental setup
on LHD . In the LHD experiment, plasma ignition is initiated using Electron Cyclotron
Heating (ECH) and sustained with the use of Negative-Neutral Beam Injections (N-NBIs)
and Positive-Neutral Beam Injections (P-NBIs) labeled as NBIs #1–5. N-NBIs are inserted
into the plasma with a major radius of the magnetic axis Rax = 3.6 m, a toroidal magnetic
field strength Bt = 2.75 T, a pitch parameter γ = 1.2538, and canceling rate of the quadrupole
field Bq = 100%. The Kr gas puff is introduced into the vacuum vessel from the port at 9.5.
Resistive Bolometers installed at outer ports 3 (3-O) and 8 (8-O) are utilized to measure the
total radiation power (Prad) from the core and edge plasma regions [32]. The line-averaged
electron density (ne) is measured from a Far-Infrared (FIR) interferometer installed at port
8.5 [33]. However, the measurement of the radial profiles of the electron temperature (Te)
and electron density (ne) is conducted using a Yttrium Aluminum Garnet (YAG) Thomson
system installed at port 4 [34]. The emission profile of Kr ions, including Kr23+, Kr24+,
and Kr25+ charge states , is measured using EUV spectroscopy through a flat-field grazing
incidence EUV long spectrometer [35], which was installed at the 10-O port located on the
outboard side of the 10th toroidal section. Here, the exit slit of the spectrometer is equipped
with a back-illuminated CCD detector (Andor model DO420-BN: 1024 × 256 pixels, with a
pixel size of 26 × 26 µm2) and the temporal evolution of the emission spectrum is measured
with a time resolution of 5 ms [4]. In this work, the emissions from the Kr ions measured
from the EUV long spectrometer are reported in the wavelength range of 14–23 nm. The
details of the spectral measurement will be discussed in Section 5.



Atoms 2023, 11, 142 5 of 25

(1)

(2)

(3)
(4)

(5)

(6)

(7)

(8
)

(9
)

(10
)

EUV 
spectroscopy NBI #1

Resistive 

bolomerter

YAG Thomson

Kr gas puff

NBI #5

NBI #4

NBI #3

Resistive 

bolomerter

FIR 
Interferometer

NBI #2

Figure 1. A schematic representation of an experimental setup for Kr gas impurity seeding experiment
in LHD .

2.2. LHD Plasma Behavior in Kr Seeding Experiment

Typical time evolution waveforms of different plasma parameters associated with the
Kr gas seeding experiment in LHD are presented in Figure 2, alongside the radial profiles
of the electron temperature and a density at 6.035 s. Figure 2a shows the injection patterns
of plasma heating to sustain the ignited plasma. For plasma generation, ECH is applied
over a duration of 3.2–3.4 s. Additionally, NBIs #1–2 and NBI #3 are engaged to sustain
the plasma from 3.3 to 5.3 s and 5.3 to 7.3 s, respectively, and NBIs #4–5 are injected over
a duration of 4.0–6.0 s. Kr gas is injected into the vacuum vessel as an external impurity
at 4.0 s for a duration of 50 ms to assess the behavior of different parameters within the
Kr-seeded experiment. The variation in total radiation power (Prad) and plasma stored
energy (Wp) is presented in Figure 2b, revealing a gradual increase in magnitude following
the Kr gas infusion. Notably, within this discharge, the effect of power modulation of NBIs
#4–5 is clearly discernible in the time evolution pattern of the Prad and Wp parameters.
Figure 2c provides insights into the behavior of the central electron temperature (Te0),
density (ne0), and line-averaged electron density (ne), suggesting that the injection of the
Kr gas does not deteriorate the plasma confinement. Emission lines from Na-like Kr ion are
observed at 6.035 s; thus, the radial profiles of the electron temperature (Te) and density
(ne) at 6.035 s are reported in Figure 2d. The Thomson Scattering (TS) diagnostic system in
LHD is utilized to measure the electron temperature and density profiles of a Kr gas-seeded
plasma along the major radius of LHD , specifically within a horizontally elongated section
that comprises 144 spatial points [34,36]. In the TS diagnostic setup, backscattered light
from each spatial point is meticulously collected using light collection optics, 144 optical
fibers, 144 polychromators, and a data acquisition system. This configuration enables us
to precisely observe the entire plasma region along the major radius. The analysis system
within this diagnostic setup provides precise values for Te and ne, each corresponding
to distinct spatial points. Subsequent typical errors associated with these parameters
are depicted in Figure 2d, highlighting variations specific to each light collection optic.
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However, the errors in the central electron temperature and density displayed in Figure 2c
are not estimated from the Thomson Scattering measurements. The errors in Te0 and ne0
represent the standard deviations resulting from the polynomial fitting of the electron
temperature and density profiles. Further details regarding the TS diagnostic system
installed in the LHD can be found in the work of Narihara et al. [34], and the estimation
of errors in the electron temperature and density profiles is discussed in the study by
Funaba et al. [36].
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Figure 2. Typical time evolution waveforms of various parameters in the Kr gas puff experiment
(#181038): (a) heating power of ECH and NBIs #1–5 and Kr gas puff time period; (b) total radiation
power (Prad) and plasma stored energy (Wp); (c) central electron temperature (Te0), density (ne0),
and line-averaged electron density (ne); (d) radial profiles of electron temperature (Te) and density
(ne) at 6.035 s.

3. Relativistic Theoretical Calculation Considerations

The calculation of electron impact excitation of Kr25+ ion is initiated with the require-
ment of reliable initial and final bound-state wave functions in order to obtain the excitation
energies and transition parameters, such as transition probabilities and oscillator strengths.
The representation of multiconfiguration bound-state wave functions is approximated
using an Atomic State Function (ASF) [37]. This ASF is mathematically expressed as the
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linear expansion over the basis states (also referred to as Configuration State Functions
(CSFs)) with the same symmetries in angular momentum (J) and parity (P), as follows:

Ψ(PJM) =
N

∑
i=1

ciΦi(PJM) (1)

Here, Φi shows the contribution of CSFs along with their mixing coefficients ci via
linear expansion up to the total number of CSFs (N) included in the calculation, while
the argument (PJM) gives the information of respective CSFs in terms of parity (P), total
angular momentum (J), and their z-component (M). These CSFs are represented as antisym-
metric sums of the product of N one electron Dirac spinors. However, attaining precision
in the ASF is an intricate endeavor that necessitates meticulous consideration of a sub-
stantial number of CSFs and their correlation effects during the computation process. The
monitoring of CSFs’ contributions is performed through the associated mixing coefficients.
The RMCDHF method, along with the RCI method provided within GRASP2018 and the
RMBPT and RCI methods integrated into the FAC, were employed to calculate the wave
functions of the initial and final states. Further details regarding the computation of these
wave functions are discussed in Section 4.

The EIE cross-sections of the Kr25+ ion from its ground state and excited states are
calculated using the RDW method. Detailed information on the RDW method is available
in previous articles [26,38,39]. Here, the calculation of the linked T-matrix for the transition
from the lower state |Jl Ml µl〉 to the upper state |Ju Mu µu〉 involves the incorporation of
the initial and final bound-state wave functions obtained from the RCI method of FAC,
and the associated T-matrix expression can be written as follows [40,41] (atomic units are
used throughout):

TRDW
l→u (Ju Mu,~kuµu; Jl Ml ,~klµl , θ) = 〈Φrel

u (1,2,. . . ,N)FDW−
u,µu (~ku, N+1)|V −U f |

× AΦrel
l (1,2,. . . ,N)FDW+

l,µl
(~kl , N+1)〉 (2)

The EIE cross-sections for the considered fine structure transitions from the ground
state to upper excited states, as well as among the excited states at a specific projectile
electron energy (E), can be obtained using the following expression [40]:

σex
lu =

2π2

(2Jl + 1)
ku

kl
∑

Muµu Ml µl

∫
|TRDW

l→u (Ju, Mu,~ku, µu; Jl , Ml ,~kl , µl , θ)|2dΩ (3)

The symbols and notations used in Equations (2) and (3) have their usual meanings.
The symbols Φrel

l and Φrel
u denote the relativistic bound-state wave functions of the Kr25+

ion in the lower state (l) and the upper state (u), with position coordinates (1, 2, ..., N) with
respect to the nucleus. Jl/u and Ml/u indicate the total angular momentum quantum number

and its associated magnetic quantum number in the respective states. The notation FDW+(−)
l/u,µl/u

represents the distorted wave functions of the incoming (outgoing) projectile electron, with
position coordinate (N + 1) with respect to the nucleus, and the sign +/− refers to the
incoming and outgoing waves. Here, the symbols µl and µu are the spin projections of
the incident and scattered electrons, and θ is the angle between their wavevectors (~kl/u).
The antisymmetric operator ’A’ takes into account the effect of the exchange of projectile
electrons with the bound electrons of Kr25+ ion . ’V’ represents the Coulomb interaction
potential due to the interaction between the projectile electron and the Kr25+ ion, and
’U’ refers to the distortion potential, which depends only on the radial coordinates of the
projectile electron.

To appropriately integrate the electron impact excitation process into a suitable plasma
model, the necessary excitation rate coefficients can be derived using the computed EIE
cross-sections and calculated using the following expression [40,42]:
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Rex
lu =

√
2
∫ ∞

Elu

σex
lu (E)

√
E f (E)dE (4)

Here, Elu denotes the excitation threshold energy of a particular fine structure transi-
tion from the lower level to the upper level. σex

lu signifies the associated EIE cross-section
computed at varying incident electron energies, referred to as E. Further, the symbol f (E)
represents the Electron Energy Distribution Function (EEDF), and it is considered to be a
Maxwellian distribution in the present study.

4. Results and Discussion

4.1. Relativistic Multiconfiguration Wave Functions of Kr25+ Ion

As we know, the electronic configuration of Kr25+ is 1s22s22p63s in non-relativistic
notation. In the calculation, the 1s orbital has been designated as the core orbital, while
the 2s, 2p, and 3s orbitals serve as the peel orbitals. In the present RMCDHF-RCI compu-
tation, we considered 39 fine structure levels of different excited states, all of which are
associated with the selected multi-reference configurations. In the initial approximation,
the 2p63l1(1 ≤ l1 ≤ 2) and 2p6nl(4 ≤ n ≤ 7 and 0 ≤ l ≤ 4) configurations are referred
to as multi-reference configurations with up to 7l (0 ≤ l ≤ 4) spectroscopic orbitals. The
wave function calculation is initialized using the CSFs generated with the considered MR
configurations. Here, a simultaneous calculation was carried out using the considered
even and odd parities MR configurations for the reference wave functions and energy
levels using the GRASP 2018 code [24]. In this case, the electron correlation within the MR
configurations is incorporated through the RMCDHF-RCI computations and the resulting
values of excitation energies are denoted as Dirac–Fock (EDF) and are reported in Table 1.
For further refinements in the calculation, an active set approach was employed, and a
deliberate expansion of the active set was systematically undertaken to accommodate the
electron correlation effects. In this connection, principal quantum number 8 orbitals, such
as 8l (where l = 0–4; l is an orbital quantum number), were incorporated as a layer of
correlation orbitals in the calculation to correct the reference CSFs. Moreover, valence–
valence and core–valence correlations via Single Double (SD) excitation were also included,
which led to the generation of a large number of CSFs [21,22] for both even and odd
configurations. Specifically, the even set of configurations yielded 2,205,128 CSFs, while
the odd set of configurations contributed 1,570,415 CSFs to the overall calculation. A fine
structure splitting within excited states was observed as well due to the size of Kr25+ ion
and important relativistic effects. Therefore, the layers of further correlation orbitals and
triple excitation are not included in the calculation due to the limitation of the available
computational facility. However, relativistic corrections such as transverse photon interac-
tion, vacuum polarization, and self-energy are implemented through the RCI calculation.
The excitation energies of the fine structure levels computed from this method are termed as
ERMCDHF-RCI and reported in Table 1. Further, the convergence of these multiconfiguration
wave functions is tested by comparing the excitation energies available for the fine structure
levels in the NIST database (ENIST) [27] and reported by Rathi et al. [28]. Moreover, the
radiative transition rates (ARMCDHF-RCI) and weighted oscillator strengths (gfosc

RMCDHF-RCI)
of the dipole-allowed transitions are obtained utilizing the transformed initial and final
state wave functions and are reported in Table 2.

An additional EIE calculation of Kr25+ ion was performed for the atomic structure
and electron collision parameters to develop a suitable CR model for the interpretation
of spectroscopic measurement in the Kr gas seeding experiment. In this set, we uti-
lized the RCI method integrated within the FAC [25]. The considerations encompass
a range of excited state configurations such as 2p63l1(1 ≤ l1 ≤ 2), 2p64l2(0 ≤ l2 ≤ 3),
2p6n1l3(5 ≤ n1 ≤ 7 and 0 ≤ l3 ≤ 4), 2p53s3l1(1 ≤ l1 ≤ 2), 2p53sn2l4(4 ≤ n2 ≤ 6
and 0 ≤ l4 ≤ 2), 2p53l21(1 ≤ l1 ≤ 2), 2p53p3d, and 2p53p4l4(0 ≤ l4 ≤ 2). To ensure the
consistency of this FAC-RCI calculation, we expanded the atomic-ion structure calculations
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by employing the second-order RMBPT method to obtain precise excitation energies and
transition parameters. In the RMBPT and FAC-RCI calculations, we incorporated 385 fine
structure levels for the considered configurations. The RMBPT method is based on an
approximation of the Dirac–Coulomb–Breit (DCB) Hamiltonian as HDCB = HDC + HBreit;
a detailed description of the method is explained in Lindgren [43], Safronova et al. [44],
Vikas et al. [45], and Gu [46,47].

Table 1. Excitation energies (in eV) of the fine structure levels of Kr25+ ion from the present FAC-RCI,
RMBPT, and RMCDHF-RCI calculations are listed and compared with the data available in the NIST
database [27], and are also contrasted with the theoretical values from Rathi et al. [28].

Configuration Term EFAC-RCI ERMBPT EMBPT [28] EDF ERMCDHF-RCI ERCI [28] ENIST [27]

2p63s 2S1/2 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
2p63p 2Po

1/2 56.2050 56.5208 56.4692 56.4755 56.3534 56.3054 56.3400
2p63p 2Po

3/2 69.1252 69.4334 69.3668 69.3860 69.2773 69.3022 69.2670
2p63d 2D3/2 144.431 144.618 144.447 144.558 144.486 144.198 144.340
2p63d 2D5/2 146.865 147.057 146.860 146.982 146.935 146.730 146.796
2p64s 2S1/2 556.622 556.809 556.763 556.542 556.932 556.919 557.15
2p64p 2Po

1/2 579.760 579.834 579.777 579.596 579.943 579.960 580.18
2p64p 2Po

3/2 584.912 584.986 584.926 584.751 585.101 585.130 585.280
2p64d 2D3/2 612.904 613.121 612.955 612.810 613.224 613.154 613.39
2p64d 2D5/2 613.977 614.197 614.025 613.886 614.309 614.259 614.46
2p64f 2Fo

5/2 627.860 627.832 627.948 627.613 628.121 628.135 628.270
2p64f 2Fo

7/2 628.285 628.257 628.372 628.041 628.550 628.568 628.710
2p65s 2S1/2 800.197 800.229 800.192 800.037 800.562 800.534 800.830
2p65p 2Po

1/2 811.722 811.765 811.697 811.539 812.043 812.074 812.340
2p65p 2Po

3/2 814.286 814.328 814.261 814.109 814.614 814.646 814.910
2p65d 2D3/2 827.936 827.999 827.893 827.754 828.293 828.278 828.550
2p65d 2D5/2 828.493 828.557 828.449 828.313 828.856 828.909 829.110
2p65f 2Fo

5/2 835.341 835.347 835.347 835.140 835.727 835.739 835.890
2p65f 2Fo

7/2 835.558 835.564 835.564 835.359 835.947 835.960 836.110
2p65g 2G7/2 836.397 836.399 836.435 836.142 836.781 836.807 837.020
2p65g 2G9/2 836.528 836.530 836.566 836.274 836.913 836.926 837.150
2p66s 2S1/2 928.199 928.226 928.127 928.080 928.664 928.716 928.910
2p66p 2Po

1/2 934.802 934.834 934.763 934.640 935.210 935.253 935.460
2p66p 2Po

3/2 936.256 936.288 936.222 936.101 936.672 936.708 936.930
2p66d 2D3/2 943.933 943.979 943.892 943.780 944.369 944.374 944.580
2p66d 2D5/2 944.256 944.303 944.216 944.105 944.697 944.852 944.910
2p66f 2Fo

5/2 948.155 948.174 948.140 947.991 948.608 948.629 948.840
2p66f 2Fo

7/2 948.281 948.299 948.266 948.118 948.736 948.758 948.970
2p66g 2G7/2 948.818 948.826 948.812 948.629 949.274 949.300 -
2p66g 2G9/2 948.894 948.902 948.888 948.705 949.350 949.369 -
2p67s 2S1/2 1003.78 1003.81 1003.75 1003.68 1004.29 1004.39 -
2p67p 2Po

1/2 1007.89 1007.92 1007.85 1007.75 1008.36 1008.45 -
2p67p 2Po

3/2 1008.80 1008.82 1008.76 1008.66 1009.27 1009.30 -
2p67d 2D3/2 1013.54 1013.58 1013.51 1013.41 1014.03 1014.11 -
2p67d 2D5/2 1013.74 1013.78 1013.71 1013.62 1014.24 1014.25 -
2p67f 2Fo

5/2 1016.18 1016.20 1016.16 1016.04 1016.67 1016.70 -
2p67f 2Fo

7/2 1016.26 1016.28 1016.23 1016.12 1016.75 1016.78 -
2p67g 2G7/2 1016.61 1016.62 1016.59 1016.46 1017.11 1017.12 -
2p67g 2G9/2 1016.66 1016.67 1016.64 1016.51 1017.16 1017.18 -

2p6 1S0 1204.56 1204.58 - - - - 1205.23
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Table 2. Weighted oscillator strengths (gfosc) and transition probabilities (A) (in s−1) of various
dipole-allowed transitions obtained from FAC-RCI, RMBPT, and RMCDHF-RCI methods are listed.

Upper-Level
j j-Coupling

Lower-Level
j j-Coupling gfosc

FAC−RCI gfosc
RMBPT gfosc

RMCDHF−RCI AFAC−RCI ARMBPT ARMCDHF−RCI

2p63po
1/2 2p63s1/2 1.6800× 10−1 1.6723× 10−1 1.6669× 10−1 1.1514× 1010 1.1591× 1010 1.1485× 1010

2p63po
3/2 2p63s1/2 4.1999× 10−1 4.1775× 10−1 4.1665× 10−1 2.1770× 1010 2.1847× 1010 2.1692× 1010

2p64po
1/2 2p63s1/2 1.9675× 10−1 2.0376× 10−1 2.0343× 10−1 1.4348× 1012 1.4863× 1012 1.4844× 1012

2p64po
3/2 2p63s1/2 3.4912× 10−1 3.6240× 10−1 3.6199× 10−1 1.2957× 1012 1.3453× 1012 1.3443× 1012

2p65po
1/2 2p63s1/2 5.7760× 10−2 5.9464× 10−2 5.8522× 10−2 8.2570× 1011 8.5015× 1011 8.3726× 1011

2p65po
3/2 2p63s1/2 1.0600× 10−1 1.0941× 10−1 1.0775× 10−1 7.6248× 1011 7.8705× 1011 7.7569× 1011

2p66po
1/2 2p63s1/2 2.6200× 10−2 2.7142× 10−2 2.6117× 10−2 4.9673× 1011 5.1463× 1011 4.9559× 1011

2p66po
3/2 2p63s1/2 4.8648× 10−2 5.0568× 10−2 4.8677× 10−2 4.6260× 1011 4.8089× 1011 4.6329× 1011

2p67po
1/2 2p63s1/2 1.4619× 10−2 1.5562× 10−2 1.4245× 10−2 3.2220× 1011 3.4302× 1011 3.1424× 1011

2p67po
3/2 2p63s1/2 2.7277× 10−2 2.9222× 10−2 2.6703× 10−2 3.0113× 1011 3.2262× 1011 2.9508× 1011

2p64po
1/2 2p63d3/2 1.0235× 10−1 1.0414× 10−1 1.0425× 10−1 4.2892× 1011 4.2800× 1011 4.2895× 1011

2p64po
3/2 2p63d3/2 1.8022× 10−2 1.8342× 10−2 1.8370× 10−2 3.7933× 1010 3.8587× 1010 3.8688× 1010

2p64po
1/2 2p64s1/2 2.5063× 10−1 2.4741× 10−1 2.4790× 10−1 2.9111× 109 2.8456× 109 2.8479× 109

2p64po
3/2 2p63d5/2 1.6687× 10−1 1.6971× 10−1 1.8370× 10−1 3.4736× 1011 3.5307× 1011 3.8688× 1011

2p64po
3/2 2p64s1/2 6.1906× 10−1 6.1171× 10−1 6.1307× 10−1 5.3747× 109 5.2682× 109 5.2773× 109

2p63d3/2 2p63po
1/2 3.9880× 10−1 3.9562× 10−1 3.9539× 10−1 3.3675× 1010 3.3309× 1010 3.3316× 1010

2p63d3/2 2p63po
3/2 6.8053× 10−2 6.7499× 10−2 6.7462× 10−2 4.1865× 109 4.1392× 109 4.1395× 109

2p63d5/2 2p63po
3/2 6.3635× 10−1 6.3127× 10−1 6.3097× 10−1 2.7813× 1010 2.7508× 1010 2.7519× 1010

2p64s1/2 2p63po
1/2 1.0968× 10−1 1.0818× 10−1 1.0740× 10−1 5.9594× 1011 5.8749× 1011 5.8388× 1011

2p64s1/2 2p63po
3/2 2.4840× 10−1 2.4511× 10−1 2.4364× 10−1 1.2808× 1012 1.2632× 1012 1.2570× 1012

2p64d3/2 2p63po
1/2 7.7394× 10−1 7.7337× 10−1 7.7109× 10−1 2.6019× 1012 2.5991× 1012 2.5939× 1012

2p64d3/2 2p63po
3/2 1.6707× 10−1 1.6686× 10−1 1.6644× 10−1 5.3593× 1011 5.3507× 1011 5.3422× 1011

2p64d5/2 2p63po
3/2 1.4795× 100 1.4776× 100 1.4739× 100 3.1763× 1012 3.1714× 1012 3.1664× 1012

2p64d5/2 2p64po
3/2 1.0422× 100 1.0413× 100 1.0429× 100 6.3672× 109 6.4260× 109 6.4332× 109

2p64fo
5/2 2p63d3/2 3.7672× 100 3.7192× 100 3.7088× 100 6.3671× 1012 6.2804× 1012 6.2731× 1012

2p64fo
5/2 2p63d5/2 2.7030× 10−1 2.6688× 10−1 2.6616× 10−1 4.5224× 1011 4.4613× 1011 4.4568× 1011

2p64fo
7/2 2p63d5/2 5.4016× 100 5.3327× 100 5.3195× 100 6.7902× 1012 6.6976× 1012 6.6925× 1012

2p65s1/2 2p63po
1/2 2.4007× 10−2 2.3596× 10−2 2.2902× 10−2 2.8831× 1011 2.8315× 1011 2.7520× 1011

2p65s1/2 2p63po
3/2 5.2831× 10−2 5.2310× 10−2 5.0624× 10−2 6.1262× 1011 6.0612× 1011 5.8737× 1011

2p65po
1/2 2p63d3/2 1.7988× 10−2 1.8635× 10−2 1.8469× 10−2 1.7377× 1011 1.7995× 1011 1.7856× 1011

2p65po
1/2 2p64s1/2 2.1729× 10−1 2.1910× 10−1 2.1854× 10−1 3.0679× 1011 3.0900× 1011 3.0858× 1011

2p65po
3/2 2p63d3/2 3.2346× 10−3 3.3520× 10−3 3.3233× 10−3 1.5744× 1010 1.6309× 1010 1.6189× 1010

2p65po
3/2 2p63d5/2 2.9682× 10−2 3.0719× 10−2 3.0596× 10−2 1.4343× 1011 1.4837× 1011 1.4796× 1011

2p65po
3/2 2p64s1/2 3.8140× 10−1 3.8496× 10−1 3.8393× 10−1 2.7469× 1011 2.7694× 1011 2.7655× 1011

2p65d3/2 2p63po
1/2 2.2583× 10−1 2.2407× 10−1 2.2117× 10−1 1.4590× 1012 1.4467× 1012 1.4297× 1012

2p65d3/2 2p63po
3/2 4.7050× 10−2 4.6625× 10−2 4.6082× 10−2 2.9388× 1011 2.9104× 1011 2.8799× 1011

2p65d5/2 2p63po
3/2 4.1977× 10−1 4.1603× 10−1 4.1133× 10−1 1.7505× 1012 1.7338× 1012 1.7163× 1012

2p65fo
5/2 2p63d3/2 6.6522× 10−1 6.5090× 10−1 6.4464× 10−1 2.2964× 1012 2.2459× 1012 2.2275× 1012

2p65fo
5/2 2p63d5/2 4.7309× 10−2 4.6302× 10−2 4.5868× 10−2 1.6217× 1011 1.5863× 1011 1.5737× 1011

2p65fo
7/2 2p63d5/2 9.4927× 10−1 9.2872× 10−1 9.2039× 10−1 2.4420× 1012 2.3879× 1012 2.3699× 1012

2p66s1/2 2p63po
1/2 1.0125× 10−2 9.9558× 10−3 9.1989× 10−3 1.6703× 1011 1.6413× 1011 1.5186× 1011

2p66s1/2 2p63po
3/2 2.1943× 10−2 2.1559× 10−2 2.0164× 10−2 3.5135× 1011 3.4497× 1011 3.2310× 1011

2p66po
1/2 2p63d3/2 6.7892× 10−3 7.1053× 10−3 6.8781× 10−3 9.2015× 1010 9.6262× 1010 9.3303× 1010

2p66po
1/2 2p64s1/2 6.4910× 10−2 6.5733× 10−2 6.4098× 10−2 2.0141× 1011 2.0380× 1011 1.9899× 1011

2p66po
3/2 2p63d3/2 1.2278× 10−3 1.2863× 10−3 1.2439× 10−3 8.3510× 109 8.7457× 109 8.4683× 109

2p66po
3/2 2p63d5/2 1.1160× 10−2 1.1666× 10−2 1.1414× 10−2 7.5439× 1010 7.8833× 1010 7.7229× 1010

2p66po
3/2 2p64s1/2 1.1799× 10−1 1.1962× 10−1 1.1660× 10−1 1.8447× 1011 1.8687× 1011 1.8241× 1011

2p66d3/2 2p63po
1/2 1.0135× 10−1 1.0042× 10−1 9.7011× 10−2 8.6642× 1011 8.5799× 1011 8.2985× 1011

2p66d3/2 2p63po
3/2 2.0799× 10−2 2.0576× 10−2 1.9946× 10−2 1.7267× 1011 1.7072× 1011 1.6569× 1011

2p66d5/2 2p63po
3/2 1.8604× 10−1 1.8410× 10−1 1.7846× 10−1 1.0304× 1012 1.0190× 1012 9.8906× 1011

2p66fo
5/2 2p63d3/2 2.4226× 10−1 2.3571× 10−1 2.3082× 10−1 1.1317× 1012 1.1007× 1012 1.0793× 1012

2p66fo
5/2 2p63d5/2 1.7164× 10−2 1.6703× 10−2 1.6370× 10−2 7.9703× 1010 7.7529× 1010 7.6086× 1010

2p66fo
7/2 2p63d5/2 3.4491× 10−1 3.3545× 10−1 3.2877× 10−1 1.2015× 1012 1.1681× 1012 1.1464× 1012
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In the FAC, the RMBPT approach entails the division of the Hilbert space of the system
into two distinct subspaces: a model space specified as M and an orthogonal space referred
to as O. The effect of states beyond the M space is conventionally considered through a
perturbation expansion and included as part of the non-Hermitian effective Hamiltonian.
The correct eigenvalues of the Dirac–Coulomb–Breit Hamiltonian can be ascertained by
solving the eigenvalue problem corresponding to the total effective Hamiltonian. Here,
the M space encompasses a meticulous inclusion of configuration interaction effects, and
the interplay between the M and O spaces is accounted through the perturbation method.
In the method, the Breit interaction, along with the relevant QED corrections, is likewise
taken into account as well in the same manner as for the RMCDHF-RCI calculations. In the
present RMBPT calculation, all the possible considered configurations with the principal
quantum number 3 ≤ n ≤ 7 and the orbital quantum number 0 ≤ l ≤ 4 are part of M
space for Kr25+ ion . While configurations in O space are the possible contribution from
the single and double excitations of configurations in M space, the maximum values of
the related quantum numbers in these SD excited configurations are [n]S ≤ 125, [n]D ≤ 65,
and [l]S, D ≤ 20. Present RMBPT and FAC-RCI calculations were performed using the eight
processors mode in the parallelized version of the FAC, i.e., FAC 1.1.5 [25].

The excitation energies obtained from the FAC-RCI, RMBPT, and RMCDHF-RCI
methods are meticulously compared with the data sourced from the NIST database [27]
and the findings reported by Rathi et al. [28], and these results are reported in Table 1. In
the initial approximation of the RMCDHF-RCI method, the excitation energies computed
from the MR configurations are presented as preliminary values in Table 1, designated as
EDF. The average difference between these EDF values and the NIST database is 0.638 eV.
For further precision in excitation energy, a layer of correlation orbitals was integrated
into the calculation, extending it to double excitation. This extension resulted in the
generation of 2,205,128 CSFs for the even set of configurations and 1,570,415 CSFs for the
odd set of configurations. This calculation significantly improved the excitation energy
values and reduced the average energy difference between the ERMCDHF-RCI and the NIST
database from 0.638 eV to 0.192 eV. The average relative percentage also decreased from
0.106% to 0.032% for ERMCDHF-RCI in relation to the NIST values. As a result, remarkable
convergence was achieved in RMCDHF-RCI calculations concerning the NIST values.
Nevertheless, the results for excitation energies corresponding to the fine structure levels of
the 2p63p excited state displayed substantial improvement, with the relative percentage
decreasing from 0.240% to 0.023% for the 2p63p2Po

1/2 level and from 0.17% to 0.01% for the
2p63p2Po

3/2 level. Moreover, the results obtained from the FAC-RCI and RMBPT methods
demonstrate that the average difference in excitation energies relative to the NIST values
is nearly identical, at approximately 0.67 eV. The average relative percentage from these
two approaches is notably small, obtaining a mere 0.055%, closely resembling the precision
exhibited by the RMCDHF-RCI method, as discussed above. In addition, the FAC-RCI
calculation displays an average difference of 0.358 eV when compared with RMCDHF-RCI,
signifying the effectiveness of our FAC-RCI calculations. However, the average difference
between FAC-RCI and RMBPT, which is 0.062 eV, further underscores the consistency of
our relativistic calculations across various methodologies. The comparison of excitation
energies obtained from different relativistic methods with the NIST values reveals a strong
convergence, indicating an overall excellent agreement with the NIST ASD [27] and the
work of Rathi et al. [28]. This excellent agreement contributes to establishing the reliability
of our wave functions and supports their utility in the context of atomic ion structure and
electron-ion collision parameters determined in this study. Here, it is worth mentioning
that we employed jj-coupling throughout the calculation to describe the fine structure
states of the considered configurations. Nevertheless, for the sake of reader convenience
and simplicity, the energy levels presented in Table 1 are described using LS-coupling.
Moreover, Table 2 provides the weighted oscillator strengths and transition rates for fine
structure transitions calculated using the RMCDHF-RCI, FAC-RCI, and RMBPT methods
within the framework of GRASP 2018 and FAC. The wavelengths of various dipole-allowed
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transitions, computed through these theoretical methods, are compared with the NIST
database [27] and presented in Table 3. These findings not only validate the suitability of
our calculations for the forthcoming electron-ion collision investigations but also accentuate
their potential applicability.

Table 3. Wavelengths (in nm) of Na-like Kr ion calculated from the FAC-RCI, RMBPT, and RMCDHF-
RCI methods are listed in columns labeled as λFAC-RCI, λRMBPT, and λRMCDHF-RCI, respectively. The
reported wavelengths from different methods are compared with the data available in the NIST
database [27].

Transition
j j-Coupling λNIST [27] λFAC-RCI λRMBPT λRMCDHF-RCI Transition λNIST [27] λFAC-RCI λRMBPT λRMCDHF-RCI

3po
1/2↪→3s ∗

1/2 22.0064 22.0590 21.9360 21.9510 5po
3/2↪→3d5/2 - 1.8577 1.8581 1.8570

3po
3/2↪→3s1/2 17.8994 17.9360 17.8570 17.8670 5po

3/2↪→4s1/2 4.811 4.8119 4.8146 4.8126
4po

1/2↪→3s1/2 2.1369 2.1385 2.1383 2.1379 5d3/2↪→3po
1/2 1.607 1.6066 1.6071 1.6062

4po
3/2↪→3s1/2 2.1185 2.1197 2.1194 2.1190 5d3/2↪→3po

3/2 - 1.6339 1.6345 1.6335
5po

1/2↪→3s1/2 - 1.5274 1.5273 1.5268 5d5/2↪→3po
3/2 1.634 1.6327 1.6333 1.6323

5po
3/2↪→3s1/2 1.5210 1.5226 1.5225 1.5220 5fo

5/2↪→3d3/2 1.794 1.7945 1.7950 1.7937
6po

1/2↪→3s1/2 - 1.3263 1.3263 1.3257 5fo
5/2↪→3d5/2 - 1.8009 1.8013 1.8800

6po
3/2↪→3s1/2 - 1.3243 1.3242 1.3237 5fo

7/2↪→3d5/2 - 1.8003 1.8008 1.7995
7po

1/2↪→3s1/2 - 1.2301 1.2301 1.2296 6s1/2↪→3po
1/2 - 1.4218 1.4223 1.4213

7po
3/2↪→3s1/2 - 1.2290 1.2290 1.2285 6s1/2↪→3po

3/2 - 1.4432 1.4437 1.4427
4po

1/2↪→3d3/2 - 2.8481 2.8488 2.8472 6po
1/2↪→3d3/2 - 1.5687 1.5690 1.5680

4po
3/2↪→3d3/2 - 2.8147 2.8155 2.8139 6po

1/2↪→4s1/2 - 3.2784 3.2798 3.2776
4po

1/2↪→4s1/2 - 53.5850 53.8490 53.8810 6po
3/2↪→3d3/2 - 1.5658 1.5661 1.5651

4po
3/2↪→3d5/2 - 2.8304 2.8311 2.8139 6po

3/2↪→3d5/2 - 1.5706 1.5709 1.5700
4po

3/2↪→4s1/2 - 43.8260 44.0030 44.0710 6po
3/2↪→4s1/2 - 3.2659 3.2672 3.2650

3d3/2↪→3po
1/2 14.0891 14.0530 14.0730 14.0680 6d3/2↪→3po

1/2 - 1.3966 1.3971 1.3962
3d3/2↪→3po

3/2 16.5160 16.4640 16.4910 16.4850 6d3/2↪→3po
3/2 - 1.4173 1.4177 1.4168

3d5/2↪→3po
3/2 15.9920 15.9480 15.9720 15.9660 6d5/2↪→3po

3/2 - 1.4167 1.4172 1.4163
4s1/2↪→3po

1/2 2.4766 2.4776 2.4783 2.4768 6fo
5/2↪→3d3/2 - 1.5426 1.5429 1.5419

4s1/2↪→3po
3/2 2.5416 2.5433 2.5439 2.5425 6fo

5/2↪→3d5/2 - 1.5473 1.5476 1.5466
4d3/2↪→3po

1/2 2.2257 2.2271 2.2275 2.2265 6fo
7/2↪→3d5/2 - 1.5471 1.5474 1.5464

4d3/2↪→3po
3/2 - 2.2801 2.2804 2.2794 7s1/2↪→3po

1/2 - 1.3084 1.3088 1.3079
4d5/2↪→3po

3/2 2.2743 2.2756 2.2759 2.2748 7s1/2↪→3po
3/2 - 1.3265 1.3269 1.3260

4d5/2↪→4po
3/2 - 42.6590 42.4440 42.4540 7po

1/2↪→3d3/2 - 1.4359 1.4362 1.4352
4fo

5/2↪→3d3/2 2.5621 2.5647 2.5658 2.5638 7po
1/2↪→4s1/2 - 2.7474 2.7484 2.7465

4fo
5/2↪→3d5/2 - 2.5777 2.5788 2.5767 7po

3/2↪→3d3/2 - 1.4344 1.4347 1.4337
4fo

7/2↪→3d5/2 2.5728 2.5754 2.5766 2.5744 7po
3/2↪→3d5/2 - 1.4384 1.4387 1.4378

5s1/2↪→3po
1/2 - 1.6665 1.6671 1.6660 7po

3/2↪→4s1/2 - 2.7419 2.7429 2.7410
5s1/2↪→3po

3/2 - 1.6959 1.6966 1.6954 7fo
5/2↪→3d3/2 - 1.4222 1.4225 1.4215

5po
1/2↪→3d3/2 - 1.8580 1.8584 1.8573 7fo

5/2↪→3d5/2 - 1.4262 1.4265 1.4255
5po

1/2↪→4s1/2 4.859 4.8602 4.8630 4.8600 7fo
7/2↪→3d5/2 - 1.4261 1.4264 1.4254

5po
3/2↪→3d3/2 - 1.8509 1.8513 1.8502

* The orbital 2p6 is common in the upper and lower levels of the transitions; hence, it is omitted in column 1.

4.2. Electron Impact Excitation Cross-Section for Kr25+ Ion

In this section, we present the electron impact excitation cross-sections for various
transitions among the fine structure levels within Kr25+ ion . In the calculation, the relativis-
tic bound-state wave functions, generated through the FAC-RCI method, are incorporated
in the formulation of the T-matrix for the meticulous computation of EIE cross-sections.
Figure 3a–f display the EIE cross-sections for the transitions from the ground state, i.e.,
2p63s(2S1/2), to the upper fine structure levels, including the 2p63l1 (where 1 ≤ l1 ≤ 2),
2p64l2, 2p65l2, 2p66l2, and 2p67l2 (where 0 ≤ l2 ≤ 2) excited states. In Kr25+ ion , any
2p6n1s state (where 3 ≤ n1 ≤ 7) possesses a single fine structure state, whereas 2p6n2p and
2p6n2d excited states (where 3 ≤ n2 ≤ 7) possess two fine structure states.

In Figure 3a,b, we present the electron impact excitation cross-sections from the ground
state (2p63s) to the 2p63p and 2p63d excited states. In these transitions, the ground state of
the Kr25+ ion exhibits even parity, while the 2p63p and 2p63d excited states possess odd
and even parities, respectively. Subsequently, the excitation from the 2p63s state to the
2p63p state represents the dipole-allowed transitions, whereas the excitation from the 2p63s
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state to the 2p63d signifies the dipole-forbidden transitions. In Figure 3a,b, we depict the
EIE cross-sections for both dipole-allowed transitions (2p63s1/2 − 2p63po

1/2 and 2p63s1/2 −
2p63po

3/2) and forbidden transitions (2p63s1/2 − 2p63d3/2 and 2p63s1/2 − 2p63d5/2) as a
function of incident electron energies, ranging from the excitation threshold to 21 keV.
The characteristics of the cross-section curves for the 2p63p and 2p63d configurations are
alike, with notable differences: the cross-sections for the dipole-allowed transitions are
notably higher, by two orders of magnitude, compared with the forbidden transitions
depicted in Figure 3b. Further, it is evident that as the incident electron energy increases,
the cross-section values for the forbidden transitions decrease more rapidly when compared
with the dipole-allowed transitions. The connection between the magnitude of the cross-
sections and the specific total angular momentum (J) values associated with fine structure
transitions becomes apparent when examining Figure 3a,b. The EIE cross-sections for
the dipole-allowed transitions with higher angular momentum J values are of greater
magnitude, and a similar trend is observed for the forbidden transitions. Additionally, it is
worth noting that the cross-sections exhibit a decrement pattern relative to changes in total
angular momentum J, following the order as ∆J = 1 > 0 in Figure 3a and ∆J = 2 > 1 in
Figure 3b.

In examining Figure 3c–f, the EIE cross-section curves provide insight into transitions
originating from the ground state to the fine structure levels of the 2p64l2, 2p65l2, 2p66l2, and
2p67l2 (where 0 ≤ l2 ≤ 2) excited states. An observable consistent pattern emerges, wherein
the magnitude of the cross-section curves experiences a decline connected with the increase
in both the principal quantum number and corresponding excitation energies. To provide
a clearer representation of the cross-sections for transitions leading to the 2p64l2, 2p65l2,
2p66l2, and 2p67l2 (where l2 = 0 and 2) excited states, we undertook scaling, employing
the values delineated in Figure 3c–f. Here, it is worth emphasizing that, in line with our
previous observations in Figure 3a,b, the cross-sections associated with the forbidden
transitions demonstrate a considerably steeper decline compared with the dipole-allowed
transitions. This behavior persists with respect to total angular momentum J and changes
in angular momentum (∆J) within Figure 3c–f. Following the order delta ∆J = 1 > 0
and ∆J = 2 > 1 in Figure 3c–f for the transition leads to 2p64l2, 2p65l2, 2p66l2, and 2p67l2,
corresponding to distinct orbital angular momentum values of 1 and 2 , respectively.

Moreover, we present the results of the excitation rate coefficients for transitions
originating from the ground state to the 2p63p and 2p63d excited states calculated using
Equation (4), illustrated in Figure 4a,b, with due consideration to the electron temper-
ature. The behavior observed in the EIE rate coefficient curves aligns as expected and
is of a general nature. Specifically, these rates exhibit a propensity to increase and then
become nearly flat as the electron temperature increases, a trend readily explicable by
tracking the profile of the Maxwellian electron energy distribution function in relation to
the temperature variation. Here, in the case of 2p63s1/2 − 2p63po

1/2, 2p63s1/2 − 2p63po
3/2,

2p63s1/2 − 2p63d3/2, and 2p63s1/2 − 2p63d5/2 transitions, the excitation rates demonstrate
an increase in the magnitude with rising electron temperature, extending up to 100 eV.
Beyond this temperature range, the rate coefficients associated with these transitions main-
tain a relatively consistent profile up to 600 eV. Moreover, the EIE rate coefficient results
regarding the transition from the ground state to the 2p64l2, 2p65l2, 2p66l2, and 2p67l2
(where 0 ≤ l2 ≤ 2) excited states are presented in Figure A1 of Appendix A.

In addition, we have also compiled the EIE cross-section results, and these include the
fine structure transitions among the 2p63l1 (where 1 ≤ l1 ≤ 2), 2p64l2 (with 0 ≤ l2 ≤ 3), and
2p6n1l3 (where 5 ≤ n1 ≤ 7 and 0 ≤ l3 ≤ 2) excited states. The calculated EIE cross-section
of these transitions covers a wide range of incident electron energies from the excitation
threshold to 21 keV, and corresponding results are presented in Figures A2 and A3 of
Appendix A. The variations in the magnitudes of these cross-sections depend upon multiple
factors, including the essential characteristics of the transition, such as variations in the
principal quantum number, orbital angular momentum, total angular momentum, parities
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respective to the initial and final states of the transitions, nature of the transition, etc., as
discussed for Figure 3a,b.
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Figure 3. (a–f) EIE cross-sections (m2) as a function of incident electron energy (in eV) for the
excitation from the ground state (2p63s) to the fine structure levels of the 2p63p, 2p63d, 2p64l2, 2p65l2,
2p66l2, and 2p67l2 (where 0 ≤ l2 ≤ 2) excited states of Kr25+ ion .
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Figure 4. (a,b) EIE rate coefficients (m3/s) as a function of electron temperature (eV) for the excitation
from the ground state (2p63s) to the fine structure levels of the 2p63p and 2p63d configurations of
Kr25+ ion .

5. Collisional-Radiative Model

In this section, we discuss the development of a suitable collisional-radiative model
tailored for generating the theoretical synthetic spectrum within the context of the Kr gas
impurity seeding experiment in LHD . In the present CR model, we incorporated the fine
structure levels of various excited states, including 2p63p, 2p63d, 2p64l1(0 ≤ l1 ≤ 3), 2p65l2,
2p66l2, and 2p67l2 (0 ≤ l2 ≤ 4), along with the ground state of Kr25+ and Kr26+ ions. For
the sake of simplicity, 39 fine structure levels of the Kr25+ ion responsible for line emissions
in the EUV wavelength region are illustrated through the Grotrian diagram from the NIST
database [27] and presented in Figure 5, and their excitation energies relative to the ground
state are also provided in Table 1. Here, we monitored the distribution of population density
among the considered fine structure levels by tracking their population and depopulation
through different collisional and radiative processes occurring in the plasma environment.
To achieve this, we included relevant population transfer kinetic processes such as electron
impact excitation, de-excitation, ionization, three-body recombination, and radiative decay
in the CR model, and these involved processes are listed below:

1. Electron impact excitation and de-excitation
e−incident + Kr25+(l)↔ e−scattered + Kr25+∗(u).

2. Electron impact ionization and three-body recombination
e−incident + Kr25+(l)↔ Kr26+ + e−scattered + e−ejected.

3. Spontaneous radiative decay
Kr25+(l)↔ Kr25+(u) + hνlu.

The rate balance equation for the population of an excited upper level (nu) is con-
structed using the processes defined above. This upper level (u) can be populated through
electron impact excitation and three-body recombination. Conversely, it can be depopu-
lated through reverse processes, such as de-excitation and ionization. Further, it can also be
populated and depopulated through the spontaneous radiative decay process, both from
the upper to lower levels.
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Figure 5. A partial energy level scheme of the Kr25+ ion, representing the lowest 39 energy levels
of various excited states relative to the ground state 2p63s(2S1/2), is presented using the Grotrian
diagram from the NIST database [27]. Line emissions from these levels in the EUV regions, within
the wavelength range of 1.2–54 nm, are highlighted with long gray-colored lines. Energy levels
associated with the even parity configurations are denoted with the gray lines, while the blue lines
represent the levels with odd parity configurations.

∑
l

l 6=u

kex
lu(Te)nlne + ∑

l>u
Alunl + nen+nek+u(Te)−∑

l
l 6=u

kde−ex
ul (Te)nune

− ∑
l<u

Aulnu − nuneku+(Te) = 0 (5)

In the above equation, the terms designated as positive and negative refer to the pro-
cesses associated with population and depopulation channels, respectively. The variables
ne and Te denote the electron density and electron temperature, while nl represents the state
population of the lth energy level. In the rate balance equation, we utilized our computed
radiative transition rates (Aul) for the decay from the upper energy level (u) to the lower
energy level (l) as provided in Table 2. Further, the temperature-dependent excitation rates,
denoted as ′klu

′ can be accurately calculated using the obtained EIE cross-sections and the
Maxwellian electron energy distribution function, as shown in Equation (4). However,
the de-excitation rates (kul) are integrated within the model through the detailed balance
principle and computed excitation cross-sections. Similar to the excitation rate coefficients,
the ionization rate coefficient (ku+) is determined using the ionization cross-section. We
computed the cross-section within the framework of the Distorted Wave (DW) approxima-
tion integrated within the FAC. The rate coefficient for three-body recombination (k+u) is
also obtained through calculations conducted using the FAC code.

Here, the solutions of rate balance equations yield the population distribution among
the fine structure levels within excited states encompassed by the CR model. Further, for
the theoretical emission line profiles, the computed state population density is utilized
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to derive the intensity (Iul) associated with a specific emission line corresponding to
the transition energy (Elu). The theoretical CR model intensities of the emission lines
originating from an upper level to any lower level (u → l) can be computed using the
Iul = Elu Aulnu expression. Here, these intensities are correlated with the population
distribution of the upper levels (nu). In this study, our initial calculation phase is focused on
generating Kr25+ ion within the complex LHD plasma environment. We based our selection
of electron temperature on research conducted by Dong et al. [48], which establishes a
correlation between ionization energy and the local electron temperature (TeZ). This
correlation is further expounded upon in the work of Dong et al. [48]. Our work adopts this
approximation, considering the electron temperature to be roughly half of the ionization
potential associated with the relevant charge state, resulting in TeZ/Ei ratios distributed
around one-half. Therefore, for the preliminary CR model calculation, we set the electron
temperature of 600 eV, approximately half of the ionization potential of Kr25+ ion (which is
1205.23 eV). Thereafter, we conducted a Kr gas impurity seeding experiment at an electron
density of 4× 1019 m−3, observing line emissions from Kr25+ during shot #181038 and
analyzed line emissions from Kr25+ ion at 6.035 s.

In the present work, we are studying the emission line profiles of Na-like Kr ion in
the EUV wavelength region. Specifically, we present the emission lines at wavelengths
of 22.00 nm, 17.89 nm, 16.51 nm, 15.99 nm, and 14.08 nm, respective to 2p63p(2Po

1/2)−
2p63s(2S1/2), 2p63p(2Po

3/2)− 2p63s(2S1/2), 2p63d(2D3/2)− 2p63p(2Po
3/2), 2p63d(2D5/2)−

2p63p(2Po
3/2), and 2p63d(2D3/2)− 2p63p(2Po

1/2) transitions measured in a Kr gas seeding
experiment, as shown in Figure 6a. The absolute calibrated intensities derived from the
measured emission spectrum are presented in Figure 6a. Comprehensive insights into the
calibration factor can be found in the work authored by Chowdhuri et al. [35]. The mea-
sured emission spectrum exhibits a systematic error of ±0.037% following the meticulous
wavelength calibration process. The radial profiles of electron temperature and density, as
depicted in Figure 2d, closely align with an electron density of approximately 6× 1019 m−3

within the 580–600 eV electron temperature range for the Kr25+ ion in this study. To validate
our selection of electron temperature, we conducted a series of theoretical calculations to
examine the behavior of our CR model over a broader range of electron temperature and
densities, ranging from 400 to 620 eV and 1× 1019 to 6× 1019 m−3, respectively. The line
ratio calculation for the Kr25+ ion was performed between the 17.899 nm and 22.007 nm
lines, considering varying electron temperatures and densities within the specified ranges.
This thorough investigation did not reveal any significant deviations in the line ratio for the
CR model spectrum, indicating that the line ratio (17.899 nm/22.007 nm) is not particularly
sensitive to variations in electron temperature. Additionally, it is noteworthy that the line
ratio between the 17.899 nm and 22.007 nm lines in the LHD-measured spectrum is 2.6,
while the line ratio calculated from the CR model spectrum for an electron temperature and
density of 600 eV and 6× 1019 m−3 is 2.28. The theoretical line ratio closely approximates
the line ratio obtained for the measured emission lines , which suggests that the selection
of electron temperature as half of the ionization potential for Kr25+ ion is a reliable choice
for generating a theoretical CR model spectrum to validate the atomic ion structure and
electron-ion collision calculations in the present work. Therefore, a theoretical synthetic
emission spectrum is generated for an electron temperature of 600 eV and electron density
of 6× 1019 m−3 using the line convolution with Gaussian functions that have a standard
deviation of 0.26 eV. Figure 6b presents the synthetic spectrum of Kr25+ ion , as derived
from detailed electron collision and CR model calculations. In Figure 6a,b, the emission
lines observed in the LHD experiment, as mentioned earlier, are compared with the calcu-
lated CR model spectrum. A close examination reveals a remarkable congruence between
the experimental and theoretical spectra.
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Figure 6. (a) The EUV spectrum from the Kr seeding experiment in the LHD includes line emissions
released from highly charged Kr ions within the wavelength range of 14–23 nm. (b) The theoretical
synthetic spectrum of Kr25+ ion obtained using the present CR model.

Table 4 provides a comprehensive overview of the wavelengths corresponding to the
emission lines depicted in Figure 6a,b. These values are presented alongside wavelengths
calculated using the FAC-RCI theoretical method to facilitate comparison. The first two
columns in Table 4 describe the upper and lower levels involved in each transition that
leads to line emission. The third and fourth columns display the wavelengths obtained
from our experimental measurements, including fitting error and data available in the NIST
database [27], respectively. We determined the wavelength of each measured emission line
from the Kr25+ ion by applying Gaussian fitting to the spectrum featured in Figure 6a. The
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respective fitting error serves as the uncertainty associated with the wavelength of each
emission line. The fifth column highlights the differences between λNIST and λEXP, demon-
strating a striking concurrence between the NIST data and measured values. The final
column in Table 4 presents the wavelengths obtained from the FAC-RCI (λFAC-RCI) method.

The comparison of these wavelengths reveals a remarkable agreement among them.
In this connection, the present theoretical CR model spectrum signifies that atomic ion
structure and electron collision data of different parameters calculated from the FAC-
RCI and RDW methods are reliable. To investigate electron temperature dependence,
detailed calculations of various line ratios between the LHD-measured spectrum and the
CR model spectrum are necessary. These calculations should incorporate other kinetic
processes as well within the CR model, such as dielectronic recombination, charge exchange
recombination, etc. This helps to minimize the discrepancies in the line ratio between the
17.899 nm and 22.007 nm lines in the LHD-measured spectrum and CR model spectrum.
The detailed estimation of electron temperature through extensive line ratio and theoretical
intensity calibration calculations is not the focus of this study. The primary objective of
the present CR model is to validate the reliability of atomic structure parameters and
electron-ion collision calculations, primarily through the assessment of wave function
precision. Although a comprehensive analysis including the theoretical CR model spectrum
in conjunction with the LHD-measured spectrum for the calculation of electron temperature,
electron density, and absolute intensity comparison is beyond the scope of this article, this
comparative study reinforces the applicability of current atomic structure and electron-
ion collision data in developing a sophisticated plasma model for EUV spectroscopic
diagnostics in the context of fusion plasma. This facilitates the examination of fusion
plasma behavior in Kr seeding experiments conducted in various tokamak devices.

Table 4. A comparison of experimental and theoretical wavelengths (in nm) of Kr25+ ion is presented
along with the details of the upper and lower levels involved in the transitions corresponding to the
line emissions.

Upper-Level
j j-Coupling

Lower-Level
j j-Coupling λEXP λNIST [27] λNIST−λEXP λFAC-RCI

2p63p(2Po
1/2) 2p63s(2S1/2) 22.007(±0.0001) ∗ 22.006 −0.001 22.059

2p63p(2Po
3/2) 2p63s(2S1/2) 17.899(±0.0002) 17.899 0.000 17.936

2p63d(2D3/2) 2p63p(2Po
3/2) 16.513(±0.0095) 16.516 0.003 16.464

2p63d(2D5/2) 2p63p(2Po
3/2) 15.989(±0.0003) 15.992 0.003 15.948

2p63d(2D3/2) 2p63p(2Po
1/2) 14.087(±0.0003) 14.089 0.002 14.053

* The numbers in the parentheses represent the Gaussian fitting error associated with the emission line measured
during a Kr seeding experiment conducted in LHD .

6. Conclusions

In the present work, we investigated the emission line profiles of Na-like Kr ion
within the EUV wavelength region, as observed in a Kr gas impurity seeding experiment
in LHD . Moreover, a suitable collisional-radiative model was developed to produce
the synthetic spectrum of Kr25+ ion , which was used to validate the atomic ion and
electron collision calculations through the experimental measurements. In the development
of the plasma model, we incorporated important electron impact excitation processes,
along with their reverse processes, and calculated the required essential data of atomic
ion structure parameters using different relativistic methods and electron collision data
through the RDW method. In this view, we carried out RMCDHF and RMCDHF-RCI
calculations using the GRASP2018 code, while in another set, we utilized the RMBPT and
RCI methods integrated within FAC. These calculations yielded the transition energies,
weighted oscillator strengths, transition rates, and wavelengths for the various fine structure
transitions. We present a comprehensive comparison of these parameters among the
different methodologies and against previous values, demonstrating a consistent and
favorable agreement. Further, we undertook calculations of the EIE cross-sections for the
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fine structure transitions from the ground state to the excited states and among the excited
states using the RDW method. These cross-section results are reported with respect to
the incident electron energies, spanning from the excitation threshold to 21 keV. Here,
the results of the respective excitation rates for the transitions from the ground state are
reported as a function of electron temperature up to 600 eV. Moreover, the excitation
and de-excitation rates derived from the cross-section data are incorporated into the CR
model for the proper inclusion of these processes. In the CR model calculations, rate
balance equations are solved simultaneously for an electron temperature of 600 eV and
an electron density of 6× 1019 m−3 to obtain the distribution of the state populations of
the considered fine structure levels. To validate our findings, the emission lines from
the Kr25+ ion at wavelengths of 22.00 nm, 17.89 nm, 16.51 nm, 15.99 nm, and 14.08 nm,
respective to 2p63p(2Po

1/2)− 2p63s(2S1/2), 2p63p(2Po
3/2)− 2p63s(2S1/2), 2p63d(2D3/2)−

2p63p(2Po
3/2), 2p63d(2D5/2)− 2p63p(2Po

3/2), and 2p63d(2D3/2)− 2p63p(2Po
1/2) transitions

measured in the experiment, are compared with the CR model spectrum. Our comparative
analysis reveals that the emission lines and their respective wavelengths in LHD spectral
measurements show an overall good agreement with the CR model calculations. This
comparison between the experimental and theoretical spectra substantiates the reliability
of our atomic ion structure, electron collision, and CR model calculations of the highly
charged Kr25+ ion. In the future, these findings can be leveraged in the development of
a sophisticated plasma model, enabling a comprehensive exploration of fusion plasma
behavior in Kr seeding experiments across different tokamak devices.
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Figure A1. (a–d) EIE rate coefficients (m3/s) as a function of electron temperature (eV) for the
excitation from the ground state (2p63s1/2) to the fine structure levels of 2p64l2, 2p65l2, 2p66l2, and
2p67l2 (where 0 ≤ l2 ≤ 2) configurations of Kr25+ ion .
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Figure A2. (a–h) EIE cross-sections (in m2) as a function of incident electron energy (in eV) for the
excitation from the 2p63p and 2p63d excited states to the various fine structure levels of the 2p64l1
(where 0 ≤ l1 ≤ 3), 2p65l2, 2p66l2, and 2p67l2 (where 0 ≤ l2 ≤ 2) excited states of Kr25+ ion .
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Figure A3. (a–f) EIE cross-sections (in m2) as a function of incident electron energy (in eV) for the
excitation from the 2p64l2 excited state to the various fine structure levels of the 2p65l2, 2p66l2, and
2p67l2 (where 0 ≤ l2 ≤ 2) excited states of Kr25+ ion .
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