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Abstract: Time delay in electron scattering depends on both the scattering angle θ and scattered
electron energy E. A study on the angular time delay of e-C60 elastic scattering was carried out
in the present work. We employed the annular square well (ASW) potential to simulate the C60

environment. The contribution from different partial waves to the total angular time delay profile was
examined in detail. The investigation was performed for both resonant and non-resonant energies,
and salient characteristics in the time delay profile for each case were studied.
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1. Introduction

Understanding the structure of atoms and molecules received a new insight after
the first Coulomb scattering experiment of α particles from gold atoms [1]. Successively,
many scattering experiments were conducted, which paved the way for the formulation of
Bohr’s atomic model and, consequently, for modern quantum mechanics [2]. For example,
experiments by Frank and Hertz provided validation of the discrete nature of atomic energy
levels as proposed in Bohr’s theory [3]. Furthermore, the wavelength of electrons was
measured for the first time in 1927 by C. J. Davisson and L. H. Germer through a diffraction
experiment, confirming the wave nature of matter/particles [4]. Developments in the
formulation of the scattering theory of projectiles by atomic/molecular targets go back
to the 1930s [5,6]. Since then, scattering studies have undergone rapid development, and
scattering now has become a subject of active research. In short, scattering studies, both
from experimental and theoretical perspectives, played a dominant role in the development
of science in exploring the micro/nano-world, as well as the whole universe [7].

One of the vital attributes of the collision process is the scattering resonance. The phys-
ical interaction of the projectile–target coupling can be analysed using quantum scattering
resonances. Shape resonance in scattering cross-section indicates that the projectile-target
complex is forming a quasi-bound state, resulting in a temporal delay [8]. Studies involving
shape resonance have gained massive acceptance due to their wide range of applicability
in several fields of physics, such as condensed matter physics [9], biological science [10,11],
quantum transportation phenomena at nanoscale structure [12], and cold atom physics [13]
etc. Needless to say, the quantum scattering resonance plays an important role in the
analysis of target-projectile interaction.

Among the many targets studied through scattering, allotropes of carbon have secured
an important position due to their demand for characterisation in a wide variety of research
fields. Fullerene-C60, a highly stable molecule with 12 pentagonal and 20 hexagonal carbon
rings, attracted the scientific community’s attention. The C60 molecule was reported for
the first time in 1985 by Kroto et al. [14]. The possibility of the encapsulation of atoms or
small molecules within the C60 molecule enhanced the importance of the molecule; soon
after the discovery of the C60 molecule, the endohedral fullerenes were also reported [15].
Endohedral fullerenes are C60 molecules with atoms/ions/molecules trapped inside them
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and are represented by A@C60, where A denotes the encaged species. The dynamics of
fullerenes and their endohedral compounds are explored using collision studies both in
theory and experiment [16–19]. Apart from their fundamental application, fullerenes and
their endohedrals have been proposed to be useful in trending technologies. For instance,
endohedral fullerenes and nanoparticle lattices have both been recognised as promising
key components in future electronic, magnetic, and optical devices [20]. Furthermore,
these compounds find applications in medical imaging [21], cancer therapy [22], quantum
computing [23], nanoscience [24], materials science [25], etc. They are used in organic
photovoltaic devices to enhance their efficiency [26], as well as in electric vehicles as a
hydrogen storage material [27]. Jahn-Teller metals, which are rubidium atoms encaged in
C60, were reported to exhibit superconductivity at high temperatures [28]. Traces of C60
and its ionic derivatives were also found in interstellar environments [29–32]. With regards
to these stupendous applications, experimental and theoretical studies on fullerenes and
their derivatives were carried out on large scales. Some of the notable experimental works
on scattering studies from C60 include low-energy elastic e-C60 scattering performed by
Tanaka et al. [17], intermediate-energy elastic scattering performed by Hargreaves et al. [33],
and high-energy collision studies on fullerene performed by Caldwell et al. [34].

Among the many attributes of scattering, such as total cross-section (TCS), differential
cross-section (DCS), partial cross-section (PCS), etc., the scattering time delay has garnered
recent attention because it allows characterisation of the projectile–target interaction in the
temporal domain. It is assumed that scattering interaction is instantaneous in response to
the incident projectile. However, in reality, attoseconds (as) of delay in the time scale are
needed for the specific interaction. This means that compared to the projectile that does not
feel the scattering centre, the scattered particles experience a time lag or time advancement.
The idea of time delay was introduced a few decades back by Eisenbud (1948) [35], Wigner
(1955) [36], and Smith (1960) [37]; the parameter is known as Eisenbud–Wigner–Smith
(EWS) time delay. Developments made in laser technology have even enabled exploring
the dynamics of atoms and molecules in their natural time scale [38,39]. Recently, with
the advent of more sophisticated experimental setups, the attosecond time delay was
reported in photoionisation from Ar [40–42]. Along with experiments, theoretical investi-
gations on time delay are also aplenty [43,44]. Many recent works have also addressed the
photoionisation time delay of endohedrals [45,46].

In the defining work, the time delay was angle-independent and expressed as the
energy derivative of the scattering phase shift [47,48]. Note that the scattering phase shift
concerned a particular partial wave and hence was denoted as δ`, which is independent of
the scattering angle. However, one can express the effective scattering phase shift that re-
sults due to the interference of different partial waves, which can be obtained as the complex
phase shift of the total scattering amplitude [49,50]. Needless to say, the resulting scattering
phase shift due to the interference of different partial waves is angle-dependent, which is
permitted by the symmetry of each partial wave through the Legendre polynomial. There-
fore, the concept of the angular phase shift led to that of angular time delay [51]. The idea of
angular time delay was published in 1963 by Froissart, Goldberger, and Watson [52] in the
framework of S-matrix theory. In a similar approach, angular time delay in photoionisation
also was defined [53]. Many recent experimental studies on atomic systems confirmed the
angle-dependent nature of time delay in photoionisation [54,55]. The observations of angle
dependence on the time delay were reported for many atoms; for example, in He [56], H [57],
He and Ne [58], and noble gas atoms (Ne, Ar, Kr, and Xe) [59]. Although there have been
theoretical and experimental studies on angular time delay from photoionisation, the same
from an electron scattering perspective are rather rare in literature. A very recent work by
Amusia et al. [50] discussed angular time delay in slow-electron elastic scattering by spher-
ical targets, which is the first time this method has been used, to the best of the authors’
knowledge. In that work, the C60 molecule was modelled using the Dirac bubble poten-
tial [60]. Further, a very recent study by Trabert et al. provided an intuitive approach
to the Wigner time delay in strong-field ionisation [61]. To fill the gap in understanding
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the temporal delay in elastic scattering, the present work investigated the angular time
delay in the resonant e-C60 scattering using the much-used annular square well (ASW)
representation of the confinement. In the work of Amusia et al. [50], the interference of
only two partial waves was considered to elucidate the angle dependence of the time delay.
The present work examined the role of all prominent partial waves and extended the study
to the impact of interference of all partial waves on the angular time delay. Furthermore,
emphasis was given to the resonant scattering to examine the impact of shape resonance
on the angular time delay. Section 2 deals with the theoretical details of the work, Section 3
portrays the results and a discussion, and the results are summarised in Section 4.

2. Theoretical Details

This section deals with the theoretical details of the calculation; firstly, the e-C60
interaction model potential is discussed, followed by a discussion of partial wave analysis
and angular time delay.

Modelling the interaction potential for an electron scattering off a multi-electron
atom has always been a challenge to theorists due to the complex interaction that persists
between the projectile and target [62]. When it comes to C60 as the scattering target, the
complexity is even more elevated, as the effect of the 360 electrons on the projectile needs
to be incorporated. This means that a sophisticated model of the C60 should consider
the target on a molecular level by treating its carbon atoms at icosahedral (Ih) symmetry.
The electron-C60 scattering works of Lucchese et al. [63] and Winstead and McKoy [64]
fall in this category. Another treatment is to consider the jellium model potential for the
protonic cloud of the C60 molecule; the electronic density is approximated in the local
density approximation (LDA) of the density functional theory (DFT) [65]. For instance, the
works on photoionisation by Puska and Nieminen [66] and Himadri et al. [44] belong to this
class of work. Although these models successfully described the C60 molecule, they were
computationally intense and complex due to the multi-electronic nature of the problem.
The challenges in a realistic treatment of the C60 target are, to some extent, mitigated by the
use of a static model potential approach. This method employs a spherically symmetric
annular potential to mimic the attractive C60 cage. The often-used and much successful
model is the ASW potential, in which the e-C60 interaction is approximated by a spherical
well [67]. The ASW potential is defined as [67]:

VASW =

{
−U, rc − ∆

2 ≤ r ≤ rc +
∆
2

0, otherwise
. (1)

where the well depth U = 0.2599 a.u., mean radius rc = 6.71 a.u., and thickness of the cage
∆ = 2.91 a.u. [68]. The parameters of the ASW are so chosen that it realistically mimics
the actual C60 physically; rc = 6.71 a.u. is the radius of the C60 skeleton, and ∆ = 2.91 a.u.
is twice the covalent radius of carbon. Likewise, U = 0.2599 a.u. is chosen such that the
energy of the electron (with ` = 1) within the ASW shell matches the electron affinity of
the C60, which is EA = −2.65 eV [67]. Despite the simplicity of the ASW model, it has been
successfully used to stimulate the C60 environment. For example, many of the photoionisa-
tion and e-C60 scattering calculation results were in good agreement with experiment/ab
initio results already obtained [18,64,67,69,70]. In addition to the ASW model, several other
model potentials have also been employed to simulate the C60 environment, such as the
δ-function model [71], Gaussian potential [72], Gaussian annular square well (GASW) [73],
Woods–Saxon potential [74], etc. In the present work, we used the ASW model poten-
tial to mimic the C60 environment to investigate the resonant angular time delay in the
e-C60-elastic scattering.

The radial part of the Schrödinger equation for the scattering state of e-C60 interaction
is written as: {

− ћ2

2m
d2

dr2 +

[
E−VASW(r)− ћ2`(`+ 1)

2mr2

]}
u`(r) = 0. (2)
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where u`(r) is the scaled radial wavefunction, which is obtained numerically after solving
Equation (2) using Numerov’s method [75]. In the present work, the calculations were
done in atomic units. Equation (2) was solved numerically using Numerov’s method with
a grid size of 0.01 a.u. for radial distance. The partial wave phase shift (δ`) was evaluated
using the asymptotic form of the wave function:

u`(r > rmax) ∝ kr[cos δ` j`(kr)− sin δ`n`(kr)]

as [75]:

tan δ`(k) =
Zj`(kr1)− j`(kr2)

Zn`(kr1)− n`(kr2)
. (3)

with:

Z =
r1u`(r2)

r2u`(r1)
. (4)

where j` and n` denote the Bessel function of the first and second kind, respectively; and
wave vector k =

√
2mE
ћ . The rmax is practical radial infinity, which is set to 15 a.u. since

the scattering centre provides no interaction at that distance. The r1 and r2 are two radial
points in the asymptotic region (r > rmax), where the interaction is negligible. Using these
partial phase shifts, the total scattering cross-section is obtained as:

σ =
4π

k2

∞

∑
`=0

(2`+ 1) sin2 δ`. (5)

Note that each partial wave of the scattered electron experiences different phase shifts
due to the scattering. Furthermore, the phase shift carries the signature of scattering, and it
depends on the interacting potential and energy of the incident beam. The partial wave
EWS time delay τ`(k) of the `th partial wave takes the form [35]:

τ`(k) = 2ћ
∂δ`
∂E

= 2ћδ`
′. (6)

The prime in Equation (6) and in further formulas that follow denotes the differen-
tiation of the δ` with respect to the kinetic energy of the electron E. Note that the τ`(k)
is only energy-dependent, and the angular anisotropy is missing, as it resulted from the
scattering due to the spherically symmetric potential. Nevertheless, due to the interference
between different partial waves, an angular dependence in phase shift can result, leading
to asymmetric time delays. The interference effects are primarily evident in the differential
cross-section, which is defined as [76]:

dσ

dΩ
=

∣∣∣∣ f (k, θ)

∣∣∣∣2. (7)

where f (k, θ) represents total scattering amplitude and is given by:

f (k, θ) =
1

2ik

∞

∑
`=0

(2`+ 1)P`(cos θ)
(

ei2δ` − 1
)

. (8)

In Equation (8), the P`(cos θ) denotes the Legendre polynomials, and ei2δ` represents
the scattering matrix element. The expression for angular phase shift is obtained as the
argument of scattering amplitude f (k, θ), which is obtained by taking the inverse tangent
of the ratio of its imaginary part to the real part as [50]:

arg f (k, θ) = arctan
Im f (k, θ)

Re f (k, θ)
. (9)
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Hence, the angular time delay for a wave packet scattered in the direction θ with

momentum vector
→
k is given by [50]:

∆t(k, θ) = ћ
∂

∂E
arg f (k, θ), θ 6= 0. (10)

In the above equation, θ ≈ 0 is avoided due to the interference effect between the
incident wave and the forward scattered wave, which results in the optical theorem [49].
Upon substituting Equation (9) in Equation (10), the general form of angular time delay is
written as [50]:

∆t(k, θ) =
(Im f )′(Re f )− (Re f )′(Im f )

| f |2 . (11)

Note that if we consider the case when a single partial wave is contributing to the total
scattering amplitude, we get:

∆t(k, θ) = ћδ′`. (12)

which is equal to half of the EWS time delay (Equation (6)). This means that the angular
time delay is independent of angle θ and hence is isotropic if the interference of different
partial waves is omitted. Hence, the isotropic angular time delay is realistic for the low-
energy collision, where only the s-wave (` = 0) scattering is prominent [76]. However,
when more partial waves contribute to the scattering, we encounter a different scenario,
and the phase shift is angular-dependent. Therefore, if we consider the case when a large
number of partial waves contribute to the scattering amplitude, the angular time delay is
expressed as:

∆t(k,θ) =

∞
∑
`=0

∞
∑

`′=0
[(2`+ 1)(2`′ + 1)P`P`′ sin(2δ` − δ`′) sin δ`′ ]δ

′
`

∞
∑
`=0

∞
∑

`′=0
[(2`+ 1)(2`′ + 1)P`P`′ sin δ` sin δ`′ cos(δ` − δ`′)]

. (13)

Using Equation (13), the angular time delay was obtained for the resonant and non-
resonant scattering of the e-C60 collision, which is described in the next section. All prominent
partial waves were included in the analysis, which led to realistic interference effects.

3. Results

The present section focuses on the resonant angular time delay in the elastic e-C60
scattering. In addition, the time delay corresponding to the non-resonant scattering is also
discussed to contrast the differences between both cases. The section is divided into three
parts: Section 3.1 discusses the e-C60 total scattering cross-section and partial wave EWS
time delay, Section 3.2 elaborately discusses the resonant angular time delay in scattering,
and Section 3.3 portrays the angular time delay in the off-resonant energy locations.

3.1. TCS, PCS, and EWS Time Delays

Figure 1a shows the total and the partial cross-sections of the e-C60 elastic scattering
contributed by ` = 0 to 9 partial waves. The higher partial waves beyond ` = 9 did
not contribute to the low-energy scattering, and hence they were not accounted for in
the calculation.

In Figure 1a, it can be noted that the total scattering cross-section consists of three
peaks, which indicate the resonances in the elastic scattering. The PCS analysis showed that
partial waves with angular momentum quantum numbers ` = 3, 4 and 5 were resonantly
scattered with the corresponding resonant energies Er = 0.0091, 0.0829, and 0.1811 a.u.,
respectively. Among the three peaks, the ` = 3 partial wave resonance was the sharpest,
and that of ` = 5 was the weakest among the three. The ` = 6 partial wave also exhibited a
much weaker resonance at 0.2907 a.u., which was noticeable as a relatively smaller hump
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in the total cross-section. These observations using the ASW model of the C60 were quite
consistent with earlier calculations [67,77,78].
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line) [64], and SECP model (blue dotted line) [63].

Before proceeding, a comparison of the total scattering cross section from the present
calculation with other molecular level theories [63,64] is presented in Figure 1b. Winstead
and McKoy [64] calculated the integral cross-section using the static-exchange model,
whereas Gianturco et al. [63] used a theory that included the impact of polarisation ad-
ditionally, termed as the static-exchange core polarization (SECP) model. The present
spherical ASW approximation rendered a good qualitative comparison in terms of the
prominent resonances. However, the higher-level theories showcased a greater number of
molecular resonances that could not be represented by a spherical potential approximation.
Although the quantitative agreement was missing, the qualitative comparison encouraged
the use of the simple but robust ASW model for the scattering calculations.

To further demonstrate the efficiency of ASW potential, DCS was plotted (Figure 2) for
energies (2 eV, 4 eV, 7 eV, and 10 eV), and the results were compared with ab initio theoreti-
cal [63,64] and experimental results [17]. The experimental results of Tanaka et al. [17] were
only available for the incident energies (4 eV, 7 eV, and 10 eV). The DCS showed the number
of diffraction-type minima, which increased as the scattering energy was increased. This
behaviour was due to the enhanced contribution from higher partial waves at increased
energies. Further, we found that the DCS from the present ASW calculation agreed well
with the measurements and lay within the uncertainties of most of the data points. Qualita-
tive and quantitative agreement of the present result with the ab initio theories was also
commendable. The agreement encouraged us to further employ the ASW parameters for
the time delay calculations.

The EWS time delay is a fundamental quantity in the scattering formulation that re-
flects the temporal features of the resonant electron, such as how long a projectile electron is
trapped in the quasi-bound state formed by the projectile–target interaction. In Figure 3, the
scattering phase shift and EWS time delay (using Equation (6)) are plotted for partial waves
` = 0–9. In accordance with the Wigner threshold law, the s-wave phase shift in the limit
k→ 0 tended to the value π and it reduced as

(
π −
√

E
)

from the threshold [79]. Hence,

the time delay for the s-wave exhibited a large negative value; δ′0(E→ 0) tends to −E−1/2 .
The non-zero angular momentum partial waves exhibited zero-time delay at the threshold,
which also followed the Wigner threshold law.
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It is well known that at the resonance, the scattering phase shift goes through a π/2,
and across the resonance, it changes by the value π [76]. In unison with this, for partial
waves ` = 3, 4 and 5, a sharp jump in the phase shift was observed at the corresponding
resonant energy. Consequently, the resonant time delay was larger; the stronger resonance
of the ` = 3 partial wave caused a larger time delay of 423,832.29 as at the resonance, and
the weaker resonance of the ` = 5 partial wave resulted in a relatively smaller time delay of
1395.52 as. A general trend was that the non-resonant time delays were relatively smaller
than those corresponding to the resonant scattering. In Equation (13), one can see that the
EWS time delay (δ′`) of a particular partial wave contributes to the numerator when the pair
terms are summed. Due to this reason, it was expected that the resonant channels would
show their dominance even in the angular time delay; this will be examined in the next
section. Regarding the resonance, it was expected that the partial waves would play their
role depending on the strength of the scattering. For instance, the angular time delay near
the threshold would have dominance due to the s-wave scattering. The further sections
discuss the resonant and the non-resonant angular time delay in the e-C60 elastic scattering.
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3.2. Resonant Angular Time Delay (∆t(k, θ))

As seen in Figure 1a, three prominent resonances were in the elastic TCS of the e-C60
collision; the ` = 3 partial wave was resonant at Er = 0.0091 a.u., ` = 4 at Er = 0.0829 a.u.,
and ` = 5 at Er = 0.1811 a.u. The present section successively analyses the angular time
delay at these resonant energies. Further, an evolution of the angular time delay when the
projectile energy is varied across a resonance is also investigated.

As detailed in Section 2, the angular time delay is a consequence of the interference
of the partial waves. From Equation (13), one can understand that the summation in
the numerator and the denominator can be truncated to analyse the contribution of each
partial wave in the angular time delay. In other words, the dominance of interference of
the particular partial waves, say `1, and `2, can be examined by restricting the ` and `′ in
Equation (13) to run for only `1 and `2. The ∆t`1,`2(k, θ) for the `1 and `2 interference case
is expressed as:

∆t`1 ,`2 (k, θ) =

[
(2`1 + 1)2P`1

2 sin2 δ`1 + (2`1 + 1)(2`2 + 1)P`1 P`2 sin(2δ`1 − δ`2 ) sin δ`2

]
δ′`1

+
[
(2`2 + 1)2P`2

2 sin2 δ`2 + (2`1 + 1)(2`2 + 1)P`1 P`2 sin(2δ`2 − δ`1 ) sin δ`1

]
δ′`2

(2`1 + 1)2P`1
2 sin2 δ`1 + (2`2 + 1)2P`2

2 sin2 δ`2 + 2(2`1 + 1)(2`2 + 1)P`1 P`2 sin δ`1 sin δ`2 cos(δ`1 − δ`2 )
(14)

In a similar fashion, by keeping suitable values of angular momentum quantum
numbers for the ` and `′ in the summation in Equation (13), the additional contribution of
each partial waves in the anisotropic time delay can be investigated. This procedure was
adopted in the present work to examine the resonant scattering.

Before examining the ASW resonant time delay, a comparison of the present results
with those of the recent works of Amusia et al. [50] is outlined below.

A comparison of the angular time delay for partial wave combination ` = 0, 1 (Figure 4)
and ` = 0, 2 (Figure 5) using the ASW potential, δ-shell [50], and hard sphere [50] was
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made. For lower energies, in Figure 4a,b, it can be noted that there is a good agreement
between the present ASW results and those of Amusia et al. [50]. The ∆t0,1(k, θ) varied
smoothly from a lower negative time delay to a higher one. Since the s-wave scattering
dominated the lower-energy collision, all three potentials rendered similar angular time
delay profiles. Not only that, the Wigner threshold law held a similar partial cross-section
in all three potential cases, which also ensured a similar ∆t0,1(k, θ). The same goes for
partial wave combination ` = 0, 2 (Figure 5a,b); ∆t0,2(k, θ), which also maintained a similar
profile for all three model potentials in the low energies. As the energy increased, there was
a marked deviation in the angular time delay, ∆t0,1(k, θ) and ∆t0,2(k, θ), between the three
different models. This was due to the fact that the non-resonant scattering cross-section
was different in different model potential cases. Next, we examined the resonant angular
time delay in the ASW case.
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Er= 0.0091 a.u.
Figure 6 shows the angular time delay at the resonant energy Er = 0.0091 a.u., which

corresponded to the ` = 3 resonance. Figure 6a shows the interference pattern in ∆t0,1(k, θ)
due to the ` = 0 and 1 partial waves. The entire time delay was negative; the ∆t0,1(k, θ)
varied smoothly from ~−700 as to −3750 as when the angle is varied from forward to back-
ward scattering directions. The time advancement (negative time delay) was consequent
to the negative values of the EWS time delay, (δ′0 = −1332.70 as, δ′1 = −790.44 as) at the
Er = 0.0091 a.u. Figure 6b includes the interference effects due to ` = 2 in addition to the
first two. One can see that there was not much appreciable change in the profile of the
angular time delay, except a minor quantitative change; ∆t0–2(k, θ) varied from ~−500 as
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to ~−3000 as when the scattering angle was altered. Here also, the ∆t0–2(k, θ) lay in the
negative region, as the EWS time delay contribution from the partial wave ` = 2 was also
negative (δ′2 = −216.74 as at Er = 0.0091 a.u.). Note that δ′2 also was small compared to that
of the other partial waves included. A striking change in the angular time delay profile
(∆t0–3(k, θ)) was seen upon adding the resonant partial wave ` = 3, which is evident in
Figure 6c. The ∆t0–3(k, θ) was positive for most of the angles. However, the delay crossed
zero and became negative in the vicinity of angles ~40.28◦ and ~88.16◦.
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minimum values at angles 39.26°, 89.99°, and 140.75°, which was due to the zero-crossing 
of the Legendre polynomial 3 (cos )P θ  at these angles. However, upon further addi-
tion of coupling terms to it, these minima became further widened and deeper, resulting 
in the shallow dips at ~40.28° and ~88.16° in the angular time delay 0 3( , )t k θ−Δ . The ex-
planation behind the large positive and negative values at angle ~144° was sought next. 
An analysis of the denominator of 0 3( , )t k θ−Δ  showed that it also had three minima al-
most coincided at the minimum angles of the numerator. However, the value of the min-
imum of the denominator at angle 143.22° was very small (almost zero) compared to the 
numerator, which led to an enhanced angular time delay at ~144 degrees. Thus, the profile 
of the resonant angular time delay was explained when 0,1,2 and 3=  partial waves 
were coupled. However, note that other partial waves were also contributing through 

Figure 6. Angular time delay at the resonant energy Er = 0.0091 a.u. plotted for different partial wave
combinations (a) ` = 0–1, (b) ` = 0–2, (c) ` = 0–3, (d) ` = 0–4 and (e) ` = 0–9.

At 143.22◦, a sharp jump from a positive to negative infinite value in the time delay
was observed. Further, at ~144.09◦, the time delay value increased rapidly and finally
tended to a large positive value. Note that the ∆t0,1(k, θ) and ∆t0–2(k, θ) were negligibly
small compared to the overall magnitude of the angular time delay upon the addition of



Atoms 2022, 10, 77 11 of 22

the effects of the resonant partial wave. Therefore, we can say that the resonant angular
time delay profile was mostly governed by the corresponding resonant partial wave.

The angular dependence of the resonant time delay (∆t0–3(k, θ)) was further explained
with the help of Equation (13). Term-wise analysis of the numerator and the denominator
revealed that the interaction of the ` = 3 partial wave with those having `′ = 0, 1, 2, 3 was
more dominant than the interactions due to other combinations of (`, `′) values. This was
because the δ′3 was the resonant EWS time delay, which was quite large (~213,352 as) at the
resonant energy Er = 0.0091 a.u. The large positive resonant time delay controlled the fate
of the angular time delay at the Er and consequently, terms with ` = 3 and `′ = 0, 1, 2, 3
in the summation in Equation (13) were weighted by the large δ′3. This means that the
approximated ∆t0–3(k, θ) at the resonant energy Er = 0.0091 a.u. is written as:

∆t0–3(k, θ) ≈
∑

`′=0,1,2,3
[7(2`′ + 1)P3P`′ sin(2δ3 − δ`′) sin δ`′ ]δ

′
3

∑
`′=0,1,2,3

7(2`′ + 1)P3P`′ sin δ3 sin δ`′ cos(δ3 − δ`′)
(15)

The numerator of ∆t0–3(k, θ) (Equation (15)) was mostly positive and obtained mini-
mum values at angles 39.26◦, 89.99◦, and 140.75◦, which was due to the zero-crossing of the
Legendre polynomial P3(cos θ) at these angles. However, upon further addition of coupling
terms to it, these minima became further widened and deeper, resulting in the shallow
dips at ~40.28◦ and ~88.16◦ in the angular time delay ∆t0–3(k, θ). The explanation behind
the large positive and negative values at angle ~144◦ was sought next. An analysis of the
denominator of ∆t0–3(k, θ) showed that it also had three minima almost coincided at the
minimum angles of the numerator. However, the value of the minimum of the denominator
at angle 143.22◦ was very small (almost zero) compared to the numerator, which led to an
enhanced angular time delay at ~144 degrees. Thus, the profile of the resonant angular
time delay was explained when ` = 0, 1, 2 and 3 partial waves were coupled. However,
note that other partial waves were also contributing through non-resonant scattering; their
interference effect on the angular time delay is elucidated next.

Figure 6d shows ∆t0–4(k, θ) when the partial waves with angular momenta `,
`′ = 0, 1, 2, 3 and 4 were included in Equation (13). It is of no surprise that the addi-
tion of ` = 4 partial wave at energy Er = 0.0090 a.u. did not impart any change in the
angular time delay. This means that the ` = 3 dominance prevailed due to the resonant
scattering. Further, we included all contributing partial waves ` = 0–9, and the result of the
angular time delay ∆t0–9(k, θ) is shown in Figure 6e. One can see that the profile remained
the same as in Figure 6c. Thus, the resonant angular time delay at Er = 0.0090 a.u. was
examined, and the analysis showed that the resonant channel dominated the anisotropy.
The symmetry of P3(cos θ) controlled the angular time delay significantly.

The earlier analysis showcased the prominence of the ` = 3 partial wave in contribut-
ing to the resonant angular time delay. Next, we analysed the evolution of the angular time
delay across the first resonance. For that, we chose two energy points: E1 = 0.0089 a.u.,
below the Er; and E2 = 0.0093 a.u., above the resonance. Figure 7a shows the total cross-
section near the ` = 3 resonance, and the vertical line indicates the energy points E1 and
E2 we chose for the analysis, in addition to the resonant energy Er. Figure 7b shows the
evolution of the angular time delay as the projectile energy varied across the resonance
from E1 to E2 through the Er. The effective angular time delay was plotted by including the
interference of all the contributing partial waves; i.e., ∆t0–9(k, θ) in this case.

Figure 7b thus shows the evolution of the angular time delay across the first resonance.
It can be understood that the zero crossings of the angular time delay were similar for the
three energies, which was indicative of the dominance of the ` = 3 partial wave through
the P3(cos θ).
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The profile of ∆t0–9(k, θ) at E1 showed that the angular time delay value was negative
for smaller angles, with a minimum at 22.33◦. The negative time delay value gradually
decreased, and at 39.38◦, its value crossed zero and tended further to a positive value. The
time delay value maintained a plateau region between the angles 50◦ and 80◦, beyond
which it began decreasing and crossed zero to a negative value at 89.83◦. Two minima
in negative time delay values were observed for the angles 97.99◦ and 135.81◦. Again at
141.08◦, the time delay value crossed zero to a positive value and remained in the positive
range, with a peak at 149.65◦. The truncated partial wave analysis showed that, even for
off-resonant energy at E1 = 0.0089 a.u., ` = 3 was the most dominant channel contributing
to the angular time delay. Due to this, the P3(cos θ) governed the zero crossings of the
∆t0–9(k, θ). The Legendre polynomial, P3(cos θ), had zero-crossings at the angles 39.29◦,
89.99◦, and 140.76◦. The coupling with other partial waves caused the zero-crossing point
of ∆t0–9(k, θ) at E1 to slightly shift to the angles 39.31◦, 89.80◦, and 140.99◦.

The entire nature of angular time delay at E1 was controlled by the interaction between
partial waves with ` = 3 and those with `′ = 0, 1, 2, 3. The contribution from higher `
values to the angular time delay part was almost negligible, as seen in our analysis. Unlike
in the resonant case, among the pair terms in the numerator, ` = 3, `′ = 0 coupling was
stronger at E1. The angular time delay at the E1 is, therefore, approximately written as:

∆t0–9(k, θ) ≈ [P3
2 sin2 δ3 + 7P3P0 sin(2δ3 − δ0) sin δ0]δ′3 + [49P0

2 sin2 δ0 + 7P3P0 sin(2δ0 − δ3) sin δ3]δ′0
P3

2 sin2 δ3 + 49P0
2 sin2 δ0 + 14P3P0 sin δ3 sin δ0 cos(δ3 − δ0)

. (16)

Note that the terms with ` = 3 and `′ = 0, 1, 2, 3 were the flag bearers in the resonant
case, but in the off-resonant case, coupling of ` = 3 with `′ = 0 dominated. We saw
that this shift in the importance at E1 was due to the prominence of s-wave scattering for
low energies. A strange combination of the resonant and the non-resonant channels was
evident here.

For the off-resonant state energy at E2 = 0.0089 a.u., ` = 3 also was the most prominent
factor that contributed to the angular time delay, ∆t0–9(k, θ). The qualitative behaviour of
the angular time delay was controlled by the partial wave ` = 3. In Figure 7b, it can be
observed that angular time delay was positive for most of the angles. Three small negative
dips in the time delay values were observed at the angles 42.86◦, 93.55◦, and 137.64◦. In
addition, two positive peaks were observed; one larger peak was at 57.72◦, and a smaller
one was at 148.54◦. The zero-crossing of the angular time delay was governed by the
symmetry of the P3(cos θ).



Atoms 2022, 10, 77 13 of 22

Er = 0.0829 a.u.
As evident in Figure 1a, at energy Er = 0.0829 a.u., the ` = 4 partial wave under-

went a resonant scattering. Motivated by the earlier discussion, it was intuitive that the
resonant ` = 4 partial wave would be dominant in the angular time delay at the energy
Er = 0.0829 a.u. To investigate this, Figure 8 shows the angular time delay at Er = 0.0829 a.u.
after including interference in a truncated manner. Figure 8a shows the angular time delay,
∆t0,1(k, θ), after including the coupling of only the s- and p-waves. The time delay value lay
in the negative range for most of the angles. A zero-crossing in the time delay value was
observed at the angles 90.63◦ and 100◦, with a small positive peak at 96.14◦. The overall
value of the ∆t0,1(k, θ) ranged between ~−350 as and 100 as. With the further addition of
the d-wave, the time delay profile remained in the negative region throughout. The entire
profile lay in between ~−250 as to −950 as, and had two dips at 72.14◦ and 140.52◦. In a
step-wise manner, Figure 8b additionally includes the impact of the ` = 3 partial wave and
shows ∆t0–3(k, θ). Here also, the time delay value was negative for most of the angles, and
it crossed over to the positive region at 153.76◦. The ∆t0–3(k, θ) had three dips at the angles
56.29◦, 113.12◦, and 144.68◦. Although the ∆t0–3(k, θ) profile was qualitatively different
compared to the previously truncated results, ∆t0,1(k, θ) and ∆t0–2(k, θ), the overall range
of the time delay was not dramatically different compared to theirs. Figure 8c incorporates
the interference due to ` = 4 and shows the ∆t0–4(k, θ). A remarkable difference in the
angular time delay profile was noted qualitatively and quantitatively upon the inclusion
of ` = 4 partial waves; the range of ∆t0–4(k, θ) varied from ~40,000 as to ~−20,000 as. The
∆t0–4(k, θ) had zero-crossings at the angles 28.90◦, 43.01◦, 66.32◦, 76.95◦, 105.86◦, 111.04◦,
149.16◦, and 150.44◦. Additionally, the time delay increased on one side and suddenly
changed sign and grew to a peak at the angles 41.93◦ and 150.69◦. After the small dip at
150.69◦, the time delay value remained at an almost flat positive constant. A dramatic
change in the time delay was noted in the vicinity of θ ≈ 1060. Its value crossed over to
a negative time delay value at angle 111.04◦, after which it decreased rapidly and finally
tended to negative infinity. At 105.86◦, a sharp jump from a negative to positive infinite
value in the time delay was observed. Upon analysing terms present in Equation (13), it
was seen that the interaction term due to ` = 4 and `′ = 0, 1, 2, 3, 4 was the most dominant.
The most significant term in the numerator was that with ` = 4 and `′ = 4:

[
81P2

4 sin2 δ4
]
δ′

4
with δ′4 = 2110.57 as, which was the resonant EWS time delay. Note that the resonant
time delay was larger than the non-resonant ones at the particular energy. Thus, the res-
onant channel governed the angular time delay profile. For more clarity, it can be noted
that the zero-crossings of the angular time delays were in the near vicinity of the nodes
of the Legendre polynomial P4(cos θ). The relative weightage of the numerator and the
denominator terms with ` = `′ = 4 controlled the shape of the total angular time delay
profile. To further examine the impact of the higher angular momentum partial waves,
terms corresponding to ` = 5 were also added; ∆t0–5(k, θ) is shown in Figure 8d. Note
that the qualitative nature of the ∆t0–5(k, θ) was no different compared to the predecessor’s
profile. Further, all contributing partial waves were added (∆t0–9(k, θ)) and are displayed in
Figure 8e. It was not a surprise that the profile of the angular time delay remained the same
as in the case when the resonant channel was added. This indicated that at the resonance,
the resonant partial wave dominated the angular time delay.

Next, the evolution of the angular dependence of the time delay was investigated
at the non-resonant energies, but close to the Er. Figure 9a shows the total scattering
cross-section near the resonance of the ` = 4 partial wave, and the vertical lines indicate the
energy points at which the time delay was examined; E1 = 0.0760 a.u. was lower than the
resonant energy, and the E2 = 0.0870 a.u. was higher than the Er. The angular time delay is
plotted for E1, E2, and Er in Figure 9b. Contributions from all the partial waves, ` = 0–9,
were incorporated to visualise the realistic interference impact on ∆t0–9(k, θ).
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Our analysis showed that the partial wave with ` = 4 was the most vital one con-
tributing to the angular time delay for the off-resonant state energy at E1 = 0.0760 a.u. The
contribution from higher partial waves was almost negligible. We observed that the time
delay value was positive for most of the angles with three minima, with negative time
delays at 57.72◦, 108.96◦, and 150.23◦. Large positive time delays were noted at 51.02◦

and 152.37◦. For smaller angles, the time delay values remained almost constant and were
small. The time delay profile had multiple zero-crossing points, which were at 10.62◦,
35.52◦, 54.370, 72.26◦, 106.99◦, 112.42◦, 148.29◦, and 150.75◦. Among the numerator terms
in Equation (13), the interaction of the ` = 4 partial wave and those with `′ = 0, 1, 2, 3, 4
were more dominant than the interactions due to other combinations of partial waves.
Here again, the most prominent contributing factor in the numerator was due to the term
with ` = `′ = 4, which is

[
81P2

4 sin2 δ4
]
δ′

4
; the value of δ′

4
= 2079.13 as at E1 was large

compared to other partial waves’ EWS time delays. This term in the numerator had sharp
dips (almost zero) at the angles 30.57◦, 70.12◦, 109.87◦, and 149.41◦. This was due to the
zero-crossing nature of the Legendre polynomial P4(cos θ) through these angles. However,
further addition of coupling terms to it caused these dips to shift. The final profile of
the numerator term had minima at the angles 22.93◦, 64.34◦,109.75◦, and 149.54◦. Note
that these dips had a straightforward connection with the zero-crossing in the ∆t0–9(k, θ).
Coming to the enhanced time delay at 51.09◦, upon analysing the denominator expression
of ∆t0–9(k, θ), it was again observed that the ` = 4 contribution dominated there as well.
When a minimum was present in the denominator expression of ∆t0–9(k, θ), the angular
time delay had a higher value. Since the nodes in P4(cos θ) governed the profile, associated
with the zeros in the Legendre polynomial, a maximum in the time delay was also seen.

Regarding the ∆t0–9(k, θ) at E2 = 0.0870 a.u., the partial wave with ` = 4 was the most
vital one that contributed to the angular time delay for this off-resonant energy as well.
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The contribution from higher partial waves was almost negligible. We observed that the
time delay value was positive for most of the angles. However, the ∆t0–9(k, θ) exhibited
three minima, with negative time delays at 57.72◦, 108.96◦, and 150.23◦. Large positive time
delays were noted at 51.02◦ and 152.37◦. For smaller angles, the time delay values remained
almost constant and were small. At the angles 28.20◦, 41.80◦, 67.46◦, 82.90◦, 106.28◦, 113.39◦,
148.79◦, and 150.94◦, zero-crossings in ∆t0–9(k, θ) were observed. Following the analysis
of E1, the ` = 4 partial wave dominated the ∆t0–9(k, θ) at E2 = 0.0870 a.u. as well. Since
the EWS time delay at E2 was larger (δ′

4
= 1443.65 as) compared to that of the other partial

waves, P4(cos θ) governed the nodal points and the enhanced time delays.
Er= 0.1811 a.u.
In this subsection, angular time delay at the resonant scattering corresponding to the

` = 5 partial wave at Er = 0.1811 a.u. is considered. Figure 10a presents the ∆t0,1(k, θ)
due to the interference between ` = 0 and 1 at Er = 0.1811 a.u. The profile of ∆t0,1(k, θ)
had a dip at 104.41◦ and a small peak at 123.80◦, along with a zero-crossing at 114.05◦.
The addition of four more partial waves (` = 1, ` = 2, ` = 3, and ` = 4) gave rise to
the dramatic angular distribution of the time delay, as shown in Figure 10b. Note that
these partial waves were non-resonant at these energies. The time delay ∆t0–4(k, θ) had
negative values, with minima at the angles 79.76◦, 122.22◦, and 149.22◦. The addition of
the resonant channel (` = 5) significantly modified the qualitative profile; more positive
peaks appeared in ∆t0–5(k, θ), as shown in Figure 10c. The magnitude of the time delay
was altered upon the addition of the resonant channel; the ∆t0–5(k, θ) varied from −1000
as to 4000 as. However, the change was not as dramatic as upon the addition of resonant
channels at Er = 0.0829 a.u. and Er = 0.0091 a.u. This was because the ` = 5 partial wave
showed only a weak resonance at Er = 0.1811 a.u. The weightage of the interaction of ` = 5
with other partial waves was relatively less due to δ′

5
= 579.11 as, which was diminutive

compared to δ′
3

and δ′
4

at the respective resonances.
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Figure 10. Angular time delay at the resonant energy 0.1811 a.u. plotted for different partial wave
combinations (a) ` = 0–1, (b) ` = 0–4, (c) ` = 0–5, (d) ` = 0–6 and (e) ` = 0–9.

Similar to earlier cases, here also the contribution from higher partial waves was
almost negligible, as evident in Figure 10d,e. We noted that angular time delay, ∆t0–5(k, θ),
took both positive and negative values, with a deeper negative dip at 34◦ and two smaller
dips at the angles 62.22◦ and 91.14◦. In addition, we observed a large positive peak at the
angle 73.56◦ and a smaller one at 40.54◦. After passing through the small dip at 91.14◦, the
time delay value gradually increased and tended to positive infinity. Later, a jump from a
positive to a negative time delay value was observed at the angle 121.39◦. A negative time
delay value was observed until the angle 124.12◦, above which the ∆t0–5(k, θ) was observed
to be positive, with a small positive dip at 155.50◦ and a small positive peak at 158.12◦. We
noted that although the interference effects with ` = 5 significantly modified the angular
anisotropy, the back-scattering time delay was also governed by partial waves with the
angular momentum quantum numbers ` = 0, 1, 2, 3 and 4, which were all non-resonant
(see Figure 10c). This was due to the fact that the ` = 5 resonance was relatively weaker,
and the non-resonant channels also actively took part in the interference among themselves.

Our analysis showed that the interaction between the ` = 5 partial wave and those
with `′ = 0, 1, 2, 3, 4, 5 was the dominant one that caused the angular profile of the time
delay. Among the terms in the numerator of ∆t0–5(k, θ), contributions from the term[
121P2

5
sin2 δ5

]
δ′

5
, corresponding to ` = `′ = 5 with δ′5 = 578.87 as, were relatively promi-
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nent. This component had a sharp dip at the angles 25.03◦, 57.45◦, 90◦, 122.54◦, and 154.94◦;
in the vicinity of these angles, the angular time delay crossed zero. The reason was the
zero-crossing nature of the Legendre polynomial P5(cos θ) through these angles. With
further contributions from interacting partial waves, the final profile of the numerator term
had minima at the angles 27.13◦, 58.59◦, 91.37◦, 122.75◦, and 155.64◦, with the minimum at
27.13◦ being the deepest among the five.

Further examination clarified that the denominator of ∆t0–5(k, θ) had three minima, at
the angles 35.11◦, 121.26◦, and 156.49◦. An analysis of the terms present in the denominator
of the time delay pinpointed that the term

[
121P2

5
sin2 δ5

]
δ′

5
was the most dominant one.

Note that corresponding to these minima, the angular time delay was enhanced.
Similar to the earlier cases, we extended the examination to the off-resonant energies,

but near the Er = 0.1811 a.u. Figure 11a shows the total scattering cross-section near
the ` = 5 partial wave resonance and the non-resonant energies under consideration
(E1 = 0.1735 a.u., E2 = 0.1871 a.u.); the Er are marked with vertical lines. Figure 11b shows
the development of the angular time delay, ∆t0–9(k, θ), as the projectile energy was scanned
across the resonance.
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Figure 11. (a) Total cross-section near ` = 5 resonance and (b) angular time delay plotted for energies
E1 = 0.1735 a.u. (black dashed line), Er = 0.1811 a.u. (red solid line), and E2 = 0.1871 a.u. (blue
dotted line).

Since the E1 = 0.1735 a.u. was close to the resonance, we expected that the ` = 5 partial
wave would govern the angular distribution of the time delay, and that the zero-crossing of
the time delay would be mostly in the vicinity of nodes in the P5(cos θ). The ∆t0–9(k, θ) took
both positive and negative values, with a deeper negative dip at 35.51◦ and two smaller
dips at the angles 58.06◦ and 89.08◦. In addition, we observed a large positive peak at the
angle 76.29◦. After passing through the small dip at 89.08◦, the time delay value gradually
increased and tended to positive infinity. Later, a jump from a positive to a negative
time delay value was observed at the angle 121.40◦. The reason for the time delay being
infinite in this range was the fact that the magnitude of the denominator in Equation (13)
was far smaller than the numerator. Although the prominent contribution was from
the ` = 5 partial waves, the non-resonant channels also interfered in the back-scattered
angles, resulting in a significant time delay. This was due to the weaker nature of the
` = 5 resonance.

At the off-resonant energy E2 = 0.1735 a.u., the contribution of the ` = 5 term was
weighted almost as equally as the other lower ` partial waves, which were non-resonant.
Our truncated analysis showed that the interference of the ` = 0, 1, 2, 3, and 4 partial waves
led to several dips in the angular profile of the time delay, in particular in the back-scattered
region. Upon adding the coupling with ` = 5, more structures were created due to the
resonances. However, since the resonance was weak, the other channels also contributed.
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3.3. Angular Time Delay, ∆t(k, θ), at Far-Off Resonant Energies

Section 3.2 analysed the angular anisotropy of the time delay at the resonant energies
and the non-resonant energies in the vicinity of the resonances. We concluded that the time
delay in the resonance region was contributed significantly by the interference effects of the
resonant partial waves. Now we will examine the angular time delay in the far-off resonant
region, where we expected contributions from all the significant partial waves depending
on their background cross-section. Figure 12 shows the total cross-section; the off-resonant
energy points under the investigation are marked with vertical lines. We investigated the
angular time delays at energies E1 = 0.0050 a.u., E2 = 0.0340 a.u., E3 = 0.1360 a.u., and
E4 = 0.2510 a.u.
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Figure 12. Total e-C60 elastic cross-section with vertical lines at the off-resonant energies far from the
resonance considered for the analysis.

Figure 13 shows the contributions to ∆t(k, θ) due to different partial wave coupling
obtained using different truncations for very low energy (E1 = 0.0050 a.u.). We expected
that only a few partial waves would contribute at this low energy. When ` = 0 and ` = 1
partial waves were coupled, the time delay in the forward scattering was ~−1000 as, and
it smoothly dropped to ~−5500 as in the back-scattered direction (shown in Figure 13a).
Additional coupling with partial waves with ` > 2 did not change the profile significantly
(see Figure 13b–e). This means that the ` = 0 and ` = 1 contributed to the interference in
the far-off resonant state with energy E1 = 0.0050 a.u.
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Next, we examined ∆t(k, θ) at energy E2 = 0.0340 a.u., as shown in Figure 14. The
least coupled calculation with only ` = 0 and 1 showed a smooth variation from −1000
as to ~−5500 as. Since the energy was relatively higher, we expected that the addition of
higher ` partial waves would indeed alter the profile. As expected, when coupled with
the additional partial wave, ` = 2 (Figure 14b) changed the profile, and the subsequent



Atoms 2022, 10, 77 18 of 22

addition of ` = 3 also impacted the angular time delay. This means that all the active
non-resonant partial waves did contribute to the scattering. Higher partial waves with
` ≥ 4 did not contribute to the angular time delay, as seen in Figure 14d,e, since they were
inactive at the energy E2 = 0.0340 a.u.

Atoms 2022, 10, x FOR PEER REVIEW 21 of 26 
 

Figure 13a). Additional coupling with partial waves with 2>  did not change the profile 
significantly (see Figure 13b–e). This means that the 0=  and 1=  contributed to 
the interference in the far-off resonant state with energy E1 = 0.0050 a.u. 

 
Figure 13. Angular time delay at the energy E1 = 0.0050 a.u. plotted for different partial wave com-
binations (a) 0 1= − , (b) 0 2= − , (c) 0 3= − , (d) 0 4= −  and (e) 0 9= − . 

Next, we examined ( , )t k θΔ  at energy E2 = 0.0340 a.u., as shown in Figure 14. The least coupled 
calculation with only 0=  and 1 showed a smooth variation from −1000 as to ~−5500 as. Since 
the energy was relatively higher, we expected that the addition of higher  partial waves would 
indeed alter the profile. As expected, when coupled with the additional partial wave, 2=  (Figure 
14b) changed the profile, and the subsequent addition of 3=  also impacted the angular time 
delay. This means that all the active non-resonant partial waves did contribute to the scattering. 
Higher partial waves with 4≥  did not contribute to the angular time delay, as seen in Figure 
14d,e, since they were inactive at the energy E2 = 0.0340 a.u. 

 
Figure 14. Angular time delay at the energy E2 = 0.0340 a.u. plotted for different partial wave com-
binations (a) 0 1= − , (b) 0 2= − , (c) 0 3= − , (d) 0 4= −  and (e) 0 9= − . 

In the case of far off-resonant energy E3 = 0.1360 a.u., we expected that the contributions from more 
partial waves to the angular time delay would be significant. A step-wise addition of coupling ef-
fects of partial waves with 0 5= −  is presented in Figure 15a–e. With the addition of each partial 
wave coupling, the changes in the profile of the time delay can be seen. Not only that, the contribu-
tions from each non-resonant partial wave had equal representation. Coupling of the partial waves 
with 5>  did not alter the profile as expected (see Figure 15f,g). 

Figure 14. Angular time delay at the energy E2 = 0.0340 a.u. plotted for different partial wave
combinations (a) ` = 0–1, (b) ` = 0–2, (c) ` = 0–3, (d) ` = 0–4 and (e) ` = 0–9.

In the case of far off-resonant energy E3 = 0.1360 a.u., we expected that the contribu-
tions from more partial waves to the angular time delay would be significant. A step-wise
addition of coupling effects of partial waves with ` = 0–5 is presented in Figure 15a–e.
With the addition of each partial wave coupling, the changes in the profile of the time delay
can be seen. Not only that, the contributions from each non-resonant partial wave had
equal representation. Coupling of the partial waves with ` > 5 did not alter the profile as
expected (see Figure 15f,g).
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Lastly, ∆t(k, θ) at the off-resonant energy E4 = 0.2510 is analysed in Figure 16. The
step-wise addition of partial waves to analyse the interference effects is presented. Each
additional coupling introduced significant alterations in the time delay profile, which
means that the effective time delay was due to the overall contributions from most of the
significant partial waves. In this particular energy, partial waves with angular momentum
quantum numbers up to ` = 6 were significant.

The above sections presented a systematic analysis of the angular time delay at the
resonant and non-resonant energies. At the strong resonances, the angular time delay
was dramatically driven by the particular resonant channel, whereas at the non-resonant
energies, all the significant partial waves did contribute to the interference. Nevertheless,
at a weaker resonance, a contribution from the off-resonant partial waves also existed.
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4. Conclusions

The angular time delay in elastic electron scattering off C60 using the ASW potential
was studied in the present work. An analysis was carried out for resonant energies, as well
as for energy values that lay close to and far away from resonant energies.

At resonance, the corresponding resonant partial waves did contribute predominantly
to the angular time delay. This was mainly due to two factors: (1) the resonant angular time
delay was weighted by the corresponding EWS time delay, which was inherently larger at
the resonance; and (2) the zeros and the maxima/minima in the ∆t(k, θ) were governed by
the corresponding P`(cos θ). The same behaviour was observed for energy states that lay
close to the resonance energy. Nevertheless, if the resonance was weaker, the non-resonant
partial waves also interfered appreciably, taking leading roles in governing the profile of
∆t(k, θ). It is well known that at the low energies (k→0), elastic collisions are predominantly
governed by the s-wave scattering. Likewise, the prominence of s-wave scattering for low
energies in the angular time delay is also reflected. In the case of projectile energies that are
far away from the resonance, the overall angular time delay dynamics are controlled by
several non-resonant partial waves. A truncated calculation allows a systematic analysis of
the individual contribution of different partial waves to the ∆t(k, θ).

The present study showcased the interference effects of different partial waves on the
angular time delay in e-C60 scattering through a systematic analysis. The simple but robust
ASW model potential was used to simulate the C60 confinement. It is well known from
recent studies that the diffuse model potential that has a non-flat bottom and non-parallel
walls mimics the C60 charge density realistically [73]. Usage of non-ASW potentials will
likely change the resonant scattering [78]. Similarly, the addition of polarisation effects
by the projectile on the target is also likely to modify the resonant scattering details [68].
Furthermore, relativistic effects also can be incorporated for accurate high-energy scattering
studies. However, the conclusion that resonant partial waves take full control of the angular
time delay at the resonance was not altered, since its prominence was weighted by the
resonant EWS time delay, which was naturally larger at sharp resonances. Therefore, the
present work was a first step in accomplishing the angular time delay using various realistic
model potentials.

Although the measurement of angular time delay from the scattering process is needed,
the same from photoionisation has already been accomplished. Note that photoionisation
is considered as half-scattering. With the unprecedented advancements in the experimental
side, we hope that the realisation of the angular time delay from scattering studies is also
possible. Therefore, the present work can generate interest among experimentalists to
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realise the angular time delay from the scattering processes. Furthermore, the present
theoretical study benchmarked the time delay in various scattering directions. The inter-
ference of the different partial waves results in enhanced time delays at certain angles, as
seen in the present work. This information points out that the projectile could be trapped
near the scattering centre for a longer duration at certain scattering angles. This, of course,
means that the projectile could stay near the scattering centre longer at certain angles. This
vital information may have far-reaching consequences in hydrogen-storage applications
and cold-atom studies, in which localisation of the projectile–target complex is mostly
in demand.
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