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Abstract: Since total cross section measurements for electron scattering by Zn and Cd performed in
the 1970s, the existence of p-wave shape resonances below 1 eV are well established in the literature.
It was suggested that a second d-wave shape resonance could exist in both systems at an energy
slightly higher than the one recorded for the p-wave but still below the inelastic threshold. We
report elastic scattering calculations for electron collisions with Zn and Cd atoms below 4 eV using a
semiempirical approach, as well the scattering length for both targets. Our results show that, indeed,
the d-wave shape resonance is found in Zn but absent in Cd. In fact, our cross sections and the few
other ones available for this energy range are in discrepancy with the available experimental total
cross sections for Cd.

Keywords: elastic scattering; electron scattering; semiempirical potentials; shape resonances
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1. Introduction

The study of electron–Zn and electron–Cd collisions may provide valuable information
for the modeling of metal vapor plasmas [1]. In the same spirit, since electron–atom
collisions constitute the most basic chemical reaction that an atom can go through, the
characterization of electronic collisions with metal vapor atoms constitutes a problem with
its own relevance within atomic physics.

In spite of several decades of theoretical and experimental investigations on electron–
Zn/Cd scattering, accurate determination of the elastic and inelastic cross sections is far
from being considered as a closed problem, mainly in the low-energy domain. Here, we
focus on energies below ≈4.0 eV where the scattering is purely elastic for both the targets.

Surprisingly, despite almost 100 years since the first measurements of electron–Zn/Cd
cross sections [2,3], we find a limited number of published works on the determination
of total cross sections for energies below 4 eV. In an article from 1976, Burrow et al. [4]
reported measurements of low-energy electron scattering by Zn and Cd using an electron
transmission method. Due to the limitations intrinsic to the measurement process, only
transmitted currents in arbitrary units as a function of the incident energy were presented.
The experimental data showed the existence of shape resonances which were identified
with the (ns2np)2P ground state configurations of the negative ions with energies (widths)
0.49 (0.45) and 0.33 (0.33) eV for Zn and Cd, respectively. In 1991, Marinković et al. [5]
presented measurements for the relative differential cross sections (DCSs) for elastic and
electronic excitation cross sections for Cd from 3.4 to 85 eV and, in 2002, Kontros et al. [6]
presented total cross section data for electron scattering by Cd with resonant structures be-
ing found at 0.33 and 3.74 eV. In 2003, Sullivan et al. [7] published an extensive investigation
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focused on the study of the formation of transient ionic states in electron–Zn/Cd collisions,
however, total cross sections for energies lower than 4 eV were not effectively presented.

From the theoretical side, the scenario is not much different. In 1992, Yuan and
Zhang [8] reported elastic cross sections for Zn and Cd calculated based on the model
correlation potential of Perdew and Zunger (PZ) [9] (as recommended by Padial and Nor-
cross [10]). From now on, they shall be denoted as model potential (MP) calculations. In
2005, Zatsarinny and Bartschat [11] presented benchmark ab initio calculations for low-
energy electron–Zn scattering performed with the R-matrix method. In addition to these
two references, we find the ab initio calculations of Berrington et al. [12] for electron–Cd.
This work was performed with four different theoretical methodologies and can be con-
sidered as the benchmark for a Cd analog to the one of Zatsarinny and Bartschat [11]
for Zn. Due to the energy range of interest in this study, we direct special attention to
the DCSs at 3.4 eV calculated with the convergent close-coupling (CCC) and the rela-
tivistic convergent close-coupling (RCCC) because they allow a direct contrast between
the relativistic- and non-relativistic-based calculations. Finally, we have the recent article
of McEachran et al. [13] for electron–Zn where cross sections from 0.01 to 5000 eV were
recommended for transport simulations.

In addition to the unequivocal presence of the p-wave shape resonances, Burrow et al. [4]
conjectured about the possible existence of resonances of the same nature in the d-wave
in both atoms. In their own words: “There is faint evidence for a very broad feature in
each cross section between the p-wave shape resonance and the first excited states of the
neutral. It is tempting but entirely speculative to suggest that this is associated with a
d-wave shape resonance”. This point is discussed in more detail in the Buckman and Clark
review article [14] where the d-wave resonances are guessed at 2.5 and 2.0 eV for Zn and
Cd, respectively.

As we will see in Section 3, in the case of Zn there is good agreement between the
MP [8] and the ab initio R-matrix calculations [11] for energies above ≈1 eV. Neverthe-
less, some discrepancy exists in the description of the position and width of the p-wave
resonance. Additionally, no d-wave resonance is found in either calculation. For Cd,
there is great divergence among the MP cross sections [8] and the experimental data of
Kontros et al. [6]. Given our recent experience investigating shape resonances in positron–
Zn/Cd scattering at low energies [15], we understand that further investigations on the
possible existence of d-wave shape resonances would be welcome as well as a second
theoretical calculation for Cd in order to contrast with the previous theoretical and experi-
mental results.

Given these considerations and the limited set of information available to study the
subject, at this point, it seems fair to say that the unique point of consensus between all the
results already presented in the literature is the existence of the p-wave resonances below
1 eV. Bearing in mind that the theoretical works already reported on the theme were carried
out with MP [8] and ab initio calculations [11,12], a semiempirical approach appears as a
natural and convenient alternative to bring light to the problem.

Opposed to ab initio and model potential formulations, semiempirical approaches
are based on adjustable parameters, usually tuned to reproduce some external previously
known quantity. In practice, we are going to work with a single-body potential to represent
the electron–atom interaction whose polarization component has asymptotically correct
form up to the first order [16,17], and its short range component is adjusted to reproduce
the position of the p-wave resonances at the energies observed by Burrow et al. [4].

This paper is organized as follows: in Section 2, we present the exchange and polar-
ization potentials adopted to perform our calculations with a very brief description of the
elements of electron–atom scattering theory used to calculate the cross sections; in Section 3,
we show and discuss our results with particular attention to the issue of resonances and
the contrast with previous data; finally, in Section 4 we synthesize our conclusions. Except
where explicitly stated, atomic units are used.
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2. Methods and Procedures

Following our previous works [16,18] and particularly inspired by the article of
O’Connel and Lane [19], we write the effective Hamiltonian for the electron–atom system as

H = −1
2
∇2 + Vst(~r) + Vexc(~r) + Vpol(~r). (1)

The term Vst(~r) represents the electrostatic electron–atom interaction. It directly
depends on the model adopted to describe the atomic system and that determines the
atomic charge density ρ(~r). Once it is chosen, the calculation of Vst(~r) is performed by the
usual means [19].

The indistinguishability between the projectile and the target electrons is a non-local
effect of expressive computational cost in many-body calculations. Here, we adopt a local
model potential Vexc(~r) to describe this effect. Several works were performed throughout
the history of the electron–atom research field in order to develop model exchange poten-
tials and evaluate their performances [20–23]. Here, we follow Riley and Thrular [22] and
chose to work with the Hara free electron gas model (HFEGE) [24] as the recommended
model exchange potential for the low-energy domain.

The HFEGE exchange potential is given by

Vexc(~r) = −
2
π

KF(~r)F[η(~r)] (2)

where the functions KF(~r), F(η), and η(~r) have the forms

KF(~r) = [3πρ(~r)]1/3, (3)

F(η) =
1
2
+

1− η2

4η
ln
∣∣∣1 + η

1− η

∣∣∣, (4)

and

η(~r) =
K(~r)
KF(~r)

, (5)

respectively. In these equations, KF(~r) denotes the Fermi momentum and ρ(~r) is the atomic
charge density. K(~r) is the local momentum given by

K2(~r) = K2
F(~r) + 2I + k2 (6)

where I is the ionization potential of the target atom and k2/2 is the incident kinetic energy
of the projectile.

The representation of the model exchange interaction demands an accurate representa-
tion of the electronic density along the entire space occupied by the atomic target. Contrary
to what happens in positron–atom scattering, the incident electron encounters a purely
attractive potential which evidently causes it to penetrate more deeply into the target field.

In our previous investigations on positron–atom scattering [15,16,18], we adopted
the model electronic density of Salvat et al. [25]. As highlighted by Rabasović et al. [26],
the model densities given by Salvat et al. [25] provide a poor representation of the atomic
shell structure. In order to overcome this difficulty, we adapted our codes to work with
SCF/HF electronic densities. Among many possibilities, we selected the DZP basis as
given in references [27,28] for Zn and Cd, respectively, discarding F type functions, and
constructed the SCF/HF ground state wave functions with the GAMESS package [29].

Figure 1 shows the radial density profile (RDP) calculated with the two prescriptions
for comparison. The atomic shell structure is evidently much better represented by the
SCF model. We also visualize that for r > 2.5 a0 the RDPs converge among each other
for both atoms. This point explains why the use of model densities such as the one of
Salvat et al. [25] usually poses no problems in the positron case; since the positron–atom
static potential is repulsive and exchange is not present, the positron is essentially scattered
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at the edge of the target. In practice, any model potential will depend only on the values of
the atomic charge density in the peripheral region of the system.
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Figure 1. Radial probability density for Zn and Cd atoms obtained from Hartree–Fock (SCF) wave-
functions (this work) for Zn and Cd compared to the ones calculated with model atomic charge
densities obtained from the fitting of Dirac–Hartree–Fock–Slater (DHFS) calculations as given by
Salvat et al. [25].

Finally, the last of the interaction terms is the polarization potential Vpol(~r), whose
asymptotic form is, up to the first order of perturbation theory, given by

lim
r→∞

Vpol(r) ≈ −
αd
2r4 , (7)

where αd is the static dipole polarizability [30]. Here, we adopt the same semiempirical
potential as considered in Arretche et al. [18]:

Vpol(r; rc) = −
αd
2r4

[
1− e−(r/rc)6

]
(8)

where rc is an adjustable parameter. Since the experimental data reported by Burrow et al. [4]
are essentially a measure of the transmitted current (and no partial wave analysis is
performed), we decided to assign the values of rc where the peak of the elastic cross
section computed with all partial waves matches the energy position of the p-wave shape
resonances. Coincidentally, for both the systems we have found rc = 3.400 a0 as the value
that satisfies this criterion.

Table 1 shows the values of the static dipole polarizabilities αd for each target and the
respective cutoff radius rc that reproduces the position of the p-wave shape resonances
at the energies (E (eV)) reported by Burrow et al. [4]. The values for αd were taken from
our recent investigation on low-energy positron scattering by Zn and Cd [15] where the
influence of higher order polarizabilities in positron–Zn/Cd was explored. For the sake of
completeness, the ionization potentials (I (eV)) [31] are also included.

Table 1. Values adopted for the static dipole polarizabilities αd (in a3
0) for each target and the respective

cutoff radius rc (in a0) that reproduces the position (E (eV)) of the p-wave shape resonances at the
energies reported by Burrow et al. [4]. I (eV) denotes the ionization potentials for each target [31].

Atom αd E (eV) I (eV)

Zn 39.20 0.49 9.39
Cd 45.92 0.33 8.99
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In Figure 2, we show the scattering potentials for reference. As expected, the potentials
for Zn and Cd are rather alike since they exhibit very similar electronic structures. Once
the potentials were defined, the cross sections were computed as in Arretche et al. [18].
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Figure 2. Electron–Zn (upper) and electron–Cd (bottom) scattering potentials. Legends are in the figure.

3. Results and Discussion

Unquestionably, measurements of the differential cross sections (DCSs) are a great
challenge in the area of electron/positron–atom scattering, mainly in the very low-energy
region. It is not surprising to find a single measurement of relative elastic DCSs made
by Marinković for electron–Cd at 3.4 eV [5]. While TCS measurements based on the
Beer–Lambert law are the basic test of any theory, it is the DCS that translates the fine
tuning between different components of the scattering potential. For example, in positron–
molecule scattering, it is the degree of polarization considered in the potential which affects
the position of the minima at the intermediate angles in the elastic DCS while the scattering at
high angles (backward scattering) is regulated by the repulsive short range static potential [32].

The relative elastic DCS reported by Marinković et al. [5] at 3.4 eV for Cd is shown in
Figure 3 where the CCC and RCCC of Berrington et al. [12] are also shown for comparison.
Except for the region between 90 and 120 degrees, the three theoretical DCSs are very close
to each other. The DCS of Marinković et al. [5] was normalized at 50 degrees where CCC,
RCCC, and our results find the maximum agreement. Interestingly, our results are very
similar to the RCCC ones. On the other hand, the CCC DCS seems to better describe the
experimental data between 90 and 150 degrees. At present, the lack of data, theoretical
and experimental, does not allow us to go any further in the analysis of this aspect of
the problem.
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Figure 3. Differential elastic cross section for electron–Cd at 3.4 eV compared to the data of
Marinković et al. [5] and Berrington et al. [12]. The relative DCS data were normalized at 50 degrees.

We then pay attention to the elastic integral cross section (ICS) for Zn and Cd which
are given in the upper and bottom panels of Figure 4, respectively. In both plots, the cross
sections computed with our semiempirical approach are shown as a solid red line.

In a given sense, our calculations are somewhat similar to the MP results presented
by Yuan and Zhang [8] since both treat the correlation–polarization effect by single-body
potentials. In reference [8], two sets of cross sections were reported for each target. The first
set was obtained from the PZ correlation potential while the second one was generated by
scaling the correlation potential as Vc → αVc with α chosen to “remove the overestimation
of the correlation effect” and reproduce the 2P-shape resonance of e-Mg scattering at
0.15 eV [33]. In [33], α was taken as 0.8 and the same value was also applied for Zn
and Cd but without any particular justification or connection to the resonance data of
Burrow et al. [4]. Due to that, we have chosen to show only the unscaled cross sections.
We can clearly see in Figure 4 that for both atoms, the MP cross sections (given as a black
dashed line) shift the p-wave resonances to lower energies than the ones experimentally
observed (and reproduced by us) and with narrower widths.

We also consider the results provided by the ab initio many-body techniques. For
Zn, we show the core potential (CPRM) and the B-spline R-matrix (BSRM) cross sections
of Zatsarinny and Bartschat [11]. The core potential approach, as the name suggests, is
based, roughly speaking, on the idea of representing the Hartree potential of the Zn2+

by semiempirical exchange and polarization potentials while the valence “helium-like”
region is treated ab initio. The B-spline technique, on the other hand, uses the B-splines
as a universal basis to represent the electron scattering orbitals. The p-wave resonance
energy predicted by the BSRM calculation occurs at 0.707 eV, a little bit higher than the
experimental one with the CPRM result at an intermediate energy. MP, CPRM, and BSRM
furnish similar cross sections above ≈1 eV while our semiempirical calculations show
another resonance at ≈2.83 eV. The elastic integral cross section below 4 eV is not explicitly
given by Berrington et al. [12], as the only direct information that can be extracted about it
comes from the DCS at 3.4 eV (see Figure 6 of [12]). The ICS calculated from it is given as a
square in the bottom panel. As in Zn, above ≈1 eV the MP, RCCC, and our semiempirical
cross sections perfectly agree with each other. On the other hand, notable discrepancy is
found between the theoretical results and the experimental data of Kontros et al. [6]. Except
for a scale factor, our semiempirical ICS presents the same qualitative dependence with
energy when compared to the experimental points, from threshold up to ≈0.5 eV, with the
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p-wave resonance observed by Burrow et al. [4] being found approximately at the same
energy (0.33 eV). Notwithstanding, above 0.5 eV notable divergence is evident.

In order to better appreciate the resonant structures, we show in Figure 5 the partial
wave cross sections found in our calculations. As stated in the Introduction, the possible
existence of a d-wave shape resonance for both Zn and Cd between the p-wave shape
resonance and the first excited states of the neutral atom was suggested by Burrow et al. [4].
Our results show a d-wave resonance for Zn at 2.83 eV but a flat d-wave cross section for
Cd. Zatsarinny and Bartschat [11] have also found a d-wave resonance with a BSRM at
4.234 eV (see Table III of [11]). Since shape resonances are basically characterized by their
energies and widths, we present these values in Table 2.

Finally, for the sake of completeness, we report the scattering lengths obtained in our
calculations. These values are 2.32 a0 for Zn and 2.24 a0 for Cd.

Table 2. Resonance widths in eV. The experimental values are the ones of Burrow et al. [4]; BSRM is
the B-spline R-matrix of Zatsarinny and Bartschat [11].

Atom Expt BSRM This Work

Zn p 0.45 1.14 0.95
d 0.37 0.70

Cd p 0.33 0.55
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Figure 4. Elastic cross section for electron–Zn (upper panel) and electron–Cd (bottom panel). In both
panels, the present results are given by the solid red line, and the MP calculation results of [8] are
represented by the dashed black line. For Zn, the dotted blue line represents the CPRM calculation
and the dashed blue line the BSRM results [11]. For Cd, the green crosses are the experimental data
of Kontros et al. [6], and the yellow square is the ICS obtained by integration of the RCCC [12] DCS
at 3.4 eV.
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Figure 5. Partial wave contributions to the elastic cross section for electron–Zn (upper panel) and
electron–Cd (bottom panel).

4. Conclusions

The low-energy scattering of electron–Zn/Cd was studied by applying model ex-
change and semiempirical polarization potentials. The external data used to adjust the
short range component of the polarization potential were the resonance data of Burrow
et al. [4]. Given this methodology, we reported the elastic integral cross sections for energies
below 4 eV and the scattering length for both targets.

Our results for the Cd DCS at 3.4 eV are very close to the RCCC of Berrington et al. [12],
but showed small discrepancies with the CCC [12] and the experimental DCS of
Marinković et al. [5] in the intermediate angular region. The elastic ICSs for Zn are in
good agreement with the previous MP and ab initio results but contrasted with the previous
ones, and we have found a clear d-wave resonance as conjectured by Burrow et al. [4] and
pointed by Clark and Buckman [14]. For Cd, no d-wave resonance was found, but our cross
sections corroborate the previous ones obtained with MP and ab initio (only for 3.4 eV).
Even so, all of the theoretical cross sections have a great discrepancy with the experimental
data of Kontros et al. [6].

The calculations presented here show that even for relatively well-documented atomic
systems such as metal vapors, there are still several gaps to be filled. It would be interesting
to see a set of low-energy total cross section measurements for Zn and Cd in order to
contrast with the data of Burrow et al. [4] and, more specifically, with the measurements of
Kontros et al. [6] since these are in disagreement with the theoretical predictions.
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