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Abstract: The convergent close-coupling (CCC) method was initially developed to describe electron
scattering on atomic hydrogen and the hydrogenic ions such as He+. The latter allows implementation
of double photoionization (DPI) of the helium atom. For more complex single valence-electron atomic
and ionic targets, the direct and exchange interaction with the inner electron core needs to be taken
into account. For this purpose, the Hartree-Fock (HF) computer codes developed in the group of
Miron Amusia have been adapted. In this brief review article, we demonstrate the utility of the HF
technique by examples of electron scattering on Li and the DPI of the H− and Li− ions. We also
discuss that modern-day computer infrastructure allows the associated CCC code, and others, to be
readily run directly via the Atomic, Molecular and Optical Science Gateway.

Keywords: electron–atom scattering; atomic photoionization; many-electron correlation; electronic
structure
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1. Introduction
Collisions between particles on the atomic scale are ubiquitous throughout the uni-

verse. Our interest is in the collisions of fundamental particles such as electrons, positrons,
photons, and protons with atoms and molecules. The field relies on strong interactions be-
tween experimental and theoretical approaches to the collision problems. The expectation
is that experiments provide benchmark measurements for theorists to test their models,
and when deemed sufficiently accurate the models provide extensive data for use in ap-
plications. The latter include astrophysics, fusion, lighting, nanolithography, and medical
imaging and therapy. Accordingly, it is of great concern whenever there are substantial
discrepancies between theory and experiment that are not understood. One such case
was the discrepancy for the angular correlation parameters in the fundamental Coulomb
three-body collision problem of e-H excitation of the 2p state [1,2].

From the theoretical side, the difficulties associated with calculating e-H scattering
relate to the fact that the target has a countably infinite number of discrete states, an un-
countably infinite continuum, and that the Coulomb interaction extends to infinite distances
for charged particles. The convergent close-coupling (CCC) method [3,4] was developed
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in response to the abovementioned discrepancy by providing a systematic and mathemat-
ically rigorous approach to the underlying computational difficulties. By expanding the
target wave-functions in a truncated complete Laguerre basis the target is represented
with a finite number of target states N. Furthermore, due to the exponential falloff of the
basis, the interactions do not extend to infinite distances. The problem is then reduced to
obtaining convergence in the scattering amplitudes of interest with increasing N. Despite
demonstrating such convergence, the CCC method was unable to resolve the discrep-
ancy with the experiment, and yielded results similar to other sophisticated theoretical
approaches to the problem [4]. However, it was able to yield excellent agreement with the
measurements of the total ionization cross section and its spin asymmetry [5], which is a
particularly stringent test of any theory.

While atomic hydrogen is the ideal starting point for testing any electron–atom scatter-
ing theory, it is not ideal from the experimental point of view. Alkali atoms such as Li and
Na are easier to prepare in the laboratory, and yet their chemistry is very similar to that of
H, having just one valence electron. This allowed for some very accurate measurements of
e-Li [6–8], e-Na [9–12], and e-K [13–15] scattering systems. So the next stage in trying to
understand the discrepancy for the e-H system was to extend the CCC method to the alkali
atoms. The group of Miron Amusia generously provided the Hartree-Fock computational
code [16,17] for a self-consistent treatment of the core electrons. This allowed the reduction
of the electron–alkali atom collision problem to also be a Coulomb three-body problem,
albeit with some more complicated nonlocal potentials [18]. The Hartree-Fock code also
enabled the extension of the two-electron CCC code [19] to quasi two-electron targets such
as alkaline earth metals [20,21]. Reviews of the development of the CCC method, including
application to differential ionization, are available [22–25].

Unlike the case of the e-H system, the agreement between the CCC calculations and
experiment for the electron–alkali collisions was spectacular, so much so, that the e-H
collision system was remeasured by other groups, who found excellent agreement with
the CCC calculations [26,27]. Subsequently, errors in the original measurements were
identified [28].

A similar development track was taken by DPI on He, where the final state is deter-
mined from the e-He+ collision system. Here too. theoretical predictions did not always
agree with the initial experiment. Mergel et al. [29] measured the DPI of He using circularly
polarized light. However, the corresponding CCC calculations did not yield agreement
with the measurements [30]. Subsequently, Achler et al. [31] revisited the experiment and
found excellent agreement with the CCC calculations. The CCC method was then extended
to describe double ionization of He by electron impact (the so-called (e,2e) reaction [32,33]).
Then an extension was made to the process of two-photon double ionization of He [34].
The utility of the HF theory was instrumental to describe the valence-shell DPI of alkaline–
earth metal atoms [35]. These calculations were later found in good agreement with
experiments [36]. Most recently, the CCC technique aided by the HF theory was applied
to time-resolved atomic photoemission. The time delay in photoemission, expressed via
the phase of the complex ionization amplitude, became experimentally accessible [37,38].
While the measurements are restricted at present to single active electron targets, theoretical
predictions for two-electron targets have been made [39,40]. Most recently, photodetach-
ment time delay was analyzed to reveal the implications of the fundamental threshold
laws [41].

Here we shall demonstrate the agreement between theory and experiment by focusing
on just the simplest electron–alkali collision system, that of e-Li scattering. This collision
system is also a key component in calculating the DPI of Li−, as upon single or double
photoionization the e-Li wave-function corresponds to the final state of Li−. The CCC
computer codes utilize modern computational infrastructure including massive parallelism
and GPU acceleration and are readily accessible for execution via the Atomic, Molecular
and Optical Science Gateway, https://amosgateway.org (accessed on 4 February 2022) [42].

2. Theory
The details of the implementation of the CCC theory to electron scattering on quasi

one-electron targets, such as the alkalis, have been given by Bray [18]. Briefly, the core-

https://amosgateway.org
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electron wave-functions ψj of target T are solved for by utilizing the Self-consistent-Field
Hartree-Fock (SCHF) equations [16](

K + VHF − ε j

)
ψj(r) = 0, ψj ∈ T, (1)

where

VHFψj(r) =

−Z
r
+ 2 ∑

ψj′∈T

∫
d3r′
| ψj′(r′) |2

| r− r′ |

ψj(r)

− ∑
ψj′∈T

∫
d3r′

ψ∗j′(r
′)ψj(r′)

| r− r′ | ψj′(r). (2)

The core-electron wave-functions are then used to define the Frozen-Core Hartree-Fock
(FCHF) potential VFC as

VFCφj(r) =

−Z
r
+ 2 ∑

ψj′∈C

∫
d3r′
| ψj′(r′) |2

| r− r′ |

φj(r)

− ∑
ψj′∈C

∫
d3r′

ψ∗j′(r
′)φj(r′)

| r− r′ | ψj′(r), (3)

where the notation C indicates the set of frozen-core wave-functions. The target wave-
functions are then obtained from the effective one-electron Hamiltonian K + VFC via(

K + VFC − εj

)
φj(r) = 0. (4)

The eigenstates can be obtained directly [17] or via diagonalization in some suitable
basis. In the CCC method we do both, with the utilization of the Laguerre basis, which
yields negative-energy eigenstates and a discretization of the target continuum.

With all of the potentials V defined, the close-coupling equations are formed in
momentum space as coupled Lippmann-Schwinger equations directly for the transition
amplitudes 〈k f φ f |TS|φiki〉, as if the problem was a three-body one [4,18]

〈k f φ f |TS|φiki〉 = 〈k f φ f |VS|φiki〉+
N

∑
n=1

∫
d3k
〈k f φ f |VS|φnk〉〈kφn|TS|φiki〉

E(+) − εn − k2/2
, (5)

where S is the total electron spin, and N is the number of Laguerre-based target states. We
check for convergence in the required 〈k f φ f |TS|φiki〉 by simply increasing N.

3. Results
3.1. Electron-Lithium Excitation

In the seminal publications of Bederson [43,44], the idea of perfect scattering exper-
iments was introduced. In such experiments, the maximum amount of the underlying
scattering information is measured. In the case of P-state excitation, the angular correlation
parameters discussed above, or the equivalent Stokes parameters [45], which may depend
on total electron spin [46], complement the differential cross sections in providing the extra
experimental information to compare with the theory. In the following three figures, we
examine e-Li excitation of the 2P state by presenting spin-dependent and -weighted results
for the differential cross sections (DCS) and the three Stokes parameters. For each total
electron spin S, at every scattering angle, there are two independent scattering (complex)
amplitudes resulting in four independent theoretical predictions. While experiment [8]
is available only for the spin-weighted parameters, it can be thought of as perfect for the
spin-weighted case.

In addition to presenting the CCC calculations, which are convergent in the treatment
of both the target discrete and the continuous spectrum, the CC calculations are also
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presented. These are convergent in the treatment of just the discrete spectrum; hence, the
differences between CCC and CC highlight the importance of the inclusion of the target
continuum on the transition of interest.

In Figure 1, we present the results for 7 eV e-Li excitation of the 2P state. We see that
there is a substantial dependence of the results on the total electron spin S. The importance
of the continuum is quite small at this energy. The agreement of the calculations with
the experiment of Karaganov et al. [8] is quite extraordinary. Note that this experiment
utilises the superelastic technique, which yields much better statistics than the traditional
electron–photon coincidence experiments [1,2].
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Figure 1. Differential cross section and (reduced) Stokes parameters for 7 eV electron-lithium 2P
excitation. CCC results are convergent in the treatment of the Li discrete and continuous spectrum,
whereas CC results are convergent in the treatment of the discrete spectrum only. Experiment is due
to Karaganov et al. [8].

The results for 14 eV e-Li excitation of the 2P state are presented in Figure 2. This time
we see substantial differences between the CCC and CC calculations, though mostly for the
S = 0 DCS and Stokes parameters. These differences are much less visible when compared
with the experiment for the spin-weighted Stokes parameters, where the agreement is
again outstanding.

Lastly, the 22 eV e-Li excitation of the 2P state is presented in Figure 3. At this
energy the inclusion of the target continuum is clearly important for S = 0, though this
is less visible for the spin-weighted parameters. The agreement with the experiment is
outstanding once more. It was such good agreement, first reported by [6], that others
seriously questioned the accuracy of the corresponding e-H 2P excitation measurements.
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Figure 2. Same as for Figure 1, except for 14 eV.

0.01

 0.1

   1

  10

 100

1000

c
r
o
s
s
 
s
e
c
t
i
o
n
 
(
a
.
u
.
)

22eV
S=0

CCC
CC

 

 

 

 

 

 

S=1
CCC
CC

 

 

 

 

 

 

S−weighted    
CCC
CC

experiment

−1.0

−0.5

 0.0

 0.5

 1.0

P
1

 

 

 

 

 

 

 

 

 

 

−1.0

−0.5

 0.0

 0.5

 1.0

P
2

 

 

 

 

 

 

 

 

 

 

−1.0

−0.5

 0.0

 0.5

 1.0

0 30 60 90 120 150 180

P
3

 

 

 

 

 

 

0 30 60 90 120 150 180

scattering angle (deg.)

 

 

 

 

 

0 30 60 90 120 150 180

 

Figure 3. Same as for Figure 1, except for 22 eV.

3.2. Double Photoionisation
The knowledge of the scattering T-matrix allows expression of the two-electron dipole

matrix element in the form of an integral [47]:

〈Ψ(−)
j (k)|D|Ψ0〉 = 〈k(−)φj|D|Ψ0〉

+∑
i

∑
∫

d3κ
〈k(−)φj|T|φiκ

(+)〉〈κ(+)φi |D|Ψ0〉
E− εκ − εi + i0

. (6)
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Here, the bare dipole matrix element 〈k(−)φj|D|Ψ0〉 is calculated between the two-

electron initial state Ψ0 and the final channels 〈k(−)
b φj|. The initial state is expressed in the

form of the multiconfiguration Hartree-Fock (MCHF) expansion

Ψ0(r1, r2) =
lmax

∑
l=0

nmax

∑
m=n

Cml |ψml(r1)ψml(r2) : 1S〉. (7)

The MCHF orbitals ψml(r) are found in the frozen 1s2 core in the case of Li− (n = 2),
while this core is absent in the case of H−(n = 1). Only diagonal ml2 terms are included in
expansion (7), as is always the case for the closed-shell MCHF ground state. The coefficients
Cml in the MCHF expansion (7) are found by using the multiconfiguration Dirac-Fock
computer code [48].

The cross section of a two-electron transition, measured as a function of the photon
energy ω and corresponding to a particular state j of the remaining bound electron, is given
by [49]:

σj(ω) =
4π2

ωc ∑
mj

∫
d3k |〈Ψ(−)

j (k) |D|Ψ0〉|2δ(ω− E + E0) . (8)

Here, c ' 137 is the speed of light in atomic units, while other fundamental constants
are set to e = m = h̄ = 1. The final channels are separated into single and double ionization
according to the energy εj, which is positive for the double ionized channels and negative
for the singly ionized channels.

The phase of the ionization amplitude

δj(k) = arg〈Ψ(−)
j (k) |D|Ψ0〉 , τj(k) = ∂δj(k)/∂E (9)

is used to calculate the photoemission time delay τj(k) in the given emission direction as
the phase derivative with respect to the photoelectron energy E = k2/2 (see Equation (S10)
of [37]).

Our numerical results for photodetachment of H− and Li− are displayed in Figures 4 and 5,
respectively. We select these two targets because the threshold laws manifest themselves
particularly clearly in negative ions, which have a very simple spectrum and can support only a
limited number of discrete excited states in comparison to an infinite number in their neutral
atomic counterparts.

The photodetachment cross section (8) as well as the phase and the time delay (9) of
H− near the n = 2 threshold are presented in Figure 4. The top panel displays the partial
photodetachment cross sections in various channels leaving the H atom in the ground 1s
and excited 2s or 2p states. The total cross section is compared with the experiment [50].
The sharp resonance below the n = 2 threshold is due to autodetachment of a two-electron
bound state into the ground state of the H atom (Feshbach resonance). We see that all four
autodetachment channels have very similar cross sections. The time delay in the n = 2
channels is strongly angular-dependent. Near the opening of the n = 2 channels, it reaches
very large negative values.

Figure 5 displays the set of Li− results analogous to that of H− shown in Figure 4.
The photodetachment cross section exhibited in the top panel of Figure 5 displays a very
clear threshold cusp prescribed by the Wigner threshold law [51], which suppresses all the
partial waves in the photoelectron wave packet in the newly opened channel except the
s-wave.
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Figure 4. (Color online) (a) The cross section (8), (b) the phase of the transition amplitude, and (c) the
time delay (9) of H− in various photodetachment channels near the n = 2 threshold. The experi-
ment [50] is displayed in the top panel.

In the Wigner theory, the cross section near the opening of a new channel can be
parameterized as

σ(E) = σ0 − 2A|E− E0|1/2 ×
{

sin2 δ0 for E > E0
sin δ0 cos δ0 for E < E0

. (10)

The scattering phase δ0 is rather small in H−, as the inelastic threshold is 3/4 Ry above
the photodetachment threshold. In contrast, in Li− , the inelastic 2p threshold is only
2 eV above the photodetachment threshold, and the phase δ0 is rather large. The Wigner
Formula (10) predicts the falling cross section above the threshold, while it is always rising
below the threshold, hence the cusp formation and the strong dominance of the s-wave in
the inelastic channel of Li− . This dominance reduces dramatically the angular dependence
of the phase and time delay. The latter is only weakly angular dependent in comparison
with the H− ion.
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Figure 5. (Color online) (a) The cross section (8), (b) the phase of the transition amplitude, and (c) the
time delay (9) of H− in various photodetachment channels near the n = 2 threshold. Experimental
cross section results [52,53] are displayed in the top panel.

3.3. Atomic, Molecular and Optical Science Gateway
The CCC calculations presented here may be reproduced in a matter of minutes using the

Atomic, Molecular and Optical Science (AMOS) Gateway https://amosgateway.org (accessed
on 4 February 2022), which is accessible to anyone who is able to authenticate via their own
institution. The gateway is a sustainable community-oriented platform for enabling AMOS
applications as a service for the AMOS community with intuitive interfaces. Several other
AMOS codes are either available, or being made available, via this interface [42].

The gateway-accessible CCC code has been installed and compiled for efficient exe-
cution on the machines of the Extreme Science and Engineering Discovery Environment
(XSEDE). The code has inbuilt hybrid MPI and OpenMP parallelization, as well as GPU
acceleration. The latter has only been implemented recently [54] and continues to be a focus
of development. Sample e-Li scattering inputs for the presented calculations are available.
The gateway is constantly under development and we expect that more user-friendly
interfaces will be built in due course.

4. Conclusions
We are grateful for our interactions with Miron Amusia and their group. Here, we have

shown how the incorporation of the Self-Consistent Field and Frozen Core Hartree-Fock
routines of the group have played a very important role in the development of the CCC

https://amosgateway.org
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method beyond atomic hydrogen and helium. Not only did this simply broaden the utility
of the method but also helped resolve what previously seemed as intractable discrepancies
between theory and experiment.
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