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Abstract

:

The matter fluctuation parameter   σ 8   is, by model construction, degenerate with the growth index  γ . Here, we study the effect on the cosmological parameter constraints by treating each independently from one another, considering   σ 8   as a free and non-derived parameter along with a free  γ . We then try to constrain all parameters using three probes that span from deep to local redshifts, namely the CMB spectrum, the growth measurements from redshift space distortions   f  σ 8   , and the galaxy cluster counts. We also aim to assess the impact of this relaxation on the   σ 8   tension between its inferred CMB value in comparison to that obtained from local cluster counts. We also propose a more sophisticated correction, along with the classical one, that takes into account the impact of cosmology on the growth measurements when the parameters are varied in the Monte Carlo process, which consist in adjusting the growth to keep the observed power spectrum, integrated over all angles and scales, as invariant with the background evolution. We found by using the classical correction that untying the two parameters does not shift the maximum likelihood of either   σ 8   or  γ , but it rather enables larger bounds with respect to when   σ 8   is a derived parameter, and that when considering CMB +   f  σ 8   , or when further combining with cluster counts albeit with tighter bounds. Precisely, we obtain    σ 8  = 0.809 ± 0.043   and   γ = 0.613 ± 0.046   in agreement with Planck’s constraint for the former and compatible with ΛCDM for the latter but with bounds wide enough to accommodate both values subject to the tensions. Allowing for massive neutrinos does not change the situation much. On the other hand, considering a tiered correction yields    σ 8  = 0.734 ± 0.013   close to ∼1  σ  for the inferred local values albeit with a growth index of   γ = 0.636 ± 0.022   at ∼2  σ  from its ΛCDM value. Allowing for massive neutrinos in this case yielded    σ 8  = 0.756 ± 0.024  , still preferring low values but with much looser constraints on   γ = 0.549 ± 0.048   and a slight preference for   Σ  m ν  ∼ 0.19  . We conclude that untying   σ 8   and  γ  helps in relieving the discomfort on the former between the CMB and local probes, and that careful analysis should be followed when using data products treated in a model-dependent way.
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1. Introduction


The study of the formation and distribution of large-scale structures (LSS) is one of the strongest tools used to constrain a cosmological model [1], with the essential ingredients necessary to describe it being the matter density, the matter fluctuation calibration parameter,   σ 8  , and the matter growth rate. The latter can be parameterised as a function of the matter density to the power of what we call the growth index  γ , for which a value of ∼0.55 was found to effectively describe the growth in the ΛCDM model [2]. Deviation from it could signal the need for models beyond the standard cosmological one, e.g., [3].



Among the probes that serve to constrain these parameters, are the ones used in this work, such as the cosmic microwave background (CMB) temperature and polarisation angular power spectrum, since it could be related to the growth of the density fluctuations at the recombination epoch [4], or the measurements of growth in the clustering of galaxies obtained from its effect on the redshift space distortions (RSD) [5], or the galaxy cluster counts (CC) from measuring their abundance in a given volume [6].



However, among the three parameters, the CMB only directly measures the matter density, and needs the assumption of a model to derive   σ 8  , since what is actually measured is rather the amplitude of the power spectrum   A s  , extrapolated to our time to obtain the   σ 8   in a model-dependent way. Moreover, the matter density at the recombination epoch is close to unity, resulting in little constraining power on the growth index value. While, for the other two probes, the growth measurements from the galaxy redshift distortions (RSD) and the cluster counts (CC), they actually measure a combination of the three parameters but are not equally sensitive to each of them since the RSD is rather affected by the growth rate of change while the CC is obtained by calibrating a Gaussian halo distribution which average and standard deviation are function of the growth, the   σ 8   parameter and the matter density at the observed epoch. This results from the fact that, in general, the three parameters are not independent and could be derived from each others if we consider a specific model, such as ΛCDM [7]. Moreover, a model is needed for the RSD growth measurements to describe the galaxy bias that relates the underlying matter to the galaxy distribution, while for the cluster counts we need to model the mass-observable scaling relation that relates the mass of the halo to an observed property of the cluster, such as its luminosity, richness, or temperature.



We can then try to determine the mass-observable calibration parameter for the CCs from hydrodynamical simulations while for the RSD probe, we often marginalise over the bias if we want to obtain the growth alone. Then the degeneracy and dependency between   Ω m  ,   σ 8  , and  γ  could also be alleviated if we do not want to assume an underlying cosmological model, only if we combine all the three probes as we shall see later. However, the need to relax the underlying model has become more relevant lately following findings of a persistent tension, varying from two to four  σ  depending on the datasets used, on the value of   σ 8   when measured by deep probes, such as the CMB, in comparison to that determined from local probes such as the weak lensing measurements [8,9] or one of our chosen probe, the CCs [10], but also [11,12,13] found a tension on   σ 8   as well between RSD and CMB data. Apart from the possibility that it could result from a mis-determination of the systematics involved, it could also suggest the need for models beyond LCDM in order to cure this “discomfort”.



Consequently, the growth index  γ  was investigated in [14,15] as a way to alleviate this tension, by means of Bayesian studies using a combination of two of the above probes, CMB and CCs, in an agnostic approach, where the parameters in relation to the   σ 8   tension and the calibration parameters were left free to vary. In doing so, [15] showed that even if we let the mass-observable free, we are still able to constrain  γ , preventing it from fully solving the tension even if it reduces it from four to two  σ . However, it was also found that when adding neutrinos to the free  γ  or further relaxing the   σ 8   value, by considering it as a free parameter and not derived from   A s  , the tension is alleviated albeit with a widening of the constraints, and a fixed  γ  to the ΛCDM value. Staying with this  γ  restriction, [16] combined the CMB and CCs with the growth from the RSD measurements and showed that the combination of these three probes prevents a free   σ 8   from solving the tension again; however, as mentioned, they did not vary  γ  but fixed it to its ΛCDM value. Moreover, they used the growth data obtained assuming ΛCDM while, in general, when performing an MCMC, a correction accounting for the effects of the [17] (AP) effect, describing the impact of the change of geometry on the growth of structures with the changing cosmology in the Monte Carlo exploration, is applied.



Here we follow the same approach as [16] except we first use a larger set of   f  σ 8    measurements that span over a large range of redshifts. Second, we also let the growth index vary (see [18] for an RSD CMB assessment of the tension with modified gravity) in addition to   Ω m  ,   σ 8   and the mass-observable calibration parameter, and end by further letting free the neutrino mass. Finally, we apply the usual AP correction performed when using growth from RSD measured in a specific cosmology. This correction, despite being widely used, assumes that the adjustment is enough independent of the direction of observation and of its scale dependence. This is not completely true, since the growth measurements are usually extracted from an observed power spectrum that includes such effects on all the scales and observed directions. Already [19] noted that a more sophisticated correction needs to be performed, and for that they used a more elaborate method that tried to take into account the direction and the scale over which the power spectrum was measured. However they also assumed small deviations from the fiducial model, sufficient for their purpose since they did not include probes other than the RSD. Here, in addition to the simple AP correction, we shall also test the impact of a more sophisticated one, relaxing the isotropy assumption along with supposing large deviations from the fiducial model, and adopting the ansatz that the observed power spectrum, integrated over all angles and scales, is an invariant quantity when the cosmology changes. Therefore, it can be used to determine the new value of the growth rate by adjusting the latter to keep the integrated observed power spectrum unchanged from the AP effects.



The paper is organised as follows: in Section 2 we present the pipeline and data used in our analysis, as well as the model independent approach followed when combining the different datasets, while we show and discuss our results in Section 3 and conclude in Section 4.




2. Datasets Treatment and Analysis Methods


We perform an MCMC Bayesian study using the CMB   C ℓ   of the temperature, polarisation and their cross correlations, from the publicly available datasets of the Planck mission [20] and its likelihood [21].



We combine them with the SZ detected clusters sample PSZ2 containing a total of 439 clusters [22] spanning the redshift range from   z ∼ 0.0   to   z ∼ 1.3  , where the distribution of clusters function of redshift and signal-to-noise is written as


    d N   d z d q   = ∫ d  Ω mask  ∫ d  M 500    d N   d z d  M 500  d Ω   P  [ q |   q ¯  m   (  M 500  , z , l , b )  ]  ,  



(1)




with


    d N   d z d  M 500  d Ω   =   d N   d V d  M 500      d V   d z d Ω   ,  



(2)




where the halo mass-function (HMF) can be written in a simple form [23]


  d N / d m = −   ρ ¯  m     d ln  ν    d ln  m   F  ( ν )   



(3)




with   ν =  δ c  / σ  ( M , z )    where   σ ( M , z )  , the variance of the linearly evolved density field smoothed by a spherical top-hat window function W of comoving radius R enclosing mass   M = 4 π  ρ m   R 3  / 3  , is:


   σ 2   ( M , z )  =  1  2  π 2     ∫ 0 ∞   k 2   P m   ( k , z )    |  W M   ( k )  |  2  d k ,  



(4)




and   F ( ν )   the multiplicity function taken from [24].



The quantity   P [ q |   q ¯  m   (  M 500  , z , l , b )  ]   is the distribution of q given the mean signal-to-noise value,     q ¯  m   (  M 500  , z , l , b )   , predicted by the model for a cluster of mass   M 500   which we relate to the measured integrated Compton y-profile    Y ¯  500   using the following scaling relations:


   E  − β    ( z )        D A   2   ( z )    Y ¯  500     10  − 4    Mpc 2     =  Y *     h  0.7     − 2 + α        ( 1 − b )   M 500    6 ×  10 14   M ⊙     α  ,  



(5)







All is implemented in our SZ cluster counts module in the framework of the parameter inference Monte Python code [25]. When running MCMC chains, we let mainly the normalisation parameter   ( 1 − b )   for SZ vary along with the six CMB cosmological parameters, the matter density   Ω m  , the baryonic density   Ω b  , the spectral index   n s  , the amplitude of the power spectrum   A s  , the Hubble constant   H 0  , and the optical depth reionization parameter   τ  r e i o   , while also leaving  α  free since it could be degenerate with the calibration factor.



Since a modified value of the large-scale structures growth by mean of the growth index  γ  we define next, enters the HMF through Equation (4) and changes the cluster number counts, and since this happens as well for a given value of   σ 8   (defined as the   z = 0   variance in the density field at scales of   8  h  − 1   Mpc   and used as a calibration parameter in (4), we therefore want to investigate in this work how the constraints on the cosmological parameters change when we allow both  γ  and   σ 8   to vary, where  γ  affects the power spectrum as


   P m   ( k , z , γ )  =  P m   ( k , z )      D (  z *  )   D ( z )     D ( z , γ )   D (  z *  , γ )    2   



(6)




where  γ , the growth index, is the parameter in the phenomenological parameterisation of the growth rate   f =  Ω  m  γ   ( z )    and   f = d ln D / d ln a  , D being the growth of perturbations   δ  ( z )  =  δ 0  D  ( z )    (see [26] for another implementation of the effect of  γ ). The growth rate in ΛCDM is well approximated when the growth index is set to   ∼ 0.545   and takes different values in other modified gravity models [27].



While   σ  8 , f    used as free calibration parameter would change the power spectrum following


   P m   ( k , z ,  σ  8 , f   )  =  P m   ( k , z )     σ  8 , f    σ  8 , d      



(7)




where f stands for the value used for calibration while d is for the derived one


   σ  8 , d   =  1  2  π 2    ∫  d k  P m   ( k , z = 0 )     W TH   ( k  R 8  )   2   k 2   ,  



(8)




with    W TH   ( x )  = 3  ( sin x − x cos x )  /  x 3    a top-hat filter in Fourier space.



To better constrain the increase in the number of degree of freedom from our model independent approach we additionally combine datasets of the growth measurements   f  ( z )   σ 8   ( z )    obtained from the anisotropic clustering of galaxies after marginalising over the galaxy bias b. However, we need to correct for the Alcock–Paczynski (AP) effect or the altering of the distortions in the radial direction by the change of the Hubble parameter   H ( z )   with cosmology and in the transverse direction by that of the angular diameter distance    d A   ( z )   . Specifically, we implement the correction as follows [28]; first, we define the ratio of the product of the Hubble parameter   H ( z )   and the angular diameter distance    d A   ( z )    for the model at hand to that of the fiducial cosmology,


  ratio  ( z )  =   H  ( z )   d A   ( z )     H  f i d    ( z )   d A  f i d    ( z )    .  



(9)







We then use it to correct the vector    V i   (  z i  ,  p j  )    that enters our likelihood, where   z i   is the redshift of ith point and   p j   is the jth component of a vector containing the cosmological parameters that we want to determine from the data, following


   V i   (  z i  ,  p j  )  = f  σ  8 , i   − ratio  (  z i  )  f  σ 8   (  z i  ,  p j  )   



(10)




where   f  σ  8 , i     is the value of the ith datapoint, with   i = 1 , … , N  , where N is the total number of points, while   f  σ 8   (  z i  ,  p j  )    is the theoretical prediction, both at redshift   z i  .



However, as mentioned previously, this method performs a global correction, regardless of the shape of the power spectrum, its calibration and the galaxy matter bias. That is why [19] already considered a more sophisticated correction where the   f  σ 8    measurements in the ‘new’ cosmology could be obtained from the fiducial one following


    f  σ 8    n e w   =   f  σ 8    f i d   C     α ‖   α ⊥ 2     n e w   ( 3 / 2 )       σ 8  n e w    σ 8  f i d     2  ,  



(11)




which is valid when C below is considered   ∼ 1  :


  C =  ∫   k 1    k 2   d k     P  f i d  m   ( k )     P  n e w  m   (  k ′  )     .  



(12)







This correction was obtained starting from


   β  n e w   =  β  f i d   C   μ  f i d  2   μ  n e w  2     1   α ‖   α ⊥ 2      



(13)




where   β = f / b   with f the growth rate and b the bias and  μ  the cosine of the angle of sight, and where we needed to consider that    α ‖ 2  ≈  α ⊥ 2    to obtain,


    μ  f i d  2   μ  n e w  2   ≈     α ‖   α ⊥    2  ,  



(14)




and be able to simplify  μ  from the equation. Finally, it needs also to consider that the bias measured is proportional to the   σ 8   value.



Here we keep the assumption on the bias but relax the other assumptions and try to correct the growth measurements by adjusting their values so that the integrated observed power spectrum in the fiducial cosmology remains equal to the one in the new cosmology varied with each step of the Monte Carlo chain method following the idea that the integrated observed power spectrum is a background evolution independent quantity. This method allows us also to incorporate the bias since it is a part of the observed power spectrum while in other studies the   f  σ 8    values are provided marginalising over it. For that we reconstituted the set of measurements choosing from each survey the couple of f and b (all compiled in Table 1), noting that it could be different from the f value usually obtained when marginalising over the bias. We are by then trying to benefit from the effects of the variation of the cosmological parameters on the integrated full shape of the power spectrum, hoping that this constrain will serve to further reduce the degeneracy coming from the extra degrees of freedom considered in our model independent approach.



In practice, starting from the ‘fiducial’ measurements we consider that the observed power spectrum, integrated over all angles and scales, should stay the same while the model parameters change,


   C  f i d   =  ∫   k 1    k 2    ∫   μ 1    μ 2     b  ( z )   σ 8   ( z )  + f  ( z )   σ 8   ( z )   μ 2   2     P m   ( k , z )     σ 8 2   ( z )    d μ d k ,  



(15)




we equate with the new integrated observed power spectrum which components are denoted below by the prime symbol.


   ∫   k 1 ′    k 2 ′    ∫   μ 1 ′    μ 2 ′       b ′   ( z )   σ 8 ′   ( z )  +  f ′   ( z )   σ 8 ′   ( z )   μ  ′ 2     2     P m ′   (  k ′  , z )     σ 8  ′ 2    ( z )    d μ d k =  C  f i d   .  



(16)







We then solve for    f ′   σ 8 ′    as function of   C  f i d    which is a known value, and    P m ′  /  σ 8 ′    which is known in the new cosmology regardless of the value of  γ , and    b ′   σ 8 ′    also known assuming the bias is proportional to the modified   σ 8   in the new set of parameters.




3. Results


We start by showing in Figure 1 the impact on the MCMC inferred constraints from considering both  γ  and   σ 8   as a free parameter in comparison to those obtained when the growth index is free but   σ 8   is derived using Equation (8). When adopting the first prescription,   σ  8 , f    becomes effectively the one driving the observable theoretical prediction. That is why we show both, the derived and free one, on the same plot. We also show the results from combining the CMB and growth measurements data in comparison to the case when further adding cluster counts constraints. Here we use growth measurements compiled by [37] and follow the global correction of Equation (9) to account for the AP effects. As expected, the constraints are tighter when less free parameters are considered. We also observe that when  γ  is the only free parameter, the constraints from CMB +   f  σ 8    do not show substantial changes with respect to when we add cluster counts because the growth is already fixed by the CMB and   f  σ 8    combination while leaving  γ  and   σ 8   free to add a degeneracy that needs the contribution of the cluster constraints to be broken, which results in tighter contours with respect to the case of using CMB +   f  σ 8    only. While the derived   σ 8   value is compatible with that usually inferred from CMB, considering   σ 8   as a free parameter widens the constraints, allowing a range that covers values for   σ 8   that are usually obtained from either deep or local probes. It permits by then to relieve the   σ 8   discomfort essentially because it also allows larger bounds on  γ  though still staying compatible with 0.55 the ΛCDM value; while in the case where only  γ  is left free, the latter is restricted from exploring values that reconcile CMB and cluster counts measurements, and that remains true even if we additionally combine with cluster counts. This happens albeit from a tightening in the constraints in the latter case due to the fact that even if   σ 8   is not fixed by CMB anymore, however the latter is needed to constrain the matter density while the combination of   f  σ 8    + CC will constrain and break the degeneracy on the growth and the normalisation of the matter fluctuation of parameter on local redshifts all together.



Before we discuss the impact of the correction that relies on adjusting the growth to preserve the integrated observed power spectrum for the AP effect rather than only performing a global correction, we want to check whether the new compilation needed to perform the new correction is compatible with the standard previous compilation used. For that we show in Figure 2 a comparison between the constraints inferred from the two compilations using the same classical AP correction. The two constraints are compatible despite the difference in some of the datasets that were omitted or added with respect to the old compilation and despite the fact that some values for   f  σ 8    differs even for datasets that are in common between both compilations, since in some of them we considered the   f  σ 8    obtained without marginalising over the bias. Here, we only show the sufficient extreme case of letting both  γ  and   σ 8   free. We also notice that the agreement is bigger when we add subsequently cluster counts since, as expected, the latter further limit the shift or the widening of the contours induced from choosing different values for   f  σ 8    in the two compilations.



Having established the compatibility between the two combination of datasets we now show in Figure 3 the impact in the  γ  +   σ 8   free case when considering the new AP correction on the integrated power spectrum in comparison to the global one. We observe that the correction introduced makes the model more stiff and by then strongly tighten the contours, notably on our two parameters  γ  and   σ 8  . The former is then constrained tightly around ∼0.66 without forbidding the latter from showing preferences for values compatible with cluster counts. We also notice that the improvement from adding cluster counts is small here since the correction boosts the constraints from   f  σ 8    while cluster counts are not affected by it.



Finally, massive neutrinos have been proposed to solve the   σ 8   tension due to the fact that they free stream from the halo gravitational potentials lowering by then the power spectrum. However, ref. [14] has shown that they are not able, especially when CMB + cluster counts are further combined with BAO, to fix the tension on   σ 8   even if we further allow  γ  to vary. Here we also consider a case with free massive neutrinos in our two schemes with   f  σ 8    data but without adding BAO constraints. However, we also allow, as above,   σ 8   and  γ  to vary with massive neutrinos using first the usual AP correction, in which the neutrinos impact enters from its effects on the background evolution and translates into those on   d A   and   H ( z )   in Equation (9). We observe in Figure 4 that introducing neutrinos have an impact this time on h and   Ω m   parameters skewing both to large and smaller values, respectively, with however each effect compensating the other. This is also seen from the observed correlation between h and   Ω m  , resulting in a small effect on  γ  and even smaller on   σ 8  , suggesting that even with more degrees of freedom, neutrinos do not have a substantial impact on solving the tension. However, if we consider now our more tiered correction with the same free parameters, we observe in Figure 5 that allowing massive neutrinos relaxes the stiffness of the correction we previously considered and allow for larger bounds on all parameters while leaving the constraints on   σ 8   compatible with cluster counts, the same as it was the case with massless neutrinos. We also notice that  γ  is kept within its ΛCDM values at the expense of showing a small preference for a non-vanishing value for its mass. This also should call for attention to be taken when usually assessing the bounds on neutrinos from growth or structure formation observations using the classical AP correction.




4. Conclusions


In this work, we performed a Bayesian study to obtain constraints on the cosmological parameters, in particular the matter fluctuation parameter   σ 8   when additionally varying the growth index  γ , and that using three probes, the CMB angular power spectrum, RSD from galaxy clustering and galaxy cluster abundances. Usually, due to the interdependency between the effects of our two parameters, two of the aforementioned three probes are sufficient to constrain them. However, here we further tried a model independent approach, by introducing two additional degrees of freedom by means of a parameter that rescales the value of   σ 8  , as well as by letting free the mass-observable calibration parameter for the cluster counts probe. Hence the combination of the three probes is needed to break the degeneracy and reduce the degrees of freedom from our model-independent approach. Moreover, this is further motivated by the existence of a small discrepancy between the value of   σ 8   obtained from cluster counts with respect to that inferred from CMB data that could as well be degenerate with the growth of structure and by then  γ . Since it was already found in [15] that the combination of CMB and SZ detected cluster counts in the presence of a free growth index  γ  is barely able of alleviating the discrepancy even if we also relax the mass-observable calibration parameter, due to the tomographic constraints put on the growth at different redshifts, we are expecting that the further combination with   f  σ 8    data would further constrain  γ  from fixing the discrepancy; however, this was obtained with a model dependency relating the calibration of the amplitude of the CMB power spectrum to the nowadays value of   σ 8   through the growth rate parameterised by  γ  while here, by further considering   σ 8   as a free and not as a derived parameter, we expect to further relax the previous constraints in the hope of reducing or fixing the tension.



We found that allowing a free   σ 8   does indeed widen the constraints on the latter if the   f  σ 8    measurements are combined with CMB and to a lesser but still substantial level if we further add cluster counts data, and we found that the growth index bounds are also still in agreement with the equivalent ΛCDM values. However, the latter improvement with respect to fixing the tension was obtained when using the common global AP geometrical correction usually performed to the growth measurements to account for every new set of parameters explored by the MCMC inference method. When we tried a more sophisticated correction based on preserving the integrated observed power spectrum used in the growth measurements studies, we found that the constraints were tightened again but the discrepancy was fixed through a shift towards the local values for   σ 8   while the growth index is in slight disagreement with its ΛCDM value. Allowing further free massive neutrinos, an ingredient often advocated as a solution to fix the discrepancy; though this belief was disfavoured by [14]; slightly reduces the discrepancy, and that by relaxing the constraints in all cases including the most tightening ones when the three probes CMB,   f  σ 8    and CC are combined, all when adopting the classical AP global correction. However, when using the more tiered correction, we observe that allowing massive neutrinos relatively relaxes more the constraints with respect to the case with massless neutrinos, with values of   σ 8   still in agreement with its local ones while  γ  is now within its ΛCDM fiducial values. However, in the latter case, neutrinos masses are now showing a small preference for non vanishing values.



We conclude that untying the growth index (a parameter encapsulating deviations from ΛCDM) relation with   σ 8   helps in reducing the tension, and that careful analysis of the data products should be taken to limit biases from the model-dependency in their treatment, in order to better accurately asses the discrepancy’s significance and its impact on the viability of the ΛCDM model.
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Figure 1. The 68% and 95% confidence contours for the parameters   Ω m  , h,  γ  and a derived   σ 8  , all inferred from a combination of CMB   C  ℓ   T T , T E , E E    Planck 2018,   f  σ 8    measurements from [37] and SZ detected cluster counts (dashed lines) in comparison to those with   σ 8   as a free parameter using the same probes. 
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Figure 2. The 68% and 95% confidence contours for   Ω m  , h,  γ  and a free   σ 8  , all inferred from a combination of CMB   C  ℓ   T T , T E , E E    Planck 2018, SZ detected cluster counts and   f  σ 8    measurements from [37] corrected by rescaling the final observation for the AP effect, in comparison to those inferred using the same probes but using instead   f  σ 8    measurements from Table 1 using the same correction method. 
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Figure 3. The 68% and 95% confidence contours for   Ω m  , h,  γ  and a free   σ 8  , all inferred from a combination of CMB   C  ℓ   T T , T E , E E    Planck 2018, SZ detected cluster counts and   f  σ 8    measurements from [37] corrected by rescaling the final observation for the AP effect, in comparison to those inferred using the same probes but using instead   f  σ 8    measurements from Table 1 corrected by preserving the integrated power spectrum used to obtain the growth measurements for the AP effect change. 
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Figure 4. The 68% and 95% confidence contours for   Ω m  , h,  γ  and a free   σ 8  , all inferred from a combination of CMB   C  ℓ   T T , T E , E E    Planck 2018, SZ detected cluster counts and   f  σ 8    measurements from [37] corrected by adjusting the growth of the final observation for the AP effect for the case of massless neutrino in comparison to when considering massive neutrinos. 
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Figure 5. The 68% and 95% confidence contours for   Ω m  , h,  γ  and a free   σ 8   with massive neutrinos, all inferred from a combination of CMB   C  ℓ   T T , T E , E E    Planck 2018, SZ detected cluster counts and   f  σ 8    measurements from [37] corrected by rescaling the final observation for the AP effect in comparison to   f  σ 8    measurements from Table 1 corrected by preserving the integrated power spectrum, used to obtain the growth measurements, from the AP effect change. 
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Table 1. Compilation of the   f  σ 8   ( z )    and   b  σ 8   ( z )    measurements used in this analysis and related references.
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	z
	    f  σ 8   ( z )     
	    σ  f  σ 8   ( z )      
	    b  σ 8   ( z )     
	Ref.





	0.15
	0.49
	0.145
	1.445
	[29]



	0.18
	0.392
	0.096
	0.894
	[30]



	0.38
	0.528
	0.072
	1.105
	[30]



	0.25
	0.3512
	0.0583
	1.415
	[31]



	0.37
	0.4602
	0.0378
	1.509
	[31]



	0.32
	0.394
	0.062
	1.281
	[32]



	0.57
	0.444
	0.038
	1.222
	[32]



	0.22
	0.42
	0.07
	0.664
	[33]



	0.41
	0.45
	0.04
	0.728
	[33]



	0.6
	0.43
	0.04
	0.880
	[33]



	0.78
	0.38
	0.04
	0.973
	[33]



	0.6
	0.55
	0.12
	0.730
	[34]



	0.86
	0.4
	0.11
	0.740
	[34]



	1.4
	0.482
	0.116
	0.814
	[35]



	0.978
	0.379
	0.176
	0.826
	[36]



	1.23
	0.385
	0.099
	0.894
	[36]



	1.526
	0.342
	0.07
	0.953
	[36]



	1.944
	0.364
	0.106
	1.080
	[36]
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