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Abstract: The systematic study of Super-Deformed (SD) bands in the A = 190 mass region has been
performed. We observed a large number of pairs of SD bands, with different mass numbers, having
transition energies nearly equal (within 3 keV) and having identical dynamic moments of inertia.
The bands having nearly equal transitions energies and other parameters are called identical bands.
We have performed detailed analysis and found 16 pairs of Super-Deformed Identical Bands (SDIBs)
whose E, energies and moment of inertia are in good agreement with each other. The modified
Variable Moment of Inertia (VMI) model is applied to 16 pairs of SDIBs to estimate the band spins by
fitting the two parameters J and C. We found that out of 16 pairs, the band-head spin is consistent
with moment of inertia and transition energies for four pairs. For another seven pairs, the transition
energies and moment of inertia are identical, but originate from levels with different spins. The
remaining five pairs have the identical energy but spins are either increasing or decreasing by one unit
in the pair. Secondly, the N, N, scheme is applied to verify the existence of SDIBs. The parameters
deduced from the Ny N, scheme are also in good agreement for the mentioned case. The study
indicates that each pair of conjugate nuclei have nearly identical spin, moment of inertia (dynamic)
and gamma transition energy.

Keywords: SD band; IB

PACS: 21.60.-n; 21.10.Re; 21.10.Pe; 27.70.+q

1. Introduction

Over the past two decades, the study of Super-Deformed (SD) nuclei has been one
of the most important and exciting topics in nuclear structure studies. The discovery of
multiple SD bands within one nucleus has opened up the possibility of learning the nuclear
structure of SD nuclei in great details. Physicists performed a series of experiments to
understand them, but only a general understanding of the Super-Deformed Rotational
Bands (SDRBs) has been achieved. Although a large number of SD bands were studied in
different mass regions, namely A = 30, 60, 80, 130, 150, 160, 190, 230 and 240 of the nuclear
chart, there are still many open unexpected problems that exist. It is very surprising to
note that from last decade, no new major experimental work has been reported in this
area. Super deformation at high angular momentum is one of the most challenging and
interesting topics for both theoreticians and experimentalists. The unexpected features
observed in SD bands are used to estimate the band-head spin and level spins, which is still
an open challenge. Several theoretical fitting procedures for spin assignment were proposed
by many authors [1-11]. We have also developed a simple model in the same direction to
predict the spins in different mass regions of SD nuclei in our previous works [12-15].
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E (I —1-2)= —— [[(I+1) — (I-2)(I-1)] +

The fascinating phenomenon of Identical Bands (IBs) was first discovered in 1990 in
Normal-Deformed (ND) bands, which initialized many experimental as well as theoretical
studies [16-18]. The first pair of SD identical bands was an excited band in 151Th, whose
y-ray energies were identical to the yrast band of 12Dy [18,19]. Later identical bands
were found in Hg nuclei [20,21]. Since then, many IBs were observed at both low and
high spins. In recent years, there have been a lot of work presented to observe IBs both
in ND and SD nuclei [22-29]. During experimental investigation, it was noticed that the
occurrence of IBs is much more frequent in SD nuclei as compared to ND nuclei, and
the reason for this was attributed to the difference in pairing properties between SD and
ND nuclei [30]. In 1997, an identical band in "*Hg is specifically given by Ref. [31]. The
cranked Nilsson-Strutinsky model was used to study the occurrence of IBs [17] in Super-
Deformed nuclei, but it has certain disadvantages. Later, the description of Super-Deformed
identical bands of odd-A nuclei in the A = 190 mass region has been investigated using
a super symmetry approach [32]. Further, Reflection Asymmetric Shell Model (RASM)
was used for theoretical simulation of IBs for both SD and ND nuclei [33]. Some of the
identical SD band pairs are analysed using the Nuclear Softness (NS) formula [34]. The
term identical band is defined using energy factor method as two different nuclei having
nearly same transition energies E., within +3 keV and a nearly identical (dynamic) moment
of inertia [35,36]. We have also employed the same method to define IBs in the present
study. The purpose of present study is to make a theoretical simulation for a systematic
study of IBs by estimating the band-head and level spins, along with v transition energies
and (dynamic) moment of inertia in the A = 190 mass region, which has not been obtained
yet. We analysed the identical bands by using the modified Variable Moment of Inertia
(VMI) model. Quantitatively good results of y-ray energies, spins and moment of inertia
are reported in this paper.

The paper is organised as follows: a brief description of our approach to assign the
band-head spin of SD bands is presented in Section 2. Section 3 is devoted to explaining the
identical band parameters for the selected case. In Section 4, we present the calculations,
results and discussion for IBs in the A = 190 mass region for SD nuclei. Finally, a conclusion
is given in Section 5.

2. A Brief Description of the VMI Model

The complete VMI model is described in Refs. [12,37,38]. The band energy levels of a
rotational band are represented as:

Er = B+ 5o [1(141) — Io(lo + 1)] + 2C(T1 — Jo)°, )
Jr 2

where E is the band-head energy of the rotational band and Ij is the band-head spin. In
the plot of RMS deviation versus spin, the smallest deviation for the particular spin is
considered as the band-head spin (I). The energy level for Iy = 0, the ground-state bands
in even—even nuclei, is represented as:

@

Emﬂziqm—ﬁf+1F“+”}

2 J1

The cubic equation is taken from the VMI model. This cubic equation has one real root
for any finite positive value of Jp and C. The cubic equation is given as:

JP = It Fo — (11 +1)]/2C) = 0. ®)

The transition energy for SD band is defined as [14]:

(Ha+DP - [ =2) (1= )P). )

27 8CJTy
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In this equation, the parameters 7y and C are determined by fitting the experimentally
known transition energies by using the Best-Fit Method (BFM).

The Root Mean Square Deviation (RMSD) of the calculated transition energies for
different Iy values are calculated. The RMSD value is lowest for the correct band-head spin
value of a band. If I shifts away from the correct value by +1, a rapid shift in RMSD () is
observed. The RMSD is defined as [13,14]:

1
212

ES(1) — ESP(I) 5)

E5P (1)

_1
A

where 7 is the total number of transitions involved in the fitting. If Iy is known, then all the
level spin values of the SD band can be determined easily. The purpose of estimating the
spins is to identify the identical bands in a new way, i.e., on the basis of spin along with
transition energies and dynamic moment of inertia in the A = 190 mass region. A total of
16 SD pairs are reported in this paper.

For all 16 pairs, the transition energies and (dynamic) moment of inertia are identical,
yet the challenge is the band-head spin, which is not identical in all 16 pairs and discussed
as follows:

(i) For the first four pairs, the band-head spin is consistent;

(ii) For the next seven pairs, the bands originate from the levels with different spins, so
band-head spin is different for two nuclei.

(iii) For the last 5 pairs, the spins are either increasing or decreasing by one unit in the pair.

To find the rotational frequency fiw, the kinematic 7(!) and dynamic J(?) moment
of inertia [12,37,38], we have differentiated Equations (2) and (3) with respect to I(I 4 1).
Using the chain rule, we can extract iiw, J (1) and 7@ from their definitions as:

dE
hw = FIIEIK ©
dE -1 21 —1
J(l) _ h2[1(1+1)]1/2<d[1(1+1)]> ~ m 7)

®)

0 g PE_\T 4
diI+1)2) “E(+2-D)-E(I—1-2)

The J (1) moment of inertia is a direct measure of the transition energies, while J (2) is
obtained from differences in transitions energies (relative change in transition energies).
The J? dynamic moment of inertia is plotted with (fiw) rotational frequency to confirm
the identical bands for SD nuclei.

3. Identical Bands Parameters

The N proton bosons and N, neutron bosons are assigned as an intrinsic quantum
number on the basis of the concept of F-spin [39], F = 1/2, with projection Fy = +1/2 for
proton bosons and Fy = —1/2 for neutron bosons.

Therefore, a certain nucleus is then characterized by two quantum numbers,

F=%F=-(Nz+N,)==(Ny +Ny),

and
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On squaring and subtracting, these yield
4(F? — F}) = 4NzN, = NpNj,.

In nuclear structure, the product (N, N;,) is used for the classification of the transitional
region [24,40-42]. Saha and Sen [25] also considered that the moment of inertia () has a
simple dependence on the product of valence proton and neutron numbers (N,N,,) written
in the form:

J « SF.SP, )

where SF and SP are known as the structure factor and saturation parameter. They are
given as:

and
SF 17!
SP = {1 + (SFWJ , (11)
computed by taking
N, = min[(Z —50), (82 — Z)], (12)
N,, = min[(Z — 82), (126 — Z)]. (13)

Here, Ny and Ny, are the valence nucleons, which are counted from the nearest closed
shell. The low spin dynamic moment of inertia is also defined as:

4
2 —
S SR +is i+ —E(+2=1D) 19
where 7@ shows an approximate dependence on structure factor as,
J? « (SF)z. (15)

The structure factor is not only related to the absolute value of the ground state
moment of inertia, but also to its angular momentum. Furthermore, it was given [22,43-45]
that the development of collectivity and deformation in medium and heavy nuclei is very
smoothly parametrized by the P-factor. It is defined as:

P o NpNn

o 16
Ny + Ny 16)

The P-factor can be taken as the ratio of the number of valence n-p residual interactions
to the number of valence like nucleon-pairing interactions, or, if the n-p and pairing
interactions are orbit-independent, then P is proportional to the ratio of the integrated n-p
interaction strength. With the help of all the above parameter calculations, the identical
bands are verified for Super-Deformed nuclei.

4. Results

In the present paper, we have presented a total of 16 pairs of SDIBs bands in the
A = 190 mass region. The experimental data for SD bands in this region have been taken
from the ENSDF and XUNDL databases [46]. One challenging and interesting study is to
predict the correct band-head spin and transition energies. However, physicists proposed
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several theoretical procedures to estimate the band-head spin, and the reason for this is the
absence of linkage with normal bands.

We have also carried out the calculations to estimate the band-head spin for the SD
bands in the A = 190 mass region using a modified VMI model. The results are presented
in Table 1. In Table 1, we reported the details of the two important parameters Jy and C that
are obtained after fitting the VMI equations. The last two columns give the experimental
band-head spin and estimated band-head spin for the 16 pairs of SD bands in the A = 190
mass region. It is surprising to note that the band-head spin for these 16 pairs of identical
bands in SD nuclei are experimentally available.

Table 1. Experimental and estimated band-head spin (Ij) for identical bands in SD nuclei, along with
the stiffness constant (C) and band-head moment of inertia (Jy) used in the fitting procedure, are
given. A total of 16 SD band pairs for Hg, Pb, Tl, and Bi have been fitted by using the VMI equation,
where b1, b2, b3, b4, b5 and b6 represent band1, band2, band3, band4, band5 and bandsé, respectively.
The fitted parameters within a pair are the same, except for one or two cases.

Pair SD Band Stiffness Band-Head Band-Head Band-Head
Constant Moment of Spin (Ip) Spin (Ip) VMI
(C x 10°) Inertia (Jp) Exp. Data
(keV?) (kev™1)
1 1Hg(b2) 7.88 0.0944 10.5 10.5
193Pb (b3) 7.80 0.0946 10.5 10.5
2 1Hg(b2) 7.88 0.0944 10.5 10.5
198Hg(b2) 8.15 0.0936 10.5 10.5
3 19 Hg(b2) 8.15 0.0936 10.5 10.5
19 Hg(ba) 8.15 0.0936 10.5 10.5
4 PlHg(b3) 7.87 0.0944 11.5 11.5
193pb(b4) 7.98 0.0941 115 115
5 12Hg(b2) 7.93 0.0942 10 10
4Hg(b2) 8.00 0.0940 8 8
6 1% Hg(b1) 5.46 0.0935 9.5 9.5
193 Hg(b3) 8.25 0.0933 9.5 9.5
7 193Hg(b1) 5.46 0.0935 9.5 9.5
195Hg(b2) 8.09 0.0937 11.5 11.5
8 P1T](b2) 8.31 0.0931 12,5 12.5
193Pb (b5) 8.32 0.0931 8.5 8.5
9 195pb (b1) 13.16 0.0987 7.5 7.5
197Pb(b4) 13.14 0.0988 9.5 9.5
10 194pb(b1) 5.28 0.0877 4 4
192Hg (b1) 6.93 0.0877 8 8
11 19571(b1) 15.02 0.0955 5.5 5.5
197Bi(b1) 14.82 0.0958 7.5 7.5
12 1Au(b1) 3.48 0.1158 9.5 9.5
BlHg(b1) 6.97 0.1157 16.5 16.5
13 1 Au(b2) 8.39 0.0929 17.5 17.5
P1T](b1) 8.44 0.0928 11.5 11.5
14 1Au(b2) 8.39 0.929 17.5 17.5

193ph (b6) 8.43 0.0928 95 95
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Table 1. Cont.

Pair SD Band Stiffness Band-Head Band-Head Band-Head
Constant Moment of Spin (Ip) Spin (Ip) VMI
(C x 10°) Inertia (J)) Exp. Data
(keV®) (kev™h)
15 198Pb (b3) 7.17 0.0873 8 8
19Pb (b1) 7.19 0.0872 6 6
16 196Pb(b1) 7.19 0.0872 6 6
192pp (b1) 5.45 0.0870 8 8

We have plotted the RMS deviation versus spin, showing the smallest deviation for
the particular spin called band-head spin (Iy). The results are encouraging and reflect the
suitability of model in predicting the band-head spin for SD bands in the A = 190 mass
region. The plots are shown in Figure 1. In Figure 1, we have shown only two pairs
as illustration one [191Hg(b2),193Pb(b3)] in which both the bands in the pair have same
spin value, i.e., [ = 10.5, which means that the band-head spin in a particular pair has
identical value. The same is performed for another pair [1TAu(b2),"°1Tl(b1)] where we
found Iy = 17.5 for ["*1Au(b2)] and I = 11.5 for [**1TI(b1)], which depicts that band-head
spins are in good agreement with the experimental value, although are inconsistent with
each other within the pair. The band-head spin for all 16 pairs are thus calculated and
verified with experimental values.

In Tables 2—4, we presented the detailed results of a model where all the known +-
transition energies, calculated transition energies, estimated spins along with moment of
inertia of SD bands have been listed. We shall now present the main findings from our
calculations:

(i) In Table 2, we first mention four pairs of SDIBs in which moment of inertia, spins
and y-transition energies, all are identical to each other within the pair. The important
finding is that in our cases, the spins for the conjugate nuclei is also identical, not just the
moment of inertia and vy-transition energies as mentioned by authors in earlier works to
define identical bands [32,34]. Furthermore, it is noticeable that the experimental y-energies
are in good agreement with the calculated y-energies;

(ii) In Table 3, next, seven pairs of SDIBs are reported, in which the moment of inertia
and the y-transition energies have good consistency with the same spin, although the band-
head is different within the pair. For example, in 19?Hg(b2), the estimated spin I = 12 has
energy 241 keV, which is compatible with the energy 242 keV at spin I = 12 for "*Hg(b2),
but the band-head spin for 1**Hg(b2) is 10 while band-head spin for >Hg(b2) is 12. These
bands do not originate from the same spin value. On comparison of the transition energy
from the identical spin, they are in good agreement with each other within the pair. For
an identical band, the two different nuclei must have nearly same transition energies E.,
within 43 keV, while the cases mentioned in Table 3 show that the transition energies E,, for
the two different nuclei are within +3 keV initially, and the difference keeps on increasing
as we go towards a higher spin in most cases;

(iii) In Table 4, we have presented the remaining five pairs of SDIBs in which the
moment of inertia and experimental transition energies have good agreement with each
other within the pair, but the band-head spins are not identical for the transition energies.
For example, in the case of ! Au(b2), the band-head spin is at I = 20.5, while in ! Tl(b1)
the band-head spin is at I = 13.5. There are two different band-head spin values, but if we
compare the energies of these two bands, the energy at spin I = 20.5 is 398 keV tentatively
matches with the energy of 399 keV at spin I = 19.5, as shown in Figure 1. Thus, these are
the cases where the spin values are not identical within the pair and are either increasing or
decreasing by one unit; however, they can be considered identical on the basis of transition
energies and moment of inertia.
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Table 2. A total of 4 pairs of SDIB are presented. Band-head moment of inertia, estimated spins, experimental transition energies and calculated transition energies
for the A = 190 mass region are given for the SDIB in which all the parameters are identical.

191 Hg(bZ)

Jo 0.0944

Estimated Spin ~ 12.5 14.5 16.5 18.5 20.5 22.5 24.5 26.5 28.5 30.5 325 345 36.5 38.5 40.5 42.5
EyEx p.(keV) 252 293 333 373 412 450 488 525 562 597 632 666 700 733 765 796

E,Cal.(keV) 25146 2922 33241 372 4109 449.04 48632 522,69 558.06 59236 6255 657.41 688.02 717.24 745.01 771.23
193pp(b3)

Jo 0.0946

Estimated Spin 125 14.5 16.5 18.5 20.5 225 245 26.5 28.8 30.5 325 34.5 36.5

E,Exp.(keV) 252 292 332 372 412 451 489 527 563 600 637 672 709

E,Cal.(keV) 25092 29157 331.69 37119 410.00 448.04 48524 52152 556.79  590.99 624.04 655.86 686.37

191 o (b2)

Jo 0.0944

Estimated Spin ~ 12.5 14.5 16.5 18.5 20.5 22.5 24.5 26.5 28.5 30.5 32.5 34.5 36.5 38.5 40.5 42.5
EyExp.(keV) 252 293 333 373 412 450 488 525 562 597 632 666 700 733 765 796

E,Cal.(keV) 25146 2922 33241 372 4109 449.04 486.32 522.69 558.06 59236 625.5 65741 688.02 71724 745.01 771.23
193 Hg(b2)
Jo 0.0936

Estimated Spin ~ 12.5 14.5 16.5 18.5 20.5 22.5 24.5 26.5 28.5 30.5 32.5 34.5 36.5 38.5 40.5 425 445 46.5 48.5
EyExp.(keV) 254 295 335 374 413 451 488 525 560 595 629 662 694 726 757 787 818 848 876

E,Cal.(keV) 253.63 29474 33531 37526 41452 453.02 490.67 52739 563.12 597.77 631.28 663.55 69451 724.09 75222 7788 803.76  827.06  848.57
Hg(k2)

Jo 0.0936

Estimated Spin 125 14.5 16.5 18.5 20.5 22.5 24.5 26.5 28.5 30.5 32.5 34.5 36.5 38.5 40.5 425 44.5 46.5 48.5
E,Exp.(keV) 254 295 335 374 413 451 488 525 560 595 629 662 694 726 757 787 818 848 876

E,Cal.(keV) 253.63 29474 33531 37526 41452 453.02 490.67 52739 563.12 597.77 631.28 663.55 69451 724.09 75222 7788 803.76  827.06  848.57
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193Hg(b4)

Jo 0.0936

Estimated Spin 12.5 14.5 16.5 18.5 20.5 22.5 24.5 26.5 28.5 30.5 32.5 34.5 36.5 38.5 40.5 425 44.5 46.5 48.5
EyExp.(keV) 254 295 335 375 413 451 488 525 560 595 629 662 694 726 757 787 818 848 876
E,Cal.(keV) 253.63 294.74 335.31 375.27  414.52 453.02 490.67  527.39 563.12 597.77 631.28 663.55 694.51 724.09 752.22 778.8 803.76 827.06 848.57
191 o (b3)

Jo 0.0944

Estimated Spin ~ 13.5 15.5 17.5 19.5 215 235 25.5 27.5 29.5 31.5 33.5 355 37.5 39.5 415 435

EyExp.(keV) 272 313 353 392 430 467 504 540 575 609 643 676 709 740 771 801

E,Cal.(keV) 271.89  312.38  352.29  391.55  430.07 467.79  504.63  540.51 57535  609.07  641.61 672.88  702.81 731.31 758.32  783.75

193 pp(b4)

Jo 0.0941

Estimated Spin ~ 13.5 15.5 17.5 19.5 21.5 23.5 25.5 27.5 29.5 31.5 33.5 35.5 37.5

EyExp.(keV) 273 313 353 392 430 467 504 540 575 610 645 676 707

E,Cal.(keV) 272.77 3134 353.45 392.84 431.51 469.37 506.35 542.37  577.35 611.22 643.91 675.32 705.4
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Table 3. A total of 7 SDIB pairs are reported. The transition energies are identical for all the pairs, but the pairs originate from levels with different band-head spins.
Furthermore, the difference in transition energies keeps on increasing with spins.

19210 (1)

Jo 0.0942

Estimated Spin 12 14 16 18 20 22 24 26 28 30 32 34 36 38 40 42 44 46
EyExp.(keV) 241 282 322 361 400 438 475 511 547 579 604 624 652 684 718 750 783 819
EyCal.(keV) 241.71 282.67 323.10 362.95 402.11 440.53 478.13 514.82 550.53 585.18 618.70 651.00 682.02 711.68 739.89 766.59 791.69 815.12
19417 g ( b2)

Jo 0.0940

Estimated Spin 10 12 14 16 18 20 22 24 26 28 30 32 34 36 38 40 42 44 46
EyExp.(keV) 201 242 283 323 363 402 440 478 514 550 585 619 652 685 716 747 778 808 837
E,Cal.(keV) 200.74 242.23 283.29 323.81 363.74 403.00 441.51 479.19 515.98 551.78 586.52 620.13 652.53 683.65 713.40 741.71 768.50 793.69 817.22
193 g ( b1 )

Jo 0.0935

Estimated Spin 115 13.5 15.5 17.5 19.5 21.5 23.5 25.5 27.5 29.5 31.5 33.5 35.5 37.5 39.5 415 43.5 45.5 47.5
EyExp.(keV) 233 274 314 353 392 429 464 497 528 559 590 623 656 689 721 753 785 817 848
E,Cal.(keV) 232.08 272.79 312.74 351.83 389.95 426.78 462.78 497.27 530.32 561.82 591.65 619.70 645.85 669.99 692.00 711.77 729.18 74411 756.46
1931 g ( bS)

Jo 0.0933

Estimated Spin 115 13.5 155 17.5 19.5 21.5 23.5 25.5 27.5 29.5 31.5 33.5 35.5 37.5 39.5 415 43.5 45.5 47.5
EyExp.(keV) 234 275 315 355 394 432 470 506 542 577 611 644 678 710 742 771 802 832 861
EyCal.(keV) 233.66 275.14 316.13 356.54 396.29 435.32 473.54 510.88 547.26 582.60 616.83 649.87 681.64 712.07 741.08 768.59 794.52 818.81 841.37
193 g ( bl )

Jo 0.0935

Estimated Spin 115 13.5 15.5 17.5 19.5 21.5 23.5 25.5 27.5 29.5 31.5 33.5 35.5 37.5 39.5 415 43.5 45.5 475
EyExp.(keV) 233 274 314 353 392 429 464 497 528 559 590 623 656 689 721 753 785 817 848
EyCal.(keV) 232.08 272.79 312.74 351.83 389.95 426.78 462.78 497.27 530.32 561.82 591.65 619.70 645.85 669.99 692.00 711.77 729.18 74411 756.46
19511 g ( bZ)

Jo 0.0937

Estimated Spin 13.5 15.5 17.5 19.5 21.5 23.5 25.5 27.5 29.5 31.5 33.5 35.5 37.5 39.5 415 43.5 45.5 47.5 49.5
EyExp.(keV) 274 314 354 392 430 467 503 538 571 604 636 668 698 728 758 787 816 845 874

EyCal.(keV) 273.94 314.74 354.96 394.53 433.36 471.39 508.53 544.71 579.85 613.88 646.71 678.27 708.48 737.27 764.56 790.27 814.33 836.66 857.17
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Table 3. Cont.

1917 (p2)

Jo 0.0931

Estimated Spin 14.5 16.5 18.5 20.5 22.5 245 26.5 285 30.5 325 345 36.5 38.5
E,Exp.(keV) 296 337 378 417 456 493 530 566 600 633 666 698 728
E,Cal.(keV) 29634 33714 37732 41681 45553 49340 53036 56631  601.18 63491 66740  698.59  728.39
193 pp(b5)

Jo 0.0931

Estimated Spin ~ 10.5 125 14.5 16.5 18.5 20.5 225 24.5 26.5 28.5 30.5 32.5 345 36.5
E,Exp.(keV) 213 255 296 336 375 414 451 489 527 562 596 631 667 701

E,Cal.(keV) 21321  255.00 29635  337.14  377.33 41682 45555 49343 53039 56635 60124 63497 66748  698.68

195pp(b1)

Jo 0.0987

Estimated Spin 9.5 115 13,5 15.5 17.5 19.5 21.5 23.5 25.5 27.5 29.5 315 335 35.5

E, Exp.(keV) 182 222 262 302 341 381 419 458 497 536 575 613 651 689

E,Cal.(keV) 181.78  221.83  261.66  301.25 34055 37952 41813 45633 49410  531.38  568.15 60437  639.99 67497

197 pp(b4)

Jo 0.0988

Estimated Spin 115 13.5 15.5 17.5 19.5 215 23.5 25.5 27.5 29.5 31.5 33.5 35.5 37.5
E,Exp.(keV) 222 262 302 341 381 419 459 498 536 573 610 648 684 721
E,Cal.(keV) 221.60 26139 30093  340.18  379.11  417.67  455.83 49354  530.77  567.49  603.65  639.21 67413  708.39
194pp(p1)

Jo 0.0877

Estimated Spin 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36 38
E Exp.(keV) 125 170 213 256 298 340 380 420 458 496 533 568 603 638 672 706 740

EyCal.(keV) 124.88 169.67 213.88 257.36 299.96 341.52 381.89 42091 458.44 49431 528.38 560.49 590.48 618.21 643.52 666.26 686.26
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Table 3. Cont.

192F7¢(b1)

Jo 0.0877

Estimated Spin 10 12 14 16 18 20 22 24 26 28 30 32 34 36 38 40 42 44 46 48
E,Exp.(keV) 214 258 300 341 382 421 459 496 532 567 602 635 668 700 732 762 793 823 853 889
E,Cal.(keV) 21359  257.4 300.55 34293  384.41 42488 46424 50236  539.12 57443 60815  640.17 67039  698.67 72492  749.01  770.84 79027 80721  821.52
195T1(b1)

Jo 0.0955

Estimated Spin 7.5 9.5 115 135 155 17.5 19.5 215 235 255 27.5 29.5 315 33.5 35.5 375 39.5 415

E,Exp.(keV) 146 188 229 270 311 350 390 429 467 505 541 577 612 646 679 713 746 777

Ecal 14632 187.89 22929 27048 31142 35207 39240 43236 47191  511.02  549.65 58776 62532 66228  698.60 73425  769.19  803.37

197Bi(b1)

Jo 0.0958

Estimated Spin 7.5 9.5 115 135 155 175 19.5 215 235 25.5 27.5

E,Exp.(keV) 187 229 270 310 351 391 431 469 507 545

EyCal.(keV) 187.30 228.57 269.63 310.44 350.95 391.15 430.97 470.39 509.37 547.87
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Table 4. A total of 5 SDIBs are given in which band-head spins are not identical with each other. They differ by either one or two spins. The transition energies are

consistent with each other in a pair along with band-head moment of inertia, but the energies matches either at one increasing or one decreasing spin.

91 Au(p1)

Jo 0.1158

Estimated Spin 115 135 155 175 195 21.5 23.5 255 275 295 315 33.5 35.5 37.5 39.5 415 435 455 47.5
E,Exp.(keV) 187 229 271 312 352 392 430 468 505 541 576 611 645 678 710 743 774 806 837
E,Cal.(keV) 192.12 228.05 264.48 301.48 339.14 377.52 416.71 456.78 497.81 539.87 583.05 627.42 673.05 720.02 768.42 818.30 869.77 922.88 977.71
191H¢(b1)

Jo 0.1157

Estimated Spin 185 20.5 225 245 26.5 28.5 30.5 325 345 36.5 385 40.5 25 445

E,Exp.(keV) 311 352 392 431 470 508 546 582 619 654 688 722 756 789

E,Cal.(keV) 315.87 352.15 388.84 425.96 463.55 501.63 540.25 579.45 619.26 659.73 700.89 742.78 785.44 828.91

191 Au(b2)

Jo 0.0929

Estimated Spin 20.5 225 245 26.5 28.5 30.5 325 345 36.5 385 40.5

E,Exp.(keV) 398 437 476 513 549 584 618 652 684 716 746

E,Cal.(keV) 398.04 437.25 475.66 513.18 549.74 585.27 619.68 652.9 684.85 715.46 744.64

1TI(h1)

Jo 0.0928

Estimated Spin 135 155 17.5 19.5 215 235 255 275 295 315 335 355 375

E,Exp.(keV) 277 318 359 399 438 477 515 551 588 622 656 690 721

E,Cal.(keV) 276.65 317.87 358.51 398.5 437.77 476.22 513.8 550.42 586 620.47 653.75 685.77 716.47

191 Au(b2)

Jo 0.0929

Estimated Spin 20.5 225 245 26.5 28.5 30.5 32.5 34.5 36.5 38.5 40.5

EyExp.(keV) 398 437 476 513 549 584 618 652 684 716 746

E,Cal.(keV) 398.04 437.25 475.66 513.18 549.74 585.27 619.68 652.9 684.85 715.46 744.64

193 pp(b6)

Jo 0.0928

Estimated Spin 115 135 155 175 19.5 215 235 255 275 295 315 335 355 375

E,Exp.(keV) 235 276 316 356 394 433 471 507 544 580 615 650 684 718

E,Cal.(keV) 234.93 276.64 317.86 358.50 398.49 437.75 476.20 513.77 550.38 585.96 620.42 653.69 685.69 716.35
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198 pp(b3)
Jo 0.0873
Estimated Spin 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36 38
E,Exp.(keV) 216 260 303 345 386 429 469 548 586 624 660 696
E,Cal.(keV) 215.56 259.79 303.35 346.13 388.02 428.90 468.65 507.17 544.33 580.02 614.13 646.54
19 pp(b1)
Jo 0.0872
Estimated Spin 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36 38
E,Exp.(keV) 171 216 260 303 346 388 429 469 509 547 584 621 655 689 720 752
E,Cal.(keV) 170.99 215.81 260.08 303.69 346.52 388.45 429.38 469.17 507.73 544.93 580.66 614.8 647.23 677.85 706.54 733.17
19 pp(b1)
Jo 0.0872
Estimated Spin 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36 38
E,Exp.(keV) 171 216 260 303 346 388 429 469 509 547 584 621 655 689 720 752
E,Cal.(keV) 170.99 215.81 260.08 303.69 346.52 388.45 429.38 469.17 507.73 544.93 580.66 614.8 647.23 677.85 706.54 733.17
192pp(b1)
Jo 0.0870
Estimated Spin 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36 38
E,Exp.(keV) 215 262 304 345 385 424 462 499 535 570 605 640
E,Cal.(keV) 215.62 259.47 30243 344.36 385.09 42448 462.37 498.61 533.04 565.51 595.87 623.96




Universe 2023, 9, 362

14 of 23

In Figures 2 and 3, the dynamic moment of inertia 7 (?) is plotted with respect to the
rotational frequency (fiw). From Figure 2, it is observed that, in most of the cases, there is a
good agreement in experimental and calculated dynamic moment of inertia. Furthermore,
the (calculated) dynamic moment of inertia shows the same behaviour within the pair.

It is very clear from Figures 2 and 3 that the model reproduces the experimental trend
of the moment of inertia 72 in the low frequency region; however, the trend deviates
largely at the high frequency region with the theoretical trend of the moment of inertia 7 (2.
The modified VMI model is mainly composed of two term, the potential energy term and
rotational energy term, and it does not contain any Coriolis effect in the calculations. Hence,
the VMI model reproduces the generic rotational properties of identical SD bands very well.
Since the band-head moment of inertia intimately depends upon the intrinsic structure of
rotational bands, it was mentioned that for truly identical bands, it seems necessary that
both bands must have the same moment of inertia. Thus, in Figures 2 and 3, the theoretical
values of the moment of inertia in the A = 190 mass region display the same smooth
rise in the dynamic moment of inertia with an increasing rotational frequency, while the
experimental plot shows a staggering pattern, and not a smooth rise, in most of the cases.
The two plots (experimental and calculated) will have good matching when we consider
the Coriolis effect due to nearby levels in calculations. The focus of the present work is to
predict the spins of SD bands for which this model is significantly valid, and we can define
identical bands on the basis of level spins, transition energies and (dynamic) moment of
inertia, while the coriolis effect is required to explain the staggering in experimental data.

Khalaf et al. [29] mentioned three pairs of low spin identical bands in Normal De-
formed nuclei using the NpNn scheme, which motivates us to apply the same scheme
to SD bands. To verify our calculations, we have carried out the calculations of identi-
cal band correlation parameters using the NpNn scheme, and found one pair of SDIB
[°TI(b1),"*7Bi(b1)] in which all the parameters are identical, as shown in Table 5. In other
cases, we also applied the same procedure, but the approach is unsuccessful. We observe
that there is a difference in the NpNn values for the identical band pairs in the rest of the
cases. Figure 3 gives the plot of the dynamic moment of inertia with rotational frequency
for the mentioned pair. Overall, the problem of identical bands in Super-Deformed nuclei
is treated successfully.

Table 5. Correlation parameters for [\ TI(b1) and % Bi(b1)] using the NpNn Scheme.

195 T1 197Bi
To 0.0955 0.0958
(N, Ny) (0.5,6) (0.5,6)
N, N, 12 12
F 3.25 3.25
F 275 275
P 0.9231 0.9231
SF 156 156
sp 0.71942 0.71942
72 0.095 0.095
R(4/2) 1.436 1.354

R(6/2) 1.8617 1.7074
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Figure 1. The RMS deviation plots for spin assignments in the ['*'Hg(b2), *Pb(b3)] pair and
the [ Au(b2), 1 TI(b1)] pair are shown. The band-head spins predicted using VMI equation is
in agreement with the experimentally known band-head spins for both pairs. For the [\ Hg(b2),
193 pp(b3)] pair, the estimated band-head spin is consistent, while for the [* Au(b2), 1 TI(b1)] pair,
the estimated band-head spin is different. I is the spin value prescribed to the lowest level observed.
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Figure 2. Experimental and theoretical dynamic moment of inertia plots with rotational frequency
for the 4 pairs of SDIBs are presented. The plots show a good agreement between two isotopes in
most of the cases. The circle (o) represents the experimental values and the solid circle () represents

the theoretical values.
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Figure 3. Experimental and theoretical dynamic moments of inertia are plotted with rotational
frequency for 7 pairs of SDIBs. The plots show inconsistency between two isotopes in most of the
cases. The cases mentioned have a band-head spin difference of one or two spins. The circle (o)
represents the experimental values and the solid circle () represents the theoretical values.

5. Conclusions

To conclude, we have carried out an analysis of all the known SD bands in the A = 190
mass region for the identical bands. A total of 16 pairs of SD bands have been analysed.
The band-head spin is estimated for all cases in which the experimental data is available.
We find that we are able to predict the spin in all cases successfully. We are also able to
give the SDIBs on the basis of the spins of the level of SD band, along with the moment of
inertia and transition energies, which was not mentioned in earlier studies.

By using the modified VMI model, we find agreement between experimental transition
energies and the theoretical ones. Further, we tested the existence of identical bands using
the NpNn scheme. We extracted all the IB symmetry parameters like P-factor, saturation
factor SF, structure factor SP, etc. successfully, which all depends on the valence proton
and neutron numbers in one case. Pb is a doubly magic nuclei (both neutron and proton are
a magic number), which suggests that an NpNn of zero could be one of the possible reasons
that we are not able to extract the IB symmetry parameters in all other cases. Furthermore,
for nuclei with z > 78 i.e., in case of Hg and Au, N breaks into N = 82-114 and N = 114-126.
Thus, Hg and Au isotopes have lower valence neutron numbers, which could be another
reason for the lack of success with the current approach.

SDIBs are very important to study the nuclear structure in heavy nuclei, in order to
improve the fitting of dynamic moment of inertia. Our next step is to develop the VMI
model with the Coriolis effect to explain the staggering observed in rotational bands of
Super-Deformed nuclei. This analysis may help us in future work to improve the fit and
the comparison between theoretical and experimental moments of inertia.
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