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Abstract: The cosmological constant and its phenomenology remain among the greatest puzzles
in theoretical physics. We review how modifications of Einstein’s general relativity could alleviate
the different problems associated with it that result from the interplay of classical gravity and
quantum field theory. We introduce a modern and concise language to describe the problems
associated with its phenomenology, and inspect no-go theorems and their loopholes to motivate the
approaches discussed here. Constrained gravity approaches exploit minimal departures from general
relativity; massive gravity introduces mass to the graviton; Horndeski theories lead to the breaking of
translational invariance of the vacuum; and models with extra dimensions change the symmetries of
the vacuum. We also review screening mechanisms that have to be present in some of these theories
if they aim to recover the success of general relativity on small scales as well. Finally, we summarize
the statuses of these models in their attempts to solve the different cosmological constant problems
while being able to account for current astrophysical and cosmological observations.
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1. Introduction

The cosmological constant problem (CCP) is one of the most persistent puzzles in
theoretical physics. It appears at the interface between quantum mechanics and gravity,
and it seemingly contradicts one of the major building blocks of modern physics, which
is that scales in nature decouple. We hope that it is possible to understand physics at low
energies without a detailed knowledge of the ultraviolet (UV)-complete theory. Formally,
this decoupling of scales is expressed through the enormously successful framework of
effective field theories (EFT), which is challenged by the CCP.

Viewed solely as a metric theory for spacetime, Einstein’s general relativity (GR) allows
for a cosmological constant A that is left unfixed by the principles and symmetries of the
theory. Such a parameter may compete with the energy-momentum tensor (EMT) of local
sources in the equations of motion to produce certain solutions, as was the case of Einstein’s
cosmological static solution [1,2]. In fact, the weak strength of the gravitational interaction
is such that all local tests of GR are compatible with A = 0, singling out cosmological
observations to constrain A.

The current cosmological concordance model, ACDM, is fully based on classical GR
and employs a cosmological constant (CC) to describe the present period of accelerated
expansion necessary to fit both early- [3] and late-time (e.g., [4-10], and see [11] for a recent
review) observational data. Although there are other cosmological models in which the
driver of the current epoch of accelerated expansion, herein referred to as dark energy (DE),
is not described by a cosmological constant, standard GR with a CC is still the preferred
model once many datasets are analyzed together [11].

However, problems appear once we consider the standard model of particle physics
(SM) together with GR. The SM is based on quantum field theory (QFT) in Minkowski
spacetime. Within the QFT paradigm, the local energy-momentum tensor of field systems
might be nonzero even in the vacuum state, in which case they have the same structure as
the EMT of a CC term [12]. Hence, the existence of the SM fields, inferred from local experi-
ments, implies that there are quantum-matter-induced contributions to the cosmological
constant. This means that if DE is a CC, then the A-fitted value (also known as effective
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cosmological constant) also includes contributions from the SM quantum fields, generically
referred to as the vacuum energy density, pyac.

Typically, any vacuum energy contribution is enormous and would completely domi-
nate the gravitational dynamics of the Universe. This was first noted by Nernst in 1916 [13],
and Pauli famously quipped that “the Universe would not even reach to the moon” [14]*
given the large vacuum energy from quantum fields. The problem was formally analyzed
in a cosmological context by Zel’dovich in the 1970s [19,20]. By the late 1980s, due to the
perturbative UV incompleteness of GR [21,22], it was expected that a quantum version of
the theory would fix A. Prior to the discovery of the accelerated cosmological expansion,
popular attempts to achieve this were based on supergravity theories, which typically do
not allow a positive cosmological constant. The seminal review [23] summarizes the status
of the problem before the early 1990s.

Perhaps the most straightforward procedure for solving the mismatch is to postulate
a bare, purely classical contribution inherent to GR to the cosmological constant, Ay, that
would cancel part of pyac/ MI%I. However, the modern view of QFT within the effective field
theory approach is that such a proposal is radiatively unstable or extremely fine-tuned, as
discussed later. There are many reviews on other approaches (see, for instance, [24,25]),
and the present work aims at reviewing modified gravity theories to alleviate or solve the
cosmological constant problem. As we will discuss in this review, the problem actually
has different facets, and it is a priori unclear whether all of them can be addressed at once
or not.

Since the problem occurs when trying to calculate the gravitational effect of QFT
vacuum energies, one approach to tackle the issue is to modify gravity itself. As shown
in Sections 2 and 3, there is little space to solve the CCP within classical GR. Setting
aside anthropic arguments and discussions about fine-tuning [26-33], modifying GR not
only offers a new view on the CCP but also provides new phenomenological signatures.
Generally speaking, modified gravity theories introduce extra fields and/or constraints
on GR such that the coupling of matter to the metric is modified and/or there are extra
universal couplings with the extra fields in a way that is consistent with observations. It is
natural then to ask if and how the CCP manifests itself in such theories, and this is one of
the motivations for developing them.

Another motivation for studying modified gravity approaches is the fact that some
of these theories are typical examples of how to evade Weinberg’s no-go theorem, as
discussed in Section 3.1.2, and its complement, reviewed in Section 3.1.3. We highlight
possible loopholes in the assumptions of the no-go theorems in Section 3.1.4 and use them
as a systematic guiding principle for the modified gravity theories considered throughout
the review. The idea of this review is not to cover all the modified gravity literature. Instead,
we make a narrow choice of models that we deem promising and exemplify the discussed
loopholes with an emphasis on how the CCP is addressed in each one of them. For other
reviews on modified gravity and the cosmological constant issues, see [23,24,34—42].

We start by carefully introducing the different contributions and aspects of the cosmo-
logical constant problem in Section 2. Any possible solution to the cosmological constant
problem is severely constrained by powerful no-go theorems, which we recap in Section 3
together with potential ways to circumvent the theorems while taking into consideration
various observational constraints. In Section 4.1, we summarize the task at hand from both
a theoretical and phenomenological point of view before diving into various approaches in
Section 4. We discuss the extent to which the various modified gravity theories can solve
parts of the problem in Section 5.

Conventions: Unless otherwise stated, we set ¢ = i = 1 and use the metric signa-
ture (— + ++). The gravitational coupling is denoted by Ml%l in all sections, apart from
Sections 4.2.1 and 4.2.2 on sequestering, where x? and x?(x) are used to indicate the pro-
motion of the Planck mass to a variable. We use Ly, or Sy, for a generic matter component,
and only specify its content as £(...) or S(...) when necessary.
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Disclaimer: This review does not intend, in any way, to present an exhaustive col-

lection of modified gravity approaches. Instead, the models were chosen to exemplify
the different ways one can bypass no-go theorems surrounding the cosmological con-
stant problem, and they are subjected to the authors’ personal biases and preferences on
the subject.

2. What Is the Problem after All?

Much discussion has been focused on the CCP in the past. There is some confusion in

the literature about what the problem is, as there are different distinct issues that need to
be tackled. To make it clear what the challenges are, and how modifications of gravity can
help sort them out, we briefly review them below:

The weight of vacuum. The gravitating vacuum energy at the level of the classical
Einstein equations receives contributions from the vacuum energy of the fields in the
SM, pvac. QFT calculations of the latter for a given energy scale i, defined by the
renormalization scale at which we trust our theories, seem to result in a very high
value for the vacuum energy that scales as ~ m*In(m?/?), where m is the mass of
the particle for which the vacuum energy is being computed [24]. This typically differs
by many orders of magnitude from the actual value associated with the accelerated
expansion of the Universe at cosmological scales, which is roughly (1073 eV)* (the
mass of the top quark, for instance, is roughly 10! eV, leading to a 56-orders-of-
magnitude gap). One of the problems is to reconcile this discrepancy. Following
standard practice, we call this the old cosmological constant problem (old-CCP).

Phase transitions. The potential energy for a constant field configuration contributes
as vacuum energy, but, for instance, the Higgs field’s effective potential depends on
the background temperature. As the Universe cools down, the potential changes
its shape, shifting its global minimum. Therefore, its contribution to the vacuum
energy also changes. This problem is a classical instability due to the change in the
contribution coming from the potential energy of the Higgs field before and after
its phase transition. In fact, this is just one example of what happens generally for
any phase transition, including the one due to quantum chromodynamics (QCD) and
possibly others from unification theories. This is called the classical cosmological constant
problem [24] (class-CCP).

Dark energy. The Universe is undergoing a period of accelerated expansion [43,44]
that can be explained by a nonzero vacuum energy in the form of a positive CC. Thus,
we need to explain where this positive-cosmological-constant-like term is coming
from at the cosmological level when using Einstein equations. We will call this the
dark energy problem (DEP).?

UV sensitivity. Finally, another problem comes from the fact that the vacuum energy
computed in QFT is UV-sensitive, despite being possibly the most infrared (IR) quan-
tity one could conceive (as it is a constant throughout spacetime). In particular, there
are two ways in which the UV sensitivity of pyac manifests:

—  Itis directly connected with the Higgs” mass UV sensitivity. As we saw above, the
vacuum energy scales with the mass of particles, and the Higgs’ mass squared
is itself highly UV-sensitive (quadratic in cutoff). This is the hierarchy problem
(see [47,48] for a recent review), and it manifests as an even worse sensitivity in
the computation of the vacuum energy (since it is quartic in the cutoff).

- Aswe change the QFT cutoff by increasing it to higher-energy scales, we might
be able to excite new fields with higher masses, again disturbing the fixing of
the CC performed at lower scales. Thus, even if all the masses were not fine-
tuned in the SM, pyac would still be sensitive to new fields showing up at new
higher-energy EFTs.

Thus, in short, once we change the energy scale in which we are computing the
vacuum energy, the radiative corrections from higher-order loop corrections in QFT
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will shift the value of pyac. We will refer to this issue as the new cosmological constant
problem (new-CCP).

Note that these problems do not have the same nature. The weight of vacuum can
be easily fixed with the presence of a bare CC in Einstein equations, which is then fixed
by measurements (as any other fundamental constant of nature is fixed by applying the
renormalization program). This cancellation between the bare CC and the vacuum energy
could be seen as a coincidence, but poses no problem to the theory. Thus, we take the stance
that this has never been an issue, despite it still being widely referred to as such, both in
the physics literature and also in popularized accounts about the CCP.

However, fixing the value of the bare CC remains a potential issue as phase transitions
unfold and shift its value, and the final value of the effective vacuum energy can be
adjusted only once by a bare CC. On the other hand, if an approach can guarantee that
phase transitions do not spoil this adjustment, then, naturally, the final value of the effective
CC could correspond to the one providing the correct phenomenology associated with DE,
sorting out the DE problem. Thus, the old, the classical, and the dark energy problems
can all be understood at the classical level of Einstein equations and are directly related to
phenomenology.

Note, however, that the dark energy problem may or may not be solved in these
approaches. That depends on whether these models allow to have some residual-like CC
term that would induce an accelerated expansion. Nonetheless, in principle, this problem
can be tackled independently by combining these approaches with quintessential models
that would drive the dark energy dynamics (see [49-51] for a review).

Finally, the UV sensitivity is a deeper issue. Within GR, even if one manages to
classically solve the other problems, this sensitivity would force the solution to be fine-
tuned (see also [52]). As we consider models that modify gravity for which there is a
self-tuning mechanism that effectively prevents the vacuum energy from gravitating, these
models only directly solve the old- and the classical-CCPs. By this, they tacitly accept that
the UV sensitivity is not necessarily an issue, in the sense that they do not attempt to fix it,
leaving QFT calculations untouched. Instead, gravity is modified such that the breakdown
of the UV-IR decoupling does not lead to dramatic observable effects, thereby disposing of

the need for fine-tuning.’

3. How to Modify Gravity

There are two features shared by almost all modified gravity approaches to the CCPs.
First, all models discussed in this review rely on the idea of making gravity less sensitive
to the presence of vacuum energy. We will refer to this general idea as self-tuning and
introduce it in Section 3.1. Second, self-tuning is typically implemented in terms of addi-
tional degrees of freedom, which, in general, mediate a gravitational force. This requires
the presence of a mechanism that suppresses this additional force’s phenomenology at
observationally accessible scales. We provide a review of common screening mechanisms
in Section 3.2.

3.1. Self-Tuning

The key observation is that, due to the equivalence principle, gravity is sourced by
vacuum energy, raising the need to cancel it against a highly fine-tuned cosmological
constant (see Section 2). Therefore, if we modify our gravitational theory in such a way that
vacuum energy either drops out of Einstein equations or is strongly suppressed, this avoids
the need to fine-tune the CC to make its value compatible with observations. Instead, we
assume that the CC takes on a generic value set by the cutoff of the theory. In other words,
we accept that the cosmological constant is highly sensitive to unknown UV physics but
have our gravitational theory turn a blind eye®.

This rather general idea comes in many flavors and under different names. Common
notions are “self-tuning”, “shielding of the CC”, or “self-adjustment mechanism”. A model-
independent implementation is provided by the “degravitation proposal” which promotes
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the Newtonian constant to a high-pass filter (see Section 4.3.1). For simplicity, we will refer
to the general idea as self-tuning but resort to the notion commonly used in the literature
when reviewing individual models.

To explain the concept of self-tuning and gain an idea of common obstacles, we
will first consider a somewhat naive and insufficient implementation of self-tuning in
Section 3.1.1. In a more general context, the reason for its failure is formalized by Weinberg’s
no-go theorem reviewed in Section 3.1.2. A complementary argument based on a spectral
decomposition will be provided in Section 3.1.3. This will guide us towards a small handful
of loopholes that can tell us how to modify gravity in order to implement self-tuning. They
are later used to motivate the different models reviewed in Section 4.

3.1.1. A Failed Start

As a warm-up, we consider a simple scalar field toy model that illustrates the idea of
self-tuning and highlights the essential difficulties we face when implementing it. We will
then generalize the discussion, using model-independent arguments, when reviewing two
complementary no-gos in the literature in Sections 3.1.2 and 3.1.3.

Consider an action containing GR, a (dimensionless) scalar field ¢, and a matter
sector Sm [P?g,,,, ¥] with field content collectively denoted by ¥ that exhibits a conformal

coupling to ¢ (controlled by B)°

M2 2
s="0 [dtry/=gR+ [dxy=5( - M 0w~ V() + SmleMg, %], (1)

where Mp; is the Planck mass and M sets the coupling strength of the scalar ¢. In other
words, we can think of ¢ as mediating an additional gravitational force. Note that we define
the theory in the “Einstein frame” where the action for the metric is the Einstein—Hilbert
action. The gravitational equations of motion are

MOp = V'(g) - BT, (22)
Mlzvlcyv = T;S(E) =+ Tyv ’ (2b)

where we defined the EMT of the scalar field as

1
TS = M29,99,¢ + g,ﬂ,( — 5 M%g"P9,90 — V(4>)) ) 3)
and that of the matter sector as
2 0Sm
Ty = _\/7—7 Sghv 4)
Taking the trace of Equation (2b) returns
MER+TW 4 T=0. (5)

As usual, we expect the vacuum energy pyac to contribute to the matter energy density. To
make this more explicit, we can decompose

Tyy = Ty — Pvac ezﬁ(ngv ’ (6)

where T, corresponds to a localized source with asymptotic fall-off. In particular, 7,, = 0
in the vacuum.

The old and new CCP in this language boil down to the statement that pyac, due to
Equation (5), needs to be finely tuned to a small value (irrespective of the cutoff of the
theory or the loop-order) to avoid making R unacceptably large. The classical CCP, on
the other hand, is the observation that this tuning would be spoiled in a phase transition
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(unless the phase transition itself is tuned not to make a contribution to pyac). Of course,
this reasoning only holds if there is no cancellation between T(#) and T at play. Now,
self-tuning is based on the the idea that such a cancellation does take place. As we will
explain, it can be enforced through the ansatz (at this stage, other definitions differing by
gradient terms are possible too):

T+TY = —V’(¢)+§T. 7)
For the mechanism to work, a sufficient assumption is that the scalar field vacuum is
translationally invariant,

ayfpvac =0. (8)

The reason is that when the system settles to its vacuum configuration, the LHS of
Equation (2a) vanishes, enforcing (V’(¢) — B/2T) — 0. The self-tuning Equation (7) along
with Equation (6) then imposes the condition 4pyac 2/? — T(9) |p=¢pvac = 0, which, in turn,
cancels vacuum energy from Equation (5) (and similarly from Equation (2b)). In par-
ticular, if the vacuum energy changes during a phase transition or by integrating in or
out new particles, leading to pyac — Pvac = Pvac + Apvac, the field ¢ is pushed away
from its stationary point and settles to a new configuration ¢y,c, which now imposes
4pyac ePhvac T(¢)| e = 0 As a consequence, in the absence of localized matter sources,
i.e., for 7,y = 0, the Minkowski metric remains a solution despite the presence of huge
vacuum energy. This is indeed the definition of self-tuning.

In short, we have—somewhat naively—imposed self-tuning by supplementing the
system (2) with the ad hoc Equation (7). Can this be performed consistently without
overconstraining the system? To find out, we try to derive a potential V(¢) such that all
equations can be satisfied simultaneously. Translational invariance in Equation (8) implies
that close to the vacuum configuration we can neglect gradients and time derivatives;
specifically, d,¢9,¢ < V(¢), and thus T(¥) ~ —4V(¢). Substituting this back into the
self-tuning Equation (7) and using Equation (6) yields

4V(p) - V'(¢p) = —4 (1 - g)pvac e, )

which is a differential equation for V(¢). Its general solution takes the form
_ 284 4 Vo4 f 2
V() = | PR or P2 10)
Voe? for p=2

where ;) is an integration constant. There are two interesting cases:

e For B # 2, the potential directly depends on pyac in such a way that it exactly cancels
the vacuum energy in both equations in Equation (2) (or Equation (5) equivalently).
This is fine-tuning again and it would not be robust under a change of the loop-order
or a shift in the EFT cutoff, and it also means the cancellation is no longer dynamical.
Therefore, this model does not address any of the CCPs discussed in Section 2.

e For B = 2, the potential does not depend on pyac. Unfortunately, we have still
arrived at an impasse. Our self-tuning mechanism assumed that ¢ settles down
to a constant vacuum configuration ¢y..; however, the potential in Equation (10)
has no minimum at finite field values. Instead, it is a runaway potential, which
approaches its minimum only asymptotically as ¢ — —oo. Setting Vy = 0 to avoid
this conclusion would constitute a fine-tuning again. The reason is that Vj receives
huge (UV-sensitive) radiative corrections because only the combination Vy + pvac
contributes to Equation (2).
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We could hope that the running itself is not a problem. After all, it seems to expo-
nentially suppress the vacuum energy contribution to T O pyac €*gy,, as ¢ — —co. The
problem with that is that it is not only the vacuum energy that is being suppressed.For
example, the conformal coupling with ¢ implies that the Higgs mass term is replaced
through m%H? — m% H%e*. Now, as ¢ runs down its potential, the Higgs mass goes
to zero, which—unless the running can be made very slow—is not compatible with ob-
servations. Thus, neither setting V = 0 nor accepting the running seems to be a valid
option. In the next section, we will find that this failure can be explained by a very general
symmetry argument.

3.1.2. Weinberg’s Argument

Weinberg in his seminal paper on the cosmological constant problem investigates
self-tuning and finds that under a few key assumptions, self-tuning is not possible without
fine-tuning [23]. Here, we review his argument (see, also, [41,52]).

We consider the Lagrangian £(g,, ¢;) of a metric field g,, and a set of self-tuning
scalars ¢;. The presence of additional matter fields ¥ that give rise to vacuum energy is
understood. This approach covers the toy model from the previous section but is far more
general. In particular, it does not assume the gravitational sector to be described by GR
or canonical kinetic terms for ¢;. What we do assume is that the vacuum of the theory is
translationally invariant,

(¢vac)i = const and  (gvac)uy = const. (11)
While this is in agreement with our expectation from typical field theories,® we will discuss
an example of self-tuning in Sections 4.3 and 4.4, where this assumption is violated. In any
event, general coordinate invariance tells us that £ has to transform as a density (to make

d*xL invariant). This is guaranteed if £ takes on the form [41]”

Lyac = L:((gvac)yv/ (vaac)i) =/ —8vac Pvac((¢vac)i/ .. ) ’ (12)

where the ellipsis indicates the dependence on further SM vacuum expectation values.
Note that pyac, as defined here, also includes the contribution from a bare cosmological
constant and the self-tuning field’s potential.

In this general context, self-tuning can be realized through the equation

oL oL
ZS#V@ = Zﬁ<¢)37)1 ’ (13)

where f; are a set of general functions that depend on the self-tuning fields ¢;. As a quick
sanity check, with these definitions, we recover Equation (9) from Equation (1) for f; = —4.
The idea is the same as before. The ¢; are subject to their equations of motion,

9L _ ayi =0. (14)
op; " (i)
Therefore, as the ¢; approach their constant vacuum value, 9£/9d¢; — 0, which, due to
Equation (13), implies g,y90Lyac/9dguy = 0. From Equation (12), we see that this requires
the vanishing of pyac. It indeed looks as if the ¢; have “self-tuned” to make the vacuum
energy vanish.

To learn more about the viability of the mechanism, we further constrain the functional
form of Lyac. The key observation is that Equation (13) implies the scaling symmetry (with
ekl

Se (gvac);n/ = ze(gvac)yv and 5e(¢vac)z‘ = _efi (¢vac) ’ (15)
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under which the vacuum theory is invariant. Indeed, it is easy to check that d¢ Lyac = 0if we
use Equation (13) along with Equation (11). Applying an appropriate field transformation
¢; — ¢;, we can write Equation (15) as (suppressing the subscript “vac”

Seuv = 2€8uv Sefo = —€, and Jedizo=0. (16)

As ¢ |:€24~)0 gw] = 0, we conclude that Lyac = ,C(EZ"BO gw,). This can be made compatible
with Equation (12), if we factorize pyac(¢;) = 4o ﬁvac((f)i?éo). We therefore find,

Lyac = _det(gyv) ékﬁoﬁvac ((;51'750) ’ (17)

which, indeed, takes the right form if we use |/ —det(g;v) et =\ /—det(e2b Suv)- More-
over, this recovers our previous result in Section 3.1.1 (for g = 2) if we identify gyac =

Vo + Pvac- As before, setting pyac = O (or setting it to its observed value) is fine-tuning.
For pyac # 0, on the other hand, we again find that Equation (17) describes a runaway
potential, which contradicts the initial assumption in Equation (11) and therefore concludes
the no-go argument.

We summarize the main assumptions used for the argument:

(i) The scalar field vacuum is constant and thus invariant under translations (see
Equation (11));

(if) The vacuum geometry is constant (this assumption is stronger than maximal symmetry);

(iii) The theory can be formulated in terms of a Lagrange density £. The covariant
integration measure is provided by d*x/—g¢ as in (12).

We will discuss loopholes in Section 3.1.4.

3.1.3. Beyond Weinberg’s Argument

Weinberg’s no-go theorem can be complemented by an independent argument that
does not assume the translational invariance of the scalar field vacuum, can be gener-
alized to maximally symmetric vacua with positive curvature, and allows contact with
phenomenology [57]. It builds on a spectral decomposition of the gravitational exchange
amplitude,

A:S_ZM/O dp ps(p) /X,y T(x)""gGgw(x,y;y)T(y)W_ as)

Here, T}, is assumed to be a source that falls off at infinity. Physically, it plays the role of a
local mass distribution that is accessible to observations such as a finite set of point masses.
Its counterpart T}, represents a generic source, which, in particular, is not assumed to fall
off at infinity and will later be identified with vacuum energy. The gravitational exchange

between both sources is described in terms of a propagator GS}S)W 5(11). The spectral density

ps(1) then gives a particular weight to contributions with different mass-squared y = m?

and bosonic spin s € {0,2}%. It can be decomposed into massive and massless contributions

as ps(pt) = ps,m () + ps6(u). For example, GR only contains a massless spin-2 field, which

is realized through p, = 1/M32,, pp = 0, and s () = 0, and gives rise to the familiar

exchange amplitude between two localized sources after substituting the propagator for
(2)

a massless graviton (for a detailed derivation of G, By s() for p = 0 and p # 0, see, for
example, Section 2.2 in [37]):

ST—T|, (19)
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where we use % f as a shorthand for the convolution of f with the Green function of
the d’Alembertian. On the other hand, a single massive spin-2 particle with mass m
and Planckian coupling is introduced through p,,, = §(m? — )/ M3,. It contributes to
Equation (18) as

1 - 1 1.- 1
=— [T ——— Ty — -T———T|, 20
App Ml%l/{ —O+m2 ¥ 3 —O+m? (20)

where the factor 1/3 corresponds to the notorious Fierz—Pauli tensor structure [58] (see
also Section 4.3.2). Finally, a scalar mediator will lead to a contribution with trivial tensor
structure o< T —DimZ T.

This general formulation covers a wide range of gravitational models that rely on
introducing additional gravitational degrees of freedom. It builds on a minimal set of

assumptions:

(i) We assume classical and quantum stability, which requires y > 0 (absence of tachyons)
and ps(p) > 0 (unitarity);
(i) The vacuum geometry is either Minkowski or (quasi) de Sitter;

(iii) A weakly coupling assumption underlies the explicit derivation of Gﬂ(tsﬁ)ﬂy s(u) and
limits the approach to linear source couplings;
(iv) The spin-0 and spin-2 propagators take on their canonical form.

Now, self-tuning describes the absence of a gravitational response in the presence of
vacuum energy, explicitly
!

A =0. (21a)

Tyv: —Pvacguv

This is a constraint that applies in the deep infrared as vacuum energy is a spacetime
constant and therefore only couples to the zero (four-)momentum mode. On a Minkowski
background, this follows from the fact that the momentum space representation of vac-
uum energy is Tyy & 17,0 () (p). This infrared condition has to be supplemented with a
phenomenological constraint that enforces the approximate recovery of Equation (19) for
localized sources and hence applies in the ultraviolet where —[J — co’. To be specific, we
demand'’

A TEee, ER:]\/}ZH/[T“ﬁ—lD aﬁ—%(l—e)T_iDT , 21b)
where the parameter € < 107> parametrizes a small deviation from the GR tensor structure
in Equation (19) allowed by solar system observations [59,60]. This approach is comple-
mentary to Weinberg’s argument because it does not require the scalar field vacuum to be
invariant under translations. In addition, it does not rely on a Lagrangian formulation, nor
is it restricted to the classical limit.

Both conditions in Equation (21) can be readily evaluated on a Minkowski background.
The self-tuning constraint yields'! g, = 6py. We note that it does not depend on the massive
particle spectrum, which, in our language, shows that Fierz—Pauli massive gravity has
a built-in self-tuning mechanism (see Section 4.3). In any event, the phenomenological
constraint yields

P2 /°°d p2,m(p) poeo 1 9

R R P*Mpr’ (222)
Lo g, eem(#) 5P /°° po(p) po €

= dy—=——+2=5+2 d . 22b
3/0 ORI p*Mpy 22
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Using the positivity of each term in (22b), we find gy < €/ MI%I and p? " pngy <e/ MIZ’I'
With this, we conclude from Equation (22a) that p, ~ 1/ M3,. The conditions on gy and p,
are, however, in contradiction with the self-tuning relation p, = 60p. In other words, self-
tuning under the above assumptions is incompatible with phenomenology. This concludes

the argument. As shown in [57], the same conclusion can be reached for de Sitter vacua.

3.1.4. Loopholes

Is this generalized approach, alongside Weinberg’s argument, heralding the end of self-
tuning models? It certainly rules out many direct attempts at implementing the mechanism,
but, as is true with every no-go theorem, these, too, are limited by their assumptions. They
allow us to formulate loopholes that themselves can serve as the seeds of future research.
Here, we single out three possibilities.

1. Models that rely on nonlinear couplings to restore GR (violating assumption (iii)
of the amplitude argument). In particular, this includes models that build on the
Vainshtein mechanism presented in Section 3.2.2. In this review, we discuss two
examples: massive gravity in Section 4.3 and scalar—tensor theories such as Fab-4 in
Section 4.4. Whether the no-go arguments can be generalized to this case remains to
be seen. It should also be noted that Vainshtein screening comes with its own set of
problems pertaining to its UV sensitivity in the nonlinear regime [61-63]. Both models
also circumnavigate Weinberg’s complementary no-go by relying on a scalar field
vacuum that breaks translational invariance (violating assumption (i) in Section 3.1.2)a.
In the case of massive gravity, this happens in the Stuckelberg sector of the theory.

2. Another key assumption in both theorems is that vacuum energy, and, thus, also the
corresponding geometry, is maximally symmetric. In particular, the vacuum does not
break local Lorentz invariance. As we will argue in Section 4.5, in braneworld models,
the vacuum energy that arises from SM matter loops (spontaneously) breaks Lorentz
invariance in the directions orthogonal to the brane (violating assumption (ii) of both
arguments).

3. For the generalized no-go, we assumed that propagators take on their canonical form
as could be derived in canonical local and ghost-free field theories of a given spin.
Accordingly, this loophole relies on introducing nonstandard propagators (violating
assumption (iv) of the amplitude argument). This is, for example, how sequestering
in Section 4.2 avoids the no-go. It also avoids Weinberg’s argument by introducing
either global variables or employing a four-form contribution to the volume measure
(violating assumption (iii) in Section 3.1.2).

To provide an explicit example of how the last loophole can be exploited, we follow [57]
and discuss the decapitation idea first introduced in a string theory context [64]. To that
end, we consider an exchange amplitude of the form

1 .1
A= AR+ — / T—T = Agpost. (23)
YN

The second term is the contribution of a canonical scalar field. Its numerical coefficient
is chosen such that it cancels with Agg for a vacuum energy source. As we have seen before,
this is not possible without violating the observational constraint in Equation (21b) when
considering localized sources. This is where the third term Agp,qs; comes to the rescue. For
localized sources, it exactly cancels the second term while it vanishes for vacuum energy:

1 7 1
—— —_ for X local
ghost 6M2, JT=T Ty (x) (24)

for Tyv = —Pvac8uv

As aresult, we recover exact GR for every source that is localized, but realize self-tuning for
vacuum energy sources. We call it a ghost term because it leads to a negative contribution
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in Equation (23). However, it does not lead to an instability, as could be expected for
generic ghost fields, because it is either vanishing or exactly compensated by the healthy
scalar mode (this is somewhat analogous to Faddeev—Popov ghosts in gauge quantum
field theory, which also do not lead to instabilities due to an cancellation with healthy
but unphysical modes). Writing Aghost = ﬁ%’l Jy T(x)Gdecap (x,¥) T(y), the nontrivial

question is what type of propagator Ggecap Will lead to this exotic behavior. As it turns out,
a nonlocal construction can achieve it, explicitly [64]

Gasean(2,9) = Golto ) = 7 [[Goley) = [Gow )+ [ Gz, @9
where Gy denotes the standard Green function of the d’Alembertian and V is the (appropri-
ately regularized) spacetime volume. It is referred to as a decapitated propagator because
it does not couple to vacuum loops. To show that it fulfills Equation (24), the property
[y Gdecap (X, y) = fy Gdecap(X,y) = 0 can be used. It was demonstrated in [57] that the
sequestering model (discussed in Section 4.2.1) provides a possible field theory realization
of the decapitation idea.

Of course, the list of loopholes is not complete, and other models are conceivable that,
for example, incorporate a mild tachyonic instability, consider an anti-de Sitter vacuum, or
find different ways of deviating from the canonical field theory framework.

3.2. Screening Mechanisms

As we have seen, by challenging the assumption of GR we can hope to address aspects
of the CCPs. A crucial constraint coming from observations on such avenues is that the
proposed modification to gravity be undetectable in our local environment. Specifically,
the numerous precision tests of gravity in the Solar System only allow extremely mild devi-
ations from GR at these scales (see, for example, [65-69]). This poses a problem for scalar
tensor theories which generically predict a supplementary force on top of the standard
GR prediction, usually referred to as the “fifth force”. This is of particular relevance for
scalar tensor theories such as the Fab-4 (see Section 4.4) or the Dvali—-Gabadadze—Porrati
braneworld model (DGP) [70,71] (see Section 4.5), which can be written as a scalar tensor
theory in the limit that the five-dimensional degrees of freedom decouple (see [72] for
an example).

The scalar tensor theories we will consider here and in this review will fall under the
broad class of Horndeski theories [73], which can be written as

Spy = / d*x\/=g[Ga(, X) — G3(¢, X) + Ga(¢p, X)R
+ Gax (¢, X)[(O9)* = (Vi Vi9)] + G5 (9, X) G VIV
- $Gsx(@ X)(O)° ~ 300V, 9,9 + 27,79 2

where each G;(¢, X), i = 2,3,4,5 is a free function of the scalar field ¢ and its canonical
kinetic term X = —(9¢)?/2, and G; x(¢, X) = 9G,/9X, with [J being the D’ Alembertian
operator. R and GPV are the Ricci scalar and Einstein tensor components, respectively. This
class ensures the resulting equations of motion are at most second-order and nondegenerate
which makes them Ostrogradski-ghost-free (see [74] for a discussion) and theoretically vi-
able. We note that one can have healthy theories with higher-than-second-order derivatives
by considering degenerate theories or certain field symmetries [75-79].

As an illustrative example of the problem, we can consider the archetypal Jordan—
Brans-Dicke theory [80,81] which is contained in the Horndeski class. We can write this
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theory in the Einstein frame, with a minimal coupling of the scalar field to the gravitational
sector, i.e., it does not multiply the Ricci scalar, but a modified matter sector as

M3R 1,
Lypp = l gl — 58" 9ugdvd — V(9)

+ Lin(A%($)guv, Fm) / (27)

where A(¢) is the conformal transformation between minimally and nonminimally coupled
frames, ¢ is the scalar degree of freedom, and Yy are the collective matter fields.
If we consider now a perfect fluid

_ 4
™ = (pm + C—z)u*‘uv +ps", (28)

with rest frame mass density oy, and we assume a small pressure p < pc?, in a perturbed
Minkowski spacetime,

ds* = —(142®)dt* + (1 —2%) (dx* + dy? + dz?), (29)
we can write the 00-th Einstein field equation in the Newtonian limit as

2 1 Lo
Ve = =5V, (30)
where V? is the Euclidean Laplacian operator. Note that we ignored pressure contributions
and only considered first-order contributions in the metric perturbation ®. We can also
write down the geodesic equation in the nonrelativistic limit (dx; /dt < 1), which gives the
acceleration a test particle experience:

a=-Vd-BVep=an+as, (31)

where we defined (¢) = [In A(¢)]’, a prime denoting a scalar field derivative, and defined
the Newtonian acceleration and an additional acceleration associated with a “5th force”
sourced by ¢. One basic criterion for any viable gravitational theory is that the scalar field’s
contribution to the acceleration is negligible, or screened, in environments such as the Solar
System!?. We will discuss two generic ways of ensuring this holds true: screening through
a well-chosen potential for the field and screening that employs derivatives of the field. We
refer the interested reader to [36,82,83] for more detailed reviews on screening mechanisms.

3.2.1. Potential Screening

This method of screening relies on a well-chosen potential V(¢) for the scalar field.
Assuming negligible time variation of ¢ and a pressureless perfect fluid, the equation of
motion for the scalar field in Equation (27) is given by

2. 1 / — x7
Vi = Wﬁ(¢)Pm —Vi¢) = Ve (0), (32)
Pl

where we defined an effective potential Veg. Screening is realized when the effective
potential finds a minimum, i.e., V¢ = 0. With appropriate choices of V(¢) and B(¢) (or,
equivalently, A(¢)), this can be made to happen in regions of high density such as the
Solar System. With this choice, we note that moving beyond the Solar System, to, say,
larger scales and lower densities, objects may begin to feel the additional force contribution,
which will have an impact on structure formation. Typically such theories aim to reproduce
ACDM at high redshift, where measurements of the cosmic microwave background (CMB)
leave little room for deviation [3]. This leaves the possibility of low redshift, large-scale
impacts of the scalar field (see, for example, [84-87]).



Universe 2023, 9, 63

14 of 44

Returning to Equation (32), it would appear that we have two free functions with
an infinite number of new degrees of freedom with which to match the data. While in
principle this is true, these would be ruled out from a Bayesian standpoint. A simple and
popular example of such a theory that promised to both exhibit screening and was able to
provide acceleration without the CC '° is the Hu-Sawicki model of f(R) [90]:

c1(R/m?)"
R)=—m?*——"— 33
f( ) 1+C2(R/m2)n ( )
Here, c; or c; is fixed to necessarily match a ACDM expansion history. m? is also typically
fixed, leaving two free parameters, n and c; or cy, the latter usually being recast in terms of

the value of the scalar field today fry = % |—0. This functional choice also fixes both V' (¢)
and B(¢) in the equivalent Einstein frame cast scalar tensor theory.

To see how screening works, let us consider a spherically symmetric matter distribution
with radius R and total density p,;, embedded in a background of density p. By the
symmetry of the distribution we should be able to find some s < R such that the effective
potential V/;;(¢) ~ 0, which defines the screened regime. Further, for 7 > rg, we can find a
region such that ¢ = ¢ + d¢(r), where d¢ is a small perturbation. The equation of motion
for this perturbation is then

V26p = V29—V

1 5 / /=
~ ﬁ%(pm_ )B—=(Vi(9) = V()
1 - "=

where we defined the density contrast 6p = pm — p, where a bar denotes a background
quantity. In the first line, we only considered the background term in f, to stay at consistent
order in the perturbations B(¢) =~ B(¢) = B, which can be restated as

d—’g&p <B for r>rs. (35)

d¢
The second approximation assumes that V’(¢) is slowly varying. For cosmologically
relevant fields, we typically choose their background mass m} = V" (¢) ~ Hy, where Hj
is the Hubble constant, so that we only see modified gravity effects on very large scales.
Near the screening regime we can then ignore the V" term in Equation (34). Integrating
Equation (34) for r > rg gives the acceleration associated with the fifth force:

RSMO) [y _ M)

a5 = —pVp = —pVip = 2= ~ MO ] for —r>rs,  (36)

where the density contrast sourced mass within radius r is given by

;

M(r) = 471/0 x26p(x)dx. (37)
From Equation (36), we see that if r¢ = R, then the object is fully screened (F5 = 0), but,
conversely, if rs = 0, the object is fully unscreened. Typically, we would have 0 < rg < R,
which would offer a partially screened object with the fifth force being sourced by a shell of
mass between rg < r < R. The screening radius rs can be derived from the field profile
once the potential and conformal transformation have been defined. These can be chosen
such that 7 is only slightly smaller than R so that the fifth force is only sourced by a thin
shell of mass and is consequently limited in size and scales of effect. Of course, one could
also find fully screened configurations, but these do not offer interesting signatures which
can be looked for experimentally.
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Chameleon models are a class of such models exhibiting this type of screening, and
they have been extensively studied in the literature [91-93] (see [88,94] for reviews of fairly
recent constraints). The choice for potential and conformal transformation in these models
usually take the form

A(p) = eB?, (38)

with B being a constant. Note that we can also obtain chameleon screening from minimally
coupled matter in f(R) gravity (see, for example, Equation (33)) after the field redefinition
necessary to find the Einstein frame. Given the freedom these models allow, data constraints
are fairly restricted to specific models or parametrizations (see [94] for constraints on the
model in Equation (38)).

3.2.2. Derivative Screening

To see how this type of screening works, we can proceed analogously to the self-
interaction screening case. First, let us return to the modified geodesic equation, Equa-
tion (31). One way of shutting off the scalar field term on the RHS is to include additional
derivative interactions in the action. As an example we can take the five-dimensional DGP
braneworld model [70] in the decoupling limit, which, it has been argued,reduces to the
cubic Galileon theory [72,95]

MR 1 1 1
— Eg’“’aygbai@ - )T%gwaﬁbavq’mff’ + DéV‘PNIlz)lT} ’ (39)

where A3 gives the energy scale of the theory, and we made the coupling to the trace of the
matter sector EMT explicit through the dimensionless constant ay. We note that this can
be achieved similarly by setting A?(¢) = ¢2?*v in Equation (27). This action produces the
following equation of motion:

2 1 0g)? vgg] = 1
O¢ + Py {(DP) - VuVupV vﬂfp} — M%)lavpm, (40)

where V, is the covariant derivative. In DGP gravity we have [96] A3 = % Bpcp and

ay = w%@, where Bpgp is associated with the cosmological background in the model and
tc is the cross-over scale below which gravity becomes four-dimensional.

As in the chameleon example, if we consider small enough scales where time deriva-
tives are small compared to spatial ones and consider a spherically symmetric mass distri-
bution of total mass M, Equation (40) can be written as (see [97] for example)

1d | ,dp  4r (dgp)? 1
r%lr[r d1’+/\%<dr ~ gV b
Integrating this equation yields
dp 4 (dp\*  ayM
2 _ — 2
“ar T /\7% < dr) - 4nME, = 20y, *2)

where Fy is the Newtonian gravitational force per unit mass. Taking the small r limit of
Equation (42), when the second term on the LHS dominates, yields

3/2
5 _ 2lxv<r) , (43)
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where F5 = d¢/dr is the fifth force per unit mass, and we defined the so-called Vainshtein
1/3
radius ry = (W’ , named after Arkady Vainshtein who first proposed this mecha-
0

nism, to protect Fierz—Pauli theory (see Section 4.3.2) from Solar System constraints [98].
We see Fs5 o 13/2, and so for large Vainshtein radii, we obtain a large suppression of the
fifth force when r < ry. This mechanism is highly efficient, for example, in the case that
M = Mg and ay of O(1), we find that ry is seven orders of magnitude larger than the Solar
System. On the other hand, in the large-scale limit where the first term of Equation (42) dom-
inates, we have a modification of F5/Fy = 2ay, which can offer interesting phenomenology
to venture out and test experimentally (again, see [94] for recent constraints).

As an illustration of both types of screening mechanism, we can consider the effective
modification to Newton's gravitational constant G, defined using Equation (30) as

Vg = fm Ceff. (44)
2M3, GN

This quantity has been derived under various assumptions, such as a spherically symmetric
density distribution, in both the chameleon screened model of Equation (33) [99] and in the
Vainshtein screened DGP model [100]. In Figure 1 we plot Ge¢/ Gy against the normalized
halo radius. We can clearly see that at small scales the screening mechanism kicks in
and Geg — Gy as required. Interestingly, the DGP model (red, solid) also modifies the
large-scale growth of structure, while f(R) (blue, dashed) experiences Yukawa suppression
at large scales, giving distinct and interesting phenomenology. Further, we see the fifth
force acting at some intermediate range of scales which affects the growth of structure.
Detection of fifth force impact on structure and signatures of modified gravity is a prime
science goal of upcoming and ongoing large-scale structure experiments [101-103].
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Figure 1. The normalized effective Newton’s constant as a function of dark matter halo radius Ry, in

the chameleon screened Hu-Sawicki f(R) gravity (blue, dashed) and the Vainshtein screened DGP
gravity (red, solid). Ry, ; is the initial size of the halo and ;. = 1/ (4H37%). The amplitudes in the
unscreened regime reflect the specific values of fgy and r. chosen.

We conclude this section with some general remarks on the theoretical viability of
screened models. Note that screening effects kick in at scales where the low-energy theory
should begin to fail. In the case of self-interaction screening, the field potential should
begin to receive nonnegligible high-energy corrections in the screening regime, which poses
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a problem for these models. Similar considerations were made for nonlinear interaction
models, such as Vainshtein screened ones [61,63], although for these models it has been
argued that they may be protected against high-energy corrections as they typically satisfy
nonrenormalization theorems [62,104]. We also direct the reader to Section 6 of [105] and
the references therein for more on this discussion.

4. Modified Gravity Approaches

Now that we have clarified the issues surrounding the cosmological constant and
reviewed the no-go theorems constraining possible modifications of gravity, we are apt to
discuss some of the approaches that exploit the loopholes of these theorems, as discussed in
Section 3.1.4. Including our tacit discussion about semi-classical gravity which combines GR
and QFT, we will discuss nine different proposals that attempt to instantiate the self-tuning
mechanism. As we already mentioned in the introduction, this is in no way exhaustive and
only constitutes a representative sample of the rich literature available on modifications of
gravity'.

We start in Section 4.1 by briefly recalling the challenges introduced in Section 2 and
defining two additional requirements related to astrophysical and cosmological data that a
successful proposal has to fulfill. Then, in Section 4.2 we discuss a general class of models
that makes use of top forms to constrain the gravitational dynamics; in Section 4.3 we
discuss the degravitation mechanism and its realization in the context of massive gravity,
and we finish by reviewing how self-tuning can be implemented in the context of Horndeski
theories in Section 4.4.

4.1. What Do We Want?

As we saw in Section 2, there are at least three problems that a model can attempt
to solve: the classical and new CCP, and the DEP. However, even if a model successfully
solves one or more of these problems by modifying gravity, we need to guarantee that
the model does not spoil phenomenology that has been successfully accounted for with
only GR.

Nowadays, we have strict constraints on the ensuing dynamics of the early Universe
that led to the CMB [3] and we have tight constraints on Solar System physics [59,60,65-69].
Thus, to assess the statuses of the models discussed below, we need to also take into account
whether their proposed solutions to any of the CCPs is able to accommodate the CMB
data together with the success of the ACDM model, and whether these models contain
a screening mechanism, as described in Section 3.2, that leaves local physics on small
astrophysical scales untouched. We will call these requirements cosmic history constraints
(CHCs) and astrophysical constraints (ACs).

Combining all the requirements above, we thus have a wishlist with five conditions
that a successful model should satisfy. As we now shift our discussion towards how
different modified gravity proposals can address the CCPs, these are the conditions that we
should keep in mind while assessing how successful these different proposals are. Later,
in Section 5, we summarize this wishlist and we briefly review which requirements each
approach is able to tackle (see Table 1).

4.2. Constraining Gravity

There is a class of approaches that modify GR by constraining its dynamics such
that the vacuum energy does not gravitate. We will discuss four of them: global and
local sequestering mechanisms [106-108], unimodular gravity [109,110], and the nonlocal
approach introduced in [111].

As we will see, local sequestering is the the most successful proposal addressing the
CCPs discussed in Section 2. Thus, this section starts by discussing the global seques-
tering mechanism where the physical intuition is clearer as a way to further motivate
the introduction of the local mechanism. Finally, since both unimodular gravity and the
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nonlocal approach can be easily related to the sequestering mechanism, they are discussed
comparatively.

Naturally, this does not exhaust the list of proposals in the same vein. More recent
proposals include [112], that promotes the Plank mass to a Lagrange multiplier, thus
constraining the averaged Ricci scalar and preventing the vacuum energy from gravitating.
Meanwhile, [113,114] promote the CC to an integration constant, but instead of canceling
the vacuum energy, they present a mechanism that relaxes it through multiple membrane
nucleations (each localized in time).

4.2.1. The Global Vacuum Energy Sequestering

One way to avoid the no-go theorems discussed in Section 3.1.2 was introduced
in [106], where the vacuum energy generated by matter loops is gravitationally decoupled.
This mechanism is called global vacuum energy sequestering and is based on promoting the
bare cosmological constant, Ay, and the Planck mass, Mp), to Lagrange multipliers. It
further introduces a global interaction term ¢ as a function of A, and a mass scale y around
the QFT cutoff scale. Thus, this is a minimal modification of GR as it does not introduce
any new propagating degrees of freedom. For clarity, we denote the Planck mass by « in
this and the next sections to indicate that it is now a variable.

In the Jordan conformal gauge, the action reads [108]

2
S= /d4x\/fg[’;R —Ap +£m} +(7</;};> , (45)

where Ly, stands for the matter Lagrangian, and we note that ¢ is outside the integral.
Varying it with respect to Ay, and «2, respectively, yields two global constraints:

1 do 4 4 _
A /dx 2, /dx,/ R=0. (46)

Due to the presence of the smooth function o, the first constraint does not force the world
volume to vanish. Nonetheless, in order to have a large and old universe, it is required
that o cannot be a linear function; otherwise, 4 would have to be very small, lying at scales
many orders of magnitude below particle physics scales and the cutoff of this effective
field theory.

Meanwhile, the second equation can be recast as (R) = 0, where the four-volume
average is defined as (... f d4x\/7 )/ f d4x\/7 Thus, the scalar curvature
is always averaged to Zero. Naturally, this is only well-defined if the four-volume is
nonvanishing, imposing that do/dAy, is nonzero.

Now, varying the action with respect to the metric produces the gravitational field
equations, which, upon taking the trace, averaging, and using the second global constraint
in Equation (46), leads to

Ay = (T, @)
completely fixing the bare cosmological constant in terms of the matter sources'”. This is
only possible because Ay, is considered as a dynamical variable whose value is determined

by Equation (47). Then, we can finally rewrite the Einstein field equations as

1
Gl =TV, — Z5”1,<ir"‘,,(>, (48)

where the bare cosmological constant is a global dynamical field fixed by the field equations.
Notably, as the matter source is shifted by the last term on the RHS, both classical and
quantum contributions that take the form of a cosmological constant will not gravitate!®
In particular, the latter is guaranteed due to general covariance, which imposes that the
loop corrections contribute in the same way at any order of the QFT loop expansion [24].
More explicitly, as is shown in [108], we can consider the matter Lagrangian at any
given order in loops to be split between the renormalized quantum vacuum energy contri-
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butions, pyvac, and local excitations, which leads to T" = — pvaC(SV v+ Tt lv. Then, the field
equations Equation (48) become

K*G', = T;‘V — ié”v(r"‘w , 49)

and the regularized vacuum energy drops as a source. Nonetheless, we still have a residual
cosmological constant above given by the second term on the RHS which arises as the
historic average of the trace of matter excitations. Thus, it is a nonlocal source both in
space and time, and it is typically small in universes which grow large and old due to the
spacetime averaging. Therefore, global sequestering could potentially also address the
DE problem.

Something similar happens with contributions coming from phase transitions. They
are not completely suppressed in the field equations Equation (49), but for large and old
universes they become far smaller than the current critical density after the transition [106].
The intuition here is that the contribution is suppressed by the spacetime volume, and
typically the Universe spends a relatively short time in the false vacuum [117]. Note that
before the transition, despite these contributions not being sequestered, within reasonable
assumptions they remain consistent with early universe cosmological data [118].

We make some additional remarks about the above construction:

*  The first constraint in Equation (46) imposes that the world volume is finite as we
assume a smooth global interaction ¢. This necessarily selects a universe with spatially
compact sections that is temporally finite (see [119] for a model realizing this condition);

¢  The action Equation (45) is not additive over spacetime due to the global interaction
term o, leading to subtleties for its quantization and its embedding in a complete
UV theory.

Both these challenges can be evaded by the local version of the sequestering mechanics
discussed below. For more discussions about the global proposal and its cosmological
implications, see [118].

4.2.2. Local Sequestering

In the original formulation of vacuum energy sequestering, the smooth function o (x)
is added directly to the gravitational action rather than to its Lagrangian, while x> and A
are rigid Lagrangian multipliers. A local formulation of energy sequestering was proposed
in [107], where o (x) has a local form and the Lagrangian multipliers are promoted to fields.
This is accomplished after modifying the action Equation (45) to

S:/.d4x\/7g[1czégc)RA(x)+£m}+/ ( )F4+/< >F4), (50)

where F(4) and F(4) are two four-forms that satisfy usual Bianchi identities'’, i.e., locally

F4y = dA(3) and 1:"(4) = dA(3), and the functions ¢ and ¢ are assumed to be smooth. Note
that A(x) and x?(x) are spacetime functions whose equations of motion are, respectively,

/ A/

o 1
EF}WPU =/ —8&€uvpo, M2 Fyvpo = _ER\/ —8&€uvpo , (51)

where ¢, is the four-dimensional Levi-Civita symbol. The equation of motion for the
metric is
K2Gl, = T, + (V'V, = 8h V)2 (x) — A(x)dl, (52)

where T, is the matter energy-momentum tensor. Due to the topological nature of the
four-form actions, there are no flux contributions on the RHS in the above.
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On the other hand, it follows from the equations of motion for A3y and A(3),
U,/ 6./ 2
Z0,A =0=—-9,K°, (53)
]/14 K Ml%l M

that A and «? are constants on-shell. This makes « set the bare Planck-scale value and A
play a similar role to the A in the global case. Meanwhile, the traceful part of the metric
equation gives

1 1,

A= (Th%) + ;°(R), (54)

where the last term can also be written in terms of the four-form fluxes as
“k2(R) = —L—- = = AA. (55)
Hence, compared to the global case, Equation (48) becomes modified to

K2Gl, = T, — i(ﬂﬁ“ﬁ — AASY,. (56)

The cancellation of the matter loop corrections to the cosmological constant operates as in
the global case, but there is now an extra term AA in the residual cosmological constant.
This is the main difference between the global and local approaches to vacuum energy
sequestering. The other difference is that the first constraint in Equation (46) is absent such
that infinite spacetime volumes can be considered.

Although the A and x? dependence of AA makes it UV-sensitive, the authors of [107]
argue that the smoothness of ¢ and ¢ guarantees that the variation of the prefactors in AA,
that depend actually on the dimensionless variables x?/ M2, and A/u*, are bounded by
O(1) numbers. Moreover, note that the fluxes are UV-insensitive to the choice of UV cutoff,
being dominated by the IR scale in the integrals. For instance, for a constant F4) and in a

spacetime where R is bounded, both F(4) and ﬁ(4> fluxes diverge with the spacetime volume,
such that their ratio can be finite. In summary, the value of AA can be finite, small, it is
UV-stable, and should be ultimately determined by observations. Finding support in the
latter is a challenge for sequestering, due to its similarity with GR and, hence, difficulties in
finding unique phenomenological signatures. Another challenge is to come up with a UV
embedding (see [120,121] for attempts in the context of axion monodromy).

4.2.3. Nonlocal Approach

Another constrained approach, related to sequestering, was proposed by Carroll and
Remmen [111] (CR), where a nonlocal constraint is applied to the action, and the averaged
Lagrangian density is forced to vanish on-shell. The action being considered is

M3 1 1
Scr = n/d4x\/jg[2H(R —2Mp) + L — @Fé) +eVeFnAE)|, 67

where the parameter 7 is a constant that acts as a global Lagrange multiplier. It generalizes
the conventional measure through /—gd*x — \/=gnd*x. In very general terms, the idea
of introducing # here is to enforce a cancellation between the four-form Fi4) and Ay, in the
equation of motion'®.

Although Equation (57) is different from Equations (45) and (50), its connection to both
global and local sequestering can be seen by recasting it in an equivalent form (ignoring
surface terms) as [108]

M _
TPIR—A—l-Em

Scr = W/d4x\/jg

+71<7(:}1) / Fi, (58)
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where A = —6?/2 is defined as a new field variable with 0 the magnetic dual of Fugy, Ay
is absorbed by L, we introduced a function ¢?(z) = —2z, and the four-form is rescaled

as Fq) — Fg)/ #?. Comparing with the sequestering proposals, we see that Equation (58)
bears resemblance with both the global and local sequestering mechanism. One of the
flux terms used in local sequestering is recovered here, but 77 remains a global constraint
and A is also a global variable. Although 7 can be made into a local parameter [122], it
would not resolve the main problem of the CR model, i.e., radiative instability, that will be
discussed below.

Going back to CR’s approach, we proceed from Equation (57) to see how the CC is
forced to vanish. The constant scalar field 7 admits, upon regularization [ d*x,/—g=V,
an equation of motion that forces the averaged Lagrangian to vanish, i.e.,

L
N / dx\/—gL = (L) = 0. (59)

Now, introducing a constant scalar 6 such that Fyypr = 0/—g€1p0 (obviously fulfilling the
flux equations), we could rewrite the last two terms in Equation (57) as

1 1 1
_ﬁpivpa = 592' EVV(FWWAVPU) = -6, (60)

These can be substituted into the constraint Equation (59) to give

2
MPI

5 ((R) —2Ap) + (Lm) — %92 =0, (61)

which can be read as fixing 6 in terms of Ay,. The Einstein equation in this model reads

M3 1 1 1
0 = =2 (Ryw = 5Rgu + Angu ) = 5T + 786 (62)

The crucial observation is that Ay, is canceled when we use Equation (61) to substitute for 6

1 1 .
Ryy = 5 R + 5 (R)guw = Mp? (T — (Lm)gpn ) (63)

Comparing Equation (62) and Equation (63), an effective CC can be identified in terms of
the averaged quantities as

1 B
Agit = <§R + MP12£m> . (64)

We see that the CR model indeed achieves a cancellation of the tree-level CC and
hence features a form of self-tuning. At the same time, it remains compatible with all
known observations, since standard GR solutions including the Friedmann equations are
unchanged in this model. It also circumvents Weinberg’s no-go, as the global parameter 5
alters the spacetime measure, similar to what is performed in sequestering. In terms of its
nonlocality and the implication to the DE problem and phase transitions, it is similar to the
case of global sequestering (see discussions in Section 4.2.1).

On the other hand, CR’s mechanism is not stable under radiative corrections. A simple
and elegant argument was provided in [108]: as # multiplies the whole action, it can be
identified with 1/%, corresponding to the 0-th order in an 7 expansion. Now, since the
loop-corrected action contains higher powers in 7 it will also come with higher powers of
1/%. This, however, changes the structure of the whole theory. In particular, a variation
with respect to # will no longer yield Equation (63).
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A remedy to this problem is to have a purely geometrical global constraint, which can
be achieved, for example, by an action such as

1 1
shybnd = /dA‘x\/ l PIR M%lAb +Lm— ﬁF(Z‘L) + EV . (F(4)A(3)) , (65)

where the Lagrange multiplier is only attached to R. This however, takes us back to
sequestering. To be precise, when we identify M3 = x* and perform the same steps that
led to (58), we obtain a hybrid between the local and global sequestering mechanisms.

4.2.4. Unimodular Gravity

Unimodular gravity is a modification to GR already proposed by Einstein in 1919 [109].
Similar to sequestering models where nonlocal constraints are imposed, in unimodular
gravity the determinant of spacetime is constrained to be constant, /—g = const. This
condition is known as the unimodular condition and, as we will see below, leads to the same
field equations as those of GR with a CC. In the following, we present the basic premises of
unimodular gravity at a classical level, as well as its connection to the CCP. An extensive
overview of the details of quantum unimodular gravity lies beyond the scope of the present
review. For further details on the quantization of unimodular gravity, see [123-126], and
for criticisms, see [124,127].

Let us start from the Einstein—Hilbert action (without a CC) in the presence of matter
and including a Lagrange multiplier A(x) [124],

SEH_/d4 l PlR AMx) (/=g —€0) | + Sm. (66)

Here, Sy, refers to the action containing matter fields and ¢ is a constant volume element.
Varying Equation (66) with respect to the metric leads to the field equations

1 1 A(x)

Ry —zgwR=—5Tw——"8uw, 67
w = 58m M3, 1z 5 & (67)
while varying with respect to the Lagrange multiplier leads to \/—g = €. Note that
this unimodular condition breaks the full diffeomorphism invariance of the theory. In
Equation (67), the EMT is given by the variation of the matter action, Sy, as shown in
Equation (4). Taking the divergence of Equation (67) and accounting for energy-momentum

conservation, V,, T" = 0, leads to

duA(x) =0, (68)

with solution
A = constant. (69)

In other words, the Lagrange multiplier is fixed to be a constant and the CC can be identified
with A = A/2.

An alternative derivation of the field equations is performed in the Henneaux-Teitelboim
formulation of unimodular gravity [123,128,129], where full diffeomorphism invariance
remains unbroken. The action of the theory is written as [129]

Syt = /d4 { [ (R Z(P) + L

+ M2, A”} (70)

where A% = %G“M‘SA pye is the vector density associated with a three-form A,g,. In this
formalism, the unimodular condition arises from the equation of motion of the scalar field
¢(x), as /=g = 9, A¥. Additionally, the equation of motion of the vector density field A¥
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is 9,¢(x) = 0. The latter, again, shows that ¢ = const. can be identified as the cosmological
constant A. Finally, varying the action with respect to the metric g;,, leads to the Einstein
equations with a CC.

Thus, it becomes clear that, within unimodular gravity, the CC arises as an integration
constant in the Einstein field equations. It has been argued that this provides a conceptual
exit from the CCP [110,123]. A way to understand this argument is by stating that any
change in the EMT of the form T},, — T;w = Ty + &uvC can be absorbed into the integration
constant A by a shift A — A4 C/ Ml%l. This is interpreted as the curvature of spacetime
not coupling to quantum corrections of the form g, C. The claim, then, is that such a shift
can address the CCP by canceling off a given amount of vacuum energy. Here, we should
note that the same logic can be applied in GR, where A, again, is a free constant whose
value can be chosen arbitrarily.

The argument above could, indeed, constitute a solution to the CCP, if the latter was
limited to its old formulation, as explained in detail in Section 2. In other words, if the
issue merely consisted of the fact that accounting for the vacuum energy contribution to
the EMT leads to a much larger CC than the one measured by observations today, such a
problem could be resolved by using the freedom of fine-tuning an integration constant to
match the observed value. However, a solution cannot be provided when one considers the
new-CCP. In the latter, the renormalization prescription of the effective theory is unstable
under higher-order loop corrections, requiring the bare value of the cosmological constant
to be retuned every time an additional loop contribution is taken into account. Since in
unimodular gravity (such as in GR) the integration constant playing the role of the CC can
only be fixed once, the conceptual problem remains [124,130]. In fact, the same difficulty
is encountered when attempting to solve the classical CCP in the unimodular gravity
framework. This should not come as a surprise since unimodular gravity constitutes a
minimal modification to GR that is also not dynamical in any way. Hence, unimodular
gravity is only able to resolve the CCP problem to the same extent as standard GR itself.

4.3. Massive Gravity

Massive gravity theories are a natural extension of GR, and the formulation is of inher-
ent theoretical interest. However, massive gravity also provides an interesting angle to the
cosmological constant problems via the degravitation mechanism, where the graviton mass
acts as a filtering scale in the coupling between gravity and a cosmological constant term.
In that sense, the right question to ask about the CCPs might not be why the cosmological
constant term is so small but, rather, why it gravitates so little. Within GR, diffeomorphism
invariance guarantees that gravitation couples universally to all sources, but in more gen-
eralized theories of gravity, there is a meaningful difference. In the following, we briefly
recap how this mechanism works, show how it emerges naturally in the context of massive
gravity, and review the development and current status of massive gravity theories.

For extensive reviews about massive gravity, see [35,37,131-133].

4.3.1. Degravitation

The degravitation mechanism [134-136] can be seen as an IR modification of GR that
prevents sources characterized by wavelengths Ag larger than a given IR scale L from
gravitating. At the level of Einstein equations, it is phenomenologically implemented by
promoting Newton’s constant to a scale-dependent differential operator

Guv = 8GN (L*0) Ty - (71)
Expanding the sources in terms of its mode functions, the gravitational coupling behaves as

GN for As <L

, (72)
0 for Ag>1L

Gn(L%Ag?%) = {
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acting as a high-pass filter, thus preventing deep-IR modes, A > L, from gravitating. The
cosmological constant is a particular case with an infinite characteristic wavelength; thus, it
degravitates. Therefore, regardless of the value of pyac, as long as it behaves as a cosmologi-
cal constant, it does not source Einstein equations.

In the context of gravitational theories, this mechanism can be implemented by having
massive gravitons or a resonance'” [135,136]. DGP, briefly discussed both in the context
of derivative screening in Section 3.2.2 and of braneworld models in Section 4.5, can be
considered a special case of the resonant graviton. In the rest of this section, we focus on
the linear and nonlinear constructions of massive gravity.

4.3.2. Linear Massive Gravity

The search for a consistent generalization of GR that describes the behavior of massive
spin-2 fields is an old problem. The Lagrangian for a linear theory of a massless spin-2 field
hyy can be written as

Liin = W Exlhag — My " Ty, (73)

where the kinetic terms are given by
1
g}waﬁ ) (Wﬂaﬂvﬁm - Uvﬁauaa - Wuﬁavaa + anaaﬁ + W“ﬁauav - ’7;tv77aﬁm> . (74)

Fierz and Pauli showed in 1939 [58] that the linear theory of a massive spin-2 field is
uniquely given by
m _
Lyp = WV EP T, — % (h”"hw, ~ hz) — Mph Ty, (75)
with the Fierz-Pauli mass mpp, while other possible mass terms lead to the existence of
ghosts. From the trace and the divergence of the equations of motion, we can derive

1 1
Tyv - g <;7]/ll/ - m%Pa}tavT>‘| ’ (76)

which realizes the degravitation condition outlined above, where the source T, is seen
-1
2
through a high-pass filter ( — mDH’> . For sources with small associated scale Ag < mpp,

(0= mEp )y = My

the filter plays a negligible role, while for sources Ag >> mgp, such as a cosmological
constant, the coupling is suppressed. Considering nonrelativistic sources in Equation (76)
leads to a Yukawa-type potential for the gravitational interaction [135]

V(r) ~ p(—me) 77
which again suppresses the strength of the gravitational interaction on large scales. For the
theory to be compatible with a standard cosmic evolution, the graviton mass should not
exceed mpp ~ Hy ~ 10733 V.

Unfortunately, not all is well with the linearized theory. It is already apparent in
Equation (76) that the limit mpp — 0 is not smooth, as pointed out by van Dam, Veltman,
and Zakharov (the vDVZ discontinuity, [137,138]). A careful accounting of the propagating
degrees of freedom in the theory (e.g., by using the Sttickelberg formalism [139]) demon-
strates that the massless limit of Fierz-Pauli gravity is indeed not GR, but GR plus an
additional attractive scalar field. This leads to a mismatch with observation: if the coupling
to nonrelativistic sources is supposed to match Newtonian theory (where both the tensor
and the new scalar field couple), then gravitational lensing in the new theory is weaker
by a factor of 3/4 [35] since the scalar does not couple to the traceless energy-momentum
tensor of light.
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However, the additional interaction responsible for this discrepancy differs once higher
orders of hy,, are included in the action. Nonlinear interactions lead to a suppression of the
additional scalar degree of freedom inside the Vainshtein radius around massive sources [98],
independent of the specific nonlinear completion [140], as explained in Section 3.2.2. As a
result, GR is expected to be restored close to massive sources such as the Earth (at the price
of leaving the regime of applicability of the linear theory).

4.3.3. Nonlinear Theories

The question is, then, whether a nonlinear completion of the Lagrangian given by
Equation (75) can be brought in agreement with observations and theoretical consistency
requirements. After all, most nonlinear extensions are plagued by the Boulware—Deser
ghost, since the unique structure of the mass term that guarantees the consistency of the
Fierz-Pauli theory is generally spoiled by higher-order corrections [141].

A solution was found by de Rham, Gabadaze, and Tolley (dRGT) [142,143] by con-
structing a nonlinear generalization of Equation (75) around an arbitrary fixed background
metric, and Hassan and Rosen proved the absence of ghosts in the theory to all orders [144].
Nonetheless, even for ghost-free theories, demanding unitarity and analyticity of the S-
matrix severely constrains the possible graviton mass scale [131,145,146]. When combined
with observational constraints from propagation of gravitational waves [147,148] and solar
system measurements [149], it seems that the theory becomes nonviable.

Making the reference metric of dRGT gravity itself dynamical leads to bimetric theories
of gravity with interacting massless and massive spin-2 fields [131,144] (and corresponding
multigravity extensions with additional tensor fields (e.g., [150])). The physical metric
responsible for gravitational effects is a mixture of the two tensor fields, and the behavior in
the linearized regime is governed by a mixing angle between massive and massless modes.
As the mixing becomes small, one recovers the massless spin-2 predictions of GR, while a
large mixing leads to the phenomenology of linear massive gravity.

The free mixing angle allows bimetric gravity to circumvent the existing limits on
the graviton mass that are so problematic for dRGT. On the other hand, a large mixing
is required for degravitation in the linear regime [151], where the theory approaches the
general phenomenology of linear massive gravity, with all advantages and problems
connected to that: effects of a bare cosmological constant can be made to degravitate,
but the additional fifth force from Fierz—Pauli theory described in Section 4.3.2 reappears.
Within the Vainshtein radius, the gravitational effect of A does not degravitate—depending
on how large the Vainshtein radius is chosen, this can slightly alleviate the problem, since
upper bounds on vacuum energies from, e.g., planetary orbits are 16 orders of magnitude
larger than the cosmological bound [24].

Setting constraints from cosmological structure formation remains difficult since
perturbations in bigravity become nonlinear very early on. While these instabilities do
not necessarily rule out the theory [152], there is no framework available yet to calculate
nonlinear predictions for cosmological scales in generality. It is, however, possible to
use probes of the cosmic background expansion such as BBN [153], BAO, or supernova
data [154,155] to constrain the theory. There is a large parameter space available that
produces a ACDM-like expansion history, but this parameter space cannot degravitate CC
effects while also fitting the available data.

In absence of degravitation, the problem of UV sensitivity of vacuum energy contribu-
tions remains. An interesting new angle is that if the problem of UV sensitivity is solved,
interaction terms between the two metrics provide an additional source that behaves as a
cosmological constant, but is itself protected from quantum corrections [144].

4.4. Self-Tuning with Horndeski Theories

The essence of self-tuning is to introduce a dynamical degree of freedom to GR,
typically a scalar field ¢(t), which is used to cancel the contribution of the CC’s energy
density pyac in the evolution equations of the Universe, effectively decoupling it from
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gravity in the cosmological context. We note here that we have broken Poincaré invariance
by enforcing a nontrivial time dependence of ¢, which allows us to bypass Weinberg’s
theorem (see Section 3.1.2). The cancellation relies on trivially satisfying the equation of
motion for ¢, or making the equation redundant. Once this is achieved, the first Friedmann
equation defines the relation ¢ = f(pvac), where f is a general function, which provides a
dynamical constraint equation for ¢ in terms of pyac. This allows ¢ to dynamically match
Pvac across cosmic evolution and through any phase transition the Universe may undergo.
Such dynamical matching is what we will refer to in this section as self-tuning. Note that
this approach is not restricted to the cosmological setting, as we shall shortly see, although
its applicability to multiple settings simultaneously is not guaranteed.

The models we look at here will all fall under the Horndeski scalar—tensor class of
theories (see Equation (26)) which ensures the model is ghost-instability free. We note there
have been significant extensions to this class [76-78,156-163] which we do not consider here.
The Horndeski class as well as these beyond-Horndeski models have been well constrained
by data, in particular by measurements of the propagation speed of gravitational waves
(see [164] for a review on recent developments). Despite this, a large theory space remains
open with interesting phenomenology which can be tested with cosmology.

Horndeski theory permits four free functions, G;(¢, X), of ¢ and its canonical kinetic
energy X = —(9¢)?/2 in the Lagrangian. In this context, for a flat Friedman-Lemaitre—
Robertson-Walker (FLRW) background, we have the following three coupled differential
equations coming from the 00-th component of the metric field equations, their trace, and
the variation of the Lagrangian with respect to the scalar field, respectively,

Fl(H/ (P/ ¢1Pmrpvac) :0/ (783)
FZ(H/ H/(P/ 4)/ &ererac) =0, (78b)
E(H H,¢,¢,$) =0, (78¢)

where we assumed a pressureless matter component. We then assume that the scale factor
has an attractor solution. Given current observations, one could choose this to be a de
Sitter solution, i.e., a = ef!, which describes the asymptotic future of a universe containing
a cosmological constant. This being said, equally pertinent to the CCPs is the need for
such self-tuning to occur in the Solar System (so, within black hole solutions [165] or the
Minkowski solution [166], for example).

Considering the de Sitter attractor, a viable self-tuning model is restricted to the subset
of Horndeski functions that fulfill the following (see Section 7 of [167], for example):

1.  The equation of motion for ¢ Equation (78c) is trivially satisfied on the attractor or
redundant with the other two equations;

2. The Friedmann equation Equation (78a) should depend on ¢ for the tuning to be
dynamic;

3. The Friedmann equation must admit nontrivial expansion histories before hitting the
attractor solution;

4. The theory incorporates a screening mechanism (see Section 3.2).

The first condition leaves us with only two dynamical equations on the attractor. In
particular, F2"ra<®r js then allowed to set the value of ¢ in terms of pyac, ie., we have
¢ = f(pvac). Moreover, any change in pyac, even a discontinuous one, appropriately
changes the value of ¢, allowing for self-tuning over phase transitions.

Given these basic criteria, we now look at two different models in the literature that
achieve self-tuning. These essentially differ in how they achieve the first criterion.
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4.4.1. The Fab-4

One of the first instances of self-tuning in this context was the Fab-4, originally pro-
posed in [166,168] and named in homage to the Beatles. The Lagrangian functions were
named after the band members

Lijohn = v/ ~8Vjohn (9)GH'V 9V, (79a)
Lpaul = /=8 Voaut (9) PPV 19V 19V oV 5, (79b)
Lygeorge = /=8 Vgeorge(sb)K (79¢)
Liingo = \/—&Vringo (9)G, (79d)

where R is the Ricci scalar, Gy, the Einstein tensor, P, the double dual of the Riemann
tensor, and G the Gauss-Bonnet scalar. The various potentials are chosen to allow for
self-tuning on the attractor, while the coupling to curvature terms is how the trivial solution
to the Klein—-Gordon equation is ensured.

The original setup assumed a Minkowski vacuum attractor solution, which we con-
sider for illustration. We find F3 = 0 (see Equation (78c)) identically on vanishing curvature
backgrounds as each term is coupled to curvature (see [169] to see this explicitly). The
Friedmann equation on the attractor is then found to be [169]

Flattractor( H, (P’ 4')/ Om, Ovac ) —
Viohn (9) ($H)? + Voaut (9) (#H)* = Vieorge (¢) (PH) + prac =0, (80)

which places a constraint on the forms of the possible potentials V(¢). These can also be
chosen so as to reproduce the correct eras in our Universe’s expansion history as according
to observations [170]. Further, the nontrivial derivative interactions of the john and paul
terms leave the possibility for Vainshtein screening, although this has not been shown to
be viable in tandem with self-tuning explicitly [57], and is generally problematic for light
scalar fields [171].

Finally, we remark that the recent measurement of the speed of gravitational
waves [147,172] has severely constrained the Fab-4 model [173], although the applicability
of these constraints for such theories has been challenged in [174,175].

4.4.2. Well-Tempered Self-Tuning

The second model we present arose to address some of the initial problems of the Fab-4,
in particular its struggle in consistently reproducing all of the correct eras of the expansion
history together while also canceling a large value of pvac [176]. This being said, specific
classes of scalar field potentials in Fab-4 also ameliorate this issue [170]. In [177-179], the
authors attempt to moderate the self-tuning in order to allow for the correct expansion history.
The model of [177] achieves the first self-tuning criterion by making the identification on
the attractor

Pattractor (H ¢, 4), 4), pm) attraCtOF(H’ QD/ 4)/ 4)) 12 (81)

where we removed the py,c dependency using Equation (78a) and assumed a de Sitter
attractor with H = 0. This identification makes Equation (78b) and Equation (78c) degen-
erate and imposes a constraint on the Horndeski functions allowed in this scenario. The
advantage of making these two equations degenerate only on the attractor, rather than
have a trivial solution to Equation (78c), as in the Fab-4, is that it implicitly requires pm = 0
for the degeneracy to hold, i.e., the scalar field only screens pyac, allowing for a nontrivial
expansion history.

Further, the constraint on the Horndeski class imposed by Equation (81) does not
preclude a screening mechanism. In fact, the original proposal of [177] considered the
inclusion of Gy (¢, X) and Gs(¢, X) Lagrangian terms which give the capacity for Vainshtein
and chameleon screening, although such a mechanism has not been shown to be possible
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explicitly. Lastly, we note that the functional forms of G, and G3 should also be such that a
¢ dependency remains in Equation (78a).

4.4.3. Outlook

Horndeski self-tuning can grant a removal of the CC contribution from various space-
times, including Minkowski and FLRW, and is robust to phase transitions. Further, it is
able to recover a nontrivial expansion history in the cosmological context, which allows for
late-time acceleration. The models also have the capacity to screen any deviations from GR
at small physical scales in accordance with solar system tests. Lastly, the presence of a shift
symmetry in some such models, for example, that of the model described in [180]

—¢+a, A — A+aciM3A, (82)
¢—¢ 1

where M is a mass of ¢ and c; the scalar field potential’s Lagrangian coefficient, may be
useful in addressing the impact of quantum corrections [41].

However, despite the Horndeski self-tuning program being an interesting approach,
it leaves many things to be desired. Self-tuning requires tuning of the mass scales and
Lagrangian coefficients in order to recover the correct expansion history and effectively
cancel the CC. These parameters are not guaranteed to be stable against radiative corrections
(see [180] for an example of such parameter tunings).

On this point, in these models, one may assume that pyac is the value coming from the
UV-complete theory, with all corrections to the CC accounted for. The solution for ¢ can then
adapt dynamically to this value. This then says that our theory is “stable” against quantum
corrections to the vacuum energy. The question is then whether or not the parameters
of the theory, for example, the scalar field potential or couplings to curvature, are stable
against such corrections. One can force the coupling to the matter sector of the field to be
weak (see, for example, [181]), which helps protect the theory against radiative corrections
and, at the same time, avoids fifth-force constraints, although it may have implications for
phase transitions as the response to changes in vacuum energy is slowed down.

An issue already pointed out is that the mechanism cancels pyac on the attractor but
does little to address the large value of pp away from the attractor, at, say, earlier times,
which would change the expansion history significantly (see [182] for a discussion). Simi-
larly, self-tuning, as discussed here, assumes some specific attractor solution at which the
CC is canceled by ¢ rather than at the level of the field equations, as in the sequestering
approach (see Section 4.2). This leaves the issue of the CC in all solutions but the attrac-
tor, which is clearly not sufficient as we do not observe a large CC contribution both on
cosmological and solar system scales. Related to this is the issue of screening. As seen in
Section 3.2, we require a choice of Horndeski functions that effectively cancel ¢’s contribu-
tion to the Poisson equation (see Equation (30)) either through a well-chosen potential or
derivative term. Horndeski functions that screen this contribution to the Poisson equation
and self-tune the CC are yet to be shown explicitly.

Finally, we note that there have been many interesting proposals that take different
approaches to self-tuning, such as [33,89,181,183-186], which we did not discuss here but
are worth considering. They all involve some cancellation of the CC using an additional
degree of freedom, with some, such as [33,112], making a connection with sequestering
and others invoking higher dimensions, such as [185].

4.5. Braneworld Models

The no-go theorems in Section 3.1.2 assumed vacuum energy to be constant throughout
space and time. In a nutshell, extra-dimensional models, or, more specifically, braneworld
models, relax that assumption by breaking the translational invariance of vacuum energy
in the direction of the extra space. This is possible because the Standard Model, and, hence,
our Universe, is assumed to be confined on a spatial hypersurface, referred to as a brane,
that is embedded in a higher-dimensional bulk spacetime. In fact, in the simplest models,
only gravity is allowed to propagate in the bulk spacetime. As a consequence, the matter
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loops that give rise to vacuum energy (and its quantum corrections) are equally confined
on the brane. Since vacuum energy is still constant along the intrinsic brane directions, it
acts as a surface or brane tension A. Crucially, this implies that it gravitates differently from
a space-filling vacuum energy in a four-dimensional (4D) theory.

We are mostly interested in the low-energy phenomenology of braneworld models;
after all, the cosmological constant is an extreme IR source. It should still be noted that
branes are important building blocks of string theory, which makes this class of solutions
particularly interesting from a high-energy perspective. In fact, D-branes are nonperturba-
tive states in string theory and appear both in tentative string constructions of SM [187,188]
and four-dimensional maximally symmetric spaces such as dS, [189,190]. Since they source
the p-form massless fields in the theory, D-branes have become an important ingredi-
ent in flux compactifications and string phenomenology [191,192]. Discussing the fate
of the CCP in string theory is beyond the scope of this review, and we are interested in
extra-dimensional models regardless of their embedding into string theory. Moreover, the
literature on braneworld models as solutions to the CC problem is rather abundant [193]. In
this review, we therefore focus on six-dimensional models that rely on a simple geometric
mechanism, featuring conical deficit angles, to achieve self-tuning. For other models in
five dimensions (and a discussion of their shortcomings), see [194-199], and, more recently,
also [183,185]%.

In Section 4.5.1, we start with a simple toy model to illustrate the general idea. In
Section 4.5.2, we discuss a more complete model before providing a general outlook in
Section 4.5.3.

4.5.1. Our Universe as a Cosmic String in Six Dimensions

To illustrate the six-dimensional mechanism (and to introduce the necessary notation),
we consider the simple case where our 4D Universe is a pure tension brane in a six-
dimensional (6D) bulk spacetime of infinite size. The corresponding action, S = Sy +
Sprane, can be decomposed into a bulk and brane part, respectively,

M4
Sbulk = 76 / d°X\/=g6Re., (83a)
Sbrane = / d4x\/ —&84 (_Abare + Em) . (83b)

Here, Mg is the fundamental gravity scale in the bulk and Rg is the 6D Ricci scalar. We
further distinguish the bulk and brane geometries that come with coordinates and metrics
(X4, (g6) ap] and [x*, (g4)uv], respectively. The brane and bulk metric are related through

the pull-back (g4) v = % % (g6) aB, Where f4(x") is an embedding function. To solve
the vacuum system, it is sufficient to make the following ansatz for the 6D metric:

ds? = (ga)uwdx"dx’ + dr* + C(r)?dg?, (84)

where x# and X4 = (x#,r, @) are the brane and bulk coordinates, respectively. For simplic-
ity, we also assumed a vanishing bulk cosmological constant (in the absence of massive
bulk fields, this is a radiatively stable choice). Moreover, we assume the induced metric
on the brane, (g4) v to be maximally symmetric, i.e., we allow for a de Sitter phase on the
brane. With these definitions, the full trace of the 6D Einstein equation reads

— M <R4 +2 CCN((:)) ) —2A Zig()r) ) (85)

where Ry = const. is the Ricci scalar built from the brane metric ( 34);41/, and A = Apare + Pvac
contains the bare tension and the vacuum energy arising from the matter Lagrangian. In
other words, the brane-induced energy momentum tensor in vacuum takes on the form
(T4) yv = —pvac(84)uv- The localization of the brane tension at 7 = 0 is described in terms of
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a Dirac delta function. The general solution of this equation that reduces to 6D Minkowski,
i.e., C(r) = r, in the absence of sources is

Ry =0, (86a)

A
C(r) = (1 — ang>r. (86b)

This is the straightforward generalization of the geometry of a cosmic string in four dimen-
sions [201-203], with our 4D Universe playing the role of the string (for a more detailed
derivation in 6D see, for example, [204,205]). In any event, the remarkable observation is
that the 4D curvature is vanishing despite the presence of vacuum energy on the brane.
Stated differently, an observer on the brane that, similar to us, is ignorant of the presence
of two extra dimensions will conclude that vacuum energy, if present, does not gravitate
(seemingly violating the equivalence principle). In contrast, a 6D observer living in the bulk
will notice a geometrical response: A circular path around the brane at fixed radius r has a
reduced circumference of (27T — dgeficit )7, quantified in terms of a deficit angle dgeficit = ﬁ
In an embedding picture, such a geometry corresponds to a cone with the brane at its ti%
(left panel in Figure 2). This type of extradimensional self-tuning is also fully dynamical:
if there is a phase transition on the brane or we change the particle content of our EFT,
the deficit angle will adapt while the 4D curvature remains zero. In fact, any value of the
vacuum energy that is below the gravity cutoff Mg will be shielded, hence preventing the

need to fine-tune the bare EFT parameter521.

3-brane (N)

3-brane

b

~

3-brane = our universe

t
Lz

Pvac

4D

3-brane (S)
(a) Conical geometry in Equation (84) (b) Rugby ball geometry in Equation (89)

Figure 2. Geometry (a) and (b) are employed in higher-dimensional generalizations of the DGP
model (infinite extra space volume) and the SLED model (finite extra space volume), respectively.
The red dot corresponds to our Universe.

Of course, this model cannot be the final answer. As it stands, its gravitational sector
is purely six-dimensional, meaning that the Newtonian potential of a point source on the
brane scales as 1/|x|* rather than 1/|x|, in clear contradiction with observations. In addition,
we want the vacuum on the brane to be a de Sitter rather than a Minkowski vacuum. Two
classes of models were proposed in the past that make use of this 6D mechanism and yet
give rise to a 4D Newtonian potential on the brane. First, there are generalizations of the
DGP model (originally proposed in 5D [70,71], see also Section 3.2) that embed the brane in
an infinite volume bulk [204,207]. Here, 4D gravity is recovered due to an induced gravity
term on the brane. This model, however, suffers from instabilities [208-210]. Second, there
are models that build on the Arkani-Hamed-Dvali-Dimopolus (ADD) proposal [211,212],
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where the extra space is large but has a finite volume [205,213-216]. The arguably most
interesting candidate among this second class of models is the supersymmetric large extra-
dimension (SLED) model with two micron-sized extra dimensions that take the form of a
rugby ball [217-219] (right panel in Figure 2). In fact, it has been viewed for several years as
the leading alternative to anthropic resolutions of the cosmological constant problem with
smoking gun signatures in both tabletop tests of gravity and collider experiments. In the next
section, we therefore summarize the main features and shortcomings of SLED as a potential
solution to the cosmological constant problem (for more details on phenomenological aspects
of the model, see also the review in [52]).

4.5.2. Supersymmetric Large Extra Dimensions

The SLED proposal generalizes the action in Equation (83) to?” [218,219]

1
Sphulk = /déX\/ { {R6 + 8M4>) (8M4>)] + ZLE (PFMNFMN + 2Mg€2€¢} ,
(87a)

Sbranes = /d4 V _g4{ /\b((i)) + Ab((l))emnF } (87b)

b=N,S

In particular, it now contains two branes, one at the south (S) and one at the north (N)
pole of the rugby ball geometry. Other new features are the presence of a dilaton ¢ and a
Maxwell field strength Fpsy with gauge coupling parameter e. The dilaton makes this low-
energy model compatible with supersymmetry. To be specific, supersymmetry manifests
itself at low energies in the form of a constant scaling symmetry (gs)mMn — C(S6)MN
and e? — {~'e? under which Sy — ¢*Spuk. This also justifies the absence of a bulk
cosmological constant, which would break this symmetry. The Maxwell field, on the other
hand, is needed to compactify the extra space. Its flux winds around the compact extra
dimensions and provides the pressure needed to prevent the rugby ball from collapsing
under its own gravitational pull. In holding with the principles of an EFT expansion, the
Maxwell flux also makes an appearance as an induced term on the brane, where the indices
m, n only run over the two spatial extraspace coordinates, €, is the fully antisymmetric
epsilon tensor with components +1/+/((g6)mn|, and A, (¢) controls the strength of the
brane-induced flux. Both the brane tension and the induced flux term are allowed to couple
to the dilaton. In fact, for the special choice

Ap = const and Ap = Dpe?, (88)

the brane action Sp;apne preserves scale invariance (along with the bulk action).

The emergence of 4D gravity is ensured by construction: Due to the compactness of
the extra dimension, the model admits a normalizable and massless 4D graviton in its
spectrum (see, for example, [211]). There is a also a continuum of Kaluza-Klein modes,
the masses of which are set by the inverse size of the extra dimension. As a consequence,
their contribution to the gravitational exchange amplitude is exponentially suppressed for
distances |x| > ¢y where / is the typical size of the compact directions. Post-Cavendish
experiments place an upper limit of [223] £y < 45um.

The vacuum equations corresponding to Equation (87) can be solved by generalizing
the ansatz in Equation (84) to

ds? = W2(r) (g4) wdxt'dx’ + dr? + C*(r)dg?, (89a)
A= Ag(r)dg, (85b)
=), (89¢)

where W(r) is a warping function and the Maxwell field A points in the azimuthal direction
@ (corresponding to the angular direction of the rugby ball).
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Instead of displaying the full set of equations that follow from Equation (89), here,
we focus on the crucial aspects of the vacuum solution that are relevant for the model’s
potential to resolve the cosmological constant problem. The Maxwell equation can be
integrated trivially, yielding

110 S v Ly a9t —ny)], (90)

F g — €
o Wa
21, Ks

where Q is an integration constant. Due to the compactness of the extra space, the system
has to be equipped with an additional equation describing the quantization of the Maxwell
flux [219,224]:

*C 1
Q fir i+ 3 1 @], =T e, &

Now we come to a subtle issue. From Equation (90) we see that there is a contribution to
F4p that is proportional to a Dirac delta function. Since the Einstein and dilaton equations
are sourced by a term that is proportional to Fy;y FMN, they will contain a divergence o« §(0).
Physically, this is an artifact of treating the brane as an infinitesimally thin codimension-two
object. This somewhat technical point has been studied in different ways: In [225], the
authors introduced a counterterm that removed the singularity and made the distributional
approach applicable again; in [226,227], the brane was microscopically resolved in terms
of an explicit vortex model; and, finally, in [228], the brane was described in terms of a
cylindrical codimension-one object stabilized through a brane-localized angular pressure”’.
In all studies, it was found that extra-dimensional self-tuning, i.e., R4 = 0, is guaranteed in
the case of scale-invariant brane-dilaton couplings, as in Equation (88). This, however, is not
what we were looking for: in the scale-invariant case, ¢ drops out of the flux quantization
condition in Equation (91), turning it into a tuning relation on both brane tensions [225,230]:

1/2 1/2
- AN 1- s + Y o, =n. (92)
2tMg 2t Mg 21 5

At this point, one should object that observations require the vacuum to be a (quasi) de
Sitter rather than a Minkowski geometry. Accordingly, the condition Ry = 0 should
be relaxed to Ry ~ 1073 eV to account for dark energy. This also suggests that we
should move away from scale invariance (which always implies that R4 = 0). This
possibility was investigated in [228], where the authors allowed for a class of couplings
that deviated from Equation (88) (by, for example, making the brane tension dependent
on ¢). Unfortunately, in these cases, in order for the extra-dimensional volume and the 4D
curvature to fulfill their phenomenological bounds, Equation (92) has to be satisfied with
a very high accuracy (although not exactly), effectively recovering the usual fine-tuning
issue within standard GR.

4.5.3. Outlook

The above finding bears close resemblance with Weinberg’s no-go theorem discussed
in Section 3.1.2. There, it was found that the self-tuning condition led to a scale-invariant
potential, which could only be made compatible with a vanishing curvature by imposing a
tuning (to be specific, the loop-sensitive quantity Vj had to be tuned to zero in Equation (10)
for R4 = 0 to hold). Is this the end of extra-dimensional self-tuning in higher codimensional
setups? Not necessarily. The general mechanism outlined in Section 4.5.1 still has merit.
The problems arose when we compactified the bulk. Intuitively, this should not come as
a surprise: at very large distances >> {j (or energies below the Kaluza—Klein scale), the
extra dimensions cannot be resolved and the theory is equivalent to a 4D theory with a
massless graviton, making the usual no-gos applicable again. However, if we were to
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consider a different way of recovering 4D GR, which allowed for infinite volume extra
dimensions, this reasoning would not apply (as the zero mode is expected to decouple).
Unfortunately, as mentioned before, a simple generalization of the DGP model to higher
codimensions suffers from ghost instabilities. At this point, and in order to end this section
on a more positive note, we speculate that an alternative mechanism to recover a viable
4D phenomenology could be the “volcano”-trapping proposed in [231,232] generalized
to higher codimensions. It relies on the idea of deforming the near-brane geometry such
that it traps the gravitational field lines close to the brane. It should also be noted that
other scenarios relying on five (rather than six or more) extra dimensions are still being
actively explored. One interesting direction is provided by the holographic model in [185].
It avoids problems with naked bulk singularities, which plagued earlier codimension-one
self-tuning models. The model’s phenomenology is currently being investigated [184,233],
and it remains to be seen if it can provide a viable phenomenology in the presence of
self-tuning.

5. Conclusions—You Can’t Always Get What You Want, or Can You?

The various aspects of the cosmological constant problem have remained, for decades
now, the most challenging problems in theoretical physics. Combining general relativity
and quantum field theory at low energies and then fitting cosmological data from both
early- and late-times yields four different puzzles (Section 2). There is an abysmal mismatch
between the prediction of the vacuum energy in QFT and the current observed value in
cosmology; even if this gap is fixed by a bare cosmological constant at the level of Einstein
equations, the fixing is unreliable due to both phase transitions in the early Universe
and the UV-sensitivity of the effective field theory employed; finally, we still lack a clear
understanding of what dark energy is made of. All these puzzles have different levels of
relatedness depending on the theory one is considering.

Currently, these issues bring into question the phenomenology of Einstein equations
applied to large scales and they also challenge the effective field theory approach to QFT.
Since the Einstein equations connect the matter content with gravity, there are two potential
paths out: either modifying gravity or changing the quantum-matter sector.

As the vacuum energy couples to gravity as any other form of energy in GR, it is
natural to focus on different ways that we can modify gravity to tackle one or more of the
CCPs. The main idea underlining these approaches, the self-tuning mechanism, makes
gravity less sensitive to the presence of vacuum energy by invoking additional gravitational
degrees of freedom. This can create problems by itself, as gravitational physics is well
understood by only using GR both on astrophysical and cosmological scales. Thus, in order
for these approaches to be successful, they also need to typically rely on some screening
mechanism operative on local scales, while at the same time being able to recover the
success of the current cosmological model describing the history of our Universe. Together
with solving the CCPs, these requirements formed our wishlist (introduced in Section 4.1).

However, such modifications of gravity cannot be arbitrary. Weinberg pointed out
that simply introducing self-tuning fields that, once coupled to matter, will cancel out
the vacuum energy still leads to fine-tuning or incorrect phenomenology (Section 3.1.1).
In fact, we also showed that his theorem can be generalized by analyzing the spectral
decomposition of the gravitational exchange amplitude between probes and sources. Thus,
only modifications of gravity that break one or more of the underlying assumptions of
these theorems will yield viable models of self-tuning.

The core assumptions of these theorems (see Sections 3.1.2 and 3.1.3) are that the
vacuum exhibits translational invariance, the theory is Lorentz-invariant, the fields’ propa-
gators take on their canonical form, there isminimal coupling between gravity and matter,
and that spacetime is four-dimensional. The models discussed here break one or more of
these. For instance, sequestering leads to a noncanonical propagator by a nonstandard
coupling; linear and nonlinear massive gravity depart from GR by making the graviton
massive, which introduces the Stiickelberg field that has a nonconstant vacuum value; the
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Horndeski-type proposals depart from GR and break the translational invariance of their
vacuum; and SLED assumes that spacetime has more dimensions than four.

As we reviewed these models, we were able to assess their success in fulfilling our
wishlist. Table 1 summarizes our analysis. We emphasize that most of these models
tackle the classical CCP, while still being able to recover the gravitational physics already
contained in GR at small scales. Most of these approaches can also successfully describe
our cosmic history (although there may not be such an analysis present in the literature, it
can be easy to see that they mostly depart from GR at late-times). Finally, the dark energy
problem may or may not be solved in these approaches as that depends on whether the
models allow some residual-like CC term that would induce an accelerated expansion,
though in general they do not readily recover the observed value for the effective CC.
Nonetheless, these models can also be combined with quintessential models (see [49-51]
for a review) that would then drive the dark energy dynamics.

Regarding the new CCP, the analysis becomes subtle. By modifying gravity such that
the vacuum energy is effectively prevented from gravitating, these proposals tacitly accept
that the UV sensitivity is not necessarily an issue, in the sense that they do not attempt
to fix it, leaving QFT calculations untouched. Instead, gravity is modified such that the
breakdown of the UV-IR decoupling does not lead to dramatic observable effects. Insofar
as the main issue with the CC is this sensitivity coming from QFT calculations alone, then
modifications of gravity only fix one of its symptoms that manifests in a gravitational
context. Nonetheless, without self-tuning, UV sensitivity requires fine-tuning to describe
observations; while with self-tuning, UV sensitivity is “only” a conceptual problem that
does not lead to any observational effects.

Table 1. Here, we summarize our assessment of the approaches introduced in Section 4 in light of the
theoretical and phenomenological requirements contained in our wishlist discussed in Section 4.1
(CCP stands for cosmological constant problem, DEP for dark energy problem, CHC for cosmic
history constraint, and AC for astrophysical constraint). Whenever one of the CC-problems or
data constraints has been shown to be solved, we use the v'; for requirements that potentially can
be achieved within a given approach, we use (P) (for example, Fab-4 can reproduce individual
cosmological epochs, but it remains to be seen if they can be stitched together [170]); while the ones
that seem to be unsuccessful given the current literature are marked as X. Note that we evaluate
whether a given approach tackles any of the requirements independently. For instance, we consider
that “GR + QFT” can tackle the DEP classically, thus a v/, despite not being able to tackle the new-CCP,
which deems the solution to DEP to beunstable quantum mechanically.

Selected Modified Gravity Approaches

CC-Problems Data Constraints

New-CCP Class-CCP DEP CHC AC
GR + QFT X X v v v
Global sequestering v v (P) v v
Local sequestering v v (P) v v
Nonlocal approach X (P) (P) v v
Unimodular gravity X X v v v
Linear massive gravity v v P) v X
Nonlinear massive gravity X v P) v P)
Fab-4 P) v v P) P)
Well-tempered self-tuning (P) v v v (P)
SLED X X P) P) v
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Finally, we note that the table does not provide a fully comprehensive assessment
of these models. Additional requirements should be demanded as a benchmark, such as
having a ghost-free theory and a UV embedding. For instance, we briefly commented that
the Horndeski class of models are all ghost-free, while global sequestering faces challenges
to be embedded in a UV theory, but its local counterpart could more easily achieve this.
Moreover, a theoretical model which is able to address more than one of the CCPs lends
itself a stronger preference, given that it does not introduce a significant level of complexity.

In spite of the different proposals presented here, there is not a consensus in the com-
munity about what the solutions to the CCPs are. Among the reasons, some of these models
recover most of the phenomenology already explained by GR, while others seem to be
contrived. Alternative to seeking guidance from theory, new and distinct phenomenology
is an essential ingredient for any prospective model. In particular, the next decade will
see a host of novel experiments probing both low-energy cosmological and high-energy
astrophysical scales. The largest galaxy surveys to date have either commenced or are
coming online soon, for example, the ongoing dark energy survey’* [234], the upcoming
Euclid mission?® [101], and the Vera C. Rubin Observatory’s Legacy Survey of Space and
Time (VRO/LSST)?® [235]. These will precisely probe a yet-untested regime of structure
formation where various effects due to modifications of gravity may become apparent.
There is also the unprecedentedly large radio survey, the square kilometer array”’ [236],
set to come online in the next few years. Further, the emerging field of gravitational wave
astronomy has immense potential to probe both cosmological and astrophysical scales.
The planned LISA?® [237,238] experiment will precisely measure cosmological background
effects, as well as effects related to perturbations both in the scalar and tensor sectors. These
experiments will, at the very least, perform null tests of GR. Any tensions that emerge
in the best-fit ACDM model between these upcoming and existing datasets will provide
essential clues for theoretical progress.
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Abbreviations

The following abbreviations are used in this manuscript:

CCP Cosmological Constant Problem
uv Ultraviolet

EFT Effective Field Theory

GR General Relativity

EMT  Energy-Momentum Tensor

CDM  Cold Dark Matter

CC Cosmological Constant

DE Dark Energy

SM Standard Model of Particle Physics
QFT Quantum Field Theory

QCD  Quantum Chromodynamics

DEP Dark Energy Problem

IR Infrared

DGP  Dvali-Gabadadze-Porrati gravity
CMB  Cosmic Microwave Background
CHC  Cosmic History Constraint

AC Astrophysical Constraints

SLED  Supersymmetric Large Extra Dimension

Notes

14

Lenz [15] was the first to make such a comparison (see, e.g., [16-18] and references therein for historical notes).

Recently, there has been evidence of an early dark energy component at slightly higher energies (at the eV rather than the milli-eV
scale) [45,460]. Similar to dark energy, there is the question of what early dark energy is made of.

Of course, this is not the only possibility to address the CCPs. In another scenario, the value of the CC at low energies could be
connected to (and ultimately explained by) unknown UV physics. In such a scenario, explaining the smallness of the CC requires
knowledge of the UV sector of the theory. For example, if we assume the SM of particle physics to be valid all the way up to the
Planck scale, the condition of stability of the electroweak vacuum in the deep UV (as represented by the quartic Higgs coupling)
is connected to the Higgs boson and top quark masses measured at much lower energies [53-55]. This is a specific form of UV-IR
coupling and has been used to motivate alternative scenarios for addressing the CCP (see [56] as one example). We thank an
anonymous referee for bringing that to our attention.

An often echoed concern is that self-tuning would also spell the end for inflation. However, this assumes that sources behaving
similar to a cosmological constant (such as an inflaton field in slow-roll) are equally decoupled from gravity, which does not need
to be true. Sequestering in Section 4.2 provides the cleanest example of a mechanism that only affects a true cosmological constant.

We could also look at a general conformal coupling, but as it turns out the exponential case will be sufficiently interesting.

For example, the Higgs vacuum is Hyac = (0, vy / ﬁ)T = const, with vacuum expectation value vy = 246 GeV.

We note that this is not the only object that transforms as a density. Instead, we can use e#"*# Ayvap as the integration measure,
where e#"*F is the Levi-Civita symbol and A**f a four-form field. This is the loophole exploited by some of the approaches
discussed in Section 4.2.

Spin-1 fields linearly coupled to a conserved source cannot contribute to A.

These formal relations can be defined rigorously in momentum space.

As an aside, screening mechanisms discussed in Section 3.2 fulfill this condition based on a violation of the weak coupling
assumption (iii).

To derive this condition, Equation (19) needs to be slightly generalized to also account for nonlocalized sources such as vacuum
energy.

Cosmic structure formation measurements are also constraining, but to a much lesser degree [36].

This theory now still requires the CC for cosmic acceleration, having been strongly constrained by data (see, for example, [88]). In
the context of self-tuning, see [89].

In particular, the literature moves beyond proposals simply trying to tackle the CCPs, as modifications of gravity have also
been extensively considered as an explanation for the late-time accelerated expansion of the Universe and an alternative to dark
matter [34].

In contrast to unimodular gravity, for example, see Section 4.2.4.
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16 There is a caveat here concerning gravitational loop corrections, which would introduce x-dependent terms to Equation (45)
that are not sequestered. This problem can be avoided if topological curvature invariants are also considered, as discussed
in [115,116].

17 We denote the rank of a p-form by the subscript (p).

18 On a more fundamental level, the occurrence of F4) can be linked to the presence of membranes, but it has been argued that such
an explanation might compromise the mechanism [108].

19 Superposition of small-mass massive spin-2 states.

20 These models typically generalize the Randall-Sundrum model [200], which itself cannot address the CCP due to an immediate
tuning between the brane tension and the bulk cosmological constant.

21 For higher value of the brane tension, the geometry on the brane changes to de Sitter [206].

2 This model builds on the Nishino-Sezgin chiral gauged supergravity, which admits rugby ball solutions [220-222].

2 The last approach also addressed concerns about the general applicability of the distributional approach away from the scale-
invariant case [229].

2 www.darkenergysurvey.org.

2 www.euclid-ec.org.

26 https:/ /www.Isst.org/.

27 www.skatelescope.org.

28 https:/ /lisa.nasa.gov/.
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