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Abstract: Turbulence in space plasmas usually exhibits an energy cascade in which large-scale
magnetic fluctuations are dominated by non-linear MHD wave-wave interactions following a
Kolmogorov-like power-law spectrum. In addition, at scales at which kinetic effects take place,
the magnetic spectrum follows a steeper power-law k~* shape given by a spectral index « > 5/3. In
a recent publication, a quasilinear model was used to study the evolution of ion temperatures in a
collisionless plasma in which electromagnetic waves propagate along the background magnetic field,
and it was found that the interaction between the plasma and a turbulent spectrum of ion-cyclotron
waves may lead the plasma to states out of thermal equilibrium characterized by enhanced tem-
perature anisotropies T, > TH and with a reduction in the parallel proton beta, which is consistent
with space observations. Here, we complement such studies by analyzing the quasilinear interaction
between plasma and a solar-wind-like turbulent spectrum of fast magnetosonic waves, and study the
role of firehose instability (FHI) in the regulation of temperature anisotropy. Our results show that the
presence of turbulence significantly modifies the FHI marginal stability threshold, as predicted from
linear theory. Moreover, depending on the value of the plasma f, a turbulent magnetosonic spectrum
may lead an initially thermally isotropic plasma to develop anisotropic states in which T, < Tj.

Keywords: space plasma physics; turbulence; magnetosonic waves; firehose instability; quasilinear
theory

1. Introduction

Space plasmas are out-of-equilibrium driven systems, exhibiting several non-thermal
features such as temperature anisotropy, supra-thermal tails, field-aligned beams, and
differential streaming. One of the simplest ways to model non-thermal plasma populations
is the use of bi-Maxwellian velocity distribution functions (VDFs), i.e., Maxwellian distri-
bution functions with two temperatures: a temperature along the background magnetic
field (7)), and another temperature in the perpendicular plane (T, ). However, as these
distributions do not represent a thermodynamic equilibrium state, linear Vlasov theory
predicts that anisotropic VDFs (T, / T # 1) can become unstable to micro-instabilities and
drive electromagnetic waves [1,2]. In such a case, the driven growing waves will produce
pitch-angle scattering of the particles, and the plasma will relax towards a new quasi-
stationary state. In general, this final state (the marginal stable state) does not correspond to
thermodynamic equilibrium, but can be represented by VDFs that do not keep enough free
energy to drive an instability in a limited timescale [3-5]. The relation between temperature
anisotropy and the stability of the plasma has been widely addressed in different space
environments, with solar wind being one of the most studied using theory, simulations and
also observations [6-8].

Fast and slow solar wind has been found to approach anisotropic conditions T, /T <'1
with increasing distance from the Sun [9,10]. It is usually argued that the radially expanding
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solar wind develops temperature anisotropies T, /T| < 1 as a result of the conservation of
adiabatic moments [11]. If this were true, we should expect values of T, / TH < latlAU.
However, the near-Earth solar-wind protons are consistently observed in a quasi-isotropic
state with bounding temperature anisotropies given by the empirical law [6]

T L S

T (ﬁn Bo)" <t &
where S, a, and B are free parameters; and j | = 8rnkp T” /B2, where n, kg and By represent
the plasma density, the Boltzmann constant and the strength of the background magnetic
field, respectively. In general, it is expected that wave-particle interactions dominate at
kinetic scales in collisionless solar wind [12]. Indeed, the empirical law Equation (1) has
been found to be consistent with kinetic instabilities, in particular with the resonant left-
hand polarized parallel Alfvén cyclotron and non-resonant oblique mirror instabilities
when T, /T > 1[13-17], and the right-handed parallel and oblique firehose instabilities,
which destabilize magnetosonic waves when T, / T <1 [6,18,19].

From fluid theory, a law similar to Equation (1) can be obtained, with S = 2,2 = 1, and
Bo = 0. However, empirical fits based on Vlasov theory and solar-wind observations have
found precise values of S = 1.53, a = 0.74, and By = 0 [5] for instabilities with a maximum
growth rate of ymax/Qp = 107! (where Q, is the local proton gyrofrequency), or S = 0.47,
a = 0.53, and By = 0.59 when Ymax/Qp = 1073 [6]. All these fits can be improved by
including more effects in the calculations, such as the inclusion of He+2 ions, or differential
streaming between species [5,20]. Among these effects, as the solar-wind plasma coexists
with electromagnetic turbulence even in quasi-stables states below the marginal stability
thresholds [7], turbulence and its properties may correspond to one important aspect to be
considered in order to obtain empirical fits. However, linear or non-linear analyses usually
neglect these effects, and only recently have more studies considered the coexistence and
interplay between ambient turbulence and the evolution of kinetic instabilities. In this
context, Markovskii and Vasquez [21] found that turbulence reduces the growth rates
and saturation levels of the parallel and oblique firehose instabilities. Moreover, Opie
et al. [22] found that turbulence may play an important role in setting the conditions for
temperature-anisotropy-driven instabilities to effectively regulate the plasma, and that
these conditions vary locally on scales much shorter than the correlation length of solar-
wind turbulence. This is consistent with the results presented by Bandyopadhyay et al. [23],
where it was found that, in general, microinstability linear growth rates are substantially
less than the local nonlinear rates, but for extreme values of temperature anisotropy the
instability growth rates are comparable or faster than the turbulence time scales.

Turbulence associated with magnetosonic waves is usually studied in conjunction
with Alfvénic turbulence (see, e.g., Andrés et al. [24]). In this context, using particle-in-cell
simulations, Svidzinski et al. [25] found conditions compatible with weak turbulence, in
which electromagnetic fluctuations can be represented by turbulent spectra of Alfvénic and
magnetosonic modes as observed in solar wind. Chandran [26] has shown that the presence
of magnetosonic modes can affect the isotropy of the energy cascade and, thus, the scaling
exponents, while Cho and Lazarian [27] showed that in both high- and low-§ plasmas,
Alfvén and slow magnetosonic modes reveal a Kolmogorov k—°/3 spectrum and scale-
dependent Goldreich-Sridhar anisotropy, with fast modes exhibiting a k=3/2 spectrum and
isotropy. Moreover, Sharma and Kumar [28] numerically analyzed the nonlinear interaction
between kinetic Alfvén waves and magnetosonic waves, showing that localized structures
are formed with steep spectra with power law k™% with 5/3 < a < 5.3.

In a recent article, Moya and Navarro [29] followed a quasilinear approach to analyze
the effects of a background turbulent spectrum on the excitation and relaxation of the
ion-cyclotron instability. Considering different models of turbulent cascades (different
values of a) with a spectral break, they showed that a certain level of magnetic-field power
can drive protons to an increase in T, /T) and a reduction in the plasma beta. Therefore,
the interaction of solar-wind protons and electromagnetic turbulence may drive protons
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far from thermodynamic equilibrium and near the ion-cyclotron instability thresholds, as
observed in solar-wind [7,30] and numerical simulations [31]. Here, we aim to complement
such analysis, but considering the parallel firehose instability and the role of the turbulent
spectra of magnetosonic waves on the regulation of the plasma when T, /T < 1. To
do so, using a moment-based quasilinear theory, we will analyze the non-linear time
evolution of an initially bi-Maxwellian plasma with g > 1 and T, /T < 1 under both
stable and unstable initial conditions. This article is organized as follows: in Section 2, we
briefly introduce the main equations of our quasilinear method. In Section 3, we report our
numerical results; and in Section 4 we summarize our findings, discuss their interpretations,
and present the main conclusions of our work.

2. Method: Macroscopic Quasilinear Equations

We consider a magnetized plasma composed of bi-Maxwellian protons and cold
electrons. The kinetic dispersion relation of right-handed circularly polarized waves,
propagating along a background magnetic field By, is given by [20,32,33]

W, +(AFt +0)Z(Eh) — =k @)
0z - Q,’

where wy = wg +i7 is the complex frequency that depends on the wavenumber k;
va = By/\/4rtnym, is the Alfvén speed, with 1, and 1, the density and mass of pro-
tons, respectively; () = eBy/myc is the proton gyrofrequency with c the speed of light;
A =T, /T — 1 where T, /Tj is the temperature anisotropy; T, and T are the proton

temperatures perpendicular and parallel with respect to By, respectively; & = wy/ kju) and

{" = (wr +Qp) /kyu are resonance factors [34]; u = , /2kpT) /m, is the parallel proton
thermal speed; and kg the Boltzmann constant. Z({) is the plasma dispersion function [35],
which is calculated numerically via the Faddeeva function provided by the Python SciPy
library [36]. In Equation (2), we assumed charge neutrality (i.e., zero net charge such that
the electron density is n, = np), and v4 /c < 1.

Even though the linear theory of plasma instabilities usually considers no background
fluctuations and an homogeneous plasma, this is not mandatory. Indeed, it is not necessary
to prescribe the shape spectrum to deduce the dispersion relation. The only constraint is
that the amplitude of the magnetic fluctuations must be small compared to the background
plasma state at the early stages of the time evolution of the system. These fluctuations may
exhibit ambient fluctuations [37], turbulence [21,29,38], and even inhomogeneities [39,40].
Thus, the dispersion relation Equation (2) is valid for the case under study.

We address the time evolution of the system through moment-based quasilinear
theory. The moment-based quasilinear approximation assumes that the plasma evolves
adiabatically, so that wy = wg(t) solves the dispersion relation Equation (2) instantaneously
at all times. It is important to mention that the use of a moment-based quasilinear theory to
study kinetic instabilities is well-established in the literature, and has been widely invoked
at least during the last three decades considering Maxwellian and Kappa distributions,
e.g., for the mirror instability [37,41], the ion-cyclotron instability [4,29,42], the electron
whistler-cyclotron instability [43,44], and the firehose instability [19,45,46], among others.
This is fundamentally different from the quasilinear diffusion model, where the equations
are solved as a diffusion-like equation for the phase-space density (see, e.g., Isenberg and
Vasquez [38] and references therein). However, several of the mentioned works have shown
very good agreement between the quasilinear approach and hybrid or full-particle PIC
simulations, particularly for the case of bi-Maxwellian distributions up to the saturation of
the instabilities. For longer times, other non-linear effects may be relevant and the shape of
the distribution may undergo non-trivial changes beyond the Maxwellian approach (see,
e.g., Section 3.3 in Yoon [5]).
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Within this context, the quasilinear evolution of the perpendicular and parallel thermal
speeds are given by [32,47,48]

ou 804 [ |Be|? wrQ)
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where L is the characteristic length of the plasma, and |B;|? is the spectral wave energy
satisfying
2
B — 20y . ©
In solar wind, a non-negligible level of magnetic fluctuations is consistently ob-
served [7,49-51], whose power spectra in terms of wavenumbers (using the Taylor hy-
pothesis) is usually of the form:

Ak? vaki/Q, <1,
|Bk|2:{ “ e (6)

Ak[a UAkH/Qp >1,
corresponding to a Kolmogorov-like power-law spectrum with spectral break at the ion
inertial length. Here, A is chosen depending on the initial total magnetic energy Wp =
npoy [ dk |B¢|?/|Bo|?, with the integral calculated in the range 1073 < valk)|/Qp < 8.
Notice that we are restricted to a reduced 1D background spectrum in k. In general, for

an assumed anisotropic turbulent spectrum k| ~ k‘i/ 3 and a reduced magnetic spectrum

proportional to kly , the conservation of energy gives a parallel reduced spectrum propor-
tional to kﬂ"‘ witha = [3(y — 1) 4 d]/d (see Moya and Navarro [29] and references therein).
Therefore, for the particular case y = 5/3 (Kolmogorov perpendicular turbulence) and
anisotropic index d = 2, we obtain a = 2 for the inertial range vk /), < 1in Equation (6).

3. Results

Here, we report numerical solutions of the system of differential equations (3)—(5),
using a fourth-order Runge-Kutta method with Equation (6) as he initial condition, together
with the Muller method [52] to find the numerical roots of Equation (2). The dispersion
relation Equation (2) supports an infinite number of solutions for wy as a function of k|,
most of them being sound-like heavily damped modes with frequencies above and below
the proton gyrofrequency [49,53]. Here, however, we focus on the quasilinear evolution of
the plasma due to the firehose instability. As mentioned in Section 1, this instability grows
out of the magnetosonic wave for T, /T < 1 and a sufficiently large f.

Figure 1 shows results from two quasilinear simulation runs, one for an initially stable
proton plasma with T, /T (0) = 1.0 [Figure 1(left)], and the other for an initially unstable
plasma to the proton-firehose instability with T, /T (0) = 0.1 [Figure 1(right)]. In both
cases, we initialize a turbulent magnetic spectrum as in Equation (6), with « = 5 and a total
magnetic energy Wg(0) = 2.0.

For the initially stable plasma, Figure 1a shows the imaginary part of the frequency,
v = Im(wy), as a function of k| corresponding to the magnetosonic wave mode resulting
from Equation (2). Due to kinetic effects, the magnetosonic wave is damped (y < 0) for
wavelengths around the ion inertial length (0.5 < Vak)|/Q)p < 3). The figure also shows
snapshots of the damping rate for different time steps. In general, we find that the wave-
damping rate decreases very slowly towards v = 0 over thousands of gyroperiods in the
rrpresence of isotropic Maxwellian protons. In other words, the initial magnetic spectrum
damps exponentially at an almost constant damping rate depending on its wavenumber,
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resulting in a slump around the ion inertial length which smooths the initial spectrum
break, as shown in Figure 1c.

When the plasma is initially unstable to the firehose instability, the magnetosonic
growth rate (v > 0) also occurs around the ion inertial length. Due to the excess of free
energy, represented by the initial T, /T|| < 1, the instability growth rate decreases as time
progresses, as shown in Figure 1b. Although not noticeable from the figures, the bandwidth
of the instability shrinks and moves toward smaller wavenumbers as time evolves. This is
consistent with previous results of quasilinear moment theory [48]. What is interesting here
is that a band in the magnetic power spectrum grows over time, resulting in a bump which

smooths the spectral break around vak| /€y = 1, but keeps the |Bi|?> ~ kiz spectrum

in the inertial range vk /Q, < 0.3, and the |B|* ~ k[S spectrum in the kinetic range

vak|/Qp Z 2. This is consistent with observations also showing a bump in the magnetic
power spectrum, e.g., in the Earth’s magnetosheath [54-56].
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Figure 1. Time evolution of (a,b) the growth/damping rate /() of magnetosonic waves, and
(c,d) the magnetic wave spectrum |Bi|? (normalized to BéLv a/Qyp), both as a function of the normal-
ized wavenumber v sk /Q2p. Initial conditions are §;(0) = 1.1, Wp(0) = 2.0 for a magnetic spectrum
with « = 5, and (a,c) TJ_/TH (0) =1, and (b,d) TJ_/T” (0) = 0.1. The axes showing wavenumber and
magnetic power are in log-scale.

This result is qualitatively different from our previous work (see [29]), where we report
that the spectrum of both stable and unstable Alfvén—Cyclotron waves steepens (the value
of « grows in time) in the kinetic range for v AkH /Qyp 2, 2. However, observations and
numerical simulations consistently show finite values of # < 5 in the kinetic range [57-66].
Thus, we conclude that the observed power-law spectrum at kinetic scales is not only due
to Alfvén—Cyclotron waves, but also to effects in coexistence with the magnetosonic waves
that may dominate the plasma evolution, at least at quasilinear time scales.

Figure 2 shows the quasilinear time evolution of the temperature anisotropy T, /T,
the perpendicular f, and parallel §|, and the total magnetic energy Wg normalized to its
initial value Wg(0), for similar initial parameters as in Figure 1. In this figure, we compare
the effects of two values of Wp(0) = 0.1 and Wg(0) = 2.0.
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Figure 2. Time evolution of the temperature anisotropy, 8, f||, and magnetic energy Wp normalized
to the initial W (0). The initial conditions are | (0) = 1.92, a magnetic spectrum with slope & = 5
and with different values of Wg(0), and (a) T, /T}|(0) = 1.0, and (b) T, /Ty (0) =0.1.

According to linear theory, plasma is stable whenever T, /T ~ 1, as shown in
Figure 1a. Thus, it is expected that the macroscopic plasma parameters should remain
constant in time if the initial conditions are close to isotropy. However, Figure 2a shows
that, even in those cases, the temperature anisotropy slightly decreases in time to values
T, /T <1. Atthe same time, $, grows and | decreases from their initial values, showing
that, due to the presence of magnetosonic turbulence with finite energy, the plasma is
heating in the parallel direction with respect to the ambient magnetic field By. In addition,
the magnetic energy decreases slightly (only 1%) from its initial value, which is a result
of the slump forming in the magnetic spectrum, as shown in Figure 1c. These effects are
stronger for higher values of the initial Wg(0), showing that high energy levels of a power
spectrum may play a role in the generation of temperature anisotropy in solar wind.

Figure 2b shows results in the presence of firehose instabilities with T, / T} (0) = 0.1.
In this case, T, /T, p., and Wp grow in time, while the parallel | decreases, i.e., protons

are heating in the direction perpendicular to By. It is worth mentioning that the temperature
anisotropy reaches a quasi-stationary state T, /T < 1 at a value that is independent of
the initial magnetic energy. In addition, as a result of the bump in the magnetic spectrum
shown in Figure 1d, the magnetic energy grows 7.5 times starting from a low value of
Wg(0) = 0.1, while the case W5 (0) = 2.0 grows only by a small fraction in the simulated
time range. These results suggest that the free energy provided by Wg(0) may not be
enough to compensate the effects of the firehose instability in the long run; thus, the latter
will be dominant during the quasilinear plasma evolution, which is consistent with solar-
wind measurements suggesting that low-frequency parallel-propagating fluctuations are
dominated by kinetic instabilities [12].

In Figure 3, we show results from a set of 108 quasilinear simulations with different
initial conditions B (0) and T, /T||(0), shown as white circles in the figure, with values
chosen above and below the empirical threshold of the firehose instability T, /T =1 —
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0.47( ,BH —0.59) —0.53 [6]. This threshold, shown as a solid black line in Figure 3, is calculated

numerically from Equation (2) by setting ymax/€y = 1072. As in Figure 1, the magnetic
spectrum is initialized with slope « = 5 and total energy W5 (0) = 2.0 for all simulations.
The blue lines in Figure 3 are the trajectories, as T, /T| and f| evolve in time. The colorized
circles represent the final state of the simulations, with colors depending on the final value
of the magnetic energy, at the time (),t = 350 chosen so that all simulations saturate near a
quasi-stationary state.

3.4
100 ]

3.2

T.ITy

22

2.0

1.8

10t

Bi

Figure 3. Quasilinear evolution of the proton | and anisotropy T, /T). Initial conditions (white cir-
cles) were chosen to be evenly spaced in log space in the range 0.8 < f;; <831and 0.1 < T, /T < 1.
The initial magnetic spectrum is defined with « = 5 with energy W5 (0) = 2.0 for all cases. The
colorized circles correspond to the final (stationary) state of the plasma simulations with colors
depending on the final value of the magnetic energy. (Dashed lines) Contours of the maximum
growth-rate v/Q) = 1073 (black) and 107! (red) of the firehose instability, as calculated from the
dispersion relation Equation (2). (Solid black line) Fitted curve T, /T =1 — 0.51( B — 0.23) 7957 of
the final states of the simulations starting with strongly-unstable conditions.

We focus first on simulations starting from a linearly stable condition, i.e., all points
above the instability threshold (dashed-black line) in Figure 3. It can be seen that all these
simulations evolve so that T, /T decreases and | grows, both slowly in time, towards
the instability threshold. The total magnetic energy also decreases from Wg(0) = 2.0 to a
minimum value around Wg(0) ~ 1.8. This description is consistent with the discussion of
Figure 2a, where the free energy provided by Wg(0) was identified as being responsible of
the parallel proton heating. In general, we observe that the temperature deviation from
their initial values is greater for increasing values of B (0).

Still, Wp(0) = 2.0 is not enough to drive the plasma towards temperature anisotropies
below the instability threshold. Thus, energetic magnetosonic waves may not be able to
excite a firehose instability from an initially stable plasma. This can be contrasted with
our previous work [29], where it was shown that Alfvén-cyclotron waves can lead to the
growth in the temperature anisotropy, sometimes exceeding the instability thresholds, thus
triggering proton-cyclotron instabilities from an initially stable plasma even for low energy
values Wg(0) ~ 0.01. Therefore, if both wave modes coexist in a turbulent state, then
the Alfvén-cyclotron waves will be predominant in the plasma evolution starting from a
linearly stable condition.
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Focusing now on simulations starting below the instability threshold, Figure 3 shows
that these simulations also evolve towards the instability threshold. However, T, /T
grows while | decreases in time, which is consistent with the description of Figure 2b. In
general, simulations starting far below the instability threshold (i.e., for strongly unstable
plasmas) saturate rapidly to a state at or above the instability threshold, with energies in the
range 2.4 < Wp < 3.4. This is consistent with previous results for quasilinear simulations
assuming a constant background of magnetosonic fluctuations [48], and shows that the
firehose instability is dominant through the quasilinear evolution. The final state seems
to modify the threshold condition, which are found to relax to temperature anisotropies
following Equation (1) with S = 0.51, a = 0.57, and By = 0.23. Except for By, these
parameters are similar to the values obtained by Hellinger et al. [6], indicating that the
presence of turbulence mainly modifies the minimum f allowing the firehose instability.
On the other hand, simulations starting near the instability threshold (i.e., weakly unstable
plasmas) slowly settle into a state at or below the threshold, and with lower energies
1.8 < Wp < 2.2 compared to the previous discussion. Thus, these results suggest that there
exists a balance or competition between the energy transfer from turbulent waves and the
presence of firehose instabilities near the instability threshold.

4. Discussion and Conclusions

In this work, we used a quasilinear moment theory to study the effects of a background
spectrum of magnetosonic waves, propagating along a background magnetic field in a
bi-Maxwellian proton plasma, in the relaxation of the temperature anisotropy. As an initial
condition for these simulations, a Kolmogorov-like power-law magnetic spectrum with a
spectral break at the ion inertial length was assumed. The main results are summarized
into three parts. First, for initially stable plasmas, i.e., for temperature anisotropies slightly
below T /T = 1, magnetosonic waves can experience damping for wavelengths around
the ion inertial length, vk /€, = 1. This results in smoothing of the initial spectral
break in such a way as to form a slump in the magnetic spectrum. As a result, protons
become thermally anisotropic, and T, / T} decreases at a rate depending both on the initial
values of B(0) and magnetic energy Wg(0), which is consistent with fully numerical
simulations [31]. However, we found that an initial energy Wg(0) = 2.0 is insufficient to
push the plasma to anisotropies below the instability thresholds. Thus, we conclude that a
turbulent spectrum of magnetosonic waves alone is unable to excite a firehose instability
from initially stable plasmas.

Second, for simulations starting far below the empirical instability threshold with
Ymax/Qp = 0.001 (ie., TL/TH < 1- 0.47([5H —0.59) 7933 [6]), the plasma is strongly
unstable to the firehose instability. During the quasilinear evolution, T, /T grows rapidly
in time until its saturation around a value slightly above the instability threshold, with
a new fitted curve of the form T, /T = 1 —0.51(8 — 0.23) %%, Compared to the fits
obtained by Hellinger et al. [6], we found similar parameters, except for fy, indicating
that magnetosonic turbulence shifts the marginal stability thresholds towards smaller
B values, especially when T, /T is small. This suggests that the firehose instability is
dominant over the turbulent cascade, which is consistent with solar-wind observations [12].
In addition, the initial magnetic spectrum grows in a band around the ion inertial length
vak)/Qp =1, resulting in a bump that smooths the spectral break. The magnetic spectrum
is unmodified outside this band, which is consistent with observations in the Earth’s
magnetosheath [54-56], and by the first PSP perihelion encounter [67].

These results differ from Moya and Navarro [29], where it is shown that the spectrum
of both stable and unstable Alfvén-cyclotron waves steepens (the value of & grows in time)
in the kinetic range for vak| /() 2 2. However, observations and numerical simulations
consistently show finite values of # < 5 in the kinetic range [57-66]. In addition, since near-
Earth plasmas are usually found in a state with T, / TH < 1[6,7,68], we conclude that the
observed power-law turbulent spectrum observed at kinetic scales is probably due to the
coexistence of Alfvén-cyclotron and magnetosonic waves at different wavelengths, which is
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also consistent with numerical simulations of plasma turbulence [25,28]. Lastly, for weakly
unstable plasmas (i.e., starting near the instability threshold), the firehose instability (whose
effectis toincrease T / TH) competes with the effects of Wg(0) (to decrease T, / Tj ), resulting
in temperature anisotropies that relax near the instability threshold with ymax / Qp = 0.001
in a shorter time compared to highly unstable plasmas.

In summary, considering this work and the quasilinear simulations reported in Moya
and Navarro [29], our results show that the presence of turbulence significantly modifies the
temperature anisotropy of the plasma, and subsequently may lead the system to states out
of thermal equilibrium. Alfvénic turbulence may result in an enhancement of temperature
anisotropies T} > T (and a reduction in the parallel proton beta), whereas a turbulent
spectrum of magnetosonic modes leads an initially thermally isotropic plasma to develop
anisotropic states in which T, < T). It is important to mention that we considered parallel
propagating magnetosonic fluctuations (with k; = 0), since the compressibility of the
fluctuations in the solar wind is reportedly small near the firehose-instability thresholds [7],
and the lower bounds of T, / T} in the solar wind are consistent with the parallel proton-
firehose instability [5].

However, we recognize that this may be considered a crude approximation, since
turbulence in solar wind follows an anisotropic cascade with critical balance (k; # 0).
Our quasilinear model does not address the nonlinear cascade effects that could spread
the turbulent wave energy to different spectral ranges. That is, the spectral transfer of
turbulence by non-linear mode coupling is also ignored. This is a challenging problem
and, as far as we know, there is no suitable analytical theory to describe such a spectral
transfer effects yet. Nevertheless, at the same time, we believe that our simplified approach
provides valuable insights into the problem of the heating of solar wind, which is generally
observed in a thermally anisotropic state. We expect to expand the scope of our approach
and results with a subsequent study considering, e.g., oblique propagating waves and the
presence of other ion species such as alphas and proton beams, hopefully corroborating or
improving the results of our reduced model.
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