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Abstract


We discuss the polarization of gravitational radiation within the standard framework of linearized general relativity. The recent experimental discovery of gravitational waves provides the impetus to revisit the implications of the spin-rotation-gravity coupling for polarized gravitational radiation; therefore, we consider the coupling of the helicity of gravitational waves to the rotation of an observer or the gravitomagnetic field of a rotating astronomical source. Observational possibilities regarding polarization-dependent effects in connection with future gravitational wave detectors are briefly explored.
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1. Introduction


Gravitational radiation is a natural component of a field theory of the gravitational interaction. In general relativity (GR), the gravitational field is represented by spacetime curvature. Thus, perturbations in the Riemannian curvature of spacetime are expected to propagate as gravitational waves at the speed of light. Gravitation is the weakest of the known forces of nature; nevertheless, gravitational radiation could provide an important new window for observing high-energy processes in the universe. The generation, propagation and detection of gravitational radiation in GR have been extensively studied [1].



In linearized general relativity, gravitational waves constitute a small symmetric tensor perturbation of the background spacetime metric. To simplify matters, let us consider free gravitational waves on Minkowski spacetime background; therefore, we have a slight perturbation of a background global inertial frame with Cartesian coordinates    x μ  =  ( c t , x )    in Minkowski spacetime. The perturbed spacetime has metric tensor    η  μ ν   +  h  μ ν    ( x )   , where    η  μ ν   = diag  ( − 1 , 1 , 1 , 1 )    is the Minkowski metric tensor and   h  μ ν    transforms as a tensor under the Poincaré group. In our convention, Greek indices run from 0 to 3, while Latin indices run from 1 to 3; moreover, we use units such that   c = 1  , unless specified otherwise.



A slight change in the background spacetime coordinates induces a gauge transformation in   h  μ ν   . With a proper transverse gauge condition for the trace-reversed form of the linear perturbation, the latter satisfies the standard wave equation in Minkowski spacetime [1]. Therefore, a plane gravitational wave of frequency  ω  and wave vector  k ,   ω = c | k |  , has an amplitude    h  μ ν   ∝ exp  ( i  η  α β    k α   x β  )   , where    k μ  =  ( ω / c , k )    is the null propagation 4-vector. Our treatment is linear throughout; therefore, we can use complex amplitudes with the proviso that only the real part has physical significance.



In principle, gravitational wave properties are measured by the fundamental observers at rest in spacetime; indeed, such an observer carries an orthonormal tetrad frame    e μ     α ^    , which corresponds to   δ α μ   in the absence of the perturbation. Here, hatted indices enumerate tetrad axes in the local tangent space, while indices without hats are regular spacetime indices. Furthermore, we employ the standard TT gauge [1], where    h  0 μ   = 0   and   h  i j    is transverse and traceless, namely,    h  i j      , j   = 0   and    h i    i  = 0  . The spacetime metric is then   d  S 2  = − d  t 2  +  (  δ  i j   +  h  i j   )   d  x i  d  x j   .



In 2015, earth-based laboratories LIGO and Virgo succeeded in detecting gravitational waves [2]. A transient gravitational signal with frequency in the range of 35 Hz to 250 Hz was originally observed with a peak amplitude of about   10  − 21   . The detection of such signals has continued and the results are in agreement with general relativity theory [3]. The signals have been interpreted to originate from the merger of gravitationally collapsed astronomical systems. The LIGO-Virgo collaboration has thus far detected short-duration transients that last from about a millisecond to about a second. Such transient signals are the main focus of the present work.



The main purpose of this paper is to describe certain polarization-dependent effects of gravitational waves (GWs) and briefly explore the possibility of measuring them via GW detectors. In the rest of this introductory section, we briefly describe the polarization of linearized GWs; moreover, we note that the standard Doppler effect and aberration, as measured in effect by background inertial observers moving uniformly with velocity  v , are independent of the polarization of the wave. On the other hand, as described in Section 2, GW polarization needs to be taken into account for rotating observers due to the coupling of the helicity of GWs to the rotation of the observer’s spatial frame. The treatment of helicity-rotation coupling is extended to helicity-gravity coupling in Section 3 and Section 4 by means of the gravitational Larmor theorem. That is, we investigate the coupling of helicity of GWs to the gravitomagnetic field of a rotating astronomical source. Section 5 is devoted to the gravitational Faraday rotation of linearly polarized GWs in the gravitomagnetic field of a rotating mass. In Section 6, the corresponding gravitational time delay of circularly polarized GWs is calculated. We discuss various observational possibilities in connection with transient signals. Finally, Section 7 contains a brief discussion of our results.



1.1. Polarization of GWs


For our present purposes, we assume that the plane gravitational wave propagates along the positive z direction in the background global inertial frame. Then,    h  i j   ∝ exp  [ − i ω  ( t − z )  ]    and transversality implies that we are left with two independent states of gravitational radiation given by    h 11  = −  h 22    and    h 12  =  h 21   . We can write    (  h  i j   )  =  h 11   ( t − z )    Π 1  +  h 12   ( t − z )    Π 2   , where


   Π 1  =     1   0   0     0    − 1    0     0   0   0      ,   Π 2  =     0   1   0     1   0   0     0   0   0       



(1)




are   3 × 3   traceless matrices known as the “plus”   ( ⊕ )   and “cross”   ( ⊗ )   linear polarization states of the incident radiation, respectively. These matrices represent the two independent linear polarization states of the gravitational wave and are such that   tr  (  Π 1 2  )  = tr  (  Π 2 2  )  = 2   and   tr  (  Π 1   Π 2  )  = tr  (  Π 2   Π 1  )  = 0  .



Next, let us consider a rotation of the Cartesian coordinates by an angle  ϑ  about the direction of propagation of the wave; that is,    z ′  = z   and


   x ′  = x cos ϑ + y sin ϑ  ,   y ′  = − x sin ϑ + y cos ϑ  .  



(2)




Under this rotation, the spacetime metric remains invariant, namely,


  d  S 2  = − d  t 2  +  (  δ  i j   +  h  i j  ′  )  d  x    ′  i   d  x    ′  j    ;  



(3)




hence,


   h 11 ′  =  h 11  cos  ( 2 ϑ )  +  h 12  sin  ( 2 ϑ )   ,   h 12 ′  = −  h 11  sin  ( 2 ϑ )  +  h 12  cos  ( 2 ϑ )   .  



(4)




Alternatively, we can write    (  h  i j  ′  )  =  h 11   ( t , z )    Π 1 ′  +  h 12   ( t , z )    Π 2 ′   , where


   Π 1 ′  =  Π 1  cos  ( 2 ϑ )  −  Π 2  sin  ( 2 ϑ )   ,   Π 2 ′  =  Π 1  sin  ( 2 ϑ )  +  Π 2  cos  ( 2 ϑ )   .  



(5)




In any case, with   2 ϑ = π / 2  , we find    (  h 11 ′  ,  h 12 ′  )  =  (  h 12  , −  h 11  )    or, alternatively,    (  Π 1 ′  ,  Π 2 ′  )  =  ( −  Π 2  ,  Π 1  )   ; that is, a rotation by an angle of   ϑ = π / ( 2 s )  , with   s = 2   in the gravitational case, turns one independent linear polarization state into another.



We define the circular polarization states of gravitational radiation in complete analogy with electrodynamics, namely,


   Π ±  =  1  2    (  Π 1  ± i   Π 2  )   .  



(6)




In the case under consideration,    (  h  i j   )  =  C +   ( t , z )    Π +  +  C −   ( t , z )    Π −   , where


   C ±  =  1  2    (  h 11  ∓ i   h 12  )   .  



(7)




Under the rotation of angle  ϑ  about the direction of wave propagation, we find


   C + ′  =  e  2 i ϑ    C +   ,   C − ′  =  e  − 2 i ϑ    C −   ,  



(8)




consistent with the interpretation of   C +   and   C −   as the amplitudes of the positive and negative helicity states of gravitational radiation (  s = 2  ), respectively.



In view of our linear perturbation scheme, it is natural to write the perturbation amplitude due to an incident plane wave packet in the form


   h  i j   = Re  ∑ ω   [   C ^  +   ( ω )    Π +  +   C ^  −   ( ω )    Π −  ]    e  − i ω ( t − z )    .  



(9)




For an incident wave of frequency  ω , the gravitational energy flux, averaged over the wave period, along the direction of the wave propagation is given by


    ω 2   32 π     |    C ^  +     ( ω )  |  2  +   |   C ^  −   ( ω )  |  2    .  



(10)







The formal aspects of the polarization properties of linearized gravitational waves have been treated in [4,5]; in particular, a detailed description of the Stokes parameters and the corresponding Poincaré sphere for partially polarized gravitational radiation is contained in Appendix A of Ref. [5].



Suppose the spacetime metric is of the form   − d  t 2  +  g  i j    ( x )  d  x i  d  x j   ; then, there is a theorem in general relativity which states that test particles that are spatially at rest in this spacetime follow geodesics and are therefore free. In the gravitational wave spacetime under consideration here,    g  i j   =  δ  i j   +  h  i j    ( x )   . We can therefore choose a static test particle as our reference observer and establish a quasi-inertial Fermi normal coordinate system along its geodesic world line. We can then study the influence of the curvature-based gravitoelectric and gravitomagnetic fields associated with the gravitational wave on physical systems. This approach to GW effects has been treated in detail in Refs. [6,7,8,9] and the references cited therein.




1.2. Doppler Effect and Aberration for GWs


We have thus far dealt with observers that have remained spatially at rest. Let us now imagine that these observers all move with velocity  v . What are the GW properties as measured by these boosted observers? Their motion is affected by the presence of the wave; however, to calculate the corresponding wave amplitude, boosted observers can be considered to be uniformly moving and “inertial” in the linear perturbation approach under consideration in this paper. For inertial observers in the background Minkowski spacetime,   h  i j    transforms as a tensor under Lorentz transformations. This affects the amplitude of the wave, but its phase remains invariant. It follows in general from the invariance of the phase of the wave   Φ =  η  α β    k α   x β  = − ω t + k · x   under Lorentz transformations that the wave frequency   ω ˜   and wave vector   k ˜   as measured by essentially uniformly moving observers with unperturbed 4-velocity    u μ  = γ  ( 1 , v )   , where  γ  is the Lorentz factor, are given by


     ω ˜    =    −  k α   u α  = γ  ( ω − v · k )   ,     



(11)






     k ˜    =    k +   γ − 1   v 2    ( v · k )  v −  1  c 2    γ  ω  v  .     



(12)




That is,   k μ   and    k ˜  μ   are simply related by a pure boost, which is the standard result in the treatment of the properties of electromagnetic waves as well. For light, the first relation (11) is the relativistic expression for the Doppler effect and the second relation (12) expresses the aberration of starlight whose original discovery by James Bradley [10] eventually led to the development of Lorentz transformations as the relativistic generalization of the Galilean transformations.



Let us note that we can write


     k ˜  − k   | k |   = −  v c    1 +  ( γ − 1 )   1 −   c  v · k    v 2  k      ,  



(13)




from which, we recover the magnitude of the traditional aberration angle   α ≈ v / c  . For “inertial” observers, the polarization of the incident linearized gravitational radiation makes no contribution to the relativistic expressions for the aberration and Doppler effect. As described in the next section, the situation is different, however, for rotating observers.





2. Reception of Radiation by Accelerated Observers


In contrast to ideal inertial observers, realistic observers in Minkowski spacetime are all more or less accelerated. An accelerated world line in the background global inertial frame has translational acceleration    a μ  =  d 2   x μ  / d  τ 2   , where  τ  is the proper time of the observer along its path. The accelerated observer in the background global inertial frame carries its adapted orthonormal tetrad frame    e μ     α ^    ( τ )    such that


    d  e μ     α ^     d τ   =  A  α ^      β ^     e μ     β ^    ,  



(14)




where   A   α ^   β ^     is the observer’s acceleration tensor. It is antisymmetric,    A   α ^   β ^    = −  A   β ^   α ^     , due to the tetrad orthonormality condition, namely,


   η  μ ν     e μ     α ^     e ν     β ^   =  η   α ^   β ^     .  



(15)







The acceleration tensor is analogous to the Faraday tensor of electrodynamics and can be naturally decomposed into its “electric” and “magnetic” parts, namely,    A   α ^   β ^    ↦  ( − g , Ω )   , where   g ( τ )   and   Ω ( τ )   are spacetime scalars that represent the translational and rotational accelerations of the observer, respectively. That is,    g  i ^   =  A   0 ^   i ^    =  a μ   e μ     i ^     specifies the deviation in the observer’s world line from a geodesic, while  Ω ,    A   i ^   j ^    =  ϵ   i ^   j ^   k ^     Ω  k ^    , is the angular velocity of the rotation of the observer’s spatial frame with respect to a locally nonrotating (i.e., Fermi–Walker transported) frame.



Imagine a test electromagnetic radiation field    F  μ ν    ( x )    in Minkowski spacetime and a class of accelerated observers with adapted tetrad frame field    χ μ     α ^    ( x )   . The radiation field as measured by the accelerated observers is given by the projection of the Faraday tensor on the tetrad frame field, namely,    F  μ ν    χ μ     α ^    χ ν     β ^   =  F   α ^   β ^     ( x )   . Upon Fourier transformation of this scalar, one can, in principle, determine the measured frequency and wave vector content of the radiation field. To illustrate this idea, let us consider the class of static observers in the background global inertial frame that refer their measurements to axes that rotate uniformly with positive frequency  Ω  about the z axis. Plane electromagnetic waves of frequency   ω ≫ Ω   and definite helicity propagate along the positive z axis. In the case of positive (negative) helicity waves, the electric and magnetic fields rotate in the positive (negative) sense with frequency  ω  about the direction of propagation of the wave. As seen by the rotating static observers, the electric and magnetic fields of the incident radiation with positive (negative) helicity rotate with frequency   ω − Ω   (  ω + Ω  ) in the positive (negative) sense about the z axis. Indeed, Fourier analysis in this case reveals that [11,12]


   ω ′  = ω ∓ Ω  ,   k  z  ′  =  k z   .  



(16)







This example demonstrates the coupling of the helicity of the electromagnetic radiation with the rotation of the observer. On the other hand, the transverse Doppler effect (11) implies    ω ˜  = ω  . It is clear that the relative deviation from the transverse Doppler effect is   ∓  Ω / ω  , which vanishes in the high-frequency limit (i.e.,   ω → ∞  ). That is, when the wavelength of the radiation   λ = 2 π c / ω   is negligibly small compared to all other relevant lengths in the problem ( i.e.,   c / Ω   in the present case), wave effects can be neglected.



A similar analysis can be carried out for linearized gravitational radiation [13]. In this case, the gravitational field is represented by the Riemann tensor   R  μ ν ρ σ   . Therefore, the field as measured by the accelerated observers is given in our linear perturbation scheme by the projection of the Riemann tensor on the observer’s orthonormal tetrad frame field,    R  μ ν ρ σ    χ μ     α ^    χ ν     β ^    χ ρ     γ ^    χ σ     δ ^   =  R   α ^   β ^   γ ^   δ ^     . This scalar quantity can be expressed as a   6 × 6   matrix via the symmetries of the Riemann curvature tensor,


      E   B     B    − E       ,  



(17)




where the matrix indices run over the set   { 01 , 02 , 03 , 23 , 31 , 12 }  . This is the general form of the measured curvature in the Ricci-flat case, where the Riemann tensor degenerates into the Weyl conformal curvature tensor. Here,  E  and  B  are symmetric and traceless   3 × 3   matrices that represent the gravitoelectric and gravitomagnetic fields of the incident gravitational radiation, respectively.



To illustrate these ideas, we note that, for plane gravitational waves of frequency  ω  propagating along the z axis, the curvature as measured by the static inertial observers in the background Minkowski spacetime is given by


  E =  1 2   ω 2   h  i j   =  1 2   ω 2       h 11     h 12    0      h 12     −  h 11     0     0   0   0      ,  B =  1 2   ω 2       h 12     −  h 11     0      −  h 11      −  h 12     0     0   0   0      .  



(18)




Moreover,   E ∓ i  B =  ω 2   C ±   Π ±   , which is analogous to electrodynamics in connection with electromagnetic radiation of definite helicity. Indeed, the Riemann–Silberstein vectors   E + i  B   and   E − i  B   characterize complex electromagnetic fields that represent positive and negative helicity waves, respectively.



Let us now consider the static rotating observers and their measurements of the properties of the plane gravitational wave of frequency  ω  propagating along the positive z direction in the background global inertial frame. In this case, a detailed examination reveals that the measured frequency and wave vector of the GW are given by [13]


   ω ′  = ω ∓ 2  Ω  ,   k  z  ′  =  k z   ,  



(19)




in agreement with the spin-2 nature of linearized gravitational radiation.



It is possible to see that our helicity-rotation coupling result for gravitational waves (19) is in conformity with our description of the polarization properties of gravitational waves. Indeed, with   ϑ = Ω t  , Equation (8) implies


   C ± ′  =  e  ± 2 i Ω t     C ±  ∝  e  − i ( ω ∓ 2 Ω ) t + i ω z    .  



(20)







Thus far the direction of incidence of the gravitational wave has been the same as the axis of rotation of the observer. We must now consider the case of oblique incidence.



2.1. Oblique Incidence


The case of oblique incidence is in general more complicated, even in the simple example of the rotating static observers. Working to first order in   Ω / ω   within the quasi-classical approximation, it can be shown that


   ω ′  = ω − H · Ω  ,   k ′  = k  ,  



(21)




where  H  is the helicity vector of the radiation,


  H = ±  s   k ^    



(22)




and    k ^  = k /  | k |    is the unit propagation vector. Here,   s = 1   for the photon [11,12] and   s = 2   for the graviton [13]. We emphasize that the existence of the   − H · Ω   term in Equation (21) goes beyond the hypothesis of locality of the standard theory of relativity, which states that an accelerated observer at each instant along its world line is equivalent to an otherwise identical momentarily comoving inertial observer. In effect, locality requires that we apply Lorentz transformations point by point along the world line of the accelerated observer.



The spin-rotation coupling is a manifestation of the inertia of intrinsic spin. A comprehensive summary of spin-rotation-gravity coupling is contained in Ref. [14]. For more recent observational results involving neutrons, see Ref. [15].



The corresponding generalizations of relations (11) and (12) for arbitrary accelerated observers can be obtained straightforwardly from Equation (21) by an instantaneous pure boost in accordance with the hypothesis of locality. The resulting modified expressions for the Doppler effect and aberration are given in the quasi-classical approximation by


     ω ′    =    γ [ ( ω − H · Ω ) − v · k ]  ,     



(23)






     k ′    =    k +   γ − 1   v 2    ( v · k )  v −  1  c 2    γ  ( ω − H · Ω )  v  .     



(24)







In these formulas,  v  and  Ω  depend in general upon time. In the eikonal limit (  λ → 0  ,   ω → ∞  ) of Equations (23) and (24), the   H · Ω   term disappears and we recover the hypothesis of locality in which the phase of the wave is invariant under Lorentz transformations. Moreover, a comment is in order here regarding the fact that the spin of the incident radiation field couples to the rotation of the observer but not to its translational acceleration. In this connection, we note that the spin-rotation coupling term   − γ  H · Ω   is consistent with invariance under parity and time reversal, whereas the corresponding coupling involving translational acceleration violates both parity and time reversal invariance. In addition, various investigations have not revealed a corresponding spin-acceleration-gravity coupling [16,17,18,19,20].




2.2. Rotating Detector of GWs


To illustrate helicity-rotation contributions to the Doppler effect and aberration, we write Equations (23) and (24) in the form


   ω ′  ≈  ω ˜  − γ H · Ω   



(25)




and


   k ′  ≈  k ˜  + γ  v  c 2   H · Ω  .  



(26)




The equation for aberration now takes the form


     k ′  − k   | k |   = −  v c   1 +  ( γ − 1 )   1 −   c  v ·  k ^    v 2     + γ  v c    H · Ω  ω   .  



(27)







Suppose an observer is on a satellite that moves with speed v. There is the standard effect of aberration of starlight such that the direction of a source is displaced by the aberration angle  α  of about   v / c  . If the satellite rotates (for attitude control and stability, say) with frequency  Ω  and the incident radiation of frequency  ω  is circularly polarized, then positive helicity waves and negative helicity waves give slightly different directions for the source. These occur symmetrically about the main aberration-corrected direction of the source with an angle


   α ± ′  ≈ s  v c   Ω ω  cos ξ  ,  



(28)




where  ξ  is the angle formed by the direction of incidence of the wave and the axis of rotation of the observer,   s = 1   for electromagnetic radiation and   s = 2   for gravitational radiation. This effect could be interesting for rotating detectors of gravitational radiation. In this connection, we note that visible light has frequencies   ν = ω / ( 2 π )   of order   10 14   Hz, while gravitational waves that are currently being detected have frequencies of about 100 Hz.



To illustrate helicity-rotation coupling for detectors such as LIGO and Virgo that are fixed on the rotating earth, we focus here on the   − H · Ω   term in Equation (25) and ignore for the moment any Doppler frequency shift due to the rotation velocity of the detectors. We imagine that these detectors can perform accurate measurement of the frequency of incident gravitational wave. Moreover, we assume that the earth has radius   R ⊕   and ignore its deviations from spherical symmetry. The angular velocity of a detector  D  with respect to the background global inertial frame is given by the component of   Ω ⊕   along the local vertical direction on the rotating earth and can be written as


   Ω D  =  Ω ⊕    e x  cos ℓ cos  (  Ω ⊕  t +  φ 0  )  +  e y  cos ℓ sin  (  Ω ⊕  t +  φ 0  )  +  e z  sin ℓ   ,  



(29)




where   Ω ⊕   is the magnitude of the angular velocity of the earth along its rotation axis   e z  , ℓ is the geographic latitude of the location of the gravitational wave detector  D  measured from the equator and   φ 0   represents its geographic longitude. Here,   (  e x  ,  e y  ,  e z  )   are unit vectors along the fixed spatial axes of the background Cartesian coordinate system whose origin is at the center of the earth that is assumed to be at rest. For a gravitational wave incident on detector  D  along the direction of polar angles   ( θ , ϕ )   with respect to the background Cartesian coordinate system, we have


  H = ± 2   k ^   ,   k ^  =  e x  sin θ cos ϕ +  e y  sin θ sin ϕ +  e z  cos θ  .  



(30)




Therefore, we expect the measured relative frequency change of the gravitational waves due to helicity-rotation coupling would be


       ω −  ω D   ω  ≈      ± 2   Ω ⊕  ω    [ sin θ cos ϕ cos ℓ cos   (  Ω ⊕  t +  φ 0  )           + sin θ sin ϕ cos ℓ sin (  Ω ⊕  t +  φ 0  ) + cos θ sin ℓ ]  ,     



(31)




where the plus and minus signs represent the two possible circular polarization states of the gravitational wave. For gravitational waves with frequency of about 100 Hz,   2  Ω ⊕  / ω   would be about   2.3 ×  10  − 7    , since for the earth    Ω ⊕  /  ( 2 π )  ≈ 1.16 ×  10  − 5     Hz. Assuming a series of ideal gravitational wave detectors that can measure the frequency of the signal with high accuracy, we want to investigate the parameters that detectors can determine via the frequency shift.



The frequency of a gravitational wave event measured in detector  D  is given by


   ω D  ≈ ω − H ·  Ω D  −  ω c    k ^  ·  v D   ,  



(32)




where


   v D  =  R ⊕   Ω ⊕  cos ℓ  −  e x  sin  (  Ω ⊕  t +  φ 0  )  +  e y  cos  (  Ω ⊕  t +  φ 0  )    ,  



(33)




   R ⊕   Ω ⊕  / c   is about   1.5 ×  10  − 6     and we neglect    (  v D  / c )  2   terms for the sake of simplicity. For gravitational waves with   ν ≈ 100   Hz, the relative strength of the helicity-rotation shift in Equation (32),   2  Ω ⊕  / ω ≈ 2.3 ×  10  − 7    , is only about an order of magnitude smaller than the relative strength of the Doppler shift    R ⊕   Ω ⊕  / c ≈ 1.5 ×  10  − 6    . Measuring the left-hand side of Equation (32) via detector  D , the right-hand side is a function of the original frequency of the source  ω  as well as  θ  and  ϕ  that specify the direction of the incidence of the gravitational wave. Therefore, we need at least three detectors at fixed longitudes and latitudes to measure the frequency of the gravitational wave and its direction of incidence [21,22]. We note that in this method the frequency shifts due to the motions of the local frames of the detectors provide us with the angular position of the source on the sky.



It is worthwhile to mention that the situation would be different if we employ continuous gravitational waves instead of short pulses. For continuous waves from a pulsar, for instance, we can use a single detector instead of three and make measurements at three different times or more within 24 h of exposure. The resulting different values of the phase   φ =  Ω ⊕  t +  φ 0    in Equations (31) and (33) would be sufficient to measure  ω ,  θ  and  ϕ .



For further discussion of rotating gravitational wave detectors, see [23,24] and the references cited therein.





3. Gravitational Time Delay


Consider the exterior gravitational field of a rotating astronomical source that remains at rest in the background Minkowski spacetime. This rotating source will function as a gravitational lens in the main part of this section. We treat the gravitational field in accordance with the linear approximation of general relativity (GR). It is possible to express linearized GR in a form that is analogous to electrodynamics [25]. In this framework, gravitational effects can be described in terms of gravitoelectric and gravitomagnetic fields. The former are familiar from the correspondence of GR with Newtonian gravitation, whereas the latter are non-Newtonian fields generated by mass current and can be expressed as


   B g  = ∇  ×  A g   ,  



(34)




where   A g   is the gravitomagnetic vector potential. For the sake of concreteness, we assume that the source is stationary, nearly spherical and rotating slowly with constant total angular momentum  J . Far from the source, we can write


   A g   ( x )  =  G c     J × x    | x |  3    .  



(35)




Moreover, the corresponding gravitomagnetic field is given by


   B g   ( x )  =  G c     3   ( J · x )   x −   J  | x |  2     | x |  5    .  



(36)




The gravitomagnetic field of the earth has been measured via the Gravity Probe B (GP-B) experiment [26,27]. For a recent detailed treatment of gravitomagnetism, see Ref. [28] and the references cited therein.



Next, imagine the propagation of a null signal from a point    P 1  :  ( c  t 1  ,  x 1  )    to a point    P 2  :  ( c  t 2  ,  x 2  )    in the exterior of the rotating gravitational source under consideration here. The path of the signal is lightlike; therefore,


   g  μ ν    d  x μ  d  x ν  = 0  .  



(37)




With    g  μ ν   =  η  μ ν   +  h  μ ν    , Equation (37) implies


  d t −  | d x |  =  1 2    h  μ ν    n μ   n ν  d t  ,  



(38)




where   h  μ ν    is evaluated along the unperturbed signal, namely,   d  x μ  / d t =  n μ  =  ( 1 , n )   . Here,  n  is a constant unit vector that indicates the unperturbed spatial direction from   P 1   to   P 2  . Integrating Equation (38), we find


   t 2  −  t 1  =  1 c    |  x 2  −  x 1  |  +  Δ  g e   +  Δ  g m    ,  



(39)




where, in our linear approximation scheme, the gravitational time delay in this case is the sum of the Shapiro gravitoelectric time delay   Δ  g e    plus the gravitomagnetic time delay   Δ  g m   . In this section, we are mainly interested in   Δ  g m    given by [29]


   Δ  g m   = −  2  c 3     ∫   P 1    P 2    A g  · d x  .  



(40)







Let us note here that, for the sake of simplicity, we have defined time delay using coordinate time; however, the observer can simply convert it to its proper time in order to obtain an invariant measurable result.



To evaluate the line integral of the gravitomagnetic potential (35) that occurs in Equation (40), we assume that the origin of spatial coordinates coincides with the center of mass of the rotating source and, furthermore,    |   x 1   |    and    |   x 2   |    are both   ≫ G M /  c 2   , where M is the mass of the source. Then, from Equation (40), we find


   Δ  g m   = −   2 G  J ·  w ^    c 4      1   |   x 1   |    +  1   |   x 2   |        |    x ^  1  ×   x ^  2   |    1 +   x ^  1  ·   x ^  2     ,  



(41)




where


   w ^  =     x ^  1  ×   x ^  2     |    x ^  1  ×   x ^  2   |     .  



(42)




Clearly,   Δ  g m    vanishes if  J ,   x 1   and   x 2   are in the same plane or   x 1   and   x 2   are parallel.



We now consider the rotating source as a gravitational lens for the propagation of electromagnetic and gravitational rays of radiation. Let  D  be the impact parameter of the null signal such that    D ≪ |   x 1   |    and    D ≪ |   x 2   |   . Then, it is straightforward to show that Equation (41) reduces to


   Δ  g m   ≈ −   4 G  J ·  w ^     c 4  D    .  



(43)




It is important to emphasize that these results follow from the basic assumption that the signal travels along a null trajectory. The resulting time delays are therefore independent of the nature and polarization of the signal.



Observations of gravitational lensing with black holes may reveal the contribution of the gravitomagnetic effect in addition to the Shapiro time delay. Assuming a gravitational lens with an impact parameter of the order of the Einstein radius, namely,    R E  = D  , and using the relation    R E  =   (  R S   d )   1 / 2    , where d is a typical lens-source distance and   R S   is the Schwarzschild radius of the lens, we can write Equation (43) as


   Δ  g m   ≈ −   4 G  J ·  w ^     c 4    (  R S   d )   1 / 2      .  



(44)







For an extreme Kerr black hole with a maximum angular momentum of   J = G  M 2  / c  , the magnitude of gravitomagnetic time delay simplifies to    |   Δ  g m    | ≈   (  R S  / c )    (  R S  / d )   1 / 2    |  J ^  ·  w ^  |   . For an extreme Kerr black hole of mass   M ∼  10 6   M ⊙    at a cosmological distance that has been detected through microlensing of a gamma-ray burst (GRB), such as the source in [30,31], the numerical value of the time delay would be at most    |   Δ  g m    | ≈   10  − 3     s. This time delay turns out to be much shorter than the sampling rate of the light curve, which is of the order of   10  − 1    s. The sampling rate of the GRB light curve by FERMI satellite is larger than the gravitomagnetic time delay; therefore, the latter is not detectable in this data. However, future gamma-ray detectors with high sampling rate should take into account the possible contribution of the gravitomagnetic term.



It is worth mentioning that the time delay due to the passage of a free gravitational wave can be simply evaluated using Equation (38); that is,


   Δ  g w   =  1 2   n i   n j   ∫   t 1    t 2    h  i j    ( t ,  x 1  + n  ( t −  t 1  )  )   d t  .  



(45)




If the plane gravitational wave propagates along the same direction as the null signal,    Δ  g w   = 0   by tranversality; otherwise,    Δ  g w   /  (  t 2  −  t 1  )    is generally of the order of magnitude of the average amplitude of the incident radiation. For instance, in the case of an incident wave packet with amplitude


   h  i j    ( t , x )  = Re  ∑ ω    h ^   i j    ( ω )   e  − i ω ( t −  k ^  · x )    ,  



(46)




where   k ^   is fixed and   1 −  k ^  · n ≠ 0  , we have


   Δ  g w   =    n i   n j    1 −  k ^  · n   Re  ∑ ω    h ^   i j    ( ω )    sin ( ω σ )  ω   e  − i ω (  σ 0  + σ )    .  



(47)




Here,


   σ 0  =  t 1  −  k ^  ·  x 1   ,  σ =  1 2   ( 1 −  k ^  · n )   (  t 2  −  t 1  )   .  



(48)








4. Propagation of Polarized Gravitational Waves


Let us return to Equation (21) and note that in the rotating frame of the static observer,    ω 2  =  c 2   k 2    implies


    (  ω ′  +  H ′  · Ω )  2  =  c 2   k    ′  2    ,  



(49)




where    H ′  = ±  s   k ^  ′    and we define the unit vector     k ^  ′  : =  k ′  /  |  k ′  |   . Working to first order in the helicity-rotation coupling, the dispersion relation for radiation propagating in the rotating frame is thus given by


   ω    ′  2   =  c 2   k    ′  2   ∓ 2 c s  k ′  · Ω  .  



(50)







According to the gravitational Larmor theorem [32], which is the gravitomagnetic version of Einstein’s principle of equivalence, the gravitomagnetic field of a rotating source is locally equivalent to the angular velocity of the rotation of a frame of reference such that


   1 c    B g  = − Ω  .  



(51)







In electrodynamics, Larmor’s theorem originally established a certain equivalence between physics in a rotating frame and in the presence of a magnetic field [33]; similarly, Equation (51) expresses a certain equivalence between rotation and gravitomagnetism. Therefore, using Equations (50) and (51), the local dispersion relation for radiation propagating in the exterior field of a rotating source can be written to first order in    |   B g   /  ( c ω )  | ≪ 1    as


   ω 2  =  c 2   k 2  ± 2 s k ·  B g   .  



(52)







It follows from this relation that


  ω = c k ±  1 c  s  k ^  ·  B g   .  



(53)




We need to extend this local relation to the spacetime of the rotating source. In the WKB limit (  ω → ∞  ), the radiation propagates along a null geodesic ray that bends in the gravitational field due to the mass M and angular momentum J of the source. The motion of the ray is independent of the polarization of the radiation. The helicity-rotation-gravity coupling evident in Equation (53) constitutes a weak perturbation that occurs around the ray; that is, the polarization of the radiation gives rise to a small correction in the motion of the ray. To simplify matters, we can ignore the bending of the ray and work in a global inertial frame in Minkowski spacetime with the understanding that the deviations that we find around a straight null path actually occur about a deflected null geodesic ray.



Consider the propagation of (electromagnetic or gravitational) radiation in the stationary gravitational field of a uniformly rotating source. The frequency of the radiation remains constant in the stationary background. Hamilton’s equations for the dispersion relation (53) with   ω = H ( x , k )   can be expressed as


    d x   d t   =   ∂ H   ∂ k   =  v  g r     



(54)




and


    d k   d t   = −   ∂ H   ∂ x   = ∓ s ∇  (  k ^  ·  B g  )   .  



(55)




Here, the group velocity   v  g r    can be computed by differentiating Equation (52) with respect to  k  and the result is


   v  g r   =  1 ω   ( k ± s  B g  )   .  



(56)







To solve these equations, we assume that


  ω = H  (  x +  ,  k +  )  = H  (  x −  ,  k −  )   ,  



(57)




where


   k ±  =  k 0  ± κ  ( t )   ,   x ±  =  x 0  ± q  ( t )    



(58)




correspond to positive (+) and negative (−) helicity states of the radiation. We treat   κ ( t )   and   q ( t )   to linear order in accordance with our perturbation scheme; that is,   k 0   indicates the wave vector of the average unpolarized null signal. Substituting Equation (58) in Hamilton’s equations, we find


    d  x 0    d t   =   k 0  ω   ,    d q   d t   =  1 ω   ( κ + s  B g  )    



(59)




and


    d  k 0    d t   = 0  ,    d κ   d t   = − s ∇  (   k ^  0  ·  B g  )   .  



(60)




Furthermore, Equations (53), (57) and (58) imply, after some algebra, that


    k ^  0  ·  ( κ + s  B g  )  = 0  ,  ω =  |  k 0  |   .  



(61)







These results imply that   k 0   is a constant propagation vector and   d  x 0  / d t =   k ^  0    is the equation of motion of the unperturbed null ray. Moreover, we note that in the exterior of the rotating source


   B g  = − ∇  Ψ g   ,   Ψ g  =  G c    J · x    | x |  3    ,  



(62)




where   Ψ g   is the gravitomagnetic scalar potential such that    Ψ g   ( ∞ )  = 0  . Hence, in Equation (60), along the unperturbed ray,


  ∇  (   k ^  0  ·  B g  )  = − ∇    d  x 0    d t   · ∇  Ψ g   =   d  B g    d t    ,  



(63)




since    k ^  0   is constant and    ∂ t   B g  = 0  . It then follows from Equation (60) that


   d  d t    ( κ + s  B g  )  = 0  ,  κ + s  B g  : = ω  V 0   ,  



(64)




where    V 0  = d q / d t   is a constant vector orthogonal to the unperturbed ray by Equation (61). It is possible to show that the group speed along the ray is equal to the speed of light,    v  g r   ·   k ^  0  = 1  , and in this way the solutions to Hamilton’s equations are completely specified.



An important consequence of these solutions is the differential deflection of polarized radiation [13,32]; that is,


   x ±  =  (   k ^  0  ±  V 0  )  t + constant  ,   k ±  =  k 0  ± ω  V 0  ∓ s  B g   ,  



(65)




where   V 0   is normal to the direction of the null ray,     k ^  0  ·  V 0  = 0  . In the next two sections, we employ these results to work out two other consequences of our considerations, namely, the gravitational Faraday rotation of linear polarization and the gravitomagnetic time delay of polarized (electromagnetic or gravitational) waves. The basic idea here follows from Equation (65), namely, along the ray, the two helicity states have different phase speeds [32].




5. Gravitational Faraday Rotation


The gravitomagnetic rotation of the plane of linear polarization of electromagnetic waves along the direction of a ray was first pointed out by Skrotskii in 1957 and is known as the Skrotskii effect [34]. It is the gravitational analog of the Faraday rotation in electrodynamics. In general relativity, the amplitude of the electromagnetic wave is parallel propagated along the ray in the eikonal approximation and this leads to the Skrotskii effect in the gravitational field of a rotating source. It is a general phenomenon that is also valid for gravitational waves and can be derived as a consequence of the spin-rotation-gravity coupling.



Let   L 1   and   L 2   be the amplitudes of the two independent linear polarization states of the radiation. One can be transformed into the other by a rotation of angle   π / ( 2 s )  . The independent circular polarization states are then    C ±  =  (  L 1  ± i   L 2  )  /  2   . Here,   C +   (  C −  ) refers to positive (negative) helicity amplitude.



Suppose at some initial event at   t =  t i    along the ray characterized by   d  x 0  / d t =   k ^  0   , the wave amplitude  ψ  is   L 1  ; that is,   ψ  (  t i  )  =  L 1  =  (  C +  +  C −  )  /  2   . Then, as the wave propagates along the ray, its amplitude is given by


  ψ  ( t )  =  1  2     C +   e  f +   +  C −   e  f −     ,  



(66)




where, using the results of the previous section,


   f ±  = − i ω  ( t −  t i  )  + i  ∫    x ¯  i    x ¯    k ±  · d  x 0   .  



(67)




Here,     x ¯  i  =  x 0   (  t i  )    and    x ¯  =  x 0   ( t )  =   x ¯  i  +   k ^  0   ( t −  t i  )   . Along the ray,    V 0  ·   k ^  0  = 0   and


   k ±  · d  x 0  =  (  k 0  ∓ s  B g  )  · d  x 0   .  



(68)




That is, the different phase speeds have to do with the component of   B g   along the ray. From    k 0  · d  x 0  = ω  d t  , we find that


   f ±  = ∓ i  Θ  ,  



(69)




where


  Θ = s  ∫    x ¯  i    x ¯    B g  · d  x 0   .  



(70)




Equations (66) and (69) imply


  ψ  ( t )  =  L 1  cos Θ +  L 2  sin Θ  .  



(71)




Thus  Θ  is the angle of the rotation of the linear polarization state along the ray and can be expressed as


  Θ = −  s  c 2    [  Ψ g   (  x ¯  )  −  Ψ g   (   x ¯  i  )  ]   .  



(72)




Alternatively, we can write


    d Θ   d t   =  s c   B g  ·   k ^  0   .  



(73)




If the ray propagates from minus infinity to plus infinity, the net angle of rotation is zero.



The gravitational Faraday effect, which persists in the WKB limit (  ω → ∞  ), can also be derived in the case of gravitational radiation from the way the gravitational wave amplitude is propagated along the ray within the framework of the eikonal approximation [13]. For recent applications of the Skrotskii effect, see [35,36] and the references cited therein.




6. Delay of Polarized Waves


Suppose we keep track of the arrival of polarized radiation along the null geodesic ray whose direction is characterized by the unit vector    k ^  0  . Using Equation (65), we find that the wave vectors of the two helicity states along this direction are given by


   k ±  ·   k ^  0  = ω ∓ s   k ^  0  ·  B g   .  



(74)




The different phase speeds along the ray lead to the time delay of polarized radiation.



Imagine waves of frequency  ω  involving both helicity states that start propagating along the ray from     x ¯  i  =  x 0   (  t i  )    at some initial time   t i   and are finally received at   t f ±   by an observer at     x ¯  f  =  x 0   (  t f  )   , where    t f  =  (  t f +  +  t f −  )  / 2  . Here,   t f +   (  t f −  ) is the time of the reception of a positive (negative) helicity wave by the observer at    x ¯  f  . Let us employ Equation (74) and write the phase of polarized radiation along the ray as


  d  Φ ±  = − ω d  t ±  +  k ±  · d  x 0  = − ω d  (  t ±  − t )  ∓ s  B g  · d  x 0   .  



(75)




Then, it follows from the equality of the net variation in the phase of the polarized waves as they propagate from   t i   to   t f ±   that


  ω  (  t f ±  −  t f  )  = ∓ s  ∫    x ¯  i     x ¯  f    B g  · d  x 0   .  



(76)




We define the delay of polarized waves along the ray by


   Δ P  : =  t f +  −  t f −   .  



(77)




Hence, Equation (76) implies [32]


   Δ P  = 2  s   c 2   ω    [  Ψ g   (   x ¯  f  )  −  Ψ g   (   x ¯  i  )  ]   .  



(78)




When the observer is very far away from the gravitational source,    Ψ g   (   x ¯  f  )    may be neglected and we find


   Δ P  = − 2   s  G    c 3  ω     J ·   x ¯  i     |    x ¯  i    |  3     .  



(79)







To illustrate this result for the case of gravitational waves (  s = 2  ), let us consider the merger of a binary black hole system as the source of the gravitational waves. To simplify matters, we imagine that the result of the merger is a nearly extreme Kerr black hole of mass M and angular momentum J that approaches   G  M 2  / c  . For the gravitational waves that originate near the horizon of the final black hole,    |    x ¯  i   | ∼ 2 G M /   c 2   , and we find from Equation (79) that at most


   |   Δ P   | ∼   1 ω   .  



(80)







The LIGO and Virgo detectors are sensitive in the frequency range   ν = ω / ( 2 π )   of 10 Hz to 10 kHz [37]. The corresponding time delay    |   Δ P   |    from Equation (80) would then be in the range of 16  μ s to 16 ms. For frequencies   ν ∼ 100   Hz, the magnitude of the time delay would be at most    |   Δ P   | ∼ 1    ms. Let us note that    |   Δ P   |    is linearly proportional to the mass M of the final black hole, since  ω  is inversely proportional to M; therefore, the arrival time delay of gravitational waves with different circular polarizations could be larger with more massive binary black hole mergers. The trigger time of the two detectors in LIGO is approximately 7 ms for the event designated as GW150914 [38]. We conclude that the time resolution of future detectors with improved capabilities could possibly resolve arrival time delays of order milliseconds for different circular polarization states of incident gravitational radiation.




7. Discussion


The helicity of linearized gravitational waves can couple to the rotation of an observer or the gravitomagnetic field of a rotating astronomical body. We describe the pertinent modifications of the Doppler effect and aberration for the reception of polarized gravitational waves by rotating observers. Moreover, the propagation of polarized gravitational waves in the field of a rotating mass is considered and the corresponding gravitational Faraday rotation and time delay are studied. The effects of polarized gravitational waves are issues of current interest [39,40]. In the light of the recent discovery of gravitational waves, we provide simple estimates for some of the consequences of the spin-rotation-gravity coupling involving incident transient gravitational waves. The resulting effects are small and might be of interest for future detectors of gravitational radiation.
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