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Abstract: We study the dynamics of gauge-invariant scalar perturbations in cosmological scenarios
with a modified Friedmann equation, such as quantum gravity bouncing cosmologies. We work
within a separate universe approximation which captures wavelengths larger than the cosmological
horizon; this approximation has been successfully applied to loop quantum cosmology and group
field theory. We consider two variables commonly used to characterise scalar perturbations: the
curvature perturbation on uniform-density hypersurfaces ζ and the comoving curvature perturbation
R . For standard cosmological models in general relativity as well as in loop quantum cosmology,
these quantities are conserved and equal on super-horizon scales for adiabatic perturbations. Here
we show that while these statements can be extended to a more general form of modified Friedmann
equations similar to that of loop quantum cosmology, in other cases, such as the simplest group
field theory bounce scenario, ζ is conserved across the bounce whereas R is not. We relate our
results to approaches based on a second-order equation for a single perturbation variable, such as the
Mukhanov–Sasaki equation.

Keywords: quantum gravity; cosmological perturbation theory; bouncing universe; group field
theory; loop quantum cosmology

1. Introduction

On large scales, the observable Universe can be described in simple terms: it is
very close to a homogeneous, isotropic (and probably spatially flat, although that is less
clear [1,2]) Friedmann–Lemaître–Robertson–Walker (FLRW) universe, with nearly scale-
invariant small scalar perturbations. The challenge for all approaches to modern cosmology
is to find an explanation for this observed structure, and to resolve various puzzles inherent
to the currently accepted ΛCDM model of cosmology. This challenge is often seen as an
opportunity for theories of quantum gravity to connect to observations, in particular since
the ΛCDM model features the Big Bang singularity which signals its own fundamental
incompleteness. The relative simplicity of our Universe means that one does not need to
understand quantum gravity in full generality to say something about cosmology: all that
is needed is a formalism powerful enough to deal with approximately homogeneous and
isotropic universes. Various quantum-gravity inspired cosmological scenarios can indeed
describe the evolution of perturbations across a quantum bounce [3].

The description of cosmological perturbations in the standard framework is based
on gauge-invariant perturbation variables [4], characterised by their invariance under
infinitesimal diffeomorphisms, which correspond to physical perturbations. On top of
this notion of gauge invariance, there are gauge-invariant perturbation variables with a
particularly direct physical interpretation. The curvature perturbation on uniform-density
hypersurfaces ζ is directly related to cosmological observations at late times, in particular of
the cosmic microwave background (CMB) [3]. The notion of what characterises a ‘good’
cosmological perturbation variable may not extend straightforwardly to quantum gravity,
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where the notions of gauge invariance and diffeomorphisms may be modified [5], or
where one may not have access to an effective action for perturbations. The physical
mechanism for the generation of cosmological perturbations may also be different from
the most commonly assumed framework of inflation, where they arise from quantum
fluctuations on an effectively classical background. It is important to be clear about which
assumptions from standard perturbation theory are carried over to a particular quantum
gravity formalism of interest.

In this paper, we study gauge-invariant scalar perturbations in quantum gravity
bounce scenarios governed by a modified Friedmann equation which reduces to gen-
eral relativity at low energies but includes high-curvature corrections. This starting
point is familiar from the standard effective dynamics of Loop Quantum Cosmology
(LQC) [6,7] but clearly more general1. We do not assume an effective spacetime descrip-
tion of perturbations, but ask what properties of the dynamics of perturbations can be
obtained from the Friedmann equation and homogeneous matter dynamics alone. Con-
sequently, we work in the separate universe picture for long-wavelength cosmological
perturbations [9–11], which suggests that such perturbations can be well approximated by
a universe consisting of many independent, locally homogeneous patches, each governed
by a local Friedmann equation and dynamical equations for matter. The separate universe
approach has already been studied in LQC [12] and Group Field Theory (GFT) [13]. Our
work extends the results of [12] to more general modified Friedmann equations such as
those appearing in GFT, while also going beyond [13] in that we study gauge-invariant
perturbation variables.

In standard cosmology, the quantity ζ is conserved on super-horizon scales for adia-
batic perturbations, ζ ′ = 0 (see, e.g., [14]; here and in the following, ′ refers to derivative
with respect to an arbitrary time coordinate). This property is very important: it means
one only has to follow the evolution of cosmological perturbations while they are within
the Hubble horizon. Typically, in a cosmological scenario that aims to solve the horizon
problem, perturbations are initially generated deep inside the Hubble horizon, then leave
the horizon as the Universe expands or contracts, only to re-enter later as amplified, clas-
sical perturbations. In bounce scenarios, the point of exiting the horizon is often in a
contracting phase before the bounce and re-entry happens in the subsequent expansion
phase [3]. (A subtle point which we will get back to later is that at the bounce itself the
horizon is necessarily infinite so all modes are sub-horizon). We review the derivation of
the conservation law for ζ from which one can readily see that it will continue to hold
for adiabatic perturbations in quantum gravity scenarios of interest, where the continuity
equation remains unaltered. We also study a related quantity, the comoving curvature pertur-
bation R. This quantity usually satisfies a similar conservation law for long-wavelength
modes, R′ = 0, and in general relativity one can show that −ζ = R on super-horizon
scales (with appropriate sign conventions). This equality is no longer guaranteed if one
goes beyond general relativity as we do here. Indeed, the simplest GFT bounce scenario
gives an example of quantum-gravity inspired cosmological dynamics for which ζ is still
conserved, butR is not.

This article is organised as follows: In Section 2, we give a brief introduction to
standard cosmological perturbation theory, including the definitions of ζ and R, and
introduce the separate universe framework. We then proceed to rederive the well-known
conservation law for ζ in the case of adiabatic perturbations in Section 3. The main
results of this paper are contained in Section 4: we first derive perturbation equations for
long-wavelength modes starting from a general modified Friedmann equation without
specifying a lapse or choosing a specific gauge for perturbation variables. We then comment
on the meaning of different gauge choices in the separate universe framework (Section 4.1).
Working in the comoving gauge, we study a class of modified Friedmann equations, where
the modification is a function of the energy density ρ only (a special case of which is LQC),



Universe 2023, 9, 29 3 of 24

in Section 4.2. We find that for this particular case R′ = ζ ′ = 0 continues to hold. In
Section 4.3 we consider a modified Friedmann equation obtained from GFT as an example
for whichR′ 6= 0. Our main results are based on solving first-order equations of motion, but
in Section 5 we compare this strategy to approaches based on a single second-order equation
of motion for a single perturbation variable, such as the Mukhanov–Sasaki equation. We
finally conclude in Section 6.

2. Cosmological Perturbations

The usual starting point in cosmological perturbation theory is to model the Universe
as a flat FLRW universe with inhomogeneous perturbations. We will follow this assumption
even though the observational status of spatial curvature is not fully settled. This is because
we are interested in the behaviour of perturbations near a bounce, where spatial curvature
would be subdominant, and because the quantum gravity scenarios we are interested in
might prefer flat FLRW geometries (see, e.g., [15,16] for the situation in GFT cosmology).
The general form of the perturbed line element at linear order for scalar perturbations,
following standard conventions [4,17], is 2

ds2 = −N2(t)
(

1 + 2Φ̃(t, xi)
)

dt2 + 2N(t)a(t) ∂iB(t, xi)dt dxi

+a2(t)
[(

1− 2ψ(t, xi)
)

δij + 2∂i∂jE(t, xi)
]
dxi dxj . (1)

For concreteness, we have added the functional dependence of all variables explicitly:
we have the background scale factor a(t) and lapse function N(t) (which only depend on
time) and perturbations Φ̃, ψ, B and E, which in general depend on space and time.

In cosmological bounce scenarios, departures from general relativity are expected to
become relevant near the bounce, where most modes are super-horizon (as mentioned
earlier, at the bounce itself all modes are sub-horizon). We will therefore only be interested
in a long-wavelength approximation in which spatial gradients are neglected, so that

Φ̃(t, xi)→ Φ̃(t) , ψ(t, xi)→ ψ(t) , ∂iB→ 0 , ∂i∂jE→ 0 . (2)

Φ̃ and ψ can then be seen as perturbations in the background quantities N and a, which is
the essence of the separate-universe idea: one can consider a universe composed of many
independent, locally homogeneous flat FLRW patches, with local lapse and scale factor

Nloc = N(1 + Φ̃) , aloc = a(1− ψ) , (3)

where N and a are now considered as averages over many patches, and Φ̃ and ψ as small
quantities (O(ε) with ε � 1) characterising the difference between one patch and the
average. We see that the metric for each patch would then be given by (1) with (2) (here and
throughout the paper, quantities of quadratic and higher order in perturbation variables
are O(ε2) and will be dropped, as we work within linear perturbation theory). The separate
universe picture is particularly useful in quantum gravity scenarios that do not allow for a
satisfactory description of inhomogeneities.

If matter is described by an energy density ρ and pressure P, one can analogously
introduce perturbation variables δρ and δP with

ρloc = ρ + δρ , Ploc = P + δP . (4)
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In the case where the matter content of the very early universe is given by a single scalar
field φ with potential Ṽ(φ) (such as in inflation, LQC or GFT), the energy density and
pressure are given by

ρ =
φ′2

2N2 + Ṽ(φ) , P =
φ′2

2N2 − Ṽ(φ) (5)

and the dynamics of the scalar field are determined by the Klein–Gordon equation

φ′′ − N′

N
φ′ + N2 dṼ(φ)

dφ
+ 3Hφ′ = 0 , (6)

where we define H = a′/a (which reduces to the usual Hubble parameter H if t is chosen
to be proper time). For φloc = φ + δφ one obtains the perturbations for the energy density
and pressure by perturbing (5) at linear order:

δρ =
φ′2

N2

(
δφ′

φ′
− Φ̃

)
+

dṼ(φ)

dφ
δφ , δP =

φ′2

N2

(
δφ′

φ′
− Φ̃

)
− dṼ(φ)

dφ
δφ . (7)

In cosmological perturbation theory, there exist two notions of gauge invariance, one
related to the choice of the lapse N and another to the choice of the coordinate system of
perturbations. The first allows an arbitrary change of the background time coordinate t→
f (t); the second encodes the invariance under infinitesimal diffeomorphisms xµ → xµ + ξµ,
where ξµ is O(ε). It is the second gauge freedom we refer to when we discuss gauge
invariance and different gauge choices in the following, keeping in mind that our separate
universe approximation will reduce the relevant gauge transformations to those of the form
t→ t + ξ0(t). For more details, see [4,17]. The metric and matter perturbation variables in
(1) are not gauge-invariant, but have certain transformation properties under infinitesimal
diffeomorphisms, such that gauge-invariant variables need to be obtained by combining
perturbation variables in a suitable manner. The two gauge-invariant perturbation variables
we have mentioned above are defined by (where different sign conventions for ζ exist in
the literature and we follow the one in [14] and going back to [18])

− ζ = ψ +
H

ρ′
δρ , R = ψ +

H

φ′
δφ , (8)

where the second definition specifically refers to a scalar field. As such, the variables in (8)
are invariant under infinitesimal diffeomorphisms acting on the metric and matter fields at
O(ε) [4]. Importantly, we will assume that the same notion of gauge invariance applies in our
quantum gravity scenarios of interest so that (8) are gauge-invariant, and hence potentially
observable, also for our modified gravitational dynamics. This is certainly an assumption
given that the action of diffeomorphisms might receive quantum corrections as in LQC [19],
but in the absence of a full spacetime picture we need to make such an assumption to
proceed. Since we are only interested in long-wavelength perturbations, we only need to
assume that diffeomorphisms act as in general relativity in that limit, which is true in LQC
and might be seen as an admissible assumption to make: naively, the longest wavelengths
should be least sensitive to any quantum gravity corrections.

Within general relativity coupled to a scalar field, one can show that −ζ = R+ O(k2),
where k is the wavenumber in a Fourier decomposition, so that in the separate universe
limit k → 0 (or, more accurately, a limit in which the physical wavelength of a mode is
much larger than the Hubble horizon: k� a′

N ) we have −ζ = R. For this reason, the two
quantities are often treated as interchangeable when long-wavelength modes are studied,
but again it is not clear whether a similar relation holds in more general cosmological
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models of the type we are interested in. We would like to point out that during slow-roll
inflation one can approximate

ρ =
φ′2

2N2 + Ṽ(φ) ≈ Ṽ(φ) ⇒ ρ′ ≈ φ′
dṼ(φ)

dφ
(9)

and hence in this case −ζ ≈ R without using any gravitational field equations. We will not
be interested in slow-roll inflation, but consider scalar fields with general potentials such
that the high-energy regime can be dominated by kinetic energy.

3. Simple Conservation Law for ζ

We start by deriving the simplest conservation law for the perturbation variables
we are considering: ζ is conserved on large scales for adiabatic matter perturbations if
the continuity equation for matter is unchanged. This is an old result in cosmology [14]
which extends directly to many quantum bounce scenarios, in particular to LQC [6,7]
and GFT [15,16,20] which do not introduce any alterations to the dynamics of the matter
content of the universe. Rederiving this result illustrates the philosophy behind the separate-
universe approach.

The continuity equation satisfied by the background variables reads

ρ′ + 3H(ρ + P) = 0 , (10)

and if we introduce locally perturbed variables according to (3) and (4), assuming that
the continuity equation also holds in each local patch, we find the perturbed continuity
equation

δρ′ + 3H(δρ + δP)− 3ψ′(ρ + P) = 0 , (11)

using that Hloc = H− ψ′. Hence,

− ζ ′ = ψ′ +

(
H

ρ′
δρ

)′
= −

(
1

3(ρ + P)

)′
δρ +

H(δρ + δP)
ρ + P

=
ρ′ + P′

3(ρ + P)2 δρ +
H(δρ + δP)

ρ + P
(12)

using (10) and (11). The assumption of adiabatic perturbations means that we can write
δP
δρ = P′

ρ′ and one finally obtains, after again using (10), that ζ ′ = 0 for these perturba-
tions. This argument relies on the long-wavelength limit, since the perturbed continuity
equation (11) would in general contain terms involving spatial derivatives (Section 5.1).
It does not, however, use the gravitational dynamics, and hence holds in many scenarios
beyond general relativity.

One commonly introduces the equation of state parameter w = P
ρ and the sound speed

c2
s = P′

ρ′ and using these definitions together with the continuity equation (10), one finds
that

w′ = −3H(w + 1)(c2
s − w) . (13)

In the case of a perfect fluid, w is constant, c2
s = w, and the adiabaticity condition is

always satisfied. A scalar field can mimic a perfect fluid if the potential is chosen such that
it has a constant equation of state parameter (at least for the time scales one is interested
in). In particular, this is the case for a massless scalar field, where w = 1. For more general
scalar field dynamics, there is exchange between kinetic and potential energy in the scalar
field and perturbations can not generally be assumed to be adiabatic; however, in general
relativity a single scalar field can generally only produce adiabatic perturbations on large
scales, so that ζ ′ = 0 [21]. As we will show in Section 4.2, ζ ′ = 0 still holds for a single
scalar field for specific forms of modified gravitational dynamics. However, for general
modifications to the Friedmann equation, one cannot conclude that a single scalar field
with an arbitrary potential induces only adiabatic perturbations.
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4. Generalised Friedmann Dynamics and Their Perturbations

We now introduce gravitational dynamics given by generalised Friedmann equa-
tions of the type expected in many approaches to quantum gravity. For this generalised
Friedmann equation, we write

H2

N2 =
κ

3
ρF , (14)

where N is a general choice of lapse, κ = 8πG is a rescaled Newton’s constant and the
function F encodes the quantum gravity corrections to the Friedmann equation of general
relativity. (F = 1 then corresponds to the general relativistic Friedmann equation).

The perturbation equations that follow in this section are independent of the specific
form of F , but we would like to give two examples that we will get back to later, namely
the modified Friedmann equations of LQC and GFT. As we will see, these two examples
characterise two qualitatively different cases, where F and its perturbations either depend
only on ρ and δρ (Section 4.2) or on other variables as well (Section 4.3). When deriving
the effective Friedmann equation in LQC or GFT one assumes that the matter content of
the universe is given by a single massless scalar field, such that the energy density is given

by ρ =
π2

φ

(2a6)
, where the scalar field momentum πφ is a constant of motion. In the standard

effective dynamics of LQC [22]

FLQC = 1− ρ

ρc
, (15)

where ρc is a universal, maximal energy density, which characterises the regime in which
quantum gravity corrections become relevant. For phenomenological applications FLQC is
sometimes assumed to hold also for massive scalar fields, even if this cannot be directly
derived from the quantum theory (see, e.g., [12,23,24]). In GFT more general forms appear
such as [20]

FGFT = 1 +
v0

a3 +
Y
a6 . (16)

Here, v0 is a fixed constant that has the unit of volume and gets its interpretation from
the underlying quantum theory. Y on the other hand is a constant of motion rather than a
fundamental parameter and so in the separate universe picture will vary from one patch to
another, δY 6= 0. Its value is related to the volume of the universe at the bounce.

To obtain the dynamics of perturbations for a modified Friedmann equation while
being agnostic about the details of the underlying gravitational theory, we proceed as
follows. An equation of motion for H is obtained from the time derivative of (14)3,

H′

H
=

N′

N
+

1
2

(
ρ′

ρ
+
F ′
F

)
, (17)

and the first- and second-order equations of motion for the metric perturbation ψ are
obtained by perturbing (14) and (17) at linear order (or equivalently, perturbing (14) and
then taking the time derivative). Giving different equivalent forms of these equations, we
have
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Hψ′ =−H2
(

Φ̃ +
δρ

2ρ
+

δF
2F

)
=− κ

3
N2
(

ρF Φ̃ +
1
2
(Fδρ + ρδF )

)
,

(18)

−ψ′′ =

(
−N′

N
− F

′

2F + 3H
ρ + P

ρ

)
ψ′ +H Φ̃′ +

H

2

(
δF ′
F − F

′

F 2 δF
)

+
κ

2
N2F (ρ + P)

(
δρ

ρ
− δρ + δP

ρ + P

)
=− N′

N
ψ′ +H Φ̃′ − κ

2
N2F (P + ρ)

(
(δP + δρ)

P + ρ
+

δF
F + 2Φ̃

)
+

H

2
F ′
F

(
− δF

2F +
δρ

2ρ
+ Φ̃ +

δF ′
F ′

)
.

(19)

Theseforms can be transformed into each other by using the Friedmann equation
(14) and by using (18) to rewrite terms proportional to ψ′ in (19). For F = 1 (and hence
F ′ = 0 , δF = 0 , δF ′ = 0) the above reduce to the standard general relativistic equations
of motions for perturbations in the long-wavelength limit (spatial gradients vanish) as
obtained from the Einstein field equations.

So far, we have not assumed a specific form of matter content. Neither have we chosen
a specific form of lapse, nor made a gauge choice for perturbation variables. A popular
choice of time coordinate is conformal time, where N = a, and certain gauge choices
simplify the perturbation equations further. We comment on the question of gauge in
the following subsection, and then discuss a specific class of functions F for which the
perturbation equations above simplify in an LQC-like fashion.

4.1. Gauge Choices in the Separate Universe Approximation

Even though one is ultimately interested in the dynamics of gauge-invariant quantities,
it is often useful to carry out calculations in a specific gauge. A popular gauge choice in
cosmology is the Newtonian or longitudinal gauge, in which all anisotropic perturbations
of the metric tensor are set to zero (B = E = 0). This gauge was also used in previous
studies of the separate universe framework in LQC [12] and GFT [13]. Here we will instead
work in the comoving gauge, which for scalar matter is defined by δφ = 0 and E = 0 .4 (As
the matter content in LQC and GFT is taken to be a scalar field, we focus on this case in the
following). For scalar matter the lapse perturbation is directly related to the perturbation of
the energy density and pressure (7) in comoving gauge,

δρ = −φ′2

N2 Φ̃ = −(ρ + P)Φ̃ = δP (20)

and one can write, using (20) and the continuity equation (10),

−ζ = R+H
δρ

ρ′
= R+

Φ̃
3

. (21)

The reasons we choose the comoving gauge are threefold. Firstly, the comoving
curvature perturbation takes a particularly simple form,R = ψ. Secondly, when working
with relational settings such as GFT, where the scalar field takes the role of a physical
clock [15,26], the comoving gauge is simply the statement that at an instant of time all
patches of the separate universe picture have the same clock value. The third reason is
more subtle and is connected to the application of gauge choices in general cosmological
perturbation theory to the separate universe picture. As already pointed out in [11], fixing
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the Newtonian gauge E = B = 0 does not provide an additional prescription in the separate
universe picture, as anisotropic degrees of freedom are already absent in this approximation
(see (2)). In general relativity, a relation between the metric and the lapse perturbation in
Newtonian gauge is obtained from the off-diagonal spatial components of the perturbed
Einstein field equations (δGi 6=j = κδTi 6=j) [4], which for E = B = 0 reduce to

∂i∂jψ− ∂i∂jΦ̃ = 0 . (22)

They imply that ψ = Φ̃ + xihi(t) + g(t) , where h and g are arbitrary homogeneous
functions. One then usually sets Φ̃ = ψ arguing that perturbations should average out to
zero (

∫
d3x ψ = 0 =

∫
d3x Φ̃) since any homogeneous contribution to the perturbations

could be absorbed in the background [4]. This argument would forbid any nontrivial hi(t)
or g(t) . In the separate universe framework all spatial gradients automatically vanish
and the off-diagonal components of the Einstein field equations are trivially satisfied, so
there is no analogue of (22). Equivalently, requiring that ψ = Φ̃ + g(t) is not a constraint
as the perturbations ψ, Φ̃ are in any case only functions of time in the separate universe
picture. Fixing Φ̃ = ψ for the Newtonian gauge in the separate universe framework is
therefore an additional assumption, somewhat harder to justify than in usual cosmological
perturbation theory. This issue is also discussed in [27], where the authors introduce a
‘pseudo-longitudinal gauge’, which ensures ψ = Φ̃ throughout as long as it is assumed to
hold in some limit.5

4.2. A Special Case: F = F (ρ)
In LQC, the general perturbation equations take a particularly simple form due to the

specific form ofF (15). In this section we generalise the LQC case by considering a restricted
class of corrected Friedmann equations, namely those in which F is a function of the energy
density ρ only. In particular, this means that the perturbation of F is proportional to the
perturbation of the energy density, δF = dF

dρ δρ. Unlike the case of LQC, the GFT correction
given in (16) does not fall in this category, FGFT 6= F (ρ), as Y is perturbed as well.

If we define the quantities

Fρ :=
dF
dρ

, Fρρ :=
d2F
dρ2 , A := F +Fρ ρ , (23)

we obtain the following relations for quantities derived from F , using again the continuity
equation (10):

δF =Fρδρ , F ′ = −3H(ρ + P)Fρ , A′ = −3H(ρ + P)(2Fρ + ρFρρ) ,

δF ′
F ′ =

Fρρδρ

Fρ
+

δρ + δP
ρ + P

− ψ′

H
.

(24)

We can then write the second Friedmann equation (17) and generalised perturbation
equations (18) and (19) for the F (ρ) class of modified Friedmann equations as

H′ − N′

N
H = − κ

2
N2(ρ + P)A , (25)

Hψ′ = −H2Φ̃− κ

6
N2A δρ , (26)

−ψ′′ = −N′

N
ψ′ +HΦ̃′ − κ

2
N2(A δP + 2(ρ + P)A Φ̃ + (F + ρ(ρ + P)Fρρ + (2P + 3ρ)Fρ)δρ

)
= −N′

N
ψ′ +HΦ̃′ − κφ′A δφ′ −

(
Fρ +

ρ

2
Fρρ

)
κφ′2 δρ ,

(27)

where in the last line we used the fact that matter is given by by a scalar field with ρ + P =
φ′2

N2 (the other equations are general and hold for any matter content). Equations (25)–(27)
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hold in any gauge. They correspond to the LQC equations reported in [12] (which are given
in conformal time N = a, and for a gauge in which ψ = Φ̃) for A = 1− 2 ρ

ρc
and Fρ = − 1

ρc
.

To make further progress, another equation is needed. In general relativity, this is the
diffeomorphism constraint arising from the mixed time-space components of the perturbed
Einstein field equations, δG0

i = κδT0
i , or [4]

∂i

(
HΦ̃ + ψ′ − κ

2
φ′ δφ

)
=: ∂iD = 0 , (28)

which implies D = s(t) where s is an arbitrary homogeneous function. In the usual formal-
ism, one then argues that perturbations are inhomogeneous functions over a homogeneous
background, and any homogeneous contribution to D can be absorbed in the homogeneous
background dynamics to justify the requirement that the perturbation variables satisfy
D = 0. This discussion is analogous to the gauge choice ψ = Φ̃ in Newtonian gauge that
we discussed in Section 4.1.

As in the discussion in Section 4.1, there is no analogue of (28) in the separate universe
framework due to the absence of spatial gradients. However, in scenarios of interest such
as bouncing cosmologies, one expects to set initial conditions in a regime where general
relativity holds and one can consider the case where spatial gradients are small, but not
exactly zero. Then, at some initial time t0 where initial conditions are set, which can be
any time at which the strict k → 0 limit has not been applied yet, (28) implies D = 0 for
the modes of interest. If one can then show that in general D′(t) = 0 together with the
initial condition D(t0) = 0 , D = 0 holds throughout the evolution. This means we obtain
another effective constraint equation for perturbations which, as we will see below, can be
used to infer conservation laws for gauge-invariant perturbation variables. For a setting
with a modified Friedmann equation, (28) represents the low-curvature limit (F → 1) of
a possibly modified form of D. The modified form for D cannot be derived directly but
guessed and justified in hindsight, as was done for LQC in [12]. In the following, we
introduce a differential equation for suitable D in comoving gauge and show that it holds
for any form of F (ρ) . We work in the comoving gauge, but a similar calculation can be
carried out in the Newtonian gauge (see Appendix A).

Inspired by [12], where the corrections to D for a modified Friedmann equation appear
in the δφ term only, we assume that in comoving gauge D takes the same form as in general
relativity,

D = ψ′ + Φ̃H . (29)

From the equation for ψ′ (26) together with (20) we obtain

ψ′ = −HΦ̃ +
κ

6
Aφ′2

H
Φ̃ (30)

and it immediately follows that

D =
κ

6
φ′2

H
AΦ̃ . (31)

We now show that D satisfies

AD′ + WAD−A′D = 0 (32)
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for a certain form of W, and with A defined in (23). Using the perturbation equation (27)
for ψ′′ in the F (ρ) case in comoving gauge (so that δφ′ = 0), D′ reduces to

D′ =
N′

N
ψ′ +H′ Φ̃ + κφ′2

(
Fρ +

ρ

2
Fρρ

)
δρ =

N′

N
ψ′ +H′ Φ̃− κ

φ′4

N2

(
Fρ +

ρ

2
Fρρ

)
Φ̃ , (33)

where we used the relation between δρ and Φ̃ given in (20). It then follows that

AD′ + WAD−A′D =AΦ̃
(
H′ − N′

N
H+

κ φ′2

6H

(
AN′

N
−A′ + WA

)
− κφ′4

N2

(
Fρ +

ρ

2
Fρρ

))
(34)

= κφ′2A Φ̃
(

1
6H

(
AN′

N
−A′ + WA− 3HA

)
− φ′2

N2

(
Fρ +

ρ

2
Fρρ

))
(35)

=
κφ′2A2 Φ̃

6H

(
N′

N
+ W − 3H

)
, (36)

using (30), the equation for H′ , (25), and then eliminating A′ using (24). If we now choose
W = 3H− N′/N , we obtain (32). Hence, as long as initial conditions are set in a regime
where D = 0 is satisfied, ψ′ + Φ̃H = 0 holds at all times.

We can now proceed to study the conservation laws for the gauge-invariant curvature
perturbations ζ andR defined in (8) for a modified Friedmann equation of the F = F (ρ)
type, which is one of the main results of this paper. As established in Section 3, ζ is
conserved whenever the adiabaticity condition δP

P′ =
δρ
ρ′ holds. If we recall that in comoving

gauge, δρ = −(ρ + P)Φ̃ = δP , it follows from (31) and D = 0 that Φ̃ = 0 and hence the
adiabaticity equation is always satisfied, irrespective of the explicit form of Ṽ(φ) . Therefore,
in the F (ρ) case (which, to repeat, includes both general relativity and standard LQC), ζ

will always be conserved on super-horizon scales, and a single scalar matter field cannot
introduce non-adiabatic perturbations. Furthermore, from (21) it follows that −ζ = R , as
in general relativity. While the intermediate steps in this argument, like the form of the
constraint equation and δρ = 0 , are gauge-dependent statements, the implications for the
gauge-invariant variables ζ andR hold in any gauge.

Another example for the F (ρ) case can be found in the modified Friedmann equation
that arises by considering Barrow entropy, as was done in [28]. The authors give the

modified Friedmann equation as 8π
κ

π∆/2(2+∆)
(2−∆)

(
κ

8π H2)1−∆/2
= κ

3 ρ, where N = 1, ∆ ∈
[0, 1] is the parameter of the Barrow entropy and ∆ → 0 gives the Friedmann equation

of general relativity.6 This can be rewritten as H2 = κ
3 ρ
(

κ2ρ

24π2

) ∆
2−∆
(

2−∆
2+∆

) 2
2−∆ , i.e., F =(

κ2ρ
24π2

) ∆
2−∆
(

2−∆
2+∆

) 2
2−∆ . Since this is of the form F = F (ρ), we can use the above result to

conclude that also in this scenario −ζ = R as in general relativity, leading to the same
conservation laws for a single scalar matter field.

4.3. F 6= F (ρ) Example: GFT

We now turn to the more general case of F 6= F (ρ), where there is no equation
analogous to the diffeomorphism constraint of general relativity. In this case, we cannot
exclude non-adiabatic perturbations in general, but if we restrict ourselves to the special
case of a scalar field satisfying the adiabaticity condition δP = c2

s δρ , it follows that ζ ′ = 0 ,
as demonstrated in Section 3. The quantityR on the other hand is no longer conserved: if
we insert δρ = −(1 + w)ρ Φ̃ (see (20)) into the equation of motion for ψ (18), we find that
in comoving gaugeR satisfies

−R
′

H
= Φ̃ +

δρ

2ρ
+

δF
2F = (1− w)

Φ̃
2
+

δF
2F . (37)

Consequently, for generalised Friedmann equations with general F , −ζ = R no longer
holds: while ζ remains constant on super–horizon scales,R now has non-trivial dynamics.
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For a massless scalar field (c2
s = w = 1), which we consider in the following, the dynamics

inR are determined only by the expression for F .
In the remainder of this section, we investigate the dynamics of the comoving curvature

perturbation R in a GFT toy model as established in [20], which leads to an effective
Friedmann equation specified by (16). The GFT framework uses a massless scalar field
φ as the only matter content of the universe (or rather, it represents the dominant matter
content in the bounce region one is interested in when studying quantum gravitational
effects) and φ also serves as a relational matter clock. In the special case of a massless scalar
field, Ṽ(φ) = 0 , the Klein–Gordon Equation (6) can be solved and the expressions for the
energy density and its perturbation simplify as

φ′ =
πφN

a3 ⇒ ρ =
π2

φ

2a6 , δρ = 2ρ

(
δπφ

πφ
+ 3ψ

)
, ρ′ = −3H

π2
φ

a6 = −6Hρ , (38)

where the scalar field momentum πφ is a constant of motion. Furthermore, for a massless
scalar field, the relation between the lapse perturbation and the energy density perturbation
in comoving gauge as given in (20) reduces to δρ

ρ = −2Φ̃ . One also obtains

ζ =
1
3

δπφ

πφ
, (39)

so that the conservation of ζ follows directly from the fact that πφ and its perturbation δπφ

are constants of motion. We first consider the evolution ofR (= ψ in comoving gauge) as
obtained from the evolution of the GFT volume operator studied separately in each patch
of the separate universe picture and then proceed to compare this to the dynamics of R
obtained by solving the generalised perturbation equation (37). We limit our presentation
to the main points; for details, please see Appendix B.

4.3.1. Evolution ofR for Exact Solutions in a GFT Model

The GFT corrected Friedmann equation originates from the evolution of the expec-
tation value of the GFT volume operator7 V(φ) := 〈V̂(φ)〉 taken over a suitable class of
semiclassical states with respect to the clock φ. The analytic solution for the evolution of
V(φ) in a non-interacting GFT and assuming a single dominant field mode is given by [20]

V(φ) = v0 Ae2ωφ + v0Be−2ωφ − v0

2
, (40)

where A, B ≥ 0 are real parameters determined by the initial conditions (and v0 is a fixed

constant). The effective Friedmann equation is then obtained from V(φ)′2

V(φ)2 (which can be

related to the usual form using V = a3 and rewriting H in relational time φ , see (A12)) and
in order to obtain the correct late-time limit of this Friedmann equation the fundamental
parameter ω is fixed to satisfy ω2 = 3

8 κ .
To obtain an exemplary evolution ofR directly from the solution to V(φ) as given in

(40), we set up an ensemble of separate universe patches labelled by p, each with slightly
different initial conditions Ap, Bp . The bounce in each patch happens at φp,bounce =

1
4ω log

(
Bp
Ap

)
, such that for generic initial conditions each patch reaches its minimum volume

at a different value of φ . We obtain the perturbation ψp of each patch from Vp = (ap)3 =

(abg)
3 − 3ψp at linear order, such that

ψp =
1
3

(
1−

Vp

Vbg

)
, where Vbg :=

1
Npatches

∑
p

Vp , (41)
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and Npatches is the the total number of patches in the ensemble considered. This gives an
analytic expression for the perturbation ψp (and hence Rp) of each patch. In comoving
gauge the value of φ at a given instant of relational time is (by definition) the same in each
patch, and it is therefore straightforward to compare the evolution of Vp(φ) of different
patches (unlike in [13], where more general gauge choices were studied).

4.3.2. Evolution ofR from Separate Universe Perturbation Equations

We now compare the evolution of ψp as given by (40) and (41) to that obtained from
the generalised perturbation equations (18) or (37) in comoving gauge. We wish to establish
if and for how long these generalised perturbation equations correctly capture the exact
evolution ofR .

As the matter content is given by a massless scalar field, w = 1 in (37) andR′ = −H δF
2F .

We fix F as given in (16), so that

F = 1 +
v0

a3 +
Y
a6 , δF = 3

v0

a3 ψ + 6
Y
a6 ψ +

δY
a6 , (42)

and the constant of motion Y is related to the coefficients in (40) as

Y =
v2

0
4
− 4 v2

0 A B . (43)

From the definition of A and B from the underlying quantum theory, it follows that
A B ≥ 1

16 and hence Y ≤ 0 (see Appendix B). We can consider at least two inequivalent

approaches of defining the background quantity Y = Ybg, namely Y =
v2

0
4 − 4 Abg Bbg

or Y = 1
Np

∑p Yp , where we define Abg := 1
Npatches

∑p Ap and Bbg := 1
Npatches

∑p Bp . If we
average over the volumes of each patch Vp, which are given by (40) with A, B→ Ap, Bp , we
find that Vbg is obtained by replacing A, B with their background values A, B→ Abg, Bbg

in (40). We will therefore use Y =
v2

0
4 − 4AbgBbg in the following. The alternative choice

would introduce nonlinear averaging effects in the evolution of Vbg around the bounce, but
these would have no impact on the qualitative statements made in the remainder of this
section. We define δY := Yp −Ybg = −4 v2

0

(
δAp Bbg + δBp Abg + δAp δBp

)
.

To solve the equation of motion forR, we first obtain an expression for H by solving
the background Friedmann equation (14), which in relational time reads

H =
1
3

dV
dφ

1
V

φ′ ⇒
(

dV
dφ

1
V

)2
=

3
2

κF , (44)

and is solved by

V(φ) =
C
4

e
√

3κ/2 φ +

(
−Y +

v2
0

4

)
C−1e−

√
3κ/2 φ − v0

2
. (45)

As an example, we consider again an ensemble of patches that follow (40) with
perturbed initial conditions (different values of Ap, Bp for each patch). These determine
the value of Ybg and the integration constant C is fixed by setting the initial condition from
Vbg as given by (41) in the post-bounce regime. The solution to the modified Friedmann
equation V(φ) as given in (45) then agrees with the exact expression for Vbg obtained from
(40) and (41).
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To now obtain the evolution ofR = ψ, we solve (37). However, as we are concerned
also with the bounce region we use the following form to avoid division by zero (since at
the bounce H = 0 = F ), and rewrite in relational time:

2Hψ′ =− κ

6
φ′2δF ⇒ dV

dφ

1
V

dψ

dφ
= −κ

4
δF . (46)

Note that this is independent of the explicit form of the lapse N, like the relational Fried-
mann equation (44).

A solution to (46) (inserting the solution (45) in (46)) is given by

ψ =
Cψ

(
C2e
√

6κ φ − v2
0 + 4Y

)
+ 4

3 δY(
C e
√

3κ/2 φ − v0

)2
− 4Y

. (47)

The integration constant Cψ is fixed by setting the initial condition in the post-bounce
regime from the exact solution obtained from (41) for a specific patch of the ensemble.
Figure 1 shows the exact evolution of R as obtained from (41) as well as the solution to
the perturbation equations (47) for a patch of an exemplary ensemble. If perturbations
are small the exact and perturbative solution agree well. The difference in the asymptotic
values in the pre-bounce regime is given by 1

3
δAp
Abg

δBp
Bbg

.

ψpert

ϕbounce
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ψ

(a)

Δψ
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ϕ

5
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(c)

Figure 1. ψ for a single patch of an ensemble with Npatches = 16 (see also Figure A1) as given in (47)
(ψpert) compared to the exact solution (41) (ψexact). The difference between the two solutions increases
in the bounce region and asymptotically approaches a constant value, but remains small throughout.
Initial conditions are set in the post-bounce regime at φ = 4. The asymptotic values of ψ are given by
(A17) and (A18). While the qualitative behaviour of the plots and the conclusions we draw in the
main text are independent of the specific choice of initial conditions, we quote the numerical values of
parameters in the solution of ψpert for reference: Abg = 200.226 , Bbg = 200.262 , Y = −160390 , C =
800.903 , δY = 35.0685 , Cψ = 2.75576× 10−4 , v0 = 1 . The bounce time is φbounce = 1.47351× 10−5

and we set κ = 8π. (a) The evolution of ψpert (47) in an exemplary patch. The horizontal dashed lines
represent the asymptotic values of the solution (A18). (b) The difference between the exact solution
(41) and the solution obtained from the perturbation equations (47), ∆ψ = ψexact − ψpert. (c) In the

immediate vicinity of the bounce δFp
Fbg

is large, indicating a breakdown of linear perturbation theory.

If ψ is of order ε, the discrepancy between the asymptotic values is of order ε2,
i.e., a quantity that is assumed negligible in linear perturbation theory. (For details, see
Appendix B.3). We would like to point out, however, that linear perturbation theory
breaks down in the bounce region, since perturbations are no longer small relative to their
respective background quantity: at the bounce, F = 0 but δF 6= 0, and hence δF

F � 1 does
not hold (Figure 1c). Note that in the special case where all patches reach their minimum
volume at the same value of φ ( Bp

Ap
is the same in all patches), the qualitative evolution of



Universe 2023, 9, 29 14 of 24

ψ differs from the example in Figure 1. Then, even though ψ is not constant around the
bounce,R takes the same value in the semiclassical regimes before and after the bounce.

We can then conclude that, despite the invalidity of linear perturbation theory in the
bounce region, the generalised perturbation equations we established accurately capture
the non-trivial evolution of R introduced by the modified Friedmann equation across
the bounce if ψ is sufficiently small. If perturbations become too large the perturbation
equations reproduce the correct qualitative behaviour of ψ, but lead to different values
around the bounce and in the post-bounce regime.

We conclude this section with two remarks: Even though the far pre- and post-bounce
regime follow general relativistic dynamics, the relation −ζ = R can only hold in one of
them: ζ remains conserved even in the GFT case, but R has different asymptotic values
(see Figure 1). This can be understood by recalling that the dynamical equivalence of −ζ

and R in the F (ρ) case follows from initially setting D = 0 and the conservation law of
D (see Section 4.2). If the system evolves through a period in which the conservation law
for D no longer holds as is the case here, this can introduce a shift between −ζ and R.
Hence, in the GFT bouncing scenario whereR has non-trivial dynamics, the far pre- and
post-bounce phase must be treated as independent general relativistic regimes. Finally,
the assumption that the background dynamics satisfy the same Friedmann equation as
the individual locally homogeneous patches is not exact, but only holds in a perturbative
regime (see Appendix B). The fact that averaged quantities and their perturbations are
inadequate to capture the true evolution is referred to as ‘the averaging problem’ in standard
cosmology [29–31]. It can be summarised as follows: the assumption that the Universe
(even at present) is homogeneous and isotropic, such that it can be described by the FLRW
metric, only holds on average over large scales. Einstein’s equations are highly nonlinear
and it is per se unclear whether an average of an exact solution that takes the true matter
distribution of the Universe into account will match a solution obtained from perturbations
around an exact FLRW universe.

5. Relation to Second-Order Perturbation Equations

In the previous section, we studied the dynamics of the comoving curvature perturba-
tionR by deriving an analogue to the diffeomorphism constraint and thereby obtaining a
conservation law in the F (ρ) case, and then considering directly a solution to the first-order
equation in ψ for a GFT model, where the matter content is given by a massless scalar field
and thus takes a specific, simple form. As established in Section 3, ζ is conserved in the
separate universe picture as long as the continuity equation holds.

Solving the first-order Equation (18) in ψ directly, as we did in the GFT case, works
only for specific forms of matter content, where one can eliminate all perturbation variables
but one. In more general cases, one can combine perturbation equations to obtain a
single second-order equation of motion that only refers to a single perturbation variable
(and background quantities). This could be an equation for ψ (which is equivalent to the
Bardeen variable Ψ in longitudinal gauge) as in [27], or the Mukhanov–Sasaki equation as
in [32]. Notably, these two approaches lead to different results for the evolution of ζ in the
separate universe framework already in general relativity. If one obtains its evolution from
a second-order equation in ψ , ζ remains constant, in agreement with our considerations in
Section 3. On the other hand, if one solves the long-wavelength limit of the Mukhanov–
Sasaki equation, the solution for ζ has a constant and a dynamical part, where the latter
is particularly important in the contracting branch. We will discuss how this discrepancy
could be understood as a limitation of the strict separate universe limit.

In order to relate our results to some of the literature, we summarise the above-
mentioned two second-order approaches of main interest in standard cosmology and
comment how they would apply to the more general types of cosmological dynamics we
consider. To simplify comparison, in this section we use conformal time (N = a and we
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denote the Hubble parameter as a′
a = H) and longitudinal gauge (E = B = 0 and ψ = Φ̃ ,

where we discussed the origin of the last relation in Section 4.1). In this gauge, the relevant
linearised Einstein equations involving the perturbation variable ψ are (see, e.g., [4])

−k2ψ− 3H
(
Hψ + ψ′

)
=

κ

2
a2δρ , (48)

ψ
(

2H′ +H2
)
+ 3Hψ′ + ψ′′ =

κ

2
a2δP . (49)

5.1. Second-Order Equation for the Metric Perturbation ψ

One can combine the temporal (48) and spatial-diagonal component (49) of the Einstein
equations to obtain an equation of motion for a single perturbation variable only, using
that for adiabatic perturbations δP

δρ = P′
ρ′ = c2

s . Together with the background equation

H′ = − 1
2H2(1 + 3w) , one obtains

3H2
(

c2
s − w

)
ψ + 3H(c2

s + 1)ψ′ + ψ′′ = −c2
s k2ψ . (50)

In the separate universe limit k → 0 , one neglects the right-hand side, obtaining an
equation that also follows from our earlier general separate universe equations (18) and
(19) in conformal time and for F = 1. In this limit, one can find the general solution
ψ(η) = H

a2

( 3
2 C1

∫
dη
(
a2(w + 1)

)
+ C2

)
, where C1 , C2 are constants depending on k in the

range of wavenumbers covered by this approximation (see, e.g., [27,33] 8).
We can obtain an expression of ζ in terms of ψ by replacing the energy density

perturbation (48) and inserting the continuity equation (10) in its definition (8):

−ζ =
2k2

9H2(w + 1)
ψ +

3w + 5
3(w + 1)

ψ +
2ψ′

3H(w + 1)
. (51)

One can then derive an equation of motion for ζ which, after using (50) and the background
equations forH′ and w′ , reads

−ζ ′ =
2k2(Hψ + ψ′)

9H2(w + 1)
, (52)

so that we again find ζ ′ = 0 when spatial gradients can be neglected. In particular, one can
verify explicitly that the long-wavelength solution ψ(η) derived above results in

−ζ(η) = C1 − k2 2C2 + 3C1
∫

dη
(
a2(w + 1)

)
9a2H(w + 1)

(53)

and so again ζ is a constant in the separate universe limit k → 0 : the second solution
ψ ∼ Ha2 does not contribute.

We will now investigate to what extent this approach could be illuminating for the
general cosmological scenarios we consider in this paper. Even though it is inherent to
the separate universe approach that the form of corrections to the perturbation equations
arising from spatial gradients cannot be determined, we include a generic form of possible
modifications, assuming they appear in a similar way to k−dependent terms in general
relativity. Recall that in order to derive the expression for ψ′′ in the separate universe picture
(19) we take the derivative of the first-order equation for ψ (18) and insert an expression for
δρ′ obtained by perturbing the continuity equation (11). If we follow the same procedure
when including inhomogeneities in ψ′ , we also need to include k−dependent correction
terms in δρ′ to ensure consistency with general relativity: inhomogeneous changes to the
dynamics of metric perturbations must lead to changes in the dynamics of the matter
perturbations (whereas in the separate universe picture we assumed the matter sector
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remains unaltered). Specifically, we consider modifications to the first-order equation of ψ

(18) and the perturbed continuity equation (11) of the form

Hψ′ = −H2
(

ψ +
δρ

2ρ
+

δF
2F

)
+ Gk , (54)

δρ′ = 3ψ′(ρ + P)− 3H(δρ + δP) + Zk , (55)

where in the classical limit Gk → − k2

3 ψ and Zk → − 2k2

κa2 (ψ
′ +Hψ) . One can then compute

an expression for ψ′′ from the derivative of (54) by inserting (55), the continuity equation
and replacing δρ as given by (54), as well as making use of the background equation
H′ = − 1

2

(
H2(1 + 3w)−HF ′F

)
and the modified Friedmann equation:

3FH2(c2
s − w)ψ +

(
3FH(c2

s + 1)− F
′

2

)
ψ′ +Fψ′′ +

(
3H2(c2

s − w)−HF
′

F

)
δF
2

+H δF ′
2

= − κa2F 2Zk
6H + Gk

(
(3c2

s + 1)F − F
′

H

)
+

G′k
H F .

(56)

In the classical limit (F → 1 , δF → 0 , F ′ → 0, δF ′ → 0 and Gk , Zk as given above)
this reduces to (50). In order to recover (18), (19) and the perturbed continuity equation (11)
in the separate universe limit, we require Zk → 0 and Gk → 0 for small k . However, unlike
for (50), the long-wavelength limit of (56) cannot necessarily be solved directly to obtain a
solution for ψ , as δF can depend on perturbation variables other than ψ.

As in the general relativistic case, we can again replace δρ from (54) and insert the
continuity and Friedmann equation in the definition of ζ (8) to obtain

−ζ = − 2Gk
3H2(w + 1)

+
(3w + 5)ψ
3(w + 1)

+
2ψ′

3H(w + 1)
+

δF
3F (w + 1)

. (57)

We can again compute its derivative, where we replace δρ′ from (55), δρ from (54) and use
the background equations:

−ζ ′ = − Zk
3(1 + w)ρ

= − κa2FZk
9H2(1 + w)

. (58)

This reduces to (52) in the classical limit and vanishes when spatial gradients can be
neglected.

In summary, following the approach used in [27,33], we found a second-order equation
in ψ similar to (50), but whether it can be written in a form that can be solved directly in the
long-wavelength limit depends on the specific form of δF . The analysis above is consistent
with the general statement from Section 3 that ζ ′ = 0 also for a modified Friedmann
equation in the separate universe limit as long as we have adiabatic perturbations.

5.2. Mukhanov–Sasaki Equation

In conventional cosmological perturbation theory, one commonly works with the
Mukhanov–Sasaki variable v [34,35], which has the property of evolving like a canonically
normalised scalar field in an expanding background; it appears with the standard kinetic
term of a scalar field in its action, and hence can be quantised canonically as a scalar field
(see, e.g., [17]).

The dynamics of the Mukhanov–Sasaki variable are governed by the Mukhanov–
Sasaki equation which (after a Fourier decomposition) reads [4]

v′′ + c2
s k2v− z′′

z
v = 0 . (59)
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For scalar matter v = a(δφ + φ′

Hψ) and z = a φ′

H so that v = zR . In general relativity
and in the long-wavelength limit, one then also has v = −zζ . The Mukhanov–Sasaki
equation can be derived by rewriting the matter and gravity action in terms of v [4] or, in
the separate universe approximation, through algebraic manipulation of the perturbation
equations [12]. The derivation of the Mukhanov–Sasaki equation requires the constraint
equation D = HΦ̃ + ψ′ − κ

2 φ′δφ = 0 , which as discussed in Section 4.2 originates from the
spatiotemporal component of the Einstein field equations and is generally not available
in a separate universe framework. (However, as we have seen a modified version can be
derived in the F (ρ) case).

Another approach to obtain a solution for ζ or R on super-horizon scales is then to
solve the long-wavelength limit of (59), which leads to [4,32]

ζ = V + S
∫ dη

z2 , (60)

where V and S are (k−dependent) constants. Here, the dynamical part of the solution
has no clear k−dependence that disappears in the separate universe limit. Imposing the
long-wavelength limit of (52) (which is equivalent to requiring that the long-wavelength
limit of the first-order equation in ψ is satisfied) would however recover a constant solution,
by requiring S = 0 . It is then unclear whether it is justified to keep the dynamical part
of ζ in (60), as this amounts to neglecting k−dependent terms in (59), but not in (52). In
some way, one then acknowledges that ζ ′ 6= 0 for small but non-zero k , which becomes
relevant in scenarios as those discussed in [12,32], where ζ contains important information
about small, but non-zero k modes in the contracting phase. The authors point out that
for the contracting branch in a bouncing universe, ζ ′ can increase as one approaches the
bounce (−η → 0), namely in the cases where ζ ′ ∼ k2(−η)−|p| (p ∈ R), leading to a
growing mode. To remain in the separate universe regime, one then has to assume that the
wavelength of perturbations is always large enough (k sufficiently small) for ζ ′ to remain
negligible. However, the separate universe limit cannot be consistently applied at the
bounce point, as it arises from the requirement that wavelengths are much larger than the
Hubble horizon, k � H . For a full treatment one would therefore need to understand
the finite theory: it seems necessary to verify any statements made about the dynamics
of perturbations in the separate universe limit around the bounce region against the full
dynamics including gradient terms. In LQC there exists an effective Hamiltonian that
allows to study perturbations also outside the strict k → 0 limit and an analogue of the
Mukhanov-Sasaki equation was derived [19], where LQC corrections to (59) appear only in
the k2– term. This cannot be done in general for model-independent perturbation equations
as we consider here. Furthermore, in absence of the diffeomorphism constraint it is unclear
whether a Mukhanov–Sasaki like equation can be derived algebraically as was done in [12]9.
The applicability of (59) to a scenario with a modified Friedmann equation is therefore far
from clear and an analogue needs to be established from the full dynamics for a specific
model in question.

In conclusion, second-order equations, as are used in standard cosmology, generally
do not provide additional insight into the evolution of gauge-invariant perturbation vari-
ables for general theories with a modified Friedmann equation in the separate universe
limit. They may nonetheless be useful for specific theories where additional information
is available.

6. Conclusions

In this article, we investigated the evolution of scalar perturbations in cosmological
scenarios with a modified Friedmann equation, such as those that can arise in quantum
gravity. We focused on the gauge-invariant perturbation variables ζ andR which are fre-
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quently studied in conventional cosmological perturbation theory, as they have a physical
interpretation and are related to the power spectrum of the CMB.

Our starting point is a generic modified Friedmann equation, and the main body of
our analysis is agnostic with regards to the underlying theory. We do however assume an
unchanged continuity equation, from which it follows that ζ is conserved for long wave-
lengths as long as perturbations are adiabatic, independent of the gravitational dynamics.
We furthermore need to assume that the notion of gauge invariance, which ensures ζ and
R are physically meaningful variables to study, remains unchanged. In cases where the un-
derlying gravitational theory admits an effective description of the modified cosmological
dynamics, this could be investigated explicitly (as is the case in LQC [19]).

We work in the separate universe framework, where the Universe is modelled as an
ensemble of disconnected patches that each follow the dynamics of an FLRW universe
and all spatial gradients vanish. In this framework, the perturbations are homogeneous
in each patch and defined with respect to the background values of the entire ensemble.
The perturbation equations are obtained by perturbing the Friedmann equation and its
derivative at linear order. We then focus on a special case, where the modification of the
Friedmann equation can be contained in a function that depends on the energy density ρ

only, F = F (ρ) . In this case, one can show that a relation similar to the diffeomorphism
constraint usually obtained from the spatiotemporal components of the Einstein field equa-
tions holds, which simplifies the perturbation equations. It then follows thatR is conserved
for these types of models, as in general relativity. Similar considerations were made for
LQC in [12] and here we show that these results hold in general for this class of modified
Friedmann equations. We then investigate a specific example of a Friedmann equation that
does not have this property, namely the GFT Friedmann equation as established in [20]. In
this case,R′ 6= 0 and we compare the evolution ofR across the bounce as obtained from
the expectation value of the GFT volume operator to analytical solutions of the generalised
perturbation equations. The difference between the solutions for ψ obtained from the two
procedures is of second order and therefore negligible for small perturbations. Finally,
we consider two common approaches in the literature that use second-order equations in
perturbation variables and comment how they relate to our findings. We conclude that
neither of them can be used to make further general statements about the evolution of
perturbations in scenarios with a general modified Friedmann equation.

In summary, we established that for a general modified Friedmann equation in the
separate universe framework, the relation R = −ζ no longer holds, whereas it remains
valid for a certain type of modification. As ζ remains conserved irrespective of the type of
modification, the separate universe framework alone is not suitable to establish possible
imprints on the CMB power spectrum from quantum gravitational effects. Inhomogeneous
perturbations need to be included in an analysis to obtain alterations to the dynamics of ζ .
Additionally, this is the only way to rigorously establish how sub-horizon dynamics around
the bounce influence the evolution of perturbations through the bounce. How and whether
this can be done depends on the underlying theory that generates the modified Friedmann
dynamics. In LQC, techniques have been established [19], and first investigations have also
been initiated in the context of GFT [36].

A final comment on the definition of ζ is in order: Here we have assumed that the
definition of ζ remains unchanged also in the non-general relativistic regime. However, a
modified Friedmann equation of the form (14) can also be interpreted as a modification to
the energy density ρeff = ρF , which implies a modified form of the curvature perturbation
on uniform density hypersurfaces ζeff, as was considered in [27]. The arguments for
the conservation of ζ presented here would no longer apply to ζeff , since in that case
ρ′eff = −3H(ρ + P)F + ρF ′ . It is clear that from a Friedmann equation alone, one cannot
conclude whether the modification arises in the matter sector (which then also alters the
continuity equation) or is limited to gravitational dynamics. Such an input would originate
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from the theory that gives the modified Friedmann equation, and in the examples studied
here (LQC and GFT) one assumes that the matter sector remains unaltered.
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Appendix A. Constraint Equation in Newtonian Gauge

In Section 4.2 we showed that the diffeomorphism constraint can be retrieved in the
separate universe picture in the comoving gauge. Here we carry out a similar calculation
in the Newtonian gauge, which generalises what was done in [12] for the LQC case to any
modified Friedmann equation where F = F (ρ) . We work in conformal time N = a (and
denote the Hubble parameter as H) and the longitudinal gauge Φ̃ = ψ . Inspired by the
results in [12], we assume the following form of the constraint:

D := ψ′ +Hψ−Aκ

2
φ′δφ . (A1)

We again show that Equation (32) holds, and hence, if initial conditions are set in a regime
where D = 0, it follows that D′ = 0 and the constraint equation holds throughout the
evolution. We use the result from Section 4.2 that W = 3H− N′/N = 2H in conformal
time, so that we now need to show

AD′ + 2HAD−A′D = 0 . (A2)

For this, we use the generalised equations for the F (ρ) case as given in (25)–(27) and first
rewrite D′ as

D′ =ψ′′ +H′ψ +Hψ′ − κ

2
(
A′φ′δφ +Aφ′′δφ +Aφ′δφ′

)
(A3)

=ψ′′ +H′ψ−H2ψ− κH
6H a2A δρ− κ

2

(
A′φ′δφ− a2 dṼ

dφ
Aδφ− 2Hφ′Aδφ +Aφ′δφ′

)
(A4)

=ψ′′ − κ

6
a2A δρ +

κ

2

(
−A′φ′δφ + a2A δρ− 2φ′A δφ′ + 2Hφ′A δφ

)
. (A5)

In the first step we inserted the Klein-Gordon equation φ′′ = −a2 dṼ
dφ − 2Hφ′ and ψ′

from (26) and in the second made use of the background identity H′ −H2 = − κ
2 φ′2A

and used the expression for dṼ(φ)
dφ δφ obtained from (7). If we then insert ψ′′ from (27), the

expression for D′ can be written as

D′ = κδρ

(
(Fρ +

ρ

2
Fρρ)φ

′2 +
1
3

a2A
)
+

κ

2
δφ
(
−A′φ′ + 2Hφ′A

)
. (A6)

Furthermore, making again use of (26), we can write D = − κ
6H a2Aδρ−A κ

2 φ′δφ , such that
2HAD−A′D reads

2HAD−A′D =
(
−A2 κ

3
a2 +A′ κ

6H a2A
)

δρ +
(
−HA2κφ′ +A′Aκ

2
φ′
)

δφ . (A7)
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Combining the above expressions, we finally obtain

AD′ + 2HAD−A′D =κ
(
Fρ +

ρ

2
Fρρ

)
φ′2A δρ +A′ κ

6H a2A δρ = 0 , (A8)

where in the last step we inserted A′ as given in (24).
We have thus shown explicitly that a constraint equation holds also in longitudinal

gauge in the case where F = F (ρ). Note that in this gauge the conservation of R is not
immediately apparent from the constraint. (It can also be shown explicitly for the F (ρ)
case, but sinceR is gauge-invariant,R′ = 0 follows from the comoving gauge).

Appendix B. Details of the GFT Case

Here we report the details of the exemplary evolution of ψ studied in Section 4.3. We
first summarise briefly how the evolution of the volume of the universe V(φ) is obtained
from the quantum theory and leads to an effective Friedmann equation. We illustrate this
further by providing more specifics of the ensemble used to obtain Figure 1. We then give
some more detail on how to solve the Friedmann equation to retrieve the same expression
for V(φ) and include expressions for the asymptotic values of the perturbative and exact
solution of ψ .

Appendix B.1. Exact Solution

As mentioned in the main text, we use the GFT effective Friedmann equation obtained
in [20] and for the details, we refer the reader to the main paper. To derive the effective
Friedmann equation, the authors of [20] work in the Hamiltonian formulation of GFT [26].
We work within the free theory, i.e., neglect any interactions between GFT quanta, and
furthermore restrict to a single field mode (in general the volume operator can include
multiple modes). The Hamiltonian for a single GFT mode can then be written as

Ĥ =
h̄
2

ω
(
(â†)2 + â2

)
, (A9)

where â , â† are obtained from the GFT field operator and its momentum and are ladder
operators for the Fock vacuum (â |0〉 = 0). They satisfy the bosonic commutation relations
[â, â†] = 1 and dynamics are obtained by solving the Heisenberg equations of motion for
â and â† ( ∂φ â = i

h̄ [Ĥ , â] ). The volume operator is given by V̂(φ) = v0 â†(φ) â(φ) and its
evolution with respect to the relational clock φ follows directly from the solutions to the
equations of motion for â(φ) and â†(φ) .

In order to infer an expression for an effective Friedmann equation, one considers
the expectation value of the volume operator in a suitable semiclassical state. In [20] the
authors investigated different choices of coherent states and found that in the free theory,
Fock coherent states can be regarded as semiclassical at late times. Fock coherent states
|σ〉 = eσâ†−σ∗ â |0〉 are eigenstates of the annihilation operator â |σ〉 = σ |σ〉, where σ ∈ C .
The volume at φ = 0 is then given by 〈σ| V̂(φ = 0) |σ〉 = |σ|2 and the evolution of the
volume of the universe is (40)

V(φ) = 〈σ| V̂(φ) |σ〉 = v0 Ae2ωφ + v0 Be−2ωφ − v0

2
, (A10)

where A = Re(σ)2

2 + Im(σ)2

2 + Im(σ)Re(σ) + 1
4 and B = Re(σ)2

2 + Im(σ)2

2 − Im(σ)Re(σ) + 1
4 .

The effective Friedmann equation for GFT is then recovered from

(
d 〈σ| V̂(φ) |σ〉

dφ

)2

〈σ| V̂(φ) |σ〉−2 = 4ω2

(
1 +

v0

〈σ| V̂(φ) |σ〉
+

Y
〈σ| V̂(φ) |σ〉2

)
, (A11)
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where Y = −v2
0
(
Re(σ)4 + Im(σ)4 + Re(σ)2 + Im(σ)2 − 2Re(σ)2Im(σ)2).

To obtain an exemplary evolution of ψ , we proceed as follows: We first choose an
arbitrary number of patches for the ensemble that we wish to study. Then, we choose
initial conditions for the parameters Ap and Bp in each patch, where random fluctuations in
the initial conditions Re(σ) and Im(σ) are generated from a white noise process. We then
obtain Vp(φ) for each patch from the initial conditions and use this to calculate Vbg and ψp
as defined in (41). Figure A1 shows the evolution of the expectation value of the volume
operator for Npatches = 16. The difference in evolution is strongest in the bounce region
(where φbounce refers to the bounce of the background, i.e., the minimum of Vbg) and each
patch reaches its minimum volume at a different value of φ . As a result, ψp varies around
the bounce, but is (approximately) constant in the far pre- and post-bounce regimes.

Vpatches

Vbg

ϕbounce
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Figure A1. The evolution of the expectation value of the volume operator for Fock coherent states
V(φ) = 〈σ| V̂(φ) |σ〉 and the resulting dynamics for ψ in an example ensemble with Npatches = 16
and different values of Ap , Bp in each patch. v0 = 1 . (a) Evolution of the volume in each patch and
the background (average) volume Vbg . (b) The evolution of the volume of each patch and Vbg close to
the bounce. The minimum volume is reached at a different value of φ in each patch. (c) Evolution of
ψ (41) as determined by Vp and Vbg for all patches. The values in different patches (generated from a
white noise process) are given in the table below. Note that the behaviour presented above is generic
and the specific values are only reported for completeness.

Ap 200.03 200.103 200.391 199.99 200.119 200.876 199.984 200.244 199.948 200.298 200.046 200.93 200.432 200.361 199.946 199.915
Bp 199.981 199.934 200.053 200.395 200.035 200.146 200.405 200.317 200.554 200.29 200.192 200.382 200.242 200.453 200.733 200.079

Appendix B.2. Background Dynamics from a Modified Friedmann Equation

In order to solve the perturbation equation for ψ and compare the solution to the exact
evolution (Figure A1c), we first need to solve the effective Friedmann equation (14) in
relational time. To rewrite (14), we use V = a3 to first rewrite H = da

dφ
1
a φ′ = 1

3
dV
dφ

1
V φ′ and

then insert the expression for φ′ =
πφ N

V and ρ =
π2

φ

2V2 (38) into the Friedmann equation

H2 =
1
9

(
dV
dφ

1
V

)2(πφN
V

)2
=

κ

3
N2ρF ⇒

(
dV
dφ

1
V

)2
=

3
2

κF . (A12)

In the separate universe picture, each patch then follows
(

dVp
dφ

1
Vp

)2
= 3

2 κFp and the
perturbation of the volume in each patch δVp is defined by δVp = Vp − Vbg , Vbg =

1
Npatches

∑p Vp . It is furthermore assumed that the average volume follows a Friedmann

equation of the form
( dVbg

dφ
1

Vbg

)2
= 3

2 κFbg . For F = FGFT, Fbg reads (we include subscripts
on all quantities for clarity)

Fbg =
1

Np
∑
p
Fp = 1 + v0 ∑

p

1
Vbg + δVp

+ ∑
p

Ybg + δYp

(Vbg + δVp)2 ≈ 1 +
v0

Vbg
+
Ybg

V2
bg

, (A13)
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i.e., we obtain Fbg by replacing the expressions in (16) with background quantities, which

is an approximation that holds when perturbations are relatively small ( δVp
Vbg
� 1 , δYp

Ybg
� 1 )

and linear perturbation theory is therefore applicable. Solving the Friedmann equa-
tion (A12) for F = FGFT with κ = 8πG gives the following solution

V(φ) =
C
4

e
√

3κ/2 φ +

(
−Y +

v2
0

4

)
C−1e−

√
3κ/2 φ − v0

2
. (A14)

The value of Y is given by FGFT, whereas C is an integration constant fixed by the initial
condition for V. If we compare to (40) we find that

A =
C
4

, B =

(
−Y +

v2
0

4

)
C−1 . (A15)

Appendix B.3. Asymptotic Values of ψ

Recall that Figure 1 compares the exact solution obtained from (41) of one patch of
the ensemble (portrayed in Figure A1) to the perturbative solution (47). We can obtain
analytic expressions for the asymptotic values of both solutions. The asymptotic values of
the solution to the perturbation equations ψ (47) in the far pre- and post-bounce regime,
respectively, are

ψpre, pert =
4δY

3
(
v2

0 − 4Y
) − Cψ , ψpost, pert = Cψ . (A16)

On the other hand, the asymptotic values of ψ obtained from (41) and the solution of V
given in (40) are

ψpre, exact =
1
3

(
1−

Bp

Bbg

)
= −1

3
δBp

Bbg
, ψpost, exact =

1
3

(
1−

Ap

Abg

)
= −1

3
δAp

Abg
. (A17)

As we set the initial condition in the post-bounce regime, this fixes the value of Cψ =

ψpost, exact . If we insert this into (A16), we obtain

ψpre, pert =
1
3

Ap

Abg

(
1−

Bp

Bbg

)
= −1

3
δBp

Bbg

(
1 +

δAp

Abg

)
= ψpre, exact +O(ε2) . (A18)

If the perturbations in ψ are of order ε , the difference in asymptotic values will be of order ε2 ,
i.e., the discrepancy is a second-order effect and does not affect the results of linear perturbation
theory. In order for (A18) to match the expression in (A17), δY would have to be given by
δY = −4v2

0(δApBbg + δBp Abg) instead of δY = −4v2
0

(
δApBbg + δBp Abg + δApδBp

)
. The

accuracy of the solution to the perturbed equations then depends on the magnitude of δAp δBp
in a patch, which is determined by the standard deviation of the white noise process we use
to create perturbations in the quantum picture.

Notes
1 As a basic example, generalisations of LQC can already lead to more complicated Friedmann equations [8].
2 The tilde over Φ̃ is used to distinguish this lapse perturbation variable (which is not gauge-invariant) from its gauge-invariant

analogue, the Bardeen variable Φ.
3 The equation is written in this form for convenience, however, division by H and F is not defined at the bounce.
4 There exist different conventions for the comoving gauge: in [25] the comoving gauge is defined by δφ = 0 and B = 0 instead.

The above convention is used in, e.g., [17].
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5 It is also discussed for the Hamiltonian framework in [11]. In the Hamiltonian picture, the relation ψ = Φ̃ cannot be recovered
due to the absence of the diffeomorphism constraint in the separate universe framework. In [11] the authors recover Φ̃ = ψ by
redefining the Newtonian gauge, where the redefinition relies on a relation between perturbation variables obtained from the
diffeomorphism constraint.

6 Here we omit the integration constant c, which can be identified with the cosmological constant, as it is subdominant in the early
universe; and we consider the flat case k = 0.

7 Not to be confused with the potential of the scalar field Ṽ(φ).
8 To see that this expression solves (50) when k → 0 , one needs to use the background equations for H′ and H′′ as well as the

continuity equation (13).
9 Note that in the F (ρ) case, where R′ = 0 in the separate universe framework, a second-order equation (R′z)′ = 0 holds

independently of the choice of z. It is not clear how to justify a particular choice of z as corresponding to the k→ 0 limit of an
equation valid more generally.
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