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Abstract: The determination of the first integrals (FIs) of a dynamical system and the subsequent
assessment of their integrability or superintegrability in a systematic way is still an open subject.
One method which has been developed along these lines for holonomic autonomous dynamical
systems with dynamical equations §* = —T7 C(q)qh 4° — Q%(q), where I'}_(q) are the coefficients of the
Riemannian connection defined by the kinetic metric of the system and —Q“(g) are the generalized
forces, is the so-called direct method. According to this method, one assumes a general functional
form for the FI I and requires the condition % = 0 along the dynamical equations. This results
in a system of partial differential equations (PDEs) to which one adds the necessary integrability
conditions of the involved scalar quantities. It is found that the final system of PDEs breaks into
two sets: a. One set containing geometric elements only and b. A second set with geometric and
dynamical quantities. Then, provided the geometric quantities are known or can be found, one uses
the second set to compute the Fls and, accordingly, assess the integrability of the dynamical system.
The “solution’ of the system of PDEs for quadratic FIs (QFIs) has been given in a recent paper (M.
Tsamparlis and A. Mitsopoulos, J. Math. Phys. 61, 122701 (2020)). In the present work, we consider
the application of this ‘solution” to Newtonian autonomous conservative dynamical systems with
three degrees of freedom, and compute integrable and superintegrable potentials V(x, y, z) whose
integrability is determined via autonomous and/or time-dependent QFIs. The geometric elements of
these systems are the ones of the Euclidean space E3, which are known. Setting various values for
the parameters determining the geometric elements, we determine in a systematic way all known
integrable and superintegrable potentials in E> together with new ones obtained in this work. For
easy reference, the results are collected in tables so that the present work may act as an updated
review of the QFIs of Newtonian autonomous conservative dynamical systems with three degrees of
freedom. It is emphasized that, by assuming different values for the parameters, other authors may
find more integrable potentials of this type of system.

Keywords: integrable potentials; superintegrable potentials; 3D Newtonian potentials; quadratic first
integrals; time-dependent first integrals; autonomous conservative dynamical systems; Killing tensors

1. Introduction

According to the Liouville integrability theorem [1], a three-dimensional (3D) New-
tonian autonomous conservative system is (Liouville) integrable if it admits three (func-
tionally) independent first integrals (Fls) in involution. Integrable systems that admit five
independent Fls are called maximally superintegrable, while, if they admit four indepen-
dent Fls, they are called minimally superintegrable. A superintegrable potential is always
integrable; however, some authors [2-5] define superintegrability without the requirement
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of integrability, that is, they look only for sets of independent FIs whose number exceeds
the degrees of freedom of the system.

For 3D Newtonian autonomous conservative systems, one quadratic FI (QFI) is the
Hamiltonian H; therefore, one needs two additional independent autonomous' FIs in invo-
lution in order to establish integrability. If in addition to these Fls there exist one/two more
independent autonomous or time-dependent Fls, then the system is minimally /maximally
superintegrable. Besides establishing superintegrability, time-dependent Fls can be used
also to establish the integrability of a dynamical system provided they are in involution
(see, e.g., [6,7]).

The maximum number of independent autonomous FIs of a Hamiltonian dynamical
system of n degrees of freedom is 2n — 1. However, if time-dependent FIs are considered,
this maximum limit can be exceeded. For example, the 3D potential V = —kr?, where
r = /x> +y?+z? and k is an arbitrary constant, admits the six (five are enough) time-
dependent linear FIs (LFIs) I3,+, a = 1,2, 3 (see Table V in [8]):

k>0 : I3+ = e:l:\/ﬁt (q(z + \/27“%1)
k<0 @ Iy = etiV-2R (qa == i\/—qua)

which are functionally independent. Since the three LFIs I3, (or I3,—) are also in involution,
the considered 3D potential is superintegrable.

Concerning the number of the free parameters that define a 3D superintegrable poten-
tial, the following terminology is used (see, e.g., [5]):

a. The degenerate (or three-parameter) potentials, and
b.  The non-degenerate (or four-parameter) potentials.

In many works [3-5,9], the term second order superintegrable potentials is used for
potentials that are superintegrable due to QFIs only. Such potentials have the following
special properties [3,4]:

(1) Multi-integrability. They are integrable in multiple ways and the comparison of ways
of integration leads to new facts about the system;

(2) They are multi-separable;

(3) The second order symmetries expressed by second order Killing tensors (KTs) generate
a closed quadratic algebra. In the quantum case, the representation of this algebra
yields results concerning the spectral resolution of the Schrodinger operator and the
other symmetry operators.

There are two types of integrable potentials in E3. The decomposable potentials (or
2 + 1 separable integrable potentials) generated from integrable potentials in E? and the
non-decomposable ones.

Let V(x,y) be a 2D integrable potential in E? which admits an additional autonomous
FI ;. Then, the 3D Newtonian z-separable potential V(x,y,z) = V(x,y) + F(z), where F
is an arbitrary smooth function of z, isa 2 + 1 separable integrable potential in E*. The
integrability of these potentials is due to the three independent FIs H, Iy and I, = %Z’z +F(z)
which are in involution. If V(x, y) is superintegrable with respect to (wrt) two additional FIs,
say J; and J,, then V(x,y, z) is minimally superintegrable because of the four independent
FIs H, J1, J», and L. If in addition to J; and J, the 2D superintegrable potential V (x, y) also
admits a time-dependent FI J3; then, V(x, y, z) is maximally superintegrable. For example,
the second potential of Table II in [2] is not minimally superintegrable but maximally
superintegrable because it admits in addition the time-dependent Fls I73, and I3, from the
last table of [10].

The non-decomposable (i.e., non-separable) 3D Newtonian integrable potentials V' (x, y, z)
cannot be written in the form V (x,y,z) = V(x,y) + F(z), where V(x,y) is a 2D Newtonian

1 These additional FIs must be autonomous because the Poisson bracket (PB) of the Hamiltonian with an

arbitrary time-dependent FI [ (t, ¢, ) does not vanish. Indeed, we have {H, ]} = % £0.
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integrable potential. In general, their determination is more difficult and various methods
of escalating complexity have been proposed. Furthermore, the existing results concern
autonomous FIs only and are limited in number. The purpose of the present work is to
provide a systematic (i.e., algorithmic) method which enables one to determine integrable
and superintegrable potentials in E3 using autonomous and time-dependent QFIs. The
method relies on Theorem 1 [11] (see Section 3) relates the QFIs of the dynamical system
with the dynamical elements (i.e., the potential) and the geometry defined by the kinetic
energy of the system. The structure of the paper is as follows.

In Section 2, we determine the 3D integrable/superintegrable 2 + 1 decomposable
potentials directly from the well-known 2D integrable/superintegrable potentials listed in
the reference works [10,12]. The results are presented in tables where the known potentials
with the corresponding reference are listed together with the new ones determined in
this work. In Section 3, we state Theorem 1 from which it follows that there are three
types of QFIs to consider, denoted as Iy ), (¢, I(3), which are expressed in terms of the
geometric elements of the kinetic metric and the potential function. In Section 4, we state
the geometric quantities of E> which are required for the application of Theorem 1. It is seen
that the number of parameters introduced from the KT components is large. This remark
and the fact that the associated system of PDEs is overdetermined have the result that one
will find special solutions only by assuming particular values of the geometric parameters.
In Section 5, we consider the QFI I(; 1) (¢ = 1) and the relevant PDEs for this case. We
consider various values for the parameters and recover all the existing results together
with new ones. For easy reference, the various potentials are grouped in Tables 4-7. In
Section 6, we consider the potentials admitting QFIs of the type ;) (¢ = 0). These results
are presented in Tables 8-10. In Section 7, we consider time-dependent LFIs/QFIs of the
type I(3), and the results are collected in Tables 11-13. In Section 8, we compare and discuss
the results listed in the tables with the existing results of the literature. Finally, in Section 9,
we draw our conclusions.

List of Abbreviations and Notations/Conventions

For the convenience of the reader, we give a list of abbreviations and notations used
throughout the text.
Abbreviations:
e FI = first integral;
e  HV = homothetic vector;
¢ KT = Killing tensor;
¢ KV = Killing vector;
e LFI = linear first integral;
. Nd = N-dimensional;
¢  ODE = ordinary differential equation;
¢  PB = Poisson bracket;
e  PDE = partial differential equation;
¢ QFI = quadratic first integral;

Mathematical notations/conventions:

* E" = n-dimensional Euclidean space;

o r=yx2+y2+22,R=/x2+y% tanf = ¢, and w = x + iy = Re'.

e The angular momentum M = M; = (M, My, M3) = (yZ — zy, z% — xZ, xy — yx) with
square magnitude M? = M? + M3 + M3;

e The kinetic metric ,;(¢q) of the dynamical system is used for lowering and raising the
indices;

* A comma indicates partial derivative and a semicolon Riemannian covariant derivativ;.
Coordinate systems of E3:

e Cartesian coordinates: (x,v,z);
e Spherical coordinates: (7,6, ¢) with x = rsinfcos¢, y = rsinfsin¢$ and z = r cos 6;
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e Parabolic cylindrical coordinates: (A, 3/, z) with A’ = R+yand ' =R —y;
*  Rotational parabolic coordinates: ({,77,¢) with{ =r+z,7=r—z,¢ =tan 1 (%) or,
equivalently, x = \/Zncos ¢,y = \/Tnysing, z = 3(T — 7).

2. Integrable/Superintegrable 2 + 1 Separable Potentials

As it has been remarked, the 2 4 1 separable integrable/superintegrable potentials in
E3 are given in terms of the integrable/superintegrable potentials ®(x, y) in E2. From the
latter potentials, the ones that admit LFIs/QFlIs are collected in the review papers [10,12].
Using these results, the 2 + 1 separable potentials in E3

V(x,y,2) = @(x,y) + F(z) @

where F(z) is an arbitrary smooth function, are integrable/superintegrable due to the
additional QFI I = 322 + F(z), which is in involution with the FIs of ®(x, y).

Applying the above procedure to the results of [10,12], we find the integrable and
superintegrable potentials in E3 listed in Tables 1-3. The QFI of the Hamiltonian H is not
included in the tables. In Tables 2 and 3, we compare with the results of [2]. A similar
comparison cannot be carried out in Table 1 because, in [2], only superintegrable potentials
are considered. Concerning the notation, we set r = \/x2 + y2 + z2, R = \/x% + y? and the
angular momentum M; = (yz — zy, zxX — xZ, xy — yx).

Table 1. Integrable potentials V(x, y,z) = ®(x,y) + F(z) in E3, where ®(x, y) are integrable potentials
in E2.

Integrable 2 4 1 Separable Potentials

Potential

LFIs and QFIs

V= Fl( + by — hzx)+F2()

Il = M3 — le'( — bz]], Iz = %Z'Z +F2(Z)

B LB (R) + B(2)

V= L=M:+2F (%), b =13122+F(z)

V=l AR +E() L =M+ % L=124hE)
F,

v =A03 1 F(2)

2 2
L= M% + AR+ Y Fl(;l%*” b(v)

—2
w2 = R2 4+ A+ [(R?+ A)? —4Ax2]ij§ and h=12+F) ’
? =R2+ A— [(R2+A)? —4Ax?]
_ B)=-H()
V- ﬁ Th " I = M2+ A(i + iy)? + ZBU) 0B
u? = R?>+ [R* —4A(x + iy) }1/2 and L=121F()
02 = R? — [R* — 4A(x L iy)?
v=h (R+y)-1;FZ(R_y) + F(2) I = —Msx + (R+y)F2(R*V)E(R*y)H(Rer)
I = %ZZ +F3(Z)
L = =M (x +iy) + § (% — iy)*+
V =@ V2[F (w+ V@) + B(w — v@)] + F(2) . o\
i 7 ; +i(1— L )F( erf
w=x+iyand @ = x — iy Vo
i — _w_
+i(—1— \F)

L = %22 + F3(Z)

V=

F =

Al 4 F(w) + Fs(2)

sz = and w = x £ iy

Iz = %ZZ + F3(Z)

V =Fx) +Ey) + F(z)

L=1+F,L=4+5L=12+F

V:F1(y+box+q/b§+lx)+

I = A%+ By? +2Cxy + (A + B) (F, + B)+

+Fz<y+box—,/bg+lx) + F5(2), +2C\/b%+1(F1—F2)

where by = 428

L =122+ F(z2)

V(bp=0) = F(y+x)+FE(y—x)+F(z) L=%y+F —b bL=32+F()
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Table 2. Minimally superintegrable potentials V(x,y,z) =
superintegrable potentials in E2.

®(x,y) + F(z) in E3, where ®(x, y) are

Minimally Superintegrable 2 4 1 Separable Potentials

Potential Ref [2] LFIs and QFIs
V:cx+F1(y—bx)+F2() New Iy = X+ by +ct
— (4 2
#O,dpl #0andw =y — bx Z:(lxz_jfypl(;gzc(xﬂLby)
=2
V=F(y—>bx)+E(z) L =x+by
25 O andw=y—b New I =t 4 by) — (x + by)
du mew=y=m Iy = 322 + F(2)
— ; 2k y ks 2
Table II L = Msx + klyx >+ 3
V=822 + +k3y+F(z) ks =0 12:;x2+ x2+
X<y I3Z%y + 2kyy? +k3y
14 = Z +F( )
— M2
V= + 2 4 k3y /4 F(z) Table IT I = M;j +2k1 +2k3 v
Xy 12=M3X*2k1ﬁszﬁfk3x;;2y
I =322+F(z)
Rty /R—y _ afoe ki _ k(RAY)V/Roy—ka(R-y)y/Rty
_k Rty R-y I = M3x — ® R
V=3 +khY¥r—=+k¥g—=+F(z) Table I I = Magi+ Clx,y)
=122+ F(z)
Gx=—-yVyand G, =2xVy —yVx
. L=32+F
= _k _1n» k
V=h+ (y+o)? +h(2) New L=20"+
Iz = %Z'Z + 5
2 .
=57 +ty+y- Pty -~
Il = )1\M3 *1blx — bzy
V:%R2+b1y7b2x+1—"(z) 12:% B+ 3Ax% — byx
New L= 37>+ 3Ay* + by

A#£0

Iy _xy+/\xy+b1x7b2y
I =122+ F(z)

Table 3. Maximally superintegrable potentials V(x,y,z) =
superintegrable potentials in E2.

®(x,y) + F(z) in E3, where ®(x,y) are

Maximally Superintegrable 2 + 1 Separable Potentials

Potential Ref [2] LFIs and QFIs
V:CX+/\y+F(Z) New I1:x+ct,12:y‘+/\t,13=%x2+cx,
L=1P+Ay Is = 122+ E(2)
V=cx— A%+ F(2) New I =x+ct, p=eM(y—Ay), I = 33 +ex,
A#0O Iy = 39° — 3N Is = 32 + F(2)
L =Ms, b =322 — 1122, I = Ly? — 1i2y?
_ _KR2 1 3,12 =3 2 A3 =2y" — K7y,
]1(/;0 >R + F(2) New Iy = xy— kzxy, Is = %Z-z +F(z),
I6i = Eikt(f( F kx), I7i = E‘ikt(y' F ky),
4hI3 = 17 — K*M3
2
I = M3 +2b% +2c;—§, L=124F(z)
=30+ 50+ 5 L= 37+ 50+
koo b -Fork = 0:
V=3R +72+y%+1:(z) Table IT I5—fﬁy'2+tyy‘ft2Cf%y2
Iy = — 7x +txx7t2 —1x?

-Fork—ff #0:
At %2 4 Axx — );x i—’;
L 2c

P+ Ayy - v -

1526
Ie =

v
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Table 3. Cont.

Maximally Superintegrable 2 4 1 Separable Potentials

Potential Ref [2] LFIs and QFIs
2
k k b=+ (X+61)2
= 1 2 F New =
wrar T rer TG b= Zy * Gar
L=1 2+F( z)
ly= 57" +Hy+ )y - WZ) — 3y —cy
Is = —ﬁfcz +t(x+c)x -2 W %xz —x
2
L = 15{2 LXZ k1
2 2 8
V= _AZ Ri (Clx + CZ]/) New ; 1 A - ()H];;l)
y = _ A ke
W (y+cz)2 +E(@) I y r (ytea)”
A£0 3= EA 2+ ( ) - ”
I =eM| %2+ A(x + )% — T(x+cl)2+m
_ A2 s A2 2 2ky
Is=e Yy +/\(y+cz)y P (y+52) + (y+c2)2

Note 1: The results indicated as ‘New’ in Tables 2 and 3 do not appear in [2], where
only autonomous QFIs are considered.

Note 2: In Table II of [2], the potential (see Table 3)

k b c
SR+ S+ 72 + F(z) ©)

V=

where k, b, ¢ are arbitrary constants, and F(z) is an arbitrary smooth function, which is said
to be minimally superintegrable because of the four independent autonomous QFIs:

2 2
Y X 1. 1 k b 1. k c

However, using in addition the time-dependent QFIs:

£ 5 ,_opc 1, 5 b 1,
For k = 0: 15:7Ey +tyy*ty72*§y, IGZ*EX +txx7t;—§x
and .
A2 I = eM —xz—l—)\xJ'C—’\Tx 2
Fork=—=#0: A2 2 2
o =™ | =y~ + Ayy — Ty *yfz

it is seen that the potential (2) for these values of k is maximally superintegrable.

Moreover, if we assume the canonical transformation x = x+cjandy — y + 2
where ¢ and ¢, are arbitrary constants, it is shown that the potential (2) is transformed
canonically into the last two potentials of Table 3. Indeed, for k = 0, b = k; and ¢ = ky, we
obtain the potential

kq ko
V= + + F(z
(x+c1)2  (y+c)? (2)
while, for k = — %2, b = —k; and c = —kp, we obtain the potential
)\2 A2 k1 ko A2
V=-_PR - — — (2 +3) + F(2).
3 1 (c1x +cay) — Gx+a)? +cw)? 8 (cf +c3) + F(2)

The constant term — %2 (C% + ¢3) is overlooked because it does not contribute to the dynami-

cal equations.
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Note 3: From Table 2, we observe that the minimally superintegrable potential

k VR JR=
V="214k R+y+k3 Ry+F(z) 3)

R

where ky, ky, k3 are arbitrary constants, and F(z) is an arbitrary smooth function, admits
the two autonomous QFIs:

ka(R —y)/R k(R R—
L= My Ry RR-yVREy kR+y)VR-y @
R R R
L, = Msy+G(x,y). )

The function G(x, y) must satisfy the system of PDEs:

Gy+yVe—2xV, = 0. @)

Using the parabolic cylindrical coordinates (A, 3/, z) (see Equations (3.19) and (3.51) in [2])
with A’ = R +yand ¢’ = R — y, the QFI (4) becomes”

2 [k

b=tz

(N =) = kap! VN + ksA’\/W] : ®8)

The QFI I, in Equation (3.57) of [2] is not correct and should be replaced by the QFI (8).

In the parabolic cylindrical coordinates (u,v,z) withu = R+x, v = R—x and®
x,y > 0, the system of PDEs (6) and (7) becomes G, = uV, and G, = —vV,,. The solution
of this system is

G(u,v) = i - {kzl(u — ) — (ky +k3)v\/z+ (ky — k3>u\/ﬂ

or, equivalently, in Cartesian coordinates

G(x,y) = % kix — (ko +k3) (R — X)WJF (k2 —k3)(R + x) R ; x].
Then, the QFI (5) is
2 [k
b= My B =0 = (a5 + e~k 3. ©)

There is a misprint in the QFI I3 of Equation (3.57) in [2]; the correct answer is the QFI (9).

Note 4: The two superintegrable potentials given in Equation (17) of [4] are subcases
of the potential (see Table 2)

A
V= ERZ + b1y — box + F(z) (10)
for F(z) = 422 + bszand F(z) = §z> + 5—3, where b3 is an arbitrary constant.

Note 5: The potential (see Table 2)

Vi =cx+ F(y — bx) + Fx(z) (11)

2 We recall that the coordinates A/, ;i are either positive or zero because A' + ' = 2R, ' — 4/ = 2y, and
My = x2.
3 Forx,y >0, wehave: VR+x++R—x=+v2/R+yand VR+x—+VR—x=+v2,/R—y.
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where c is an arbitrary non-zero constant, w = y — bx and % # 0, admits the following
LFIs/QFlIs (apart from the Hamiltonian H):

b= %+bj+ct, = Hx+bj) = (x+by) + >,

1
Iy = (x +by)*> +2c(x +by), Iy = E7;2 + B (z).
We compute the PBs:
{H,h}=c, {HL}=1L, {hL}=1+P,

(L, 3} = —2c(1+b%), {I, I3} = —2(1+b*)I,.

The three FIs H, I3, I; are (functionally) independent and in involution; therefore, the
potential (11) is integrable. The five FIs H, I, I, I, 14 are not independent because 112 =3+
2cl,. However, the four Fls, H, I, 14, I, or the H, I3, 14, I, are independent and, therefore,
the potential (11) is minimally superintegrable.

3. The Theorem for QFIs

In order to compute in a systematic way, the QFIs of non-decomposable potentials, we
need to recall a theorem which is proved in [11].

Theorem 1. The independent QFIs of the n-dimensional autonomous holonomic dynamical system
i = ~Ti(9)i'd* — Q"(a) (12)
where q* are the coordinates of the configuration space, §° = %, t is the time variable, T} (q) is

the Riemannian connection coefficients of the kinetic metric <y, (q) defined by the kinetic energy of
the system, and —Q"(q) are the generalized forces, are the following:

Integral 1.
tZZ t4 t2 b
loy = | —zplerv@) =~ 7L — FLayes) +Ca |47 +
HP T L 10" + -+ PL(a)ad + L )0+
tZZ t4 tZ
+opLee1aQ -+ 7L3aQ" + 5L + G(g)
where* Cyy(q) and Laty(ap)(q) for M =1,3,..., 20— 1are KT5, (L(M—l)be) = —2L (20—1)(aih) Qb
(L(k_l)th) = 2L Q" — k(K DL 1)0 for k =2,4,....,20—2,and G = 2CpQ" —
L(l)a
Integral 2.
t2[+l t3 b
loyy = | —z777tenws =~ 3Ly ~tho@ |99 +
H Lo + -+ L) + Li)ad® +
t2f+1 . t3 . .
+mL(2€)IJQ +...+ EL(Z)aQ +tL(0),Q

4 We note that, for £ = 0, the conditions for the QFI [, (1,0) are given by nullifying all the vectors L,
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Lq

Cub =

where Lyg(qp)(q) for M =0,2,...,20 are KT5, (L(zg)be> = —2L(2[)(ﬂ;h)Qb, and

(L(kfl)be> . = _ZL(kfl)(a;b) Qb — k(k + 1)L(k+1)af01’ k=1,3,...,2¢ — 1.

Integral 3.
Ig) = e (~Lia)d"d" + ALad" + Lo Q")

where the vector Lq(q) is such that Ly is a KT and (Lbe) = _ZL(a;b)Qb —A2L,.

Notation: The Einstein summation convention is used, round (square) brackets indi-
cate symmetrization (antisymmetrization) of the enclosed indices, indices enclosed between
vertical lines are overlooked by antisymmetrization or symmetrization symbols, a comma
indicates partial derivative and a semicolon a Riemannian covariant derivative.

Before we proceed, we recall the geometric quantities of the Euclidean space E3
required by Theorem 1.

4. The Geometric Quantities of E3

- E3 admits three gradient Killing vectors (KVs) dy, dy, d; whose generating functions
are x,Y, z, respectively, and three non-gradient KVs ydy — xdy, zdy — yd;, zdx — x9;. These
vectors are written collectively as

bl — b4y + bSZ
L, = by + byx — bez (13)
b3 — b5x + b6y

where by, by, . . ., bg are arbitrary constants.
- The general second order KT in E has independent components:

a6 2

Cn = 2y + z + agyz + asy + arz + az
a a a a a
Cp = %zz — gxy — gxz — ﬂyz — —5 - —y + a16z + ay7
Ciz = ﬂ#yz — %xy - a?lxz - aloyz — Ex + a8y — 72 + a9 (14)
Cp = 22
2 = 2 + *Z + a14Xz + ais5x + a12zZ + a3
Cyy = %49(2_ %xy— %xz— alyz— (@16 + a18)x — %y— %z—i—azo
al 2
Cyz = 2x + y + ajoxy + ajx + agy + ag
where ag with K = 1,2, .. .,20 are arbitrary constants.
- The vector L, generating the reducible KT Cpy = L ;) is
—a15y2 —apz% + asxy + axxz + 2(aye + a18)yz + azx + 2a4y + 2a1z + ag
—asx? — agz® + aysxy — 2a18Xz + a1pyz + 2(ay — ag)x + a3y + 2a7z + ayy (15)
2 _ {112]/2 — 20169(]/ + a1 xz + agyz + 2(&19 — al)x + 2((120 — 07)]/ + a9z + aio
and the generated KT is
asy + axz +as —Fx = Py 4z + a7 —%x+agy — Bz +ay
— By +mez+ayy a15X + apz + a3 — (a6 + mg)x — Ry — Fz+ay (16)
—%x—f—amy— %24—6119 —(a16—|—a13)x— ﬁy— *Z-l-llzo aj1x +agy + ag

which is a subcase of the general KT (14) for ay = a4 = a¢ = ay = a9 = a14 = 0.
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5. The QFI I ;) Where £ =1
We set L(q), = Lq, and the QFI [y ;) for £ = 1 becomes
* -a b - 2 a
Inyy = | =5 L +Ca )3°¢" + tLaq” + 5 LV + G(x,1,2) (17)

where C,;, is a second order KT given by (14), the vector L, is given by (15), the generated
KT L) is the (16), and the following conditions must be satisfied:

(val’) = 2Ly VP (18)
a
Gy, = 2CuVP—1L,. (19)
Equations (18) and (19) must be supplemented with the three integrability conditions
for the function G and the three integrability conditions for the function L, V.
Finally, we have an overdetermined system of twelve PDEs with unknowns the
two functions G(x,y,z) and V(x,y,z), and forty free parameters. Obviously, the general

solution is not possible, and we have to look for special solutions which are achieved by
introducing simplifying assumptions.

51.Case L, =0
In this case, the QFI (17) is the well-known autonomous QFI

Ii1,1)(La = 0) = Cop"d” + G(x,y,2) (20)

where the second order KT C,; has independent components

a a

Cn = fyz + Elzz + agyz + asy + arz + az

Cp = a%zz— a?éxy— %43(2— %yz— %Sx— %y—i—aléz—i-aw
a a

Cyn = ?63(2 + ?722 + a14XZ + a15X + a1z + a3

Cyy = %xz— %xy— %xz— %yz— (@16 + a18)x — %y— %erazo
a a

Cz = %xz + ?7]/2 +a10xy + a1 X +agy + ag

the parameters ay, ..., ayg are arbitrary constants and the function G(x,y, z) satisfies the
condition
Gq=2C, V7. (22)

The integrability condition G ;) = 0 gives:
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0 = Ci2(Vyy—Vix) + {%(yzz_ ) + (a1 —2a7)z2 — (a14X — agy)z — a15x + asy + (ap — ayp)z+

+a3 — a13]Vay + C13Vyz — Co3 Vi + %(%y + a4z +as)Vy — %(’163‘ +az+a15)Vy, +

+ (301214y - 32&95 + 218 + 0116) V. (23)
0 = Ci3(Vzz—Viar) + {al(zzz— ) + (26 _;7)]/2 — (a10x — a4z)y — ap1x + (a5 — ag)y + axz+

+az — a9V + C1oVy, — CozVyyy + %(&qy +az+a)Vy + (32102 - Zﬂx + 2416 + ﬂlg) Vy—

—%(ﬂlx + a0y +a11)Vz (24)
0 = Cu(Va—Vyy) + [a7(222_ v) + (s —2111)x2 — (a10y — a1az)x + (a15 — a11)x — agy + apz+

+a13 — a9]Vyz + C12Vxz — C13Viay + (3;102' - BH%!/ +a16 — ﬂ18> Vit g(ﬂux + a7z +ap)Vy —

*g(ﬂlox +azy +ag) V. (25)

2

We note that, in the case of 2D Newtonian potentials, the integrability condition
G [ap) = 0 leads to just one equation, which is the well-known Bertrand-Darboux PDE (see,
e.g., Equation (28) of [10] and Equation (3.2.5) of [12]).

The system of PDEs (23)—(25) has to be solved in order to find potentials V(x,y, z)
that admit autonomous QFIs of the form (20). Replacing these potentials in the remaining
condition (22), we find the functions G(x, y, x) which determine the associated QFIs (20).
Since the general solution V(x,y,z) is not possible, we consider again several cases for
various values of the twenty free parameters ay,ay, . . ., az.

5.1.1. The Components of the KT C,;, Are Constants

In this case, the possibly non-zero parameters are the a3, ag, a13, 417, 419, and azy. A
detailed study leads to the following five cases (only non-vanishing parameters are listed).

1V az=a, a1y = %, and a9 = 5, where a, b, ¢ are arbitrary constants”.

The potential is

Vixyz) = Fl(CZ+by+( a2+b2+c2+a)x>+
+h (CZ +by— (Va2 + b2+ 2~ a)x) + F3(bz — cy) (26)

where Fj, i, and F; are arbitrary smooth functions of their arguments.
The associated QFI (20) is

1(1,1) = (ax+by+cz)x+a(131 +F2) + d2+b2+C2(F1 7F2). (27)

We note that the constants a, b, c are parameters of the potential (26); therefore, they cannot
generate three distinct QFIs.
(2) a3 = a, a13 = —a, and a;7 = ia, where a is an arbitrary constant.
The potential is
V(x,y,z) = F(w,z) + B(w)® (28)

where w = x +iy, @ = x — iy and Fy, F, are arbitrary smooth functions of their arguments.

5 If instead of the triplet az, a17, a19 we take as non-vanishing parameters the triplets a;3, a17, a0 or ag, aj9, a0,

the resulting potentials are symmetric up to a cyclic permutation of the coordinates x, y, z.
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The associated autonomous QFI (20) is
Tng) = (2 +i9)% +4 / Fy(w)duw. (29)

If Fi(w,z) = F3(w) + F4(z), then

V(x,y,z) = R(w)® + F3(w) + F4(z) (30)
is a new integrable potential due to the additional QFI I = 22 + Fy(z).
(3) a3 = a, a13 = —a, and a1y = —ia, where a is an arbitrary constant.
The potential
V(x,y,2) = F(W,z) + B(0)w (31)
and the associated QFI
Iagy = (x— i) +4 / B (o)do. (32)

If Fi(,z) = F3() + Fa(z), then
V(x,y,2) = B(@)w + F3(@) + Fy(2) (33)
is a new integrable potential due to the additional QFI I = 122 + Fy(z).

(4) a19 75 0and ayy = ialg.
The potential is

V(x,y,2) = Bz% + F3(w)z + Fy(w) + B (w)® (34)
where w = x + iy, @ = x — iy, b, F3, 4 are arbitrary smooth functions of their arguments,
and F} = ‘%.

The associated autonomous QFI (20) is
| 1
Ingy = Ez(x +1iy) + F(w)z + 5 /Fg(w)dw. (35)

Because the potential (34) is of the general form (28) for Fy (w,z) = Fjz* + F3(w)z +
Fy(w), it admits the additional QFI (29). Therefore, it is integrable because the independent
QFIs H, (29) and (35) are in involution®.

For F, = kyw + ky and F3 = k3, where ky, ko, k3 are arbitrary constants, the potential (34)
becomes

V(x,y,2) = kir? 4+ ko + k3z + Fy(w). (36)

This is a new minimally superintegrable potential because it is separable in the coordinate z.
(5) a19 # 0 and ayy = —iayg.
The potential is

V(x,y,2) = Fb2* + F3(@0)z + (@) + Fo (@) w. (37)

where w = x + iy and F} = %.

The associated autonomous QFI (20) is
... . _ 1 N
Ingy = Ez(x —iy) + B (0)z + 5 /Fg(w)dw. (38)

The potential (37) is of the general form (31) for Fy(w,z) = F,z* + F3(@)z + Fi(w);
therefore, it is integrable due to the additional QFI (32).

6 The PB of the QFIs (29) and (35) vanishes because, for an integrable function of the form M(w) = [ F(w)dw
with w = x + iy, itholds that: M' = ¥4 = F, M, = Fand M, = iF.
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Moreover, for F, = k1@ + k, and F3 = k3, the potential (37) becomes
V(x,y,2z) = kir? + kow + kaz + Fy(@). (39)
This is a new minimally superintegrable potential because it is separable in the coordinate z.

5.1.2. The Components of the KT C,;, Are Linear Functions of x,y,z

The possibly non-zero parameters are the ay, as, ag, a11, 412, 415, 416, and ajg. In this
case, there are six different combinations which lead to new results.

(1) ap = a and as = b, where 4, b are arbitrary constants.

The potential is

k
V(x,y,z) = (a® + b*)x> + 4(az + by)* + x% + kp(az + by) + F(ay — bz) (40)

where F is an arbitrary smooth function of its argument and k;, k, are arbitrary constants.
For a = 0, the potential (40) reduces to the minimally superintegrable potential of the form
(see Table 2)

k k
V(x,y,z) = El(x2 +4y?) + x% + ksy + F(z). (41)
The associated QFI (20) is

.k 2ki(az+b
Iy = (aMp — bM3)% — ?Z(az + b2)x? — 2(a® + b?)(az + by)x® + %

(42)
where M; = (yz — zy, zx — xz, xyy — yX) is the angular momentum.
Since the potential (40) is separable in the coordinate x, it admits the additional QFI

kq

1
I= Exz +(a® + b)x* + x

However, it is not integrable because the PB {I(1 1), I} # 0.
(2) ap = a and a1y = b, where 4, b are arbitrary constants.
We find the fully separable potential

k k
V(x,y,z) = ki (x* 4+ v* + 42%) + x% + y% + kyz (43)

where k1, k, k3, and k4 are arbitrary constants. We note that the potential in Table I of [2] is
a subcase of the potential (43) for k4 = 0.
The associated QFI (20) consists of the following two independent QFIs:

k k
Ji = My +2z<x§ - k1x2) - E‘*xz (44)

k k
I — My + 2z (yg - k1y2> - 54;/2. (45)

Y
Moreover, the potential (43) is of the integrable form V = %2*) + E(R) + F3(z) (see
Table 1) for

(Y =i (2)] o

Therefore, it admits the additional QFI

2
T (i) ], F(R) =ki (x> + ), F3(z) = 4k1z* + kyz.

1 2 2
s = §M§+k2(%> +k3<;> . (46)
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In order to compare the QFIs (44)—(46) with the QFIs I3, I; of Equation (3.43) in [2], we
set ky = 0, and we use the rotational parabolic coordinates (see Equations (3.8) and (3.9)
in [2]):
_ e —an—1(Y
{=r+z, n=r—2z, ¢=tan (x>

or equivalently

1
x = \/Ticosg, y = v/ising, == 2(C—1).
We compute (for ks = 0):
k
i = Myx+(C—1n) (@ccfszrp — k1 cos? 4’) (47)
k
o = —Miy+(—n) (M — k17 sin® ¢> (48)
B Y o ks

s = M3+ —5 i . ko — k. (49)

Then, ]3 = 13 - k2 - k3 and
Mt At ke ks _
Ji+ Jo = Ma% — My — (¢ —17) (klén rcos9  Tn Sin2¢) = 1.

There is a misprint in Equation (3.43) of [2] concerning the leading term of the QFI I,. It
mustbe Ly P; — L1 P,.

We conclude that the potential (43) is maximally superintegrable. However, from the
seven QFIs (the QFIs H, |1, ], J3 plus the three QFIs arising from the separability of x, y, z),
only five are functionally independent.

(3) a2 = a and ag = b, where 4, b are arbitrary constants.

We find the separable potential

ky

V(x,y,z) = 2

k
(x2 +16y% 4 422) + x% + kay (50)

where k1, ky, and k3 are arbitrary constants.
The associated QFI (20) consists of the following two independent QFIs:

, 2%, k
h = M2x+z(xzz—21x2) (51)
k
= Mlz'—zz<2k1y+23>. (52)

Therefore, the separable potential (50) is a new maximally superintegrable potential.
(4)a, =aand a1 = —a18 = %, where 4, b are arbitrary constants.

The potential is
k

Vix,y,z) = 53
(oy.2) V/(ax +by)? + (a2 + b2)22 53)
where k is an arbitrary constant.
The associated QFI (20) is
Ii1,1) = aMpx — bMy % +azV. (54)

In order to show that the potential (53) is integrable, we need one more independent FI in
involution.

(6) az = a2 #0.
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In this case, we find the following three potentials’:

E (Y

Vi(x,y,z) = 1152") + k(R? + 42°) (55)
F (L kiz  k

Va(x,y,2) = 1155‘) T (56)
E(Y

Vi(x,y,z) = 1152") + kz (57)

where k, k1, k; are arbitrary constants, R = \/x2 4+ y2 and r = \/x2 + y2 + z2. The first two
potentials, i.e., V] and V,, are included in Table II of [2], whereas the third potential V3 is
not included.

The associated QFIs (20) are:
- For the potential® (55):

2zF; (¥
I(l,l) = sz—Mly—F xZZ _1'_(;2) —2kz(x2—|-y2)
Fi(t
= Abx—Mw+wé—w('“;””—k@). (58)

- For the potential (56):

2ZF1 (%) 2k1Z2 kl kzi

oy = M =My+H7 v (242 or
. o, C—nA(tang) k(> +7%)  k(f—n)
= Myx— Myy+ - . 59
2 My 0 I T I
- For the potential (57):
2zF; (£ R?
) = Mot —Mj+ 2h(5) —k—. (60)

x% 412 2

We note that both the potentials (55) and (57) are minimally superintegrable because

they are of the form V = F1122¥) + F(R) + F3(z) (see Table 1).

Moreover, from cases (2) and (3) of the following Section 5.1.3, the potential (56)
becomes minimally superintegrable because it admits the additional QFIs (75) and (81)
which are also in involution.

(6) an 7& 0, a1p = —dp, d16 = iﬂz and a1g = —l‘uiz.

The potential is

k W
— 2 2 3
V(x,y,z) = k1(R* + 4z )+kzz+ﬁ+k4$ (61)
where ky, ky, k3, k4 are arbitrary constants, w = x + iy, and @ = x — iy. This result coincides
with the potential given in Equation (14) of [4] if we apply the canonical transformation
x—Yy,y—zandz — x.

The associated autonomous QFI (20) is

. ) k
(% +iy)(My — iMy) — kyzw?* — Zzwz - k4i. (62)

L =
w2

NI~

We note that any linear combination of these potentials is a solution of the system of PDEs (23)—(25) for
az = aip 75 0.

In Table II of [2], there is a misprint in the QFIs I3 associated with the potentials (55) and (56). The leading part
of I3 should be L2P1 - P2L1.
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Moreover, the potential (61) admits the additional QFIs:
1, .. 2 kg
L = i(x—!—zy) + kyw 2 (63)
L = %z’z + 4kq2? + koz (64)
L = % M2 4 kze 28 4 kyo e 65)
1 z ZW R?
Is = =(Myx—My)+ks— +ky=—= —k1zR*> — kp—
5 5 (Mot = Miy) +ks-5 + ka5 — Kz 27 (66)

because it is of the form (28) for F; = 4k;z% + kpz + % and K, = kyw + %, and of the form
(see Section 5.1.2 and Table 6)

_h (%) 2 2
V(x,y,z) = R2 + k1 (R” 4 4z°) + kyz (67)
for F; (%) = kse 20 4 kye~*% where tanf = % Therefore, the potential (61) is maximally
superintegrable.

5.1.3. The Components of the KT C,;, Depend on xy, xz, yz, x2, yz, 22

In this case, the possibly non-zero parameters are the a1, a4, a6, a7, a19, and a14. New
results are produced for the following six cases.

(1) a1 = a,a¢ = b, and ay = ¢, where 4, b, ¢ are arbitrary constants.

The potential is (see Table Il in [2])

k k k
V(x,y,z):x—;+y—§+z—g+lf(r) (68)

where ky, ky, k3 are arbitrary constants, r = /x% + y2 + z2, and F is an arbitrary smooth
function of .

The associated QFI (20) consists of the following three independent FIs (one for each
parameter 4, b, c):

1 ) 22 yZ

11 == EMl + kZ? + k327 (69)
1.5 z2 x?

12 - §M2 + k] p + k\’ng2 (70)
1. 5 e x?

13 - §M3 +k1? ‘i‘kaf2 (71)

Using spherical coordinates x = rsinflcos¢, y = rsinfising and z = rcos¥9, the
QFlIs (69)—(71) coincide with those found in Table II of [2]. Moreover, by adding the above
QFlIs, we find the QFI

1 5 kq ko ks

Iy = M" + + + 72
) sin?fcos?¢  sin’@sin’¢  cos?f @2)

where M? = M2 + M3 + M2 is the square magnitude of the angular momentum.
Even though the potential (68) admits the four independent QFIs H, I, I, and I3, it is
not integrable because the PBs {I;, I;} # 0.

For F(r) = kr?, where k is an arbitrary constant, the potential (68) becomes (see Table I
in [2])

k ky k
Vi) =)+ g .
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which is maximally superintegrable (see Tables 1 and 3).
(2)ag # 0.
The potential is
14 B L g 74
(xryrz)_T—i_ 2( /Z) ( )
where F; and F, are arbitrary smooth functions of their arguments.
The associated QFI (20) is
1
loy = 3M3+ B (%) (75)

If F,(R,z) = F3(R) + F4(z) where F; and F; are arbitrary smooth functions, then the
potential (74) is integrable (see Table 1):

3)ay =ag =ay #0.

The potential is

n E(2) e
V(x,y,z;m) :]; ]Rz Nf(ﬁ) + F(r) (76)

where F;, N; and F with j = 1,2,...,m are smooth functions of their arguments.
The associated QFI (20) is

loy = M+ ) — Nj(%). 77)

We note that for )
a.m=2,N; =F=1,N =k, F(r) = kir?%and

bom=2,Ny=F=1N, = & Fr)= -k

2 r
1+ %4
RrR2
the potential (76) reduces, respectively, to the following potentials (see Table Il in [2]):
b (z) 2, 2, 2 ke
Vi(x,y,z) = 2 +"y2 +k(x"+y 4z )+Z—2 (78)
E (Y
Vnys) = gy ke ok Z

x24+y2  r(x2+y?) v

where k; and k; are arbitrary constants. Both of the above potentials are also of the general
form (74).
The associated QFIs (77) are as follows:

- For the potential (78):
Lo PR | k(3 +y?)
oy =M+ 5 +;2 T (80)
-For the potential (79):
]. 2 rzF] (l) klzr
1(1,1) - EM + xz + ;2 xz + y2 . (81)

We note that the potential (78) is minimally superintegrable because it is separable in
the coordinate z and is also of the form (74).

(4) ay 7& 0, a7 = —aq and ajp — ial.

The potential is

2 z
V(x,y,z) = F(w) + Zalfz(w) + th)g’) + B (w)w (82)
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where w = x +iy, W = x — iy, and F,, F3, F4 are arbitrary smooth functions of their
arguments.
The associated QFI (20) is

- 1 . 2 4
I = 5(Mp —iMy) +F4(;). (83)
Moreover, the potential (82) admits the additional QFI

L= (i+iy)*+4 / Fy(w)dw (84)

because it is of the form (28) with F; = F3(w) + %B(w) + %ﬁ") Since the PB {I;, ,} =0,
the potential (82) is (Liouville) integrable.
Finally, for F, = kyw and F; = kzzzf’—zz, the potential (82) becomes

k
V(x,y,2) = kir* + 3 + F(w) (85)
which is a new minimally superintegrable potential due to the separability in the z-coordinate.
(5) a1 #0,a7; = —ay and a9 = —ia;.
Similarly to the previous case 4), we find the integrable potential
2 Fy (2
V(x,y,z) = F3(@) + %Fz(w) + 47;;“) + B(d)w (86)
and the associated QFI
L= X(My+iM Y+ E (=) (87)
1= 5V 1 )
Moreover, the potential (86) admits the additional QFI
L= (%—iy)* +4 /Fz(u‘;)dw (88)

because it is of the form (31) for F; = F3(@) + %Fz(a‘)) + M

w2
Finally, for F, = kyw and Fy = sz—;, the potential (86) becomes

k
V(x,y,z) =kr?+ Z—§ + F5(@) (89)

which is a new minimally superintegrable potential due to the separability in the z-coordinate.
(6) ag # 0 and a4 = —iay.
The potential is (see Equation (12) of [4])

k z R? — 322
V(x,y,Z) = k11’2 + w722 + kgﬁ + k47 (90)

where k1, ky, k3, k4 are arbitrary constants and w = x + iy.
The associated QFI (20) is

: 2
i = Ma(iMy — My) + k¥ — 2k = — Siks 2”4,

w 2 w? ©1)
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Moreover, the potential (90) admits the additional QFIs:

2

1 . z z
h o= 5(M- iM;)? tha— —dky (92)
1, .. k z
I = Ez(x—kzy)—l—klzw— ﬁ+k4$. (93)
1 ) k
i o= S+ i) + kyw?® — 7,742 (94)
1 r2 zr? r2(x? + y? — 322
Is = §M2+k2ﬁ+k3$ + ky ( y4 ) (95)
Specifically, we have the following:
(1) It admits the QFI (92) because it is of the form (82) for F, = kiw + %, F = Z% and
2
F4 = k3% —4k4%,‘
(2) It admits the QFI (93) because it is of the form (34) for F, = kiw + %, F = % and

_ k.
F4_wz’

(3) It admits the QFI (94) because it is of the form (28) for F; = kz> + % +kss — 3k4§}—%1
and F, = kjw + %,‘
(4) It admits the QFI (95) because it is of the form (76) for m = 4, N; = 1, F; = kpe 29,

N, = %, F = k3€_3i9, N;=1F = k4€_4i9, Ny = IZTZZ, F, = —3k4€_4i€ and F(T’) = k11’2.

We note that the variable § = tan—! (%) ;hence, w = x + iy = Ret? and R? = w.

We conclude that the potential (90) is maximally superintegrable. Specifically, it is inte-
grable due to the triplet H, I, I and superintegrable because it admits the five independent
QFIS H, Il, 12, 13, 14.

5.1.4. The Components of the KT C,;, Depend on Products of x, y, z of Mixed Degree

In this subsection, we continue by considering mixed combinations of the twenty pa-
rameters a1, . . ., Az so that the components of the KT C,;, contain products of x, y, z of mixed
degree. We note that we do not exhaust all possible cases; therefore, other authors could
consider other cases and determine new non-decomposable integrable/superintegrable
potentials in E3.

(1) The only non-vanishing parameters are the a3 = %, as = B, a3 = f%, ayy = 7%
and a5 = iB, where B is an arbitrary constant.
The KT (21) is
A B O T
Cuwp = —%x — %y — % iBx — % 0 |. (96)
0 0 0

For the KT (96), the system of PDEs (23)—(25) gives the potential

=3
V(x,y,z) = 4k (R2 - Z;) + ks (2w - 3w2) + ks + F(2) (97)

where k1, ky, k3 are arbitrary constants, and F(z) is an arbitrary smooth function.
The associated QFI (20) is

L = Z(i+iy)?+iMs(x —iy) — 2k; (iw‘* —w?+ R2w> —

W

-2
2k, (w3 + 2R2) Tk <“; + w) . (98)
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Moreover, the potential (97) admits the additional QFIs:

L = %(x—iy')2+k1w2+k2u7 (99)
L = %7;2—1—13(2) (100)

because it is of the form (31) for F; = —2k @® — 3ko@? + k3@ + F(z) and F, = 4k;@ + 2k,
and it is separable on the z-coordinate. Therefore, it is minimally superintegrable due to
the four independent QFIs H, I1, I, I3.

We note that the potential given in Equation (15) of [4] is a subcase of (97) for
F(z) = kizZ2+ %, where k; is an arbitrary constant. As it will be shown below, in
this special case, the resulting potential admits additional QFIs which promote it to a
maximally superintegrable potential.

(2) The only non-vanishing parameters are the a; = C, ay = —C, ag = —iD + 2iC,
a19p = —iC and a1; = D, where C, D are arbitrary constants.
The KT (21) is
%zz —%zz —%xz + %yz - %z
c = _icy2 Gy Crz+ Syz+i(§-C)z . aol

~Sxz+Eyz— Dz Lz %yz—i—i(% —C)z S(x® —y?) +iCy(2 — x) + D(x — iy)

For the KT (101), the system of PDEs (23)—(25) gives the potential (see Equation (15)
of [4])
k 2 w3 Z2 k -2 — k4
Vxyz) =4 (R= -+ ) + 2(2w—3w)+k3w+;2 (102)

where ki, ky, k3, and kg are arbitrary constants.
The associated QFI (20) consists of the following independent QFIs:

L = %(Mz +iMy)? + 2i2My + ky 2 (3@2 — 4z‘y) + 2kpz* (20 + 1) —
kg )
—k3z® + z% (w2 + 41y> (103)
1 i}
L = EZ(Mz +iMy) + k122a_) + kzZ2 — k4z%. (104)

Moreover, the potential (102) admits the three additional QFIs (98)-(100) because it is
of the form (97) for F(z) = k2> + ]z% Therefore, it is maximally superintegrable.
(3) The only non-vanishing parameters are the:

. . B C
ap = —2C, ap =iB—C, as =ag =iA, a7 =2C, a9:lZ_Z’

. . C
a0 = —2C, a;1 =a15 =4, app = —iB+2C, a3 = Z,

16 — 5 7 18_2 5 20_4

where A, B, and C are arbitrary constants.
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The KT (21) has independent components:

Chn = —CZ+iAy+(iB—C)z
L i Ay (5l 3C
Cp = iCz 2w (B+ > z
Cis = sz——iCyz—le_Cx+%(B+3iC)y—§z (105)
) . C
Cn = Cz —l—Ax—(zB—ZC)z—Z
. B iB—2C iA A
Cy = szz—Cyz—FEx—F > y—72+z
5
Ciy = —Cx?+Cy? —2iCxy + Aw + - 4C

where w = x + iy.
For the KT (105), the system of PDEs (23)—(25) gives the potential (see Equation (16)
of [4])

. 2
V(x,y,z) = kiw +ky (3w2 + z) +ks3 (4cw3 + 3wz + ZU) +ky (iw4 + % + 3wzz> (106)

where ky, ky, k3, and kg are arbitrary constants.
The associated QFI (20) consists of the following independent QFIs:

L = M3w—(Ml—|—zM2)z—§yz—|—7(w —z)+zk2(2w —zw+§y —§(w —z)—i—
k
. 4 2 . K4 2 . 4 2 .2
+1k3<3w z —|—1yw) Zy(w +z> +1k4w(2w +zw z) (107)
. ”
I = My(2%+iy) +iMyx + Maz + ~2% + l—z(z - wz) +ik3w<z - w2> n
4 2
ik74 2 2 o4
+ (z + 2zw 3w) (108)
: 2 : . . . 1 .2 .2 ikq
L = (M +iM) +(21M1—M2)w—zM3z+1(y —z)+k1zw+7y+

+2kow(2zw + iy) + k2—2<w2 - z) + k3w3(6z +1) + kyzw (22 — i) +

+iksy <3w2 — é) — kaxz + kyw* <4z + i) + 2ikgyw® +

2
kg2 (3w2 - i) + % (y2 - zR2>. (109)

We note that the parameter A produces the QFI I, B the I, and C the I3.
Moreover, the potential (106) admits the additional QFIs:

Li = W+ kyw+ kgw? (110)
Is = zi+ (k4w+ k23>z+k4w3+312{3w2+k2w (111)

because it is of the form (28) for F; = kyw + ko (3w? + z) + ksw(4w? + 3z) + ks (3w* + 3w’z
+§) and F, = k74w + %3; and of the form (34) for F, = k74w + %3, F3 = 3kqw? + 3kzw + ko
and Fy, = %w‘l + dkzw® + 3kow? + kyw.

We compute the PB {,, I} = 0; therefore, the potential (106) is maximally superinte-
grable.
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5.1.5. Special Superintegrable Potentials

In this subsection, we construct potentials whose form belongs to two or more of the
previous general results. We have the following cases:
(1) Consider the potential (see Table I in [2])

Vivy,z) =——+ 5+ - (112)

where ¢, cp, and c3 are arbitrary constants. This potential is of the general form (68) for
F(r) = =<, ki = ¢, ko = c3 and k3 = 0; and of the form (56) for ky = 0, k, = ¢1 and

2
F(Y)=c [1 + (%)2} +c3 {1 + (;) } . Therefore, it admits the additional QFIs:

1, z2
Il = EMl + C3y72 (113)
1, z2
12 = §M2 + CZP (114)
1., v x?
13 = §M3+C2?+C3? (115)
. . cp € @3

We conclude that the potential (112) is maximally superintegrable because the QFls H, I3, I4
are in involution, and the five QFIs H, I3, I, I3, I; are functionally independent.
(2) Consider the potential (see Table I in [2])

V(x,y,z)—ﬂ 2.8 (117)

Tx2R a2 22
where ¢y, ¢, and c3 are arbitrary constants. This potential is of the form V' = % + %2 +
¥ 1 F(2) (see Table 2) for ki = c2, k» = 0, k3 = ¢1, and F(z) = %; and of the form (78) for
k1 =0,ky =c3,and F; (%) = (6712 + C2) (1 + Z—i) Therefore, it admits the additional

NaSeri

QFlIs:
1 2 C3
Lo, ¥ YR
L = §M3 + Cz; =+ Cl? (119)
2 2
_ . y x°+2y
_ 1 ) yTZ 2 RZ
I4 - EM +C1W +C2P+C3272 (121)

and it is maximally superintegrable.
(3) Another maximally superintegrable potential is the (see Table I in [2])
ay | ¢

V(x,y,z) = 2R + 2 +c3z (122)
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where c1, ¢, and c3 are arbitrary constants. This potential is of the form V = —|— 2 +
%yz + F(z) (see Table 2) for k1 = ¢, ko = 0, ks = ¢1, and F(z) = c3z; and of the form (57)
for k = c3,and F; (%) = ( \/Cl—z + C2> (1 + Z—i) Therefore, it admits the additional QFIs:
1+%
y

1

L = Ez'2 +c3z (123)
LoV UR

12 = §M3 + CZE —+ C]? (].24:)

2 2
_ . Y x-+2y
13 = M3x — 2C2? — (] W (125)
. . 2yz 2z R?
14 = sz — Mly + C]ﬁ + CZE — C37. (126)

(4) Consider the potential (see Equation (11) of [4])

v ks k
V(x,y,z) = ki* + ko 3+i’+i (127)

where k1, ky, k3, k4 are arbitrary constants, w = x + iy and @ = x — iy.
This potential admits the additional QFIs:

2 2

1 . 2 w z

L = E(M2—1M1) -i-k42f2 _k2ﬁ' (128)
1 N2 2 ko

L = E(x—i—zy) + kqjw 2 (129)

I = LM 4 kge 4O 4 k™20 = T2 i i (2 2+k w (130)
2778 2 2773 2w 3w
1., ky

Iy = 2z + k122 +— (131)
1 5 2 2

I = 2M —|—k2 +k3 2 +k4 2 (132)

because it is of the form (82) for F, = kyw 4 k 3, F = k3 and [, = —kzz—zz + k4w—22; of

the form (28) for F; = kiz> + % + ’;—3 and F, = kw + 3, of the form (74) for F; =
koe 49 4 k3e=2% and F, = k1% + IZ% ; separable on the z-coordinate; and of the form (76) for
m=2F =N, =1N =k, E =k +kze 2 and F(r) = k2.

The variable § = tan~! (%) and, hence, w = x + iy = Re’®. We recall that

n

- 14

w=Re? — " = (
y\2
1+ (%)
where 7 is an arbitrary real constant. If n = 2k € R, then ¢** = (%)k because R? = w.
We conclude that the potential (127) is maximally superintegrable.
We collect the results of this section in Tables 4-7.
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Table 4. Possibly non-integrable potentials V(x,y,z) in E3 that admit one or more QFIs of the type

I(1,1) which are not in involution.

Potential

LFIs and QFIs

V=F (cz+by+ (Va2 +b? +c? +u)x)+
+F (cz +by — (Va2 + b2+ 2 — a)x)—i—
+F5(bz — cy)

I = (ax +by+cz)x +a(F + F)+
VAT A - B)

V = (a® +b*)x? + 4(az + by)> + %-ﬁ-
+ko (az + by) + F(ay — bz)

I = aMyx — bM3x — %2(:12 +b?)x%—
—2(a? + b?) (az + by) a2 + Zalezty) %Z;by)

L=12+4 (@ 4+ + %
_ k _ ._ )
V_W I = aMyx — bM1x + azV
_1\p2 2 Ua
v=81+5845 k0 h=2Mithg+hs
x y z _ 1aA2 22 x?
L= 3M;5+k 2+k3
L= 3M+ki; +k2
V_Fl(%) E (2 4+ 12 L=iM2+F(Y)
ey +E(x* +y%,2) 1= 2/V3 1%

n SN (7) + F)

rFZ
1= ive o SN ()

L = (¥ +iy)* +4 [ B(w)dw

V =F(wz)+ FE(w)®
)

V=F(w,z)+ E(w)w

L = (i —iy)* +4 [ B(w)dw

Table 5. Integrable potentials V(x,y,z) in E® that admit QFIs of the type I, (1,1)-

Integrable Potentials

Potential

LFIs and QFIs

V= Fz(w)u_] + F3(w) + F4(Z)

L = (¥ +iy)* +4 [ B(w)dw
12 = %Z'z + F4(Z)

V= Fz( )w+F3( )+F4(Z)

11:( —ly +4fF2
L =32+ F(z)

V = FBz2 + F3(w)z + Fa(w) + B (w)®

L=1z (x+iy)+F2( )z+2fF3(w)dw
12:(x+zy) +4 [FB(w

V = Bz + F3(@0)z + F4 (@) + B (@)w

L =3z (& —y) + By ()2 +§fF37‘7
L= (x—iy)> +4 [ F(w

2 F (&
V =B+ 2Bw) + 2 4 pw)w

L = Z(Mz—iMl + Fy

_ 2 _ F,
V= E(@) + k(@) + L

L=1(M+ z‘M1

)d
(
12:(x+zy +4fF2 )
Fy(
L= (xfzy) +4fF2 D)

w
)
dw

)

w

z
w
d

Table 6. Minimally superintegrable potentials V(x,y,z) in E® that admit QFIs of the type I 11)-

Minimally Superintegrable Potentials

Potential Ref [2] LFIs and QFIs
pl( A(Y) ) Table II L =122+ 4k22 + kyz
V= (R ) s k=0 n-bviery
I3 = Myx — My + Z;{g;) 2k12R2 kZRTZ
L=iM2+F (L
voBE) ke Table II 1= M5+

=iy TR0 |

R ZF(&{Z
Iy= Myi— My + Z05) | 2

kpz
r
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Table 6. Cont.

Minimally Superintegrable Potentials

Potential Ref [2] LFIs and QFIs
_ kz
_Fl(% 5 k 11—72 +k12
V*T)‘l’klr +z% Table II 12:1M2+F1( )

I = IM2 + 'Fl(*) + B

2
3 IL = 1(xfzy) +k]?1_} + ko
V=it (R = ) + ko (20— 30%)+ New b= §w2+iM3(x—z'y') 2k (30! P + R20) -
+hs® + F(2) 2Ky (@ + 2R?) + ks (G + )

L =122+F(z)

V= k1r2+k2u‘;+k32+F4(w) New L= EZ( +1y) +k1w2+k22+ 2w
L = (2 +iy)* + 2k w? + dkyw
I3 = %z + k122 + kaz
— ls(x iy D ks
V = ki + kow + ksz + Fa (@) New I = 52(x - lzy) + kliuzz + kzz_+ 5w
Iz :( —ly) +2k1w +4k2w
Iy = %z + k122 + kaz
= 1M, — w?
V=t +% +Bw) New h = 3(Mz — iMy)* S
z L= (x+1y) + 2k w
=124k +%
_1 iM: )2 @?
V:k17‘2+lz%+F3(Z'U) New h=3(Mz +iM1)" + ko 35

L = (2 —iy)* + 2ky@?
I = %22 +k122 + ]Z%

Table 7. Maximally superintegrable potentials V(x,y,z) in E2 that admit QFIs of the type Ii1,0)-

Maximally Superintegrable Potentials

Potential Ref [2] Ref [4] LFIs and QFIs
L = 1.7'(2 +k1x2 + kz
V=k(RR+42)+ 2 + 5 4 k2 Table I Equation (13) L= 1y% + kyy? +: 3
x v ks=0 zZ4ex 13:22 + 4k, 22 +k4z

I :M2x+22(— —kix ) 74
I = 7M1y+22(7 7k1y

Iy = 1MZ +ky (L +k3(§

k k b= 4 3 7%
V=4 (2 +16y” +42) + S+ New New b = 39 +4ky + kay
+ksy Iy = 322+ k22
Iy = M2X+Z(2XL22 — I%Xz)
Is = Myz =22y + %)

L=12+k2+%

— 1.2 2 2
VekPt+ 948458 Table I Equation (10) L= +ky*+ 73
oo L=312+k2+3
2 2
L=3M ki ki
2 2
I =M +kiZ +ksdy
L=1M 4k + k2
6 = 23 T2 22
h=iM+aZ
V=-94+%21+3 Table I not
G +y2 included 12=*M2+C2Xz

13:1M2+Cz +c32
Iy = Myx — Myy — 2z(7 — % — %)
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Table 7. Cont.

Maximally Superintegrable Potentials

Potential Ref [2] Ref [4] LFIs and QFIs
I =322+ 53
V=Y 4 92,93 Table I not
T X<y included L= ;M +C2 z ""Cl
_ _ 2422
13 = qu 262 —C1 ZZR o
14:1M2+C1 +sz2+C32
bl I] = EZ +C3Z
V=C”+ tesz Table I not — 12 ’/R
R ’ Xy included h=;M+tel + iz )
Iy = M3x72czf -z ;?{y

R2
Iy = Mok — Mg+ Zyz +C2* — 35 2

2

i II:%(Mz—iM1)2+k4%— 2Ly
Vekrt+hk S+ 5 40 g "
'(44'3, 102 Z2

] i0 not L= %(X+i}])2+k1w27 :;—22
; = i-&- g = Re included Equation (11) I = A M2 4 kpe 4 4 k20
=x— o _
— LM (8)
L=32+kha?+ 3
— 1ng2 2o 2 2
Is = EM +k2F +k3u7 +k4z7
1 2 2
L= 5 (M —iMy)" + ks —4ks 25
V=kr+2 5tk 5+ not L = M3(iM; — Mz)+21<37721k27—
+ky R? 43;2 included Equation (12) 31k3 Z2 — dik, w
w ‘L
I = (x+1y) +kjw? — Lz
I = 32(x+1iy) +klzw7 Stk
2
Is = —M2+k2 +hsZy +k ﬁ%&)
h=3(+iy)] +ko? - %
V =k (R?+4z%) + koz + %Jr not ) Iz:%(ff+iy‘)( —iMy) — kyza?—
+hy ! included Equation (14) 2k Byt k3
w

I; = 132 +4klz +k22

Iy = ?Mz +kse 20 + kye 0 )

I = £ (Mt — Mug) + ks & + ks 53—
—kyzR? — kB

L = Lz —iy)? + k@ + ko
L = 1@? +iMsw — 2k (3 — w? + R?@) —

R2 3, 2 _
=4k (R 7%+%)+ 2Ky (@ +2R2) + ks (% + )
+ky (2w — 30?) + ks o+ not L=l 2.k
L included Equation (15) 3=gf bzt
z

I = 3 (My +iMy)* + 2izMy +
+k12% (3% — 4iy) + 222 (20 + 1) —
—ks2? + 5 (0 + diy)

Is = %Z(Mz —+ lM]) + klzzw + kzZ2 — k4z%

L = My — (My +iMy)z — Jyz+
ik

—1(w2—z) +iko (200° — zw + Ly) -
?3( —z) +iks (Bw* — 22 + iyw) —
74y( 2+ z) + ikgw (2wt +zw 722)
I = My (2% + iy) + iMox + Msz + {22+
L N
Y s s +"§4 Ez +22)w+i(3;21(3 )+
+ks (4’ +3wz+ i)+ ot L (M VR
+k4( i  +3w Z) included Equation (16) 3 771,1\;1324 " f(y'z _2) 1+k12£+
+ Ly 3y + 2kow(2zw + iy)+

+2 (WP —2) + kw62 + 1)+
+hazw(2z — 1) +iksy (Bw? — §)—
—kaxz + kyw* (4z + 2) + 2ikgyw’+

+haz?(3u? — 1) + %4 (% —zR2>
Iy = w? + ksw + kyw?
Is = 2o+ (kew+ 3 )z + kg’ +
+3k73w2+k2w

Remark 1. The potential (68) admits the four independent QFIs H, Iy, I and I5 (see Table 4); however,
it is not second order integrable because the PBs {I;, I;} # O for i # j. In Table Il of [2], it is claimed
that this potential is minimally superintegrable because, in that paper, superintegrability is defined
without the requirement of the integrability (i.e., the vanishing of the PBs). Indeed, we have:
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V(x,y,z)

G(x,y,z)

I = {hBL}={hLh}={LL}
_ 2. Yz 2 .. XZ 2. . Xy
= M (x yz+2k1;) + M» <y xz—|—2k2y2) —|—M3(z xy—|—2k3z—). (133)

The third order (cubic) FI 14 cannot be used for establishing integrability because the PBs
{I, I4} # 0, wherei,j =1,2,3.

6. The QFI I(; ) Where £ =0
We set L(g), = L, and the QFI [, ;) for £ = 0 becomes

I(o0) = —tL(a)3°4" + Lad" + tLo V" (134)

where the vector L, is given by (15), the generated KT L, is given by (16), and the
following condition is satisfied

(Lb V”’) = 2Ly V. (135)
P

Condition (135) is a subcase of the general condition (22) in the case that the function

G = — L,V and the general second order KT Cyj, = L) is reducible. In Section 5.1, we

have computed (not all) pairs of functions (G, V) which satisfy the condition (22). Therefore,

in order to find potentials V' (x, y, z) that admit QFIs of the form (134), it is sufficient to solve
the constraint

G=-L,V* (136)

for all pairs (G, V) for which the KT C, is given by the reducible form (16). If the con-
straint (136) is not satisfied for some pairs (G, V), then the corresponding potentials V of
these pairs do not admit QFIs of the type I ).

Moreover, the QFI (134) is written as

1(2,0) — —]t ‘I‘ Laqu

where ] is the associated autonomous QFI (20). The PB {H, 1(2,0)} = @ = —]J. Therefore:
The time-dependent QFI I3 o) generates an autonomous QFI of the type I ).

This is an interesting connection between (first degree) time-dependent and au-
tonomous QFIs.

We consider the following cases.

(1) In Section 5.1.2, we determined the functions:

k
= (a2 4+ b*)x* +4(az + by)? + x% + ko (az + by) + F(ay — bz) (137)
= —kz—z(az +b?)x% — 2ab(ay + bz)x* — 2(a%z 4+ b3y)x* + %z—i—az). (138)
Then, the vector
bxy + axz + 2byy + 2b1z + bs
L, = —bx?% — 2byx + 2byz + by (139)
—ax% —2byx — 2byy + bs

where by, by, . . ., bg are arbitrary constants. Replacing (137)—(139) in the condition (136), we find:
b1:b2:b3:b420, ﬂ::tib, b5:ib6.

Therefore, the potential (137) becomes’ (see the potential V = F;(y — bx) + F»(z) in Table 2)

9 The function F(iz & y) is either the F(y + iz) or the F(y — iz). Therefore, we can write F(y = iz).
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k . . : k .
V(x,y,z) = x% +4b(y +iz)? + bky(y £ iz) + F(y +iz) = x% + F(y+iz) (140)

=F (y+iz)
and the vector
bx(y £ iz)
L, = —bx? + bg i (141)
:I:i(—bxz + b6)
The associated time-dependent QFI (134) is
Ing = —bty=+ iz) %% + btxx(y +i2) + b(y + iz)xx —
(2 — bg)y F i(r? )z - AL E)
= beJ1—b) (142)

which contains the independent Fls:
L 2 2k : . . .
Jhi=y+iz, h=t|x +o7 (y £iz) — xx(y £iz) — Jix(tx — x).

From Section 5.1.2, we have that the potential (140) also admits the autonomous QFIs:

2k (y £1iz)
2

kq

1.,
p ]42595 +;-

Js = (£iMy — M3)x +

We note that ], = J3t — xx(y +iz) + J1x2.

The potential (140) is maximally superintegrable due to the five linearly independent

FIs H, |1, J», 3, and J4. The autonomous FIs H, [{, J4 are in involution. This is a new result
which could not be found in [2] because of the additional time-dependent QFI J5.

The PBs are:
9> o 2k
(B} =52 = Jo Ulah = (k= Ui} =0, (i dah = —h (% +23),

. 4k . (.2 2k .
{I2, J3} = —2(Mj3 FiMz)* — xle(}/ +iz)?, {Jo, Ja} = —(ht+y+iz) (Xz + le) +2]px%.
(2) In Section 5.1.2, we determined the functions:

Fl(%) klz kz

V(x, y, Z) = R2 —+ W — 7 (143)
2zF; (%) 2k122 k1 kzZ
G(x,y,z) = a R2 +ap R + ay—= = a27. (144)

Then, the vector

L, = ayz — 2byx + 2byz + bg

—aR? — 2bix — 254]/ + bs
Replacing (143)—(145) in the condition (136), we obtain:

axz + 2byy + 2b1z + b3
(145)

by =by=b3=by=bs=0bs=0, kp =0.

Therefore, the potential (143) becomes

(%) &k _ k
V(x,y,z) = 1155) + 25 =R Z[H(Z)+ﬂ (146)
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and the vector L, = a(xz,yz, —R?).
The associated time-dependent QFI (134) is

Ig) = —ht+z(xi +yy) — (* + %)z (147)
where [; is the autonomous QFI

_ . . 2ZFl (%) 2k122 kl
J1 = Mox — Myy + x2+y2 + r(x2+y2) +7.

From Table 6, we have that the potential (146) admits the additional autonomous QFIs:

1 r’Fy (%) kyzr
]*7M3+F1( ) Js=3M +x2+y2 X2 4y

Therefore, (146) is a new maximally superintegrable potential due to the five independent
QFIs H, |1, ]2, J3, and (147). We note that this potential was considered to be minimally
superintegrable (see, e.g., [2]) because only autonomous QFIs were considered.

The PBs are {H, [0} = —J1 and {(5), ]2} = 0.

(3) In Section 5.1.1, we determined the functions:

V(x,y,z) = F(x)+R(y)+F(z) (148)
G(x,y,z) = 2a3F(x)+2a135(y) +2a9F3(z). (149)

Then, the vector

aizy — 2b2x + 2b4Z + b6
a9z — 2byx — Zb4y + bs

asx + 2byy + 2b1z + bs
L, = (150)

Replacing (148)—(150) in the condition (136), we obtain the following ordinary differ-

ential equation (ODE):
0 = a3[xF +2F(x)] 4+ b3F +a13][yF; +26(y)| +
+beFy + a9 [zF3 4 2F3(z) | 4 bsF3 +
+2by (Fjy — Fyx) + 2by (Fz — F3x) + 2bs (Fyz — F3y) (151)

where F| = ‘y;l, E, = dl;z and F} = ‘21;3
We consider the following subcases:
Subcase 3.1. Subcase by = by = by = 0 and the pairs (a3, b3), (a13, bg), (a9, bs) are not
the origin (0,0).
Then, the ODE (151) gives:

az[xF +2F (x)] + bsF] = A4 (152)
a13 [yFZI +2F, (y)] + béFﬁ = A (153)
ag [ZF:)/, + 2F3 (Z)] + b5F3/, = —)\1 — A (154)

asx + b
where A and A, are arbitrary constants, and the vector L, = ( a3y + bg ) .
a9z + bs
Solving the system of ODEs (152)—(154), we find the functions:

A (%% + bsx) 4+ ¢
(a3x+b3)

(ﬂls y2 + b6y) + 0
(a13y + bg)?

Fi(x) = » Bly) =

(Al + )\2)(% z2 + b5Z) +c3
(a9z + b5 )?

F(z) =
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where ¢, c3, and c3 are arbitrary constants.
Then, the potential (148) becomes
A (B2 4 p a3 b
V(x,y,z) 1(2x + 3X)2+Cl ( ]/ + 6y)+C2
(a3x + b3) (a13y + be)?
M+ M) (%822 +bsz) 4 ¢
(M) (T +5)+3 (155)
(a9z + bs)?
The associated time-dependent QFI (134) is
Ing) = —Jt + (a3xx + a13yy + agzz) + bax + bey + bsz (156)
where | = 2a31y + 2a131; + 2a913 is the sum of the three separated QFIs:
1 2 1 .2 1 .2
L = 5% +F(x), b= 2 +h(y), = 52 + F3(z). (157)

Therefore, (155) is a new minimally superintegrable potential due to the four indepen-

dent QFIs Iy, I, I3, and (156). We note that (155) depends on the eleven parameters

as,a9,a13,b3, b5, bg, c1,¢2, 3, A1 and Ay; hence, the time-dependent QFI (156) is irreducible.
-For A = Ay = 0 and a3aq349 # 0, we obtain the potential]O

k1 n ko n k3
(x+m1)?2  (y+mp)?  (z+m3)?

V(x,y,z) = (158)
where k1, ky, k3, m1, my, and ms are new arbitrary constants.
Then, the associated time-dependent QFI (156) consists of the independent QFIs:

Iy = 2Lt + (x +my)x, Is = =2Lt+ (y+my)y, Ig = —2I3t+ (z+ m3)z.

Therefore, the potential (158) is maximally superintegrable due to the independent QFIs
L, I, ..., Is. Because time-dependent Fls are considered, the maximum number of indepen-
dent FIs is six (i.e., greater than five).

Subcase 3.2. Subcase by = by = by =0, a3 # 0and a9 = a13 = bs = bg = 0 (i.e., two
pairs of parameters from subcase 3.1 vanish).

From the system of ODEs (152)—(154), we find that A; = A, = 0, and the potential (148)
becomes
ky

m—l—l:z(y)‘FFg,(Z) (159)

Vix,y,z) =

where kq, m; are arbitrary constants and F,(y), F3(z) are arbitrary smooth functions.
The associated time-dependent QFI (134) is

1(2,0) = —ZIlt + (x + m])x (160)

where the QFI [} = 2x + Gam)? ]) Therefore, the potential (159) is minimally superinte-

grable (see Table 2).

Subcase 3.3. Subcase by = by = by = 0,49 = bs = 0 and the pairs (a3, b3), (a13, bg) are
not the origin (0,0).

From the system of ODEs (152)—(154), we find that A; = —A; and the potential (148)
becomes

M3 +bsx) +a M (P +bey) +o
(a3x + b3)? (a13y + be)?

V(x,y,z) = + F3(2) (161)

10 Since azayz3a9 # 0, we can set by = myaz, bg = moais, bs = mzaq, ki = ‘%, ky = :TZ and k3 =
3 13
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where F3(z) is an arbitrary smooth function.
The associated time-dependent QFI (134) is

L) = —2(azly + a13Lr)t + (a3x + b3)% + (a13y + be)y (162)

where the QFIs I; and I, are given by (157). We note that the potential (161) is a minimally
superintegrable potential.

- For Ay = 0 and aza13 # 0, we obtain the maximally superintegrable potential (see
Table 3)

- kq ko
V(x,y,z) = G m) + T m

which admits the additional time-dependent QFIs:

7t F5(z) (163)

Iy = 2Lt + (x +mqp)%, Iz = —2DLt+ (y + ma)y.

Subcase 3.4. Subcase a3 = a9 = a13 = 0 (autonomous LFIs, L3y =0and G = 0).
The ODE (151) becomes

20, (Fjy — Fjx) + 2by (F{z — Fix) + 2by(Fjz — Fjy) + bsF] + bsFy + bsF3 =0 (164)

2b2y + 2b1z + b3
L, = —2byx +2bsz + bg |. (165)

—2b1x — 2byy + bs

and the vector

The ODE (164) admits solutions of the form:
Fi(x) = kx* + kix, Fa(y) = ky* +koy, Fa(z) = kz® + k3z (166)
where k, k1, kp, and k3 are arbitrary constants. Then, we obtain the separable potential
V(x,y,z) = kr* + kix + koy + ksz. (167)

Replacing (166) in (164), we find the following system of equations:

kibs + kobg + k3bs = 0 (168)
kbs —kybp —ksby = 0 (169)
kbg + kibp —ksby = 0 (170)
kbs 4+ kib1 + koby = 0. (171)
We consider the following cases.
-Casek =0.
The potential (167) becomes
V(x,y,z) = kix + koy + ksz (172)

where kikyk3 # 0 in order to have a 3D potential.
Solving the system of equations (168)—(171) for k = 0, we find:

ko ks ko k3
by = ——=by, by = —by, b3 = ——=bg — —bs.
1 k1 4, 2 kl 4, 3 k1 6 k] 5

The associated QFI (134) reduces to the LFI

3
I= Laqa = —2by 2 kiM; — bs(ksx — k12) — bg(kox — kly),
i=1
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which consists of the LFIs:

3
Ji=Y_kiM;, J» =kst —kiz, J3 =kox —kuy.
i=1

Therefore, the separable potential (172) is maximally superintegrable.

-Casek # 0.

The system of equations (168)—(171) implies that b3 = %bz + %bl, bs = —’%bl — %b4,
and bs = Xaby — E1p,.

Similarly, we find the LFlIs:

J1 =2kMy 4+ kpz —k3y, Jo = 2kMy +ksx —k1z, J3 = 2kMs + kiy — kpx.

Therefore, the separable potential (167) is maximally superintegrable. We note that the
k # 0 introduces the term kr? which is the oscillator; therefore, the corresponding change
in the Fls is the addition of the components of the angular momentum.

Case L, Isa KV

We consider that L, is a KV in E3. Then, Ligpy =0 and the time-dependent QFI (134)
becomes the time-dependent LFI
I = Lag" +st (173)

where the arbitrary constant s satisfies the condition
L,V* =s. (174)

Replacing the general KV L, given by (13) in (174), we find the PDE

1% 1% 151%
(bl — b4y + b5z)— + (bz + byx — b6z)— + (b3 — bsx + béy)i =5 (175)

ox ay 0z
where by, .. ., bg are arbitrary constants.
We consider the following cases:
(1) Case by # 0and by = bs = bg = 0.
Then, the PDE (175) gives the potential
V =c1x+ F(y — cax,z — c3x) (176)
where ¢; = ﬁ, ) = Z—f, c3 = Z—?, and F is an arbitrary smooth function of its arguments.
The associated LFI (173) is
I =x+cy+caz+cqt. (177)

(2) Case by #0,b; =0and by = bs = bg = 0.

We find a subcase of the potential (176) for x <+ y and ¢, = 0.

(3)Caseb3 #O,bl :bz :Oandb4 :b5 :b6:0.

We find a subcase of the potential (176) for c; = ¢, ¢c; = c3 =0and x « z.
(4) Case by # 0 and bs = bg = 0.

Then, the PDE (175) gives the potential

1 L x+
V:cotan1<;i§j> +F[2(x2+y2)+czx+c1y,z+C3tan 1<;+Z)] (178)

where ¢y = 5—4, 1= _l%’ ) = Z—i, 3= — Z—i and F is an arbitrary function of its arguments.
The associated LFI (173) is

I = M3 — c1X + coy — 32 + cot. (179)
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(5) Case b4 75 0, b6 = 0and bz = b3 =0.
Then, the PDE (175) gives the potential

Ve 0 1| Yrazta + F(z —ay, ¥+ (1—c)y? + 20y + 2c1yz) (180)
1+ ¢ \/14 c3x
where ¢y = ;—4, 1= —2—5, ) = —Z—i and F is an arbitrary function of its arguments.

The associated LFI (173) is
I = M3 —c1 My — X + cot. (181)

(6) Case by = by = b3 = s = 0and bs # 0.
Then, the PDE (175) gives the potential

V =F(r,x — c1y — c32) (182)
where c; = — Z—Z, ) =— Z—i and F is an arbitrary function of its arguments.
The associated LFI (173) is
I= M1 - Cle - C2M3. (183)

We collect the results of Section 6 in Tables 8-10.

Table 8. Minimally superintegrable potentials V(x,y,z) in E® that admit time-dependent QFIs of the

form I ).
Minimally Superintegrable Potentials
Potential Ref [2] LFIs and QFIs
I'= —Jt+ (azxx + a13yy + agzz)+
V= M(Z24bsx)+a | MRy 4bey)+er +b3x + bey + bsz
T {axthp {413y +bs )2 New J = 2a3l; + 2a131> + 2a915
_ (M+A2) (T2 4bsz) +cs L1 A (B x2+bax) +er
CE=mE 1= 2% ﬁ
_ 1.2, (B tbey)te
IZ - ?y (25113y+b(,)2
I — 1.2 ()\1+A2)(ﬂ7922+b52)+f3
3= 7Z - (ﬂ92+b5)2
Il _ lx2 4 k1
_ K N 2 (x4mi)?
14 tmi)? + Fz(]/) + FS(Z) ew I = %yZ + Fz(y)
I = 322 + F(z)
I4 = *2111’ + (X + ml)x
1.2 Al(ﬂjx2+ng)+f1
V= )Ll('%xz-&-hg;x)-ﬁ-cl _ Il - 7x + (2a3x+b3)2
T ey New b= 1 - MCEZ ) e
~ M(Ry +b5y2)+cz +E(2) 2 % i (a13y+D6)?
(a13y+bs) Iy = 32+ F3(z)

Iy = —2(azly + a1z )t + (agx + bz) i+
+(a13y + be )y
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Table 9. Maximally superintegrable potentials V(x,y,z) in E3 that admit QFIs of the form I(2,0)-

Maximally Superintegrable Potentials

Potential Ref [2] LFIs and QFIs
B h=yxiz
V="4+F(y+iz) New Jo = Jat — xx(y + iz) + J122

Js = (£iMy — My)x + Zalrki)

1.2 k
Jo= %"+ 3%

Mov Mo 2R w2 K
V =R"? [1:1(1) + kli} New 1= ]1\/123; Mlyy+ A T T
D h= 1M+ R(Y)
Fi(Z
Js = %Mz + rleJr(;z) + xlz{fgz
Jo=—ht+ z(xfc +yy) — (¥ +y?)z
h= 2x + (xwzml)
_ k _
V= (x+r]n1)2 + (y+mz)2 + (z+m3)2 New L= 2]/ (y+m2)
13 = + (Z+WI3)
Iy = —211t+( +my)%
Is = —2Dt+ (y + ma)y
I¢ = —2I3t + (Z +m3)z
h=34+ (xTnn
V= Gy T ey T B New L= 37+ iy
Iy = z 22+ F3(2)
14 = —2[11’ + (X + ml)f(
Is = —2Dt + (y + mp)y
I = 332+ kyx
V =kix+kyy+ksz New L= %y2 + kay
I; = Z + k3z
u:z kM
15 = k3x — k12
Ig = kox — kqy

11 = %Xz +kx2 + klx
V = kr? + kyx + koy + ksz New I = 39> + ky* + kay
Iy = 322 + kz* + ksz
Iy = 2kMy + kpz — k3y
Is = 2kMp + k3x — k12
Ig = 2kM3 + k1y — kot

Table 10. Possibly non-integrable potentials V' (x,y, z) in E® that admit LFIs of the form I = L,4“ + st.

Potential LFIs and QFIs

V =c1x+ F(y — cax,z — c3x) I =X+ cy+c3z+cit
_ —1( x+

V = cptan <;+§f)+ I = Mjs—c1%+ o — 32 + cot
+F[ (x> +y?) + cox +c1y,z + catan ! (;ig)]
— _ % -1 ytazta = — — CpX

V= mtaﬂ ( mx)-‘r I = M3z —c1Mp — cox + cot

+F(z — 1y, x* + (1 = )y + 2c0y + 2c1yz)
V:F(r,x—cly—czz) I:Ml —C1M2—C2M3
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7. The QFI 1(3)

In this section, we consider the QFI
Mt -4 -b -a ,a
Iy =e (—L(ﬂ;b)q G + ALug" + L,V )

where the vector L, is given by (15), the generated KT L, is given by (16), and the
following condition is satisfied:

(va'h> = 2LV - ML, (184)

We consider several cases concerning the parameters a1, 4, . . ., a9 which define the
vector L, given in (15).

7.1. Case Containing KVs and the HV: Parameters a1, a3, ay, ag, a7, a9, 19, 413, 414

In this case, the vector L, given in (15) has the general form
kix b1 — byy + bsz
Lo=| ky |+ | b2o+bsx—bez (185)
k32 b3 — b5x + b6y

whereky, ..., k3, by, ..., bs are arbitrary constants and the generated KT Ligpy = diag(kq, k, k3).

We assume ki = kp = k3 = k is an arbitrary constant. Then, the vector (185) is the
linear combination of the homothetic vector (HV) with the gradient and non-gradient KVs.
The KT L ;) = kdyp, and the time-dependent QFI I(3) becomes

I = eM(—k§"Ga + ALag" + Lo V). (186)
The condition (184) is
(vafb + 2kv) XL =0 (187)
From the integrability condition of (187), we obtain:
Lip—Lpg=0 = Ly =kbyp = by =bs=1be=0.
This implies that only the HV and the gradient KVs survive, that is, the vector (185) becomes
( kx + by )
Lo=| ky+by |. (188)
kz + b3
We consider the following special cases.

(1) Case k =0,b3 = 0and by # 0.
The vector L, = (b1, by, 0). Then, Equation (187) gives the potential

2

V(x,y,z) = % (C% - l)x2 +cox — ey A%xy + F(y — 1%, 2) (189)

where ¢; = %, ¢y are arbitrary constants, and F is an arbitrary smooth function of its
arguments.
The associated time-dependent LFI is
=Mt +cdy = A2x—arly +cr). (190)

We note that {H, [} = % = Al
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- For c; = 0, the potential (189) becomes

2

V(x,y,z) = —%xz—l—czx%—F(y,z) (191)

and the associated LFI (190) is
[ =M ()Lx A%yt Cz). (192)

In the case that F(y,z) = F;(y) + F2(z), the potential (191) is separable; therefore, it is
minimally superintegrable due to the additional independent LFI (192).

(2) Case k = 0and by = by, = bs.

We have L, = (1,1,1).

The potential (after the transformation x < z)

22
Vix,y,z) = 7x2+kx—/\2(y+z)x+F(x—z,y—z) (193)
where k is an arbitrary constant and F is an arbitrary smooth function of its arguments.
The associated LFI is
=M A +y+2) = A2(x+y+2) +K]. (194)

(3) Case k # 0.
We find the potential

2 2 b o4
);rz—);(lzx+l;{2y+}fz)+ ! 2P<y+h"1,z §1> (195)
(z—i—%) X+F% X+ 7%

V(x,y,z)=—

where F is an arbitrary function of its arguments.

The associated QFI is
A A2 A2 by, by b
— At . v A . . 91 92 . 93 .
I = e [(x 2x> +<y 2}/) +<z 22) A(kx+ky—l—kz>+
A (b by by b B B3 2F
A+ 2y 43+ L2 4 3 2 1
+2<kx+ky+kz+2k2+2k2+2k2 + 2 (196)
(Z + 7)
Subcase 3.1. For by = by = b3 = 0.
The potential
2 EF(Y z
V(x,y,z) = —%r%r (;;x) (197)
and the associated QFI is
2, 2F(%,Z
[=eM|22+ 2 +22 — A(xx +yy+ 22 +/\—r2+M : (198)
Y Yy 2 2
Subcase 3.2. For b; = kand b, = b3 = 0.
The potential
2 2 F(-Y, =
V(x,y,z) = —§r2 — %er (H;zx 1) (199)

and the associated QFI is
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A2 A2 A\ A2 A2 2F
I:M . A A A o A A i )
e l(x 2x) +<y Zy) —i—(z 22) AX + 2x+ n +22 (200)
Subcase 3.3. For by = b, = kand b3 = 0.
The potential
A2, A? 1 _(y+1 =z
Vinyz) = =57 _4(x+y)+22F<x+1’x+1>’ (201)
and the associated QFI is
2 2 2 2
I:e“l(a&—éx) +(y'—2y> +<Z—gz) —/\(x+y')+/\7(x+y+l)+zz—§. (202)
Subcase 3.4. For by = b, = b3 = k.
The potential
Viyz) = - - Py p(YHl 2+] (203)
/.1// - 8 4 .1/ (Z+1)2 x+1/x+1 7
and the associated QFI is
2 2 2
I = e“[(a’c—/\x> —i—(])—)\y) —0—(2’—)\2) —Ax+y+2)+
2 2 2
+A2<x+ +z+3>+ 2F (204)
2 PR ) T )
b b b b b
yt# 42\ _p (R o _p (vt <
Subcase 3.5. FOtF(erb,}'erb,}) _F1<x+b1 . + <x+b71)2 =B z+b73 + (H%)z,

where ¢ is an arbitrary constant.
The potential

A? A? o 1 y+o
V(x,y,2) = —=1* — “(c1x + oy + c32) + + Fl( > (205)
g CH ! c+al  Gre)
b:
where ¢; = .
The associated QFI consists of the independent QFIs:

A \? A Ac 2
I — At . o . _ 1 0 2
1 e l(x 2x) Acl(x 2x e > +7(x+c1)2 (206)
A2 AN A2 32 & 2F
At . . . . 2 3 1
b e l(y 2y> + (z 22) Alcay + c32) + 5 (czy+03z+ 5 + > + (Z+C3)2 (207)
(4) Case k1 = kz = k3 = kand La = V,a.
We find the potential
k o
V(x,y,z) = 5 + b1x + byy + baz. (208)

Then, Equation (187) gives k = — %2 and the potential (208) becomes
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2
V(x,y,z) = —%rz + bix + boy + b3z (209)

The associated QFI is

i=1 i=1

_ At /\23 -1 /\i 2 b~i /\Zbi 3b2 21
T=\ T (4 —50) +Ad) = Fbd + 107 (210)

This QFI consists of the independent QFIs:

A2/ A2 A2

Il = eAt Z <x - 2x> + Ablx - Tblx + b%
[ A2 A \? A2

Y A A 2

L = e 1 (y Zy) + Abyy 2b2]/+b2
(A2 /7 A \2 A2

I; = M 4<z—22> +Ab3z—7b3z+b§ .

Therefore, the potential (209) is maximally superintegrable (see Table 3).
(5) Case kykoks # 0 and by = bs = bg = 0.
The potential

A%, A%y by b3
V(x,y,z) = i —4<k1x+k2y+k32>+<

c c
St (211)
(k) (+R)
where ¢, c3, and c3 are arbitrary constants.
The associated QFI gives the following three independent QFlIs:

AN b A Ab 2¢;
L At S A | D S N T A Nt ] e B

2
b
(7+2)
wherei =1,2,3and ¢' = (x,v,2).
Therefore, the separable potential (211) is maximally superintegrable (see Table 3).
We note that, as expected, for k; = kp = k3 = k, the resulting potential (211) belongs
to the family of potentials (195) if we set

2 -2 2
y+ B ozt 2+ 3 y+ B\ [zt %
F by’ b = b +C2 b b +C3
x+ 3 x+ 3 x+ 2 x+ 3 x+
(6) Casek1b2 750,]{2 :k3 = 0and b4 =b5 =b6 =0.
The vector L, = (kix + by, bo, b3).

The potential
A? A?
V(x,y,z) = -5 {xz +4(1— C%)yz} - Z(czx +4cyyz) +
c
+e3y + Gra)k +4C2>2 + F(z — c1y) (213)

where ¢; = lb’—z, cp = %, c3, ¢4 are arbitrary constants, and F is an arbitrary smooth function
of its arguments.
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We find the independent Fls:

A2 AA 2c
At . . 4
= -5 - —-X—— —_— 214
L e [(x 2x> )\Cz<x 5 X 462> + (1)’ (214)

h o= My+az-Aly+az)+ Cﬂ . (215)
We note that, for c; = 0, we obtain the separable potential

/\2 2 2 )\2 C4q
V(x/%z) - 7?(3(‘ +4y ) - ZC2X+C3y+ W+F(2) (216)

which is a new maximally superintegrable potential due to the additional time-dependent
FIs (214) and (215). The potential (see Table 7)

Ao 2 €4 | Co

Vivyz) = -4 (R +4 S+ 217

(x,y,2) 8( +z)+x2+y2+c3z (217)
isasubcaseof(216)fory<—>z,c2:0andF(z):—%2224-;—2.

7.2. Parameters ay7,a19, azy: The Components Lsp) Are Constant and Non-Diagonal

In the following cases, the only non-vanishing parameters are the a17, 419, and apy.
(1) Case a7 # 0, a9 = 0 and ayg is free.

0 my ap
The vector L, = (0,2ay7x,2a19x) and the KT Lgpy =1 a7z 0 0

a9 0 0
Then, Equation (184) gives the potential

2
V(x,y,z) = —%xz + F(z—cy) (218)

where ¢ = Z% and F is an arbitrary smooth function.
The associated QFI is

I=eM(x— Ax)(y +cz). (219)

From Table 2, the potential (218) admits the additional autonomous Fls: I; = %xZ — )‘72x2
and I, =  + cz. Therefore, the QFI (219) contains the independent LFI I3 = e (¥ — Ax).
We conclude that (218) is a new minimally superintegrable potential.

(2) Caseayy = % #0,a19 = 0and ayy = g
The vector L, = (0, ax, By), where « and B are arbitrary constants, and the KT L( ab) =

0 2 2
3 03
0o £ o
The potential
A2 A?
V(x,yz) = - (* + 3?) — =5 (z — 201%)* + c2(z — 201 220
(oy.2) 2(1+c§)<x +eiv’) 2+ @2 Falm2a) @20
where ¢; = g and c; are arbitrary constants.
The associated QFI is
A/ . . . Azcl
I=e"|(x=Ax)y+c1(y— Ay)z — 1T (c1x —2)y —cic2y | - (221)
1



Universe 2023, 9, 22 40 of 46

Moreover, the potential (220) admits the additional autonomous QFI I; = %yz —
2.2
ﬁ%ﬁyz because the y-coordinate is separated from the coordinates x and z.
1
7.3. Parameters ap, as, ag, a1, 412, 415, 416, A1 The Components L(u;w Are Linear on x,y,z
We consider the following cases:
(1) a35 is the only non-vanishing parameter.
0 -5 0
The vector L, = a15(—y?, xy,0) and the KT Ligp) = a15 -3 x 0
0 0 0
The potential
A2 c1X ¢
V(x,y,z) = — =R+ =+ = +F(z) (222)
2 ]/2 R yz
where c1, ¢y are arbitrary constants, and F(z) is an arbitrary smooth function.
The associated QFI is
1= e [My(y— Ay) 4 228 4 Al +2) (223)

v
We note that the potential (222) is of the integrable form (see Table 1) V = Fllgz" ) +
Fz(R) -+ F3(Z) with

2 /\2
Fl(%) - . +0y (1 4 ;2), E(R) = ——_R% (224)

Ji+h 2

Therefore, it is a new minimally superintegrable potential due to the additional autonomous

QFlIs:
1., 1.5 (c1R+cox)x
Il = EZ +F3(Z), 12 = §M3 + yz
Moreover, for F(z) = — /\7222 + ;—%, where c3 is an arbitrary constant, the resulting potential

V(X,y,Z):—77 +y27R+y72+272 (225)

is a subcase of the minimally superintegrable potential (78) with F; () as given in (224).
Hence, (225) is a new maximally superintegrable potential due to the additional au-
tonomous QFI (see Table 6)

1 c1xr? r*  3R?
Iy = =M? — = 226
3 2 + yzR + C2 yz + 22 ( )

(2) ap and a1, are the only non-vanishing parameters.

The vector L, = (axxz,a10yz, —arx* — apy?) and the KT Loy =
arz 0 —2x
0 apz  —Ry
_ %2y _ﬂ% 0
The potential (see Table 3)
V(x,y,2) = fﬁﬂ L (227)
" 2 x2 0 y?

where kq and k; are arbitrary constants.
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The associated QFI consists of the independent QFlIs:

2 2
I = eM Mz(x — /\X) + iéz], L = M I:Ml(y — )Ly) — chgzj| .
Therefore, the separable potential (227) is maximally superintegrable.
(3) Case ay = aypp.
z 0 =3
The vector L, = az(xz,yz, —R?*) and the KT L,y = a2 0z —3
—x _¥Y 9
2 2

The potential
/\2 az  F(%)

Vix,y, =5 228
(x,y,2) = > +rR2+ R2 (228)
where ¢; is an arbitrary constant, and F (%) is an arbitrary smooth function.
The associated QFI is
2c122  2zF (4
I = eM | My( = Ax) = My (y — Ay) + < + Cllé + R(x) ] . (229)

We note that the potential (228) belongs to the general family of potentials (74); hence,
it admits the additional autonomous QFI (see Table 4)

L= %M% + F(%) (230)

If ¢; = 0, the resulting potential

/\2 F Yy
V(x,y,z) = 7r + 1({2)

(231)

is a new maximally superintegrable potential due to the additional autonomous QFIs (see
Table 6):
1, A 1 r2F(¥)
In— 232 2 = 2, TG
3=F Tt e M R

We note that the potential (231) is of the form (78) for ky = — /\72 and k, = 0.
(4) a3, ag, a10, 414 are non-vanishing and aza;3 # 0.

Xz + azx + ag mz+az 0 —%x
The vector L, = a3y + aya and the KT Ligpy = 0 ais 0 .
0

—axx® + ayg —Fx 0
The potential (see Table 3)

V(x,y,z) = —)\—2(49(2 +422 + %) — A%z — /\—zc + K (232)

'Y — 8 Y 1 4 2y (y + C2)2

where k,c1 = az’ and ¢ 14 are arbitrary constants.

The associated QFI con31sts of the independent Fls:
L = eMx—Ax) (233)
A 2 2k

L o= M2 234
2 e {{]/ z(y—l-cz)} +(y+62)2} (234)
L = Mz—Az+0q)] (235)
Iy = My+cqx. (236)

We note that {Ip, I,} = 0where p =1,2,3,4, {I;, 3} =0, {I;, 14} = zand {I4, 3} = L.
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The potential (232) is integrable because the independent Fls I, I, I3 are in involution
or directly because it is separable. It is also maximally superintegrable due to the additional
independent Fls 14 and H, where H is the Hamiltonian.

(5) Case ay # 0 and a3, a13 are non-vanishing.

ayxz + azx mz+az 0 —%x
The vector L, = a3y and the KT Ligp) = 0 ais 0 .
0

—ayx? —Z2x 0
The potential
A2 A? g ¢ k(z+c3)
174 Y, _ _ 2 2y 2 71 72 o /\2 3 237
(x,v,2) z(x +z> SV +x2+y2 szt — RN (237)
where k, c1, ¢y, and ¢3 = 2—3 are arbitrary constants.
The associated QFI consists of the following independent QFIs:
A N2 2
AL ; 2
N 2¢1(z + ¢3) x% 4+ 2(z + c3)?
L = eM|(My+cai)(x —Ax) + = +k L (239
2 ( 2 3 )( ) 2 ) x2+(Z+C3)2 ( )

It is well-known that the dynamical equations (and hence the associated FIs) of a
regular Lagrangian system are preserved if:

a. We add an arbitrary constant c to the potential V of the system.
b. We apply a canonical transformation.

Then, the potential (237) is a subcase of the minimally superintegrable potential (222).

Indeed, by adding the constant ¢ = — %ch to (237), we obtain the equivalent potential
A2 k(z+c3) e A2 o
14 1 Yr = -5 2 2 = -T2 - 24
(y.2) Z[X +<Z+C3)}+x2 (z+ca)2+x2+x2 sV Ty 240

If we apply the canonical transformation x — vy, ¥ — z and z — x — c3, the poten-
tial (240) becomes

A . kx o A, o
which is a subcase of (222) for F(z) = — %222 + ;—%
The potential (241) is a new maximally superintegrable potential due to the following
independent QFIs:
Y AN 20
L = e zZ— EZ +— (242)
L o= M= ay)+ 208 4 K2 243
2 = € 3(}/ - ) + ]/2 yz R (243)
1 A2 o
L = -x22_M2,0
3 2z 3 z° 4+ 22 (244)
1 kR
I, = 7M§ + w (245)
2 Y2

We recall that the potential (225) is another maximally superintegrable potential which is
also a subcase of (222) but for a different choice of the function F(z). If we rename A — 2A,
the QFI (242) is admitted also by (225) because the z-coordinate is separated from x and y.
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We collect the results of Section 7 in Tables 11-13.

Table 11. Possibly non-integrable potentials V' (x,
the form I(3).

y,z) in E2 that admit time-dependent LFIs/QFIs of

Potential LFIs and QFIs
2
V="=(c 5*1)96 + cox— I=eMAx+ Ay — A2x — 1A%y + ¢7)
7c1/\ xy+F(y —c1x,z)

V= A2 pkx — A2y +2)x+
+F(x —z,y —z)

I=eM[A(x+y+2)

—A2(x+y+z)+K

2 2
r c1x+czy+C3z)+ )‘t[x—f ) +(y'_%y) +(z"—%z) —
1 Eﬁz ) i:ii —A(e1X 4 oy + c32)+
2
+4 <clx+r:zy+c3z+ +%+ f3> s }
'5
F(%,2 [ yoz
ve-—2p HED T= M2y 22— A+ gy o+ 22) + 02+ T X)]
2o 22 P ) I—eM-(J'cfix)2+ = dy) 4 (2— 22)" — aet
V77§ 4x+ x+;21(+ = i 0] y—3Yy 2
+&x+ 5+ 5]
V= _A2 A Al A s AN L (s A)
- g’ 4(x+y)+ I=e (x 7) +<y_7y) +(Z—§Z)—
+Lp(ﬂ z I
Z5\ 317 xF A +7) + (x+y+1)+ ]
r 2 2 2
I P[4 (o 30 o 22 aera e
1 y+1 z41 L
F L 241
125\ X +17 xt A? 3 2F
(z+1) +7(x+y+2+§)+(z+l)z
r 2
oA (g A _ _ AL A 2cq
Vv —Aszrz—g(clx—i-czy—i-csz)—&- hi=e -(x zx) Ac1<x 2¥ T >+(x+cl)2
< 1 yte . 27, . ,
Ty T Erer <Z+Cs) L=e" (y - %y) + (Z - %Z) — Meay +c32)+
, 2
T (Czy+ A 73) * uiif}
__A r
V=g [ +401 -] - h=e|(x- gx)z —Aep(—4x—ger) + 22 2]
7—(c2x+4clyz) b (x+c2)
ey + (x+c (x4c)? + F( Cly) L=e [y+ €12 — (y+ Clz) + /\}
—__A 2,2\ _ . 22
2(1+cf) (2 +cy’) h=3y* - 2(1422)y2
72(1);12) (z—2012)"+ L =eM {(x—)\x) +o(y—Ay)z — e L(c1x —z)y — c1c ]
+cz(212c1x) 2 yraly—Ay T+c2 \C1 y—cacy
¥ . 5 20122 2zF %
V- g I I = ¢ Mo — ) = Mg — ) + 5 + 255 + 2R |
B = M+ R(Y)
Table 12. Minimally superintegrable potentials V' (x,y, z) in E? that admit time-dependent LFIs/QFIs
of the form 3.
Minimally Superintegrable Potentials
Potential Ref [2] LFIs and QFIs
22 2 L=1x 7—2x2+czx
V=-7¥+ar+h@)+h@) New L= %y +F1(y)
P
I = “ (A% = A%x +¢3)
. 2
V:7%x2+F(zfcy) New Eiy%;fcz A a2
Iy = eM(x — Ax)
) L =122+ F(z)
V= _ATR2+ clx + 52 +F( ) New L= 1M2+ (61R+c2x)x
L=e¢ oA M3(y Ay) 2c2x+ rl(y2+2x2)

¥2R




Universe 2023, 9, 22 44 of 46

Table 13. Maximally superintegrable potentials V' (x,v,z) in E3 that admit time-dependent LFIs/QFIs
of the form I(3.

Maximally Superintegrable Potentials

Potential Ref [2] LFIs and QFIs
R
V= —202 4 bix + byy + bsz New I =% — %47+ big;
. 2
Ji = M {)‘ (% zﬂlz‘) +Abii — % bigi + b12:|
i2 2 2 .
V:f%zrzf%z(blx+bzy+b3z)+ New Iy = %—%q%—%bi%+m
+ C1 + (%] + C3 . N 2 -X . . .
o bR T sy Ji = e“{(’f = 30) = an(d - 30 -4 ) + <qu+c’bi>2}
2 Ar 2 A
. - L= "72 Fxt — Sropx + (xféz)Z
V=- (x +4y?) — rox + oyt New L =9 _ A2,
+ + F(z2) 2= 7 T2y ey
(x+cz)2 I3 =% +F(z)
2
I =eM {(x - %x) — Acy (x —5Xx— %Cz) + (xicc“z)z}
L=eMy—Ay+2)
i 2
V= r +Rt+ 3 +3 New L =1M2+ (61R;sz>x
2+2 2
Iy = eM [Ms(y Ay) + 2;2" + 7“%2,{" )]
2
14 — §M2+ clxr +0 63215
h=%-%2+54
2
Ve-Erela g New IZ:%*MH?
=% 422
3= 22
14 = EM Mz(x — Ax) + %
Is = eM | M (- Ay) — 2F
. 2zF (2
e K N I = 64 | M — ) = a3 = 2y) + 255D
V = —5T + T’Z‘ ew b
L =3M;+F(%)
. 2
Iz = %zz — /\722
2p
14: 1M2+V R(Z)
I = eM(x — Ax)
2
V:—%(4x2+2422+y2)— New L [-_4( +c)]2+ o
—A2cyz — %czy + W# 2= Yy—2Wyr0 W+ )2
I =eM[z — Az +c1))
14 = M2 +c1x
2
2 IlzeM{z'—Az +2ﬂ}
V:*%RZJW%JF%* New ( : ) Z; K 2e)
B2 g b = M | Ma(y — Ay) + Z 4 HE 200 |

—_

. 2

=3 - %2 +3
12 kR+cix)x

Iy = 1mZ 4 tRtaxx a )

8. Comparison with Existing Results

As we have remarked in Section 1, the main review works in this topic are the works
of Evans in [2] and Kalnins in [4]. Therefore, it is imperative to discuss how the present
review is related to these.
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8.1. Evans Work [2]

Evans in [2], using the separability of the Hamilton-Jacobi equation in E3, determined
all minimally and maximally superintegrable potentials with autonomous QFIs of the
form I = K,,(q)d°g" + G(g). The author did not consider (autonomous or time-dependent)
LFIs and time-dependent QFIs. In particular, in Table I of [2] are given five maximally
superintegrable potentials and in Table II of [2] eight minimally superintegrable potentials.

As it can be seen from Tables 1-13, all the results of [2] have been recovered plus new
ones. Therefore, the claim made in [2] that all second order superintegrable potentials in E3
are determined is not valid.

Furthermore, it should be noted that there are misprints in some results of [2]. Indeed,
we have:

(1) InEquation (3.43) of [2], the leading term of the QFI Iy must be L,P; — P,L4;

(2) In Table II of [2], the leading part of the QFIs I3 associated with the potentials (55)
and (56) should be L,P; — P, Ly;

(3 The QFI I, in Equation (3.57) of [2] should be replaced with the QFI (8);

(4) The QFI I in Equation (3.57) of [2] should be replaced with the QFI (9).

8.2. Kalnins et al. Work [4]

In [4], the authors discussed classical 3D superintegrable nondegenerate (i.e., four-
parameter) potentials on a conformally flat real or complex space. They proved that the
quadratic algebra always closes at order six (the ‘5 = 6 Theorem’), that is, the space
of autonomous QFIs is 6D. Moreover, using the Stdckel transformation (an invertible
conformal mapping between superintegrable structures on distinct spaces), they gave
strong evidence (no proof) that all nondegenerate 3D superintegrable systems are Stdckel
transforms of constant curvature systems (i.e., the complex Euclidean space or the the
complex 3-sphere). This means that, in order to obtain all nondegenerate conformally flat
superintegrable system:s, it is sufficient to classify those in the complex Euclidean space
and on the complex 3-sphere. Finally, they found eight families of superintegrable systems
that are separable in generic coordinates.

Comparing the results of [4] with the results of the present work, we note the following:

(1) All seven maximally superintegrable Euclidean potentials given in Equations (10)—(16)
of [4] are recovered (see Table 7);

(2) The potentials given in Equations (10) and (13) of [4] have been found earlier in Table I
of [2]. The potential (13) is more general from the one found by Evans;

(3) Itis proved in Section 5 that the potentials (11), (12), (14), (16) of [4] are subcases of
the more general potential (28) for specific forms of the arbitrary smooth functions
Fi(w,z) and F,(w). This justifies the fact that these potentials admit a QFI of the form
I = W? + G(x,y,z) where w = x + iy;

(4) The potential (15) of [4] is a subcase of (31) and hence admits a QFI of the form
I =%+ G(x,y,2);

(5) The potentials (12), (16) of [4] are of the integrable form (34); therefore, they admit a
QFI of the form I = zw + G(x, vy, z).

(6) The potentials (11), (12) of [4] are of the integrable form (82); therefore, they admit a
QFI of the form | = (M, — iM;)* + G(x,v,2).

(7) The potential (15) of [4] is a subcase of the new minimally superintegrable poten-
tial (97) for F(z) = kyz% + IZ% For this reason, it admits an additional QFI of the form
I = 1w?+iMs® + G(x,y,2);

(8) The two additional maximally superintegrable potentials given in Equation (17)
of [4] are just subcases of the last maximally superintegrable potential in Table 3 for

k1 = ko = 0 when F(z) = —%222 +c3zand F(z) = —g‘—;zz +3.
Therefore, with the systematic application of Theorem 1, we have found all the results
of [4] plus new ones, especially time-dependent QFIs.
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9. Conclusions

The aim of the present work was twofold: a. To assess the second order integrability of
autonomous conservative dynamical systems of the form g = —V*(q) wherea = 1,2,3 in
a systematic, i.e., algorithmic, way; and b. To enrich, if possible, the existing results of the
main sources on this topic which are found in the review papers [2,4]. Therefore, the present
work should be approached as an updated review of the integrable/superintegrable 3D
Newtonian autonomous conservative dynamical systems that admit LFIs/QFIs.

We have considered two types of integrable and superintegrable 3D Newtonian
potentials. Potentials of the form ®(x,y) + F(z) are 2 + 1 decomposable, and hence their
QFIs follow from the QFIs of the 2D potentials ®(x, y); and non-decomposable potentials
V(x,y,z) in E3, which cannot be treated in this way. These latter potentials we have
searched using the algorithm of Theorem 1.

After a detailed study of the three types of QFls I(; ¢y, I(5 ), I(3) considered in Theorem 1,
we have recovered all known integrable/superintegrable potentials together with new
ones. It has also been shown that many of the existing results are in fact special cases of
more general ones for specific values of the free parameters/functions. For convenience,
the results in each case have been collected in tables which contain the known results with
the appropriate reference and the new ones found in the present work. These results can be
used in many ways in the study of the dynamical systems and, especially, in the case of
more complex systems. One such study will be given elsewhere.
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