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Abstract: We consider a QCD cold-plasma-motivated Equation of State (EOS) to examine the impact
of an Anomalous Magnetic Moment (AMM) coupling and small shape deformations on the static
oblate and prolate core shapes of quark stars. Using the Fogaça QCD-motivated EOS, which shifts
from the high-temperature, low-chemical-potential quark–gluon plasma environment to the low-
temperature, high-chemical-potential quark stellar core environment, we consider the impact of an
AMM coupling with a metric-induced shape deformation parameter in the Tolman–Oppenheimer–
Volkov (TOV) equations. The AMM coupling includes a phenomenological scaling that accounts for
the weak and strong field characteristics in dense matter. The EOS is developed using a hard gluon
and soft gluon decomposition of the gluon field tensor and using a mean-field effective mass for the
gluons. The AMM is considered using the Dirac spin tensor coupled to the EM field tensor with
quark-flavor-based magnetic moments. The shape parameter is introduced in a metric ansatz that
represents oblate and prolate static stellar cores for modified TOV equations. These equations are
numerically solved for the final mass and radius states, representing the core collapse of a massive
star with a phase transition leading to an unbound quark–gluon plasma. We find that the combined
shape parameter and AMM effects can alter the coupled EOS–TOV equations, resulting in an increase
in the final mass and a decrease in the final equatorial radius without collapsing the core into a
black hole and without violating causality constraints; we find maximum mass values in the range
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1. Introduction  
There has been great interest in finding more realistic, QCD-based Equations of State 

(EOSs) for compact objects since the discovery of anomalous, compact, astrophysical ob-
jects, such as the stellar remnant from the energetic hypernova 2006gy [1]. This event, 
caused by the sudden collapse of a high-mass star, gave rise to final-state mass and radius 
values that do not agree very well with standard, compact stellar core models. The ongo-
ing observational datasets also include the anomalous X-ray pulsar [2] RX J1856 [3,4] and 
pulsars such as PSR 0943 + 10 [5], PSR B1828-11 [6], PSR Jo751 + 1807 [7], PSR B1642-03, 
PSR J1614-2230 and PSR J0348-0432, along with potential magnetar candidates [8] where 
masses, radii, dual luminosity peaks and cooling rates do not always give excellent fits to 
conventional models based upon degenerate neutron matter. In general, as a massive, 
electric-charge-neutral star collapses with a core mass between 1.4 Mʘ and 2.3 Mʘ, the re-
sulting object is a rapidly spinning neutron star with a strong magnetic field and a radius 
of about 10 km; details of these objects are being measured with the Neutron Star Interior 
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. These states are consistent with some astrophysical, high-mass magnetar/pulsar
and gravity wave systems and may provide evidence for a core that has undergone a quark–gluon
phase transition such as PSR 0943 + 10 and the secondary from the GW 190814 event.
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1. Introduction

There has been great interest in finding more realistic, QCD-based Equations of State
(EOSs) for compact objects since the discovery of anomalous, compact, astrophysical objects,
such as the stellar remnant from the energetic hypernova 2006gy [1]. This event, caused
by the sudden collapse of a high-mass star, gave rise to final-state mass and radius values
that do not agree very well with standard, compact stellar core models. The ongoing
observational datasets also include the anomalous X-ray pulsar [2] RX J1856 [3,4] and
pulsars such as PSR 0943 + 10 [5], PSR B1828-11 [6], PSR Jo751 + 1807 [7], PSR B1642-03,
PSR J1614-2230 and PSR J0348-0432, along with potential magnetar candidates [8] where
masses, radii, dual luminosity peaks and cooling rates do not always give excellent fits
to conventional models based upon degenerate neutron matter. In general, as a massive,
electric-charge-neutral star collapses with a core mass between 1.4
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, the
resulting object is a rapidly spinning neutron star with a strong magnetic field and a
radius of about 10 km; details of these objects are being measured with the Neutron Star
Interior Composition Explorer (NICER) satellite and will be improved upon by the Large
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Observatory for X-ray Timing (LOFT) mission, as described in an extensive review by
Burgio [9]. For masses beyond this range, a black hole forms where the no-hair theorems
indicate that only the mass and spin of a neutral core can be measured [10]. The central
core of the neutron star consists of confined quarks under high pressure. At these pressures,
it is possible for the confined quarks to undergo a deconfining phase transition while not
forming a black hole. Such a phase transition can result in a smaller radius and higher spin
core; these smaller objects are often generally characterized as quark stars, and they can
have higher-order multipole moments and various I-Love-Q characterizations, as described
in the review by Baym [11], and can find effective no-hair theorems for quark stars and
neutron stars [12].

As the observational data have become more robust and refined, more detailed models
have emerged to help understand the varied mechanisms at play in dense QCD matter.
Several models are gaining support from the observations of the quark–gluon plasma,
QGP, demonstrating the existence of a high-temperature, low-chemical-potential state
of unconfined quarks, as seen at the SPS [13], LHC [14] and RHIC [15,16] laboratories.
In recent years, the QGP data have expanded to include the determination of relativistic,
QCD-based transport coefficients [17] and measurements of the overall bulk viscosity for
free quark matter [18,19]. Observations of X-ray, γ-ray and quasi-periodic objects, such as
SAS J1808.4 -3658, which has a 2.49 ms period [20], have been used to understand how the
environment [21] and ambient mass density impact fundamental QCD parameters and
potentials [22]. The LIGO-VIRGO detectors also observe events that appear to correspond
to massive compact secondaries, such as the GW 190814 [23] event, indicating a secondary
with a mass near or above 2.5
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. However, it is difficult to find a unique event without,
perhaps, reasonable competing scenarios. For instance, in the GW 190814 event, scenarios
could involve the 23

 
 

 

 
Universe 2022, 8, x. https://doi.org/10.3390/xxxxx www.mdpi.com/journal/universe 

]Article 

Cold Quark–Gluon Plasma EOS Applied to a Magnetically  
Deformed Quark Star with an Anomalous Magnetic Moment 
Keith Andrew 1,*, Eric V. Steinfelds 1,2 and Kristopher A. Andrew 3 

1 Department of Physics and Astronomy, WKU, Bowling Green, KY 42101, USA; eric.steinfelds@alverno.edu 
2 Department of Physical Sciences, Alverno College, Milwaukee, WI 53215, USA 
3 Department of Science, Schlarman Academy, Danville, IL 61832, USA; kristopher.andrew@outlook.com 
* Correspondence: keith.andrew@wku.edu  

Abstract: We consider a QCD cold-plasma-motivated Equation of State (EOS) to examine the impact 
of an Anomalous Magnetic Moment (AMM) coupling and small shape deformations on the static 
oblate and prolate core shapes of quark stars. Using the Fogaça QCD-motivated EOS, which shifts 
from the high-temperature, low-chemical-potential quark–gluon plasma environment to the low-
temperature, high-chemical-potential quark stellar core environment, we consider the impact of an 
AMM coupling with a metric-induced shape deformation parameter in the Tolman–Oppenheimer–
Volkov (TOV) equations. The AMM coupling includes a phenomenological scaling that accounts 
for the weak and strong field characteristics in dense matter. The EOS is developed using a hard 
gluon and soft gluon decomposition of the gluon field tensor and using a mean-field effective mass 
for the gluons. The AMM is considered using the Dirac spin tensor coupled to the EM field tensor 
with quark-flavor-based magnetic moments. The shape parameter is introduced in a metric ansatz 
that represents oblate and prolate static stellar cores for modified TOV equations. These equations 
are numerically solved for the final mass and radius states, representing the core collapse of a mas-
sive star with a phase transition leading to an unbound quark–gluon plasma. We find that the com-
bined shape parameter and AMM effects can alter the coupled EOS–TOV equations, resulting in an 
increase in the final mass and a decrease in the final equatorial radius without collapsing the core 
into a black hole and without violating causality constraints; we find maximum mass values in the 
range 1.6 Mʘ < M < 2.5 Mʘ. These states are consistent with some astrophysical, high-mass magne-
tar/pulsar and gravity wave systems and may provide evidence for a core that has undergone a 
quark–gluon phase transition such as PSR 0943 + 10 and the secondary from the GW 190814 event. 

Keywords: quark star; quark–gluon plasma; QCD equation of state 
 

1. Introduction  
There has been great interest in finding more realistic, QCD-based Equations of State 

(EOSs) for compact objects since the discovery of anomalous, compact, astrophysical ob-
jects, such as the stellar remnant from the energetic hypernova 2006gy [1]. This event, 
caused by the sudden collapse of a high-mass star, gave rise to final-state mass and radius 
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conventional models based upon degenerate neutron matter. In general, as a massive, 
electric-charge-neutral star collapses with a core mass between 1.4 Mʘ and 2.3 Mʘ, the re-
sulting object is a rapidly spinning neutron star with a strong magnetic field and a radius 
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primary with a secondary neutron star that is rapidly rotating [24]
and could form a black hole by itself or there may be a tertiary object [25] involved which
then gives mass values near the conventional neutron star limit of 2.3
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for the secondary.
Various EOSs have been used to link the strong coupling constant and quark masses

to the local density function using the real-time formalism and the Dyson–Schwinger gap
equation at finite temperature [26]. In this way, high-density compact cores can be used
to give a density-dependent strong coupling that can be expressed as an analytic function
that is suitable for EOS and phase transition analysis [27] with high chemical potentials
and lower temperatures. For such a case, the overall charge, density and chemical po-
tentials are constrained by overall charge neutrality for particle number density nj, mass
density ρf and electric charge qj for particle type j or flavor f where ∑qf nf = qe ne and
ρB = ρu + ρd + ρs. An additional constraint from the three light-quark-flavor, weak-
interaction equilibrium conditions from quark interactions d↔u + e− +
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to vanish, resulting in μd = μu + μe, μd = μs. Then, the EOS can be expressed as a pressure 
function that is related to the chemical potential from P = −∂U/∂V = n2∂(ε/n)/∂n = nμ-ε, 
where ε is the energy density, and the chemical potential is μ = ∂ε/∂n. For the massless 
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temperature boson stars [46], kaon condensation [47,48], superconducting color vector
potential effects [30,49], phase transitions and different crystalline cores [50–52].

In addition, collapsed stellar cores are, in general, rotating and often possess very
strong magnetic fields [53]. For collapsed stellar cores composed of self-bound quark
matter, the magnetic field energy density should not exceed the vacuum-bound state
energy density for a quark system with an energy of order 1 GeV within a diameter of
about 1 fm which results in a maximum magnetic field in the order of:

B2
max

2µo
∼ εbinding → Bmax ∼

√
2µoεbinding ∼ 1015T. (1)

Detailed mechanisms for achieving magnetic fields of this magnitude are not well
understood, and high resolution data from the NASA NICER have given a surface map of
PSR J0030 + 0451 showing a complex multipole field structure [54]. A simple and direct
method for estimating the magnetic field strength of a collapsed star is to assume that the
collapse is magnetic flux conserved from the initial state to the final state, where strong,
main-sequence progenitor magnetic fields can be ~1 T with a radius of 1 Gm at 10
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and
collapse to a radius of order 10 km giving:

φBi =
∮ →

B · d
→
Ai = BAi = BA f = φB f → B f =

(
ri
r f

)2

Bi ∼ 1014T. (2)

However, these overly optimistic estimates do not account for the significant mass
loss that makes this estimate untenable for most cases. If we consider the size cutoff
to be the Schwarzschild radius, R = 2GM/c2, when the magnetic field energy density
and the gravitational field energy density are the same, then we find similar maximum
field strengths:

εB =
B2

max
2µo

∼ 9GM2

20πR4 = εGravitational → Bmax ∼
√

9µoc8

160πG3M2 ∼ 1015T. (3)

Here, we examine the low-temperature interactions that can be expressed as hard,
short-wavelength gluons and soft, long-wavelength gluons with an EOS that includes a
magnetic field and where the static compact core is distorted into an oblate or prolate shape
necessitating the use of the modified TOV equations. One expects the quarks and gluons to
contribute differently to the EOS due to their different spin and color degrees of freedom.
For a compact core at the Fermi temperature, estimated by assuming a quark separation on
the order of a fraction of a neutron with number density n and quark mass m, the Fermi
temperature is T ∼ }2n2/3/3mk ∼ 150MeV where } is the reduced Planck’s constant, and
k is the Boltzmann constant. If we consider the pressure for the noninteracting particles
expressed as being due to free-spin 1

2 fermions and the pressure being due to massless
spin-1 bosons for an SU(3)c color symmetry where the number of degrees of freedom
depends on spin, color and flavor degrees of freedom, then the pressures are:

pgluons =
ggluonsπ2

90
T4 ggluon = 2spin · 8color = 16 pquarks =

gquarks7π2

360
T4 gquark = 2spin · 3color · 2 f lavor = 12

pgluons

pquarks
∼ 4 (4)

indicating that the gluons can play a considerable role in the total pressure of the compact
core. The magnetic field resulting from the internal current densities also contributes to
the pressure via a Lorentz force density which, by applying Maxwell’s equations, can
be expressed as Fj = εjkl jk Bl = −∂iTji where Tji = −(1/2µo) [B2 δji − 2BjBi], resulting in
pressure-like forces both parallel and perpendicular to the magnetic field direction, giving
rise to anisotropic magnetic field interactions [55]. For the observed field strengths, these
magnetic pressure terms can be similar in magnitude to the quark and gluon pressure terms
at the Fermi temperature of the stellar core: pmag/pquark ~ 0.5. Fields of this strength alter
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the EOS and allow for a more massive core where crustal rigidity and rapid rotation [56]
can deform [57] the stellar core into a prolate or oblate shape and can alter the long-term
stability of the star [58]. For instance, Tatsumi found that when all the quarks stay in the
lowest Landau level, there is a critical magnetic field where the EOS can support more
mass in a static spherical geometry [59]. However, in general, the magnetic field alters
the core shape to be oblate or prolate, which, for neutron stars, results in small changes
in the equatorial radius and maximum mass. Such deformations have been observed in
rapidly spinning neutron stars, magnetars and tidally deformed binaries [60]. Several
shape parameters have been used for neutron star curst deformations and CFL quark
stars [61], including oblateness, which is the ratio of the polar radius to the equatorial radius,
γ = Rp/Re, and eccentricity defined as e2 = 1 − γ2. For slow-rotating neutron stars, e~10−8,
for fast-rotating neutron stars with high magnetic fields, e~0.01, and, with tidal distortions,
e > 0.05. To cover slightly more than this range in oblate and prolate cases, we will examine
cases where the oblateness ranges from 0.85 to 1.15. For neutron and quark stars, a static
shape deformation can be explored with modified TOV equations by introducing a shape
parameter into the metric [62]. The structure of the internal magnetic field is difficult to
ascertain, in part due to phase change or superconducting boundaries, but some authors
parametrize the field by phenomenological models that match a central field strength to
the zero pressure surface. For instance, Chatterjee [63] examined several models with
improvements on the widely used Sigmoid-like contributions using linear and quadratic
exponentials and fixed central core values that match surface values which can be expressed
as functions which are not self-consistent solutions to the Einstein–Maxwell equations.
Generally, they depend on the ratio of baryon number density to nuclear density, part of
which has the form [64,65]: B(nB/no) = Bs + Bc [1− exp(−β (nB/no)γ)] with two parameters
β and γ, which they generalize to a multipole form. As noted by Kayanikhoo [66], these
models for neutron stars have surface magnetic fields in a range of about 1012–1014 G with
corresponding internal fields from about 1018 to 1020 G. However, for an internal EOS with
gravitational and magnetic sources of pressure, there exists an inflection point in the mass
vs. radius curve, the Mallick [57] critical point, where the magnetic pressure and the matter
pressure are balanced. When the magnetic field is increased beyond this point, there is
no longer a maximum to the mass even though the gravitational energy is greater than
the magnetic energy, indicating the limit to the application of the EOS. Here, we find the
maximum field strength is 3.2 × 1018 G, making this our cutoff maximum value.

The properties of quark matter in a strong magnetic field [67] lead to phenomena such
as chiral symmetry breaking [68], magnetic catalysis and critical phenomena. The coupling
of the quark AMM to an external magnetic field results in shifts in magnetic susceptibility,
changes in confined quark state masses [69], changes in coupling constants [70], shifts in
antiscreening [69,71], catalyzing strange matter formation and strange stars [72] and induces
inverse magnetic catalysis [73]. While it is known that both the Maxwell electromagnetic
AMM and the chromomagnetic QCD AMM can be generated dynamically, here, we are
only considering the Maxwell AMM interactions where applications include magnetars,
neutron star mergers, heavy ion collisions and early cosmology. In particular, shifts in the
two-flavor meson [74] and dilepton [75] spectra of mass values provide insight about the
magnitude of the interaction, as observed in particle experiments. Insights have also been
gained through lattice simulations used to restrict the form and magnitude of the quark
AMM dynamically generated through the spontaneous breaking of chiral symmetry to
determine the QCD phase structure in the presence of strong external magnetic fields [76].
Of special interest here are the changes in the QCD phase diagram [77] due to the presence
of the quark AMM and magnetic field [78,79] altering the phase boundaries. The magnetic
field interaction shifts the critical point and the phase transition boundary, causing a shift
in the deconfinement parameters and altering the mass and size of the stellar quark core.
For weak fields in a constituent quark model, one can estimate the up- and down-quark
AMM couplings using the known magnetic moments of the proton and neutron to find [80]
κu = 0.2916 GeV−1 and κd = 0.35986 GeV−1. In this case, the well-known Schwinger
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term [81] accounts for the interaction; however, as shown by Ferrer [82], this is not the
case for the strong field. Using the one-loop fermion self-energy correction for strong
magnetic fields in dense matter, they found that the AMM term makes an insignificant
contribution to the EOS. In particular, if we ignore the chemical potential and temperature,
the critical value where the weak-field Schwinger term is appropriate corresponds to when
the magnetic energy, h̄ωc, whereω = qB/mc in cgs units, is the cyclotron frequency and is
equal to the rest-mass energy mc2. For light quarks where mu~md~5 MeV/c2, the critical
field is near Bc

(u,d) = 4.4 × 1015 Gauss. There is a small mass shift due to the light quark
mass differences; however, it is either significantly below or above this value where the
mass difference does not impact the result. To introduce the field transition from weak to
strong regimes, we introduce a phenomenological Sigmoid step-down function in the AMM
term which removes the AMM interaction above the critical value. Overall, this softens the
EOS and lowers the maximum core mass value. To explore the resulting changes in the
EOS with a magnetic field, we look at separating the QCD interaction into soft and hard
gluon modes, as are often used for the cold quark–gluon QCD condensate [83,84] method
developed by Fogaça [85] with magnetic field terms that exhibit an external field and an
internal field coupling between the anomalous magnetic moment, AMM, of the quarks and
the magnetic field of the form σµν Fµν where σµν is the spin tensor that is proportional to
the commutator of the Dirac matrices, and Fµν is the EM field tensor in a fashion similar
to Mao [86]. Supporting the more massive and smaller compact core consistent with
observations that can be formed by the deconfinement of the quarks requires a modified
EOS. Here, we examine such an EOS that results in changes in the maximum mass and
radius values for quark stars by including both the magnetic couplings in the EOS and
the shape-parameter-generalized TOV equations. In the next section, we summarize the
QCD-motivated quark–gluon condensation EOS with a magnetic field and AMM coupling
applied in the mean field, followed by the TOV equations. We then numerically solve for
the mass–radius dependence and discuss the resulting values with constraints on causality
and stability and a comparison of compactness.

2. QCD-Motivated EOS

The EOS of interest here is the cold QGP model of Fogaça modified to include the
AMM quark interactions and magnetic field. The method provides a way to extend the
high-temperature, low-chemical-potential system to a low-temperature, high-chemical-
potential stellar core by decomposing the gluon field into high-momentum hard gluons
and low-momentum soft gluons. The hard gluon terms are simplified in the mean field
limit, and the soft gluons are replaced by matrix elements of the plasma gluon field. Here,
we consider our system to be a remnant quark stellar core that is in weak force equilibrium
and in an electric charge neutral state. To find the gluon and quark pressure terms, consider
the QCD-core Lagrangian for interacting quarks with flavors denoted by f and the SU(3)
generators given by Ta with structure constants fabc, where a is the color index, q is the
electric charge, g is the strength of the color coupling and κf = S diag(au, ad) is the AMM
coupling with a Sigmoid function, S, to adjust for strong and weak magnetic field regimes,
given as:

Lcore = −
1
4

Ha
µνHaµν −

N f

∑
f=1

ψ
f
i

[
iγµ
(

δij∂µ − igTa
ijG

a
µ

)
− δijm f + κ f SδijFµνσµν

]
ψ

f
j (5)

where the EM tensor, the gluon field tensor and the spin tensors are defined as:

Fµν = ∂µ Aν − ∂ν Aµ

Haµν = ∂µGaν − ∂νGaµ + g f abcGbµGcν

σµν = i
2 [γ

µ, γν] S = 1
1+eα(B−Bc)

κ f = α f µB, α f =
αeq2

f
2π , µB = e

2m f
, αe =

e2

4π

(6)
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for Dirac matrices in the standard representation with the magnetic field aligned in the
positive z-direction using an electromagnetic four-vector potential component in the
y-direction Aµ = (A0, A1, A2, A3) = (0, 0, xB, 0). Initially, we consider a system with
one flavor and all quarks with the same mass and will later add the contributions for each
flavor, allowing us to use Bc = 4.4 × 1015 G, and the result is not sensitive to the slope
parameter α = 1 G−1. We decompose the gluon field into low momentum, Aaµ, or soft
gluons, and high momentum, αaµ, or hard gluons, using the binomial ansatz:

Gaµ = Aaµ + αaµ (7)

where the long-wavelength, low-momentum gluons are responsible for the long-range
strong force and the short-wavelength, high-momentum gluons give rise to the short-range
strong force. Assuming high gluon occupation numbers at the high cold plasma density
and taking the hard gluon term to be a function of coordinates then, in the mean field
approximation, the gluons in the core can be described by the conditions:

αa
µ = αa

0δ0µ

∂µ Aaν = ∂µαaν = 0.
(8)

The mean field terms have non-zero matrix elements that arise from the quadratic
field terms and the vector potential terms, and the gluons act with an effective mass mG,
resulting in a total pressure [58] as a function quark number density n, quark mass mq,
strong coupling g, quark degrees of freedom γQ = (2 sf) for spin s and flavor f, quark
AMM expressed in terms of the quark charge qf, electron charge, e, αe, and magnetic field B
expressed as:

p =

[(
3g2

2m2
G

)
n2 − 251m4

G
288g2

]
+

γQ
2π2

{
π2 n
2γQ

√(
2π2 n
γQ

)2/3
+ m2

q −
(

2π2 n
γQ

)1/3 3m2
q

8

√(
2π2 n
γQ

)2/3
+ m2

q +
3m4

q
8 ln

[(
2π2 n
γQ

)1/3
+

√(
2π2 n
γQ

)2/3
+ m2

q

]
− 3m4

q
16 ln

(
m2

q

)
+

αe q2
f e

4πmq
B

}
+ B2

8π

p = (pα + pA)Gluon +
(

pQ + pAMM
)
+ pB = PGluon−Total + ∑

f
Pf−Quark−Total + PB .

(9)

which corresponds to a sum of the hard gluon term, the soft gluon term, the quark term,
which includes the AMM term, and the magnetic field term, where the total quark pressure
can be found by summing each flavor for u, d and s quarks—quarks heavier than the s
quark—giving rise to radial oscillation instabilities that are not included in the sum [28];
for an analysis of charm star stability, see [87,88]. Here, the baryon number density is
nB = (nu + nd + ns)/3, and the nuclear number density is n0 = 0.17 fm−3. For numerical
studies, we consider the optimized values of Fogaça; for separate quark terms, we take
mu = 2.16 MeV, md = 4.67 MeV and ms = 93 MeV from the Particle Data Group [89], the
gluon effective mass is set to a value that keeps the core n in the stable zone for the mass vs.
radius curve, γQ = 3 for spin 1

2 and flavor f = 3 degrees of freedom for u, d and s quarks,
and the strong coupling in this regime is given by αs = g2/4π = 0.01 where g = 2.7. To
characterize the overall stiffness and causality of the EOS, we also calculate the speed of
sound in the core and the compressibility k given by:

c2
s =

∂P
∂ε

=
∂P
∂ρ

∂ρ

∂ε
= k

∂ρ

∂ε
where k =

∂P
∂ρ

. (10)

It is useful to compare these results to the free quark MIT bag model. If we denote the
bag constant by B, then the pressure p, the baryon density ρB, the speed of sound cs and
compressibility κ are given by:

p =
1
3

(
3
2

)7/3
π2/3ρ4/3

B −B, ρB =
1
3
(ρu + ρd + ρs), cs =

√
1
3

, κ =
1
9

(
3
2

)7/3
π2/3ρ1/3

B . (11)

When the gluon terms and quark masses are set to zero, then Equations (9) and (11)
agree by identifying the baryon density as one third of the quark density with no bag
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constant; this is the classic polytrope often used for high-mass white dwarf stars with
degenerate relativistic matter with p~ρ4/3. With soft gluons and massless quarks, the
gluons produce a term that corresponds to the bag constant given by the effective gluon
mass. Instead of using a mean quark mass, Equation (9) can be extended by including
a quark term for each flavor using the effective mass of each quark. Using these values
in Equation (9) yields an EOS that can be used with the TOV equations to find end-state
mass and radius values for the three-flavor cold quark plasma stellar core with an AMM
quark term. In Figure 1, we plot EOS pressures and comparison values of dimensionless
compressibility factors and sound speeds for a range of typical number densities expected
in the core.
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Figure 1. (a) Each quark flavor pressure and the total core pressure showing a weak dependence
on quark mass values. (b) The total quark, gluon and magnetic fields pressures shown with the
individual quark, gluon and MIT bag model pressures for a magnetic field at 3.2 × 1018 G and the
bag model constant at 0.38 GeV/fm3. (c) Compressibility factors expressed as dimensionless ratios
compared to the MIT bag model with a vacuum bag constant of 0.2 GeV/fm3 for no magnetic field
and for the maximum field of 3.2× 1018 G, (d) dimensionless squared speed compared to the MIT bag
model for the case of no magnetic field and the same bag constant and for the case of the maximum
magnetic field of 3.2 × 1018 G as a function of core density.

The numerical study of the EOS shows the importance of the gluon terms where the
soft gluons establish the effective bag constant and the hard gluons display a quadratic
dependence on density. Each flavor term contributes to the pressure, with the lighter quarks
contributing slightly more pressure, and, as the density increases, the compressibility and
the speed of sound increase. Before solving for the core mass, we want the EOS to represent
stable compact matter [89]. We select the stability criterion from Franzon [90], imposed for
strange matter stability [91,92], where the stability constraint for this EOS can be expressed
in terms of the effective gluon mass and coupling in Equation (9) by requiring the bag
constant to be in the range: 38 MeV/fm3 < B < 75.7 MeV/fm3.



Universe 2022, 8, 353 8 of 13

3. TOV Framework

We adopt the method of Zubairi [62] and Yanis [93], which includes deformation and
an anisotropic magnetic field, which is similar to the methods developed by Thorne and
Hartle [94] for the gravitational field for a static, axisymmetric, oblate/prolate, ellipsoidal
mass. In this case, the polar z-direction is scaled by a deformation parameter γ so that
z = γr where r is the equatorial radial direction. Then, an oblate shape corresponds to γ < 1,
a prolate shape corresponds to γ > 1 and a spherical shape corresponds to γ = 1. This
parametrization allows for the field equations to maintain an analytic form as modified
TOV equations. The Einstein field equations can be found using the metric ansatz:

ds2 = gµνdxµdxν = −e2Φ(r)dr2 +

(
1− 2m(r)

r

)−γ

dr2 + r2dθ2 + r2 sin2 θ dϕ2 (12)

with Einstein and stress–energy tensors given by:

Gµν = Rµν −
1
2

gµνR = 8πTµν (13)

Tµν = (ε + P)uµuν − gµνP

the resulting modified TOV equations for the pressure and mass are:

dP(r)
dr

= −
(ρ(r) + P(r))

[
r
2 + 4πr3P(r)− r

2

(
1− 2m(r)

r

)γ]
r2
(

1− 2m(r)
r

)γ (14)

dm(r)
dr

= 4πr2γρ(r) (15)

where the EOS, Equation (9), gives the pressure term from the effective quark–gluon
Lagrangian, the radius of the object is defined to be where the pressure vanishes and
the total mass M is the product of the deformation constant and the mass inside the
zero-pressure boundary, M = γ m.

4. Numerical Solutions

We numerically solve the coupled system of equations using the adaptive NDSolve
for stiff systems in Mathematica [95–97]. Using the EOS given by Equation (9) and the
coupled TOV system of Equation (14) and Equation (15), we solve for the mass and pressure
functions. The equatorial radius is taken as the radial value in the equatorial plane where
the pressure falls to zero. We solve the system for the limiting magnetic field values for the
range of oblateness factors describing the expected deformations shown in Figure 2.

The numerical solutions to the modified TOV equations show that the magnetic field
can produce a stiffer EOS up to the critical value, while the deformation increases the
stiffness and mass for oblate shapes and decreases the stiffness and mass for prolate shapes.
To compare our results to other models that include deformations or magnetic fields,
we examine the compactness values for Mallick [57,98], Zubairi [62], Kayanikhoo [66],
Sotani [59] and our results from Equation (9). Compactness is defined as the ratio of total
mass to equatorial radius; C = M/Req for the mass expressed in solar masses and the radius
in km. The magnetic fields are scaled to the Equation (9) critical central field intensity
Bc = 3.2 × 1018 G. These models cover a range of different approaches to EOS formulation,
where some focus on magnetic field contributions, and Mallick and Sotani include shape
deformations similar in scale to the ones used here. The two pulsars, PSR 1413 and PSR
J0740, and the magnetar SGR 1806 hold the near-maximum observed mass and magnetic
field values for measured surface fields. The GW 190814 event is near the maximum mass
companion observed, but the event is model dependent. Figure 3 also includes the standard
values for a white dwarf, neutron star and a Schwarzschild black hole.



Universe 2022, 8, 353 9 of 13
Universe 2022, 8, x FOR PEER REVIEW 9 of 13 
 

 

  

(a) (b) 

Figure 2. (a) Quark core mass vs. equatorial radius relation from the TOV equations for an oblate 

deformation, γ =0.85, and a magnetic field, B = 3.2 × 1018 G, designated as case (1), for no deformation, 

γ = 1, with a magnetic field, B = 3.2 × 1018 G, designated as case (2), prolate γ = 1.15 with a magnetic 

field designated as case (3) and, in (b), the change in the mass and equatorial radius of the core is 

displayed for the range of deformation values from an oblate (γ = 0.85) to prolate (γ = 1.15) shape 

and the magnetic field range from B = 0 G to B = 3.2 × 1018 G for near the middle of the stability 

window at B = 57 MeV/fm3. 

The numerical solutions to the modified TOV equations show that the magnetic field 

can produce a stiffer EOS up to the critical value, while the deformation increases the 

stiffness and mass for oblate shapes and decreases the stiffness and mass for prolate 

shapes. To compare our results to other models that include deformations or magnetic 

fields, we examine the compactness values for Mallick [57,98], Zubairi [62], Kayanikhoo 

[66], Sotani [59] and our results from Equation (9). Compactness is defined as the ratio of 

total mass to equatorial radius; C = M/Req for the mass expressed in solar masses and the 

radius in km. The magnetic fields are scaled to the Equation (9) critical central field inten-

sity Bc = 3.2 × 1018 G. These models cover a range of different approaches to EOS formula-

tion, where some focus on magnetic field contributions, and Mallick and Sotani include 

shape deformations similar in scale to the ones used here. The two pulsars, PSR 1413 and 

PSR J0740, and the magnetar SGR 1806 hold the near-maximum observed mass and mag-

netic field values for measured surface fields. The GW 190814 event is near the maximum 

mass companion observed, but the event is model dependent. Figure 3 also includes the 

standard values for a white dwarf, neutron star and a Schwarzschild black hole.  

 

Figure 2. (a) Quark core mass vs. equatorial radius relation from the TOV equations for an oblate
deformation, γ =0.85, and a magnetic field, B = 3.2× 1018 G, designated as case (1), for no deformation,
γ = 1, with a magnetic field, B = 3.2 × 1018 G, designated as case (2), prolate γ = 1.15 with a magnetic
field designated as case (3) and, in (b), the change in the mass and equatorial radius of the core is
displayed for the range of deformation values from an oblate (γ = 0.85) to prolate (γ = 1.15) shape
and the magnetic field range from B = 0 G to B = 3.2 × 1018 G for near the middle of the stability
window at B = 57 MeV/fm3.

 

 

 

 

 

 

Figure 3. Comparison of models. The models from Kayanikhoo, Mallick, Sotani and Zubairo are
compared with the results for Equation (9) and with observational data from pulsars PSR 1314, PSR
J0740, Magnetar SGR 1806 and Gravity Wave event GW 190814 for compactness; magnetic field is
compared to the critical field for Equation (9) and oblateness.
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5. Conclusions

We examined the combined effects of AMM and shape deformation on a cold compact
quark stellar core where the EOS is subject to gluon field decomposition into hard and
soft gluons with an additive quark term. The soft gluons produce a QCD vacuum barrier
that corresponds to the bag constant, and the hard gluons produce a quadratic density
dependent pressure while the quarks yield a polytropic pressure. As the deformation
parameter goes from oblate to prolate, the equatorial radius is larger for the same mass. As
the AMM linear magnetic effect and the external field quadratic term is increased, the EOS
is stiffer and can support more mass for the same equatorial radius. At the highest possible
magnetic field with an oblate shape, the final mass and radius states are indicative of the
values that were observed in cases similar to PSR 1903 0327. As a result, high magnetic
fields, gluon exchange and oblate deformations can stiffen the EOS, allowing for a larger
quark star with greater mass than a neutron star with densities close to ten times greater
than neutron star densities. While a number of theoretical models and the existence of the
quark–gluon plasma indicate the possibility of an intermediate stellar core state between
the neutron star and black hole, there is no universally agreed upon conclusive evidence
for its existence in the current datasets. Next-generation neutron star observatories, such as
LOFT, and the enhanced X-ray Timing and Polarimetry mission, eXTP [99], will enhance
resolution and allow for better statistics in the near-term search for the existence of a
compact stellar quark core. An interesting extension of this work would be to explicitly
examine the effects of quark flavor chemical potentials that are expected to further soften
the EOS, resulting in a larger equatorial radius for fixed mass and deformation. We are
also exploring the impact of the effective massive gluon term on the cooling rate of the
quark core, which can be compared to data from objects such as 3C 58 [100] and Cassiopeia
A [101].
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