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Abstract: The long-range gravitational terms associated with tidal forces, frame-dragging effects, and
gravitational waves are described by the Weyl conformal tensor, the traceless part of the Riemann
curvature that is not locally affected by the matter field. The Ricci and Bianchi identities provide
a set of dynamical and kinematic equations governing the matter coupling and evolution of the
electric and magnetic parts of the Weyl tensor, so-called gravitoelectric and gravitomagnetic fields.
A detailed analysis of the Weyl gravitoelectromagnetic fields can be conducted using a number
of algebraic and differential identities prescribed by the 1 + 3 covariant formalism. In this review,
we consider the dynamical constraints and propagation equations of the gravitoelectric/-magnetic
fields and covariantly debate their analytic properties. We discuss the special conditions under
which gravitational waves can propagate, the inconsistency of a Newtonian-like model without
gravitomagnetism, the nonlinear generalization to multi-fluid models with different matter species,
as well as observational effects caused by the Weyl fields via the kinematic quantities. The 1 + 3
tetrad and 1 + 1 + 2 semi-covariant methods, which can equally be used for gravitoelectromagnetism,
are briefly explained, along with their correspondence with the covariant formulations.

Keywords: Weyl tensor; covariant formalism; gravitomagnetism; gravitational waves

1. Introduction

In general relativity, the properties of curvatures are described by the Riemann cur-
vature, which can be split into terms including the Ricci tensor defined by the Einstein
equations [1], and the traceless part, called the Weyl tensor [2–4], constrained by the Ricci
and Bianchi identities [5–8]. The Weyl tensor can also be split into an electric part, called
the gravitoelectric field, and a magnetic part, called the gravitomagnetic field, owing to
some similarities to their electromagnetic counterparts [9]. The analogies between elec-
tromagnetism and gravitational fields had been demonstrated in other works prior to the
1960s [10–15], which enabled the spacetime perturbations to be expressed in terms of the
electric and magnetic parts of the traceless Riemann curvature with respect to timelike vectors.

The Bianchi identities, which are held by the Riemann curvature, can be decomposed
into a set of constraint and propagation equations governing the dynamics of the grav-
itoelectric and gravitomagnetic fields in a form that rather reminds us of the Maxwell
equations [7,8,16–18]. However, the Weyl gravitoelectromagnetic fields constrained by the
Bianchi identities cannot completely describe a solution of the Einstein equations, so we
also need the kinematic quantities that are subject to the Ricci identities [17,19,20]. Accord-
ingly, the kinematic constraints of the gravitoelectric/-magnetic fields are provided by the
Ricci identities. In this way, the Bianchi and Ricci identities serve as the main equations
for analyzing the dynamics and kinematic evolution of the tidal and frame-dragging fields
encoded in the Weyl tensor.

The 1 + 3 covariant formalism contains algebraic and differential identities that al-
low us to express exact (non-linear) solutions to the dynamical and kinematic evolution
of the Weyl gravitoelectromagnetic fields. The development of the 1 + 3 covariant ap-
proach began with the work of Heckmann and Schücking [21,22], Ehlers [19,20], Kundt
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and Trümper [5,6], and other early works [7,8,23,24]. The first covariant analysis of per-
turbations in this context was carried out by Hawking [16]. An elegant covariant form of
the Bianchi identities governing the gravitoelectric-/magnetic fields and matter evolution
was considered by Ellis [17], which was earlier proposed by Trümper [25]. The covariant
formulation was then used to study density perturbations [26], the nonlinear dynamics
of comic microwave background (CMB) anisotropies [27], and other cosmological models
(see the review by [28]).

The covariant approach has extensively been employed in the studies of the gravi-
toelectromagnetic fields, whose dynamics and kinematics are constricted by the Bianchi
and Ricci identities. The covariant formulations allow the classification of cosmological
models, a fluid description of the matter field, and a kinematic description of perturbations
in almost-FLRW universes [18,28]. In this literature, we have a covariant study of the
evolution of the gravitoelectric/-magnetic tensors in comparison to Newtonian theory [29],
as well as a proof of the inconsistency of a universe with a purely gravitomagnetic field [30]
and a covariant analogy between the Bianchi equations and the Maxwell equations [31].
An improved covariant method was used to demonstrate that the silent universe, where
the gravitomagnetic field vanishes, is inconsistent with the exact nonlinear theory [32].

It is the aim of this paper to review the applications of the 1 + 3 covariant formalism
for gravitoelectromagnetism. The paper is organized as follows. In Section 2, we describe
the covariant forms of the derivatives of projected vectors and rank-2 tracefree tensors, the
kinematic quantities of the fluid, and the dynamic quantities of the matter. In Section 3,
we covariantly express the gravitoelectromagnetic fields and other algebraic terms of the
curved spacetime. In Section 4, we see that the gravitoelectric/-magnetic fields, which
are not locally affected by the matter field, are indeed coupled to the dynamic quantities
of the matter field via the Bianchi identities. In Section 5, we show how the curls and
distortions of the electric and magnetic parts of the Weyl tensor characterize gravitational
waves. Section 6 discusses an irrotational purely gravitoelectric dust model, where the
gravitomagnetic field vanishes, as well as a purely gravitomagnetic dust model in the
absence of the gravitoelectric field. Section 7 summarizes the covariant formulations for
multi-fluid models, followed by a discussion of the tetrad formulation in Section 8 and the
1 + 1 + 2 semi-covariant formalism in Section 9. In Section 10, we discuss observational
effects of the Weyl fields induced by the kinematic quantities on electromagnetic waves.

2. 1 + 3 Covariant Formalism

In the 1 + 3 covariant approach to general relativity, we replace the spacetime met-
ric with the projected vectors and projected symmetric tracefree (PSTF) tensors, along
with the kinematic quantities of the fluid, and the dynamic quantities of the energy-
momentum tensor. This formalism started with the works of Heckmann, Schücking [21],
Raychaudhuri [33], and Ehlers [19,20] and has been employed for numerous applications
in cosmology (see e.g., [16,26–32], as well as the recent book by [34]). In this section, we
introduce the 1 + 3 covariant mathematics that is necessary for discussing the dynamical
and kinematic equations of the gravitoelectric/-magnetic fields. We follow the notations
and conventions adopted in the literature [17,32,35–37], in particular, 8πG = 1 = c, round
brackets enclosing indices associated with symmetrization, and square brackets around
indices for antisymmetrization.

Various 4-velocity vector fields are typically present in a given region of relativistic
1 + 3 spacetime and cosmological models. We choose a timelike 4-velocity field ua to
be a unit vector field, i.e., uaua = −1, and use it to perform a 1 + 3 decomposition of
spacetime gab into the time direction and the 3-dimensional space without questioning
the appropriate choice of such a 4-velocity field. Accordingly, the metric gab is projected
parallel and orthogonal to ua as follows (see e.g., [18–20]):

gab = hab − uaub, (1)
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where hab is the projector tensor yielding the spatial metric containing 3 space quantities,
and gab and hab have the following properties:

gabub = ua, gacgcb = δa
b, δa

a = 4, (2)

habub = 0, ha
chcb = hab, ha

a = 3. (3)

The spatially projected alternating tensor is then defined as follows (also compare with
the notations used by [38,39]):

εabc = ηabcdud, εabc = ε [abc], εabcuc = 0, (4)

where ηabcd is the spacetime alternating tensor defined by

ηabcd = −4!
√
|g|δ0

[aδ1
bδ2

cδ3
d], g = detgab, (5)

The above expressions are the basis of mathematics for the covariant irreducible de-
composition of tensors and derivatives, while we have the following practical identities
and contractions:

ηabcd = 2u[aεb]cd − 2εab[cud], εabcεde f = 3!h[adhb
ehc]

f , (6)

εab f εde f = 2!h[adhb]
e, εae f εde f = 2ha

d, εae f εae f = 6. (7)

The projection of any tensor is denoted by a⊥ symbol, i.e., ⊥Tab···d ≡ ha
chb

e · · · hd
f Tce··· f ,

where ua
⊥Tab···d = 0. The spatially projected vectors and projected symmetric tracefree (PSTF)

rank-2 tensors are defined as (see Appendix A for higher-rank PSTF tensors):

V〈a〉 ≡ ha
bVb, S〈ab〉 ≡

{
h(a

chb)
d − 1

3 hcdhab

}
Scd, (8)

A spatially projected rank-2 tensor Sab can be split into a scalar trace, a projected vector
being spatially dual to the skew part, and a PSTF part:

Sab =
1
3

Shab + εabcSc + S〈ab〉, (9)

where S ≡ Scdhcd is the spatial trace, and Sa ≡ habSb = 1
2 εabcS[bc] is the projected vector

dual to the skew part.
We may also define a vector product and its generalization to rank-2 tensors [40]:

[V, W]a ≡ εabcVbWc, [S, Q]a ≡ εabcSb
dQcd, [V, S]ab ≡ εcd(aSb)

cVd. (10)

The covariant (spacetime) derivative ∇a of any tensor can be split into the following
time derivative and spatial derivative, respectively,

Ṫa··· = ub∇bTa···, DbTa··· = hb
dha

c · · · ∇dTc···. (11)

Following [32], Da symbolizes the spatially projected part of the covariant derivative.1 The
Fermi derivatives, orthogonal projections of time derivatives along ua, are then denoted by

V̇〈a〉 ≡ ha
bV̇b, Ṡ〈ab〉 ≡

{
h(a

chb)
d − 1

3 hcdhab

}
Ṡcd. (12)

The spatial divergences and curls are defined as, respectively [32],

divV ≡ DaVa, (divS)a ≡ DbSab, (13)

curlVa ≡ εabcDbVc, (curlS)ab ≡ εcd(aDcSb)
d. (14)
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If Sab = S(ab), then (curlS)ab = (curlS)〈ab〉. If Sab = S[ab], we get (Sa ≡ 1
2 εabcS[bc]):

curlSab = D〈a S b〉 − 2
3 DcSchab, DbSab = curlSa. (15)

The div curl does not typically vanish for vectors or rank-2 tensors (see [31,32,43,44]). We should
recall that Dchab = 0 = Ddεabc, ḣab = 2u(au̇b), ε̇abc = 3u[aεbc]du̇d, and ua ε̇abc = −u̇aεabc. We
may also employ the produce and its generalization to define the temporal rotation relative to ua

as follows:
[u̇, V]a ≡ −uc ε̇abcVb, [u̇, S]ab ≡ −uc ε̇cd(aSb)

d. (16)

The spatial distortions of vectors and rank-2 tensors are also expressed by [37]

D〈a Vb〉 = D(aVb) −
1
3
(divV)hab, (17)

D〈a S bc〉 = D(aSbc) −
2
5

h(ab(divS)c). (18)

As demonstrated by [37], the covariant derivatives of scalars, vectors, and rank-2 tensors
can irreducibly be decomposed into projected algebraic terms:

∇a f =− ḟ ua + Da f , (19)

∇bVa =− ub

{
V̇〈a〉 + u̇cVcua

}
+ ua

{
1
3

ΘVb + σbcVc + [ω, V]b

}
+

1
3
(divV)hab −

1
2

εabccurlVc + D〈a Vb〉, (20)

∇cSab =− uc

{
Ṡ〈ab〉 + 2u(aSb)du̇d

}
+ 2u(a

{
1
3

ΘSb)c + Sb)
d(σcd + εcdeωe)

}
+

3
5
(divS)〈a h b〉c −

2
3

εdc(acurlSb)
d + D〈a S bc〉, (21)

where the various algebraic terms prescribed by the kinematic quantities, defined below,
emerge from the relative motion of comoving observers.

The kinematic quantities of the fluid are defined by [18–20]

∇bua ≡ Dbua − u̇aub, (22)

Dbua ≡
1
3

Θhab + σab + ωab, (23)

where u̇a ≡ ub∇bua is the acceleration vector of the fluid motion under forces, Θ ≡ Daua is
the expansion scalar, σab ≡ D〈a u b〉 is the traceless symmetric (σab = σ(ab), σa

a = 0) shear
tensor describing the distortion of the matter flow, and ωab ≡ D[aub] is the skew-symmetric
(ωab = ω[ab], ωa

a = 0) vorticity tensor describing the rotation of the matter relative to a non-
rotating frame. The vorticity vector ωa is also defined as ωa = − 1

2 εabcωbc, where ωaua = 0,
ωabωb = 0 and the magnitude ω2 = 1

2 ωabωab ≥ 0. Accordingly, we may also express the
vorticity vector as ωa = − 1

2 εabcDbuc.2 In the frame of instantaneously comoving observers,
we have u̇a = u̇〈a〉 and u̇a = −ḣabub. The shear and vorticity products of a rank-2 PSTF
tensor can also be written using the produce and its generalization, [σ, S]a = εabcσb

dScd,
and [ω, S]〈ab〉 = εcd〈a S b〉

cωd.
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The vorticity vector can be split into some algebraic terms encoded by the kinematic quantities:

∇bωa = −ωcu̇cuaub − ω̇〈a〉ub − ua

{
σbcωc +

1
3

Θωb

}
+ Dbωa, (24)

Dbωa = D〈a ω b〉 +
1
3

Dcωchab −
1
2

curlωcεab
c, (25)

where ω̇〈a〉 ≡ ha
bω̇b. The relative motion of the fluid, expansion, rotation, and local

distortion are described by the kinematic quantities, while the dynamical effects of the
energy and momentum are expressed by the dynamic quantities.

The total energy-momentum tensor Tab is decomposed in terms of the dynamic quanti-
ties as follows [46,47]:

Tab = ρuaub + phab + 2q(aub) + πab, (26)

where ρ ≡ Tabuaub is the energy density relative to ua, p ≡ 1
3 Tabhab is the pressure,

qa ≡ −T〈a〉bub = −ha
cTcbub is the energy flux (qaua = 0), and πab ≡ T〈ab〉 = Tcdhc

〈a hd
b〉 =(

hc
(aud

b) − 1
3 habhcd

)
Tcd is the anisotropic stress (πa

a = 0, πab = π(ab), and πabub = 0).
Taking qa = πab = 0, we have a perfect fluid, while additionally p = 0 leads to a pressure-
free matter (dust or cold dark matter). A detailed study of analytic equations governing the
gravitoelectric/-magnetic fields requires the use of a number of algebraic and differential
identities written in terms of the kinematic and dynamic quantities.

3. Algebraic Identities of the Curvature

In this section, we discuss the algebraic properties of the Riemann curvature. The
gravitational fields are locally described by a set of algebraic relations between the Ricci
tensor and the energy-momentum tensor, the so-called Einstein equations. However, the
tidal forces and frame-dragging effects, which are not directly influenced by the matter
field, are described by the traceless part of the Riemann curvature, called the Weyl tensor.

The Einstein field equations [1] describe how the Ricci curvature is affected by the
nearby matter field, which, in the absence of a cosmological constant, take the follow-
ing form:

Rab = Tab −
1
2

Tgab, (27)

where Rab ≡ Rc
acb is the Ricci tensor, Rabcd is the Riemann curvature, and Tab is the

energy-momentum tensor of the matter field (T ≡ Tc
c). Taking the definition (26) of Tab, a

successive contraction of the Einstein field equations leads to the following relations:

Rabuaub =
1
2
(ρ + 3p), (28)

ha
bRbcuc = −qa, (29)

ha
chb

dRcd =
1
2
(ρ− p)hab + πab. (30)

Additionally, the trace of (27) implies R = −T, where R = Ra
a and T = Ta

a = −ρ + 3p.
The Riemann curvature tensor Rabcd is decomposed into the Ricci tensor terms and

the Weyl conformal tensor Cabcd as follows [2–4]:

Rabcd = Cabcd − ga[dRc]b − gb[dRc]a −
1
3

Rga[cgd]b, (31)

where the Weyl tensor has the following properties

Cabcd = C[ab][cd], Ca
bca = 0 = Ca[bcd]. (32)

The part of the Riemann curvature that is not directly affected by gravitational sources is
represented by the Weyl curvature tensor, which describes tidal forces, frame-dragging
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effects, and gravitational waves. The Weyl tensor is irreducibly split into gravitoelectric
and gravitomagnetic fields [9,48] (see also [16,17,49]):

Eab = Cacbducud, Hab = 1
2 εacdCcd

beue. (33)

The gravitoelectric tensor represents a covariant Lagrangian description of tidal forces, while
frame-dragging effects are provided by the gravitomagnetic tensor. Both of them support the
propagation of gravitational waves. These fields are spacelike and tracelessly symmetric:

Eab = E(ab), Hab = H(ab), Ea
a = Ha

a = 0, Eabub = Habub = 0. (34)

The gravitoelectric/-magnetic tensors are irreducible, and each has five independent com-
ponents. They are, in principle, physically measurable in the frame of a comoving observer
in such a way that they are encoded in the Weyl tensor:

Cab
cd = 4{u[au[c + h[a

[c}Eb]
d] + 2εabeu[cHd]e + 2εcdeu[a Hb]e. (35)

In this way, they enable gravitational action at a distance (tidal forces, frame-dragging,
and waves) and affect the motion of matter via the geodesic deviation equation [11,50–52].
Along with the Ricci tensor Rab constrained locally by the matter via the Einstein field
equations, the gravitoelectric and gravitomagnetic fields completely describe the algebraic
properties of the Riemann curvature. Accordingly, we may decompose the Riemann
curvature into its perfect/imperfect matter terms, and gravitoelectric/-magnetic parts, i.e.,
Rab

cd = Rab
P cd + Rab

I cd + Rab
E cd + Rab

H cd, as follows [28]:

Rab
P cd =

2
3
(ρ + 3p)u[au[chb]

d] +
2
3

ρha
[chb

d], (36)

Rab
I cd = −2u[ahb]

[cqd] − 2u[ch[ad]q
b] − 2u[au[cπb]

d] + 2h[a [cπb]
d], (37)

Rab
E cd = 4u[au[cEb]

d] + 4h[a [cEb]
d], (38)

Rab
H cd = 2εabeu[cHd]e + 2εcdeu[a Hb]e, (39)

where Rab
P cd (and Rab

I cd) is the perfect (and imperfect) matter term, and Rab
E cd (and Rab

H cd) is
the gravitoelectric (and gravitomagnetic) curvature part.

3.1. Spatial Curvature

We define the spatial Riemann curvature as follows [53] (see also [54–58] for alternative
definitions):

Rab
cd = ⊥

(
Rab

cd

)
− k[a [ckb]

d]

= hq
ahs

bhc
f hd

pRqs
f p − k[a [ckb]

d], (40)

where kab = Dbua is the relative flow tensor between two neighboring observers as defined
by (23).

In irrotational spacetime (ωa = 0), Rab
cd represents the 3-curvature of the space

orthogonal to ua with the typical Riemann curvature symmetries. In the presence of an
irrotational matter fluid, the tangent planes of fundamental observers closely fit together to
create spacelike hypersurfaces orthogonal to their worldlines [59]. They are typical of the
ua-congruence and simultaneously represent the hypersurfaces for all comoving observers.
However, according to Frobenius’ theorem, a rotational spacetime does not have such an
integrable hypersurface [60,61], so the observers’ planes cannot smoothly go along with
each other.

Assuming non-vanishing vorticity, the spatial curvature has the following algebraic properties:

Rabcd = R[ab][cd], Ra
[bcd] = 2ka

[bωcd], (41)
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Rabcd −Rcdab =− 2
3

Θ(hacωbd + ωachbd − hadωbc −ωadhbc)

− 2(σacωbd + ωacσbd − σadωbc −ωadσbc). (42)

In the absence of vorticity, we see thatRabcd = Rcdab, where the spatial Riemann curvature
have the same symmetries of its 4-dimensional counterpart.

From the spatial Riemann curvature, one may also define the corresponding spatial
Ricci tensor [53]:

Rac = Ra
b

cb = Rb
abc = hbdRabcd

= hbdha
qhb

shc
f hd

pRqs f p −Θkac + kabkb
c, (43)

with the following property [53]:

R[cb] =
1
3

ωbcΘ +
(

ωdbσc
d −ωdcσb

d
)

, (44)

as well as the spatial Ricci scalar describing the local scalar of the space orthogonal to ua [53]:

R = Ra
a = habRab = R + 2Rbdubud − 2

3
Θ2 + 2σ2 − 2ω2. (45)

Substituting them into the Einstein field equations yields the following generalized Fried-
mann [62,63] equation:

R = 2
(

ρ− 1
3

Θ2 + σ2 −ω2
)

, (46)

which depicts how the matter field is associated with the spatial curvature. In the absence
of vorticity (ωab = 0),R is the Ricci scalar of the hypersurfaces orthogonal to the fluid lines.

Considering the decomposition of the Riemann curvature, Equations (36)–(39), one
could also rewrite the spatial Riemann curvature in terms of the gravitoelectric tensor,
along with kinematic and dynamic quantities [59],

Rabcd =− εabqεcdsEqs +
1
3

(
ρ− 1

3
Θ2
)
(hachbd − hadhbc)

+
1
2
(hacπbd + πachbd − hadπbc − πadhbc)

− 1
3

Θ(hac(σbd + ωbd) + (σac + ωac)hbd − had(σbc + ωbc)− (σad + ωad)hbc)

− (σac + ωac)(σbd + ωbd) + (σad + ωad)(σbc + ωbc). (47)

Contracting (47) on the first and third indices, we derive the spatial Ricci tensor expressed
by the so-called Gauss–Codacci equation [59]:

Rab =Eab +
2
3

(
ρ− 1

3
Θ2 + σ2 −ω2

)
hab +

1
2

πab

− 1
3

Θ(σab + ωab) + σc〈a σb〉
c −ωc〈a ω b〉

c + 2σc[aωb]
c. (48)

An additional contraction of the above equation results in the generalized Friedmann
Equation (46).
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3.2. Commutation Laws

Using the spatial derivative definition (11), one can arrive at the commutators of the
spatial derivatives for scalars, vectors, and rank-2 tensors. The key point to be considered
is that for any scalar function f we have,

DaDb f = ha
chb

d∇cDd f = ha
chb

d∇c(hd
e∇e f ). (49)

Applying the Leibniz rule of∇a to the last bracket and using Equation (23), one obtains the
following purely relativistic expression [53]

D[aDb] f = −ωab ḟ . (50)

The above scalar commutator corresponds to the relativistic behavior of rotating spacetimes
in general relativity.

Similarly, for any vector field Va orthogonal to ua (Vaua = 0), we derive the following
vector commutator,

D[aDb]Vc = −ωabV̇〈c〉 +
1
2
RdcbaVd. (51)

Furthermore, for any rank-2 tensor field Sab orthogonal to ua (Sabua = Sabub = 0),
we obtain

D[aDb]Scd = −ωabṠ〈cd〉 +
1
2
(RecbaSe

d +RedbaSc
e). (52)

The above fully nonlinear commutators hold at all perturbative levels. In the absence
of rotation (ωab = 0), Rabcd corresponds to the Riemann curvature of 3-D hypersurfaces
orthogonal to the ua-congruence.

However, time derivatives do not typically commute with their spacelike counterparts.
In particular, for any scalars, we have the following expression at all perturbative levels [27]:

Da ḟ − ha
b(Db f )· = ḟ u̇a +

1
3

ΘDa f + Db f
(

σb
a + ωb

a

)
, (53)

which is the key equation for solving the dynamical evolution of spatial gradients that are
covariantly associated with inhomogeneities [26]. Similarly, for any vector field Va and
tensor field Sab orthogonal to ua to first order, we get:

DaV̇b − (DaVb)
·
⊥ =

1
3

ΘDaVb, (54)

DaṠbc − (DaSbc)
·
⊥ =

1
3

ΘDaSbc. (55)

Contracting the above equations leads to their divergences to first order:

DbV̇b −
(

DbVb

)·
⊥
=

1
3

ΘDbVb, (56)

DcṠbc − (DcSbc)
·
⊥ =

1
3

ΘDcSbc. (57)

In an almost-FLRW background, the orthogonally projected gradient and time derivative
of the first-order vector Va and spacelike tensor Ṡab possess the linear commutation laws
aDaV̇b = (aDaVb)

· and aDaṠbc = (aDaSbc)
·.

From Equation (50), for any scalar, it also follows that

curl(Da f ) ≡ εabcD[bDc] f = −2ωa ḟ , (58)

which depicts the relation between vorticity and non-integrability, implying that in the
case of non-zero vorticity there is no constant-time 3-surfaces everywhere orthogonal to ua,
since the instantaneous rest spaces cannot smoothly mesh each other.
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3.3. Identities in Irrotational Dust Spacetimes

One of the most commonly used fluids in cosmology is the dust model (p = qa =
πab = 0), while the irrotational dust model (ωab = 0) also appears to be useful for the
late universe (see [32] for relevant calculations). Here we summarize some properties of
irrotational dust spacetimes.

In the case of dust spacetimes, the Ricci tensor is Rab = 1
2 ρ(uaub + hab), so the Riemann

curvature is written as

Rab
cd = Rab

E cd + Rab
H cd +

2
3

ρu[au[chb]
d] +

2
3

ρha
[chb

d]. (59)

The Ricci identities ∇[a∇b] f = 0, 2∇[a∇b]Vc = RabcdVd, and 2∇[a∇b]Scd = Re
cabSed +

Re
dabSce, together with (59) in irrotational spacetime (∇bua = 1

3 Θhab + σab and u̇a = 0 =
ωab), lead to the following key identities [32]:

(Da f )· = Da ḟ − 1
3

ΘDa f − σa
bDb f , (60)

D[aDb] f = 0, curl(Da f ) = 0, (61)

(DaVb)
· =DaV̇b −

1
3

ΘDaVb − σa
cDcVb + Ha

dεdbcVc, (62)

D[aDb]Vc =(
1
9

Θ2 − 1
3

ρ)V[ahb]c − σc[aσb]dVd

+ V[b

{
Ec]a −

1
3

Θσc]a

}
+ hc[a

{
Eb]d −

1
3

Θσb]d

}
Vd, (63)

(DaSbc)
· =DaṠbc −

1
3

ΘDaSbc − σa
dDdSbc + Ha

dεbe(bSc)
e, (64)

D[aDb]S
cd =2(

1
9

Θ2 − 1
3

ρ)S[a
(chb]

d) − 2σ[a
(cσb]eSd)e

− 2S[b
(c
{

Ec]
d) − 1

3
Θσc]

d)
}
+ h[a

(c
{

Eb]e −
1
3

Θσb]e

}
Sd)e. (65)

Equation (65) generalizes the Ricci identities for the commutation of spatial derivatives of
rank-2 tensors. There are the further important identities [32]:

D2(Da f ) =Da(D2 f ) +Ra
bDb f , (66)

curl( f Sab) = f curl(Sab) + εcd(aSb)
dDc f , (67)

DbcurlSab =
1
2

εabcDb(DdScd) + εabcSb
d

(
1
3

Θσcd − Ecd
)

− σabεbcdσceSe
d, (68)

curl(Sab)
· =curlṠab −

1
3

ΘcurlSab − σe
cεcd(aDeSb)

d + 3Hc〈a S b〉
c, (69)

curlcurlSab =−D2Sab +
3
2

D〈a DcS b〉c + (ρ− 1
3

Θ2)Sab

+ 3Sc〈a

{
E b〉

c − 1
3

Θσb〉
c
}
+ σcdScdσab

− Scdσcaσbd + σcdσc(aSb)d, (70)

εabcSb
pcurlQcp =2SbcD[aQb]c −

1
2

SabDcQbc, (71)
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whereRab is the spatial Ricci tensor defined by (48), and D2 = DaDa is the spatial Laplacian
operator. Linearized forms (σab = Eab = Hab = 0) of (68)–(70) for the spatial and time
derivative of the curl, as well as the curl of the curl can be written, respectively,

DbcurlSab =
1
2

εabcDb(DdScd), (72)

curl(Sab)
· = curlṠab −

1
3

ΘcurlSab, (73)

curlcurlSab = −D2Sab +
3
2

D〈a DcS b〉c + (ρ− 1
3

Θ2)Sab. (74)

For a dust congruence, we impose u̇a ≡ DaΦ = 0, so Equation (50) leads to D[aDb]Φ =

−ωabΦ̇ = 0. Therefore, for the fundamental observers seeing an isotropic radiation field in
a dust spacetime, the spacetime is locally FLRW (EGS theorem [24], see also [64–67]).3

4. Analytic Identities for the Weyl Tensor

In this section, we describe the analytic identities that provide dynamical and kine-
matic constraints for the gravitoelectric/-magnetic parts of the Weyl tensor. The Ricci and
Bianchi identities are the main equations that govern the gravitoelectric and gravitomag-
netic fields, while Einstein’s equations correspond to the algebraic relation between the
Ricci curvature and the matter field. We see that the decomposition of Bianchi identities
facilitated by the covariant formalism leads to the dynamical and evolutionary equations
for the gravitoelectric/-magnetic tensors.

We consider the Bianchi identities as field equations for the free gravitational field,

∇[eRab]cd = 0. (75)

As shown by Kundt and Trümper [5,6], the Bianchi identities are equivalent to the following
form (see also [17,18,49,52]):

∇dCabcd = −∇[a(Rb]c −
1
6

gb]cR) = −∇[a(Tb]c −
1
3

gb]cTd
d). (76)

Substituting the dynamic quantities (26) into the Bianchi identities and decomposing them
according to the formalism introduced in the previous sections, the following equations are
obtained [7,8,17,18,28,45]:

ha
chb

d∇bEcd − 3ωbHab

−ηabcdσb
e Hecud =

1
3

ha
b∇bρ− 1

3
Θqa +

1
2

σabqb (77)

− 3
2

ηabcdωbqcud − 1
2

ha
chb

d∇bπcd,

ha
chb

d∇b Hcd + 3ωbEab

+ηabcdσb
eEecud = −(ρ + p)ωa −

1
2

ha
cηbcde∇bqdue (78)

− 1
2

ηabcdσc
eπceud +

1
2

ωbπab,
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h(a
chb)

dηce f g∇eHd
f ug + 2h(a

cηb)de f u̇d Hc
eu f

−ha
chb

dĖcd −ΘEab + h(a
cηb)de f ωdEc

eu f

+3
(

σc(aEb)
c − 1

3
habσcdEcd

)
=

1
2

σab(ρ + p)

+
1
2

(
h(a

chb)
d∇cqd −

1
3

habhc
d∇cqd

)
(79)

+

(
u̇(aqb) −

1
3

habu̇cqc
)
+

1
2

ha
chb

dπ̇cd

+
1
6

Θπab +
1
2

(
σc(aπb)

c − 1
3

habσcdπcd
)

− 1
2

h(a
cηb)de f ωdπc

eu f ,

h(a
chb)

dηce f g∇eEd
f ug + 2h(a

cηb)de f u̇dEc
eu f

+ha
chb

dḢcd + ΘHab − h(a
cηb)de f ωd Hc

eu f

−3
(

σc(aHb)
c − 1

3
habσcdHcd

)
=

3
2

(
ω(aqb) −

1
3

habωcqc
)

(80)

+
1
2

h(a
f ηb)cdgucσf

dqg +
1
2

h(a
f ηb)cdeuc∇eπ f

d

The decomposition of Rabcd into Rab and Cabcd combined with the once-contracted Bianchi
identities yields two constraints and two propagation equations for the gravitoelectric and
gravitomagnetic tensors, which are analogous to the Maxwell equations in an expanding
spacetime (see [16,18]).

The twice-contracted Bianchi identities describe the conservation of the total energy
momentum tensor,

∇bTab = ∇b(Rab −
1
2

gabR) = 0, (81)

which is decomposed according to the covariant formalism as follows [18,28]:

ρ̇ + (ρ + p)Θ + hb
a∇bqa + 2u̇aqa + σabπab = 0, (82)

(ρ + p)u̇a + ha
b∇b p + ha

b q̇b +
4
3

Θqa + σabqb

−ηabcdωbqcud + hc
ahd

b∇bπcd + u̇bπab = 0. (83)

In a perfect-fluid model, they are reduced to the typical energy-density and momentum-
density conservation laws:

ρ̇ + (ρ + p)Θ = 0, (84)

(ρ + p)u̇a + hb
a∇b p = 0. (85)

Equation (81), which is the conservation of total energy-momentum law, describes how
the matter field determines the geometry, i.e., the motion of the matter. Considering the
Einstein field equations defined by Gab ≡ Rab − 1

2 gabR = Tab −Λgab, the twice-contracted
Bianchi identities (81) leads to ∇bGab = 0 (∇bΛ = 0 if Λ is constant in space and time) that
describes the dynamical evolution of the spacetime and the matter in it.

The kinematic equations are provided by the Ricci identities of the vector field ua, i.e.,

2∇[a∇b]uc = Rabcdud. (86)

Substituting Equations (22) and (23), using Einstein field equations, and decomposing the
orthogonally projected part into the trace, symmetric trace-free, and skew symmetric terms,
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as well as the parallel part, the following constraints are obtained (ω2 ≡ 1
2 ωabωab and

σ2 ≡ 1
2 σabσab) [28]:

Θ̇ +
1
3

Θ2 =2(ω2 − σ2) + ha
b∇bu̇a + u̇au̇a −

1
2
(ρ + 3p), (87)

ha
bω̇b +

2
3

Θωa =σa
bωb −

1
2

εabcdhc
e∇bu̇eud, (88)

Eab =

(
u̇au̇b −

1
3

habu̇cu̇c
)
+

(
hc

(ahd
b)∇cu̇d −

1
3

hab∇cu̇c
)

− hc
ahd

bσ̇cd −
2
3

Θσab −
(

σaeσe
b −

2
3

habσ2
)

−
(

ωaωb −
1
3

habωcωc
)
+

1
2

πab. (89)

Equation (87) is called the Raychaudhuri propagation equation [68], which describes grav-
itational attraction [17–20]. Equation (88) is called the vorticity propagation equation [28]
and represents the vorticity conservation in a perfect-fluid model admitting accelera-
tion [17–20,28]. Equation (89) demonstrates how the gravitoelectric tensorial field (i.e., tidal
forces [17]) directly induces the shear that is then passed into Equations (87) and (88) and
modifies the fluid flow.

Further kinematic constraints are derived from the Ricci identities [28]:

2
3

hb
a∇bΘ =hc

ahd
b∇bσcd − ηabcd∇bωcud

− 2ηabcdu̇bωcud + qa, (90)

hb
a∇bωa =ωau̇a, (91)

Hab =hc
(ahd

b)ηce f g∇eσ f
dug

−
(

hc
(ahd

b)∇cωd −
1
3

hab∇cωc
)

−2
(

hc
(ahd

b)u̇cωd −
1
3

habu̇cωc
)

. (92)

In Equation (90), we see how the spatial gradient of the expansion is linked to the spatial
curl of the vorticity and the spatial divergence of the shear. Equation (91) is called the
vorticity divergence identity [17]. Moreover, the gravitomagnetic tensorial field, describing
frame-dragging effects, in Equation (92) induces the spatial distortion of the vorticity and
the spatial curl of the shear.

4.1. Perfect-Fluid Models

Using the 1 + 3 covariant notations introduced in Section 2, Equations (77)–(80) can
simply be rewritten as follows for a perfect-fluid matter:

DbEab =3ωb Hab + [σ, H]a +
1
3

Daρ, (93)

Db Hab =− 3ωbEab − [σ, E]a −ωa(ρ + p), (94)

curlHab + 2[u̇, H]〈ab〉 =Ė〈ab〉 + ΘEab − 3σc〈a E b〉
c − [ω, E]〈ab〉

+
1
2

σab(ρ + p), (95)

curlEab + 2[u̇, E]〈ab〉 =− Ḣ〈ab〉 −ΘHab + 3σc〈a H b〉
c + [ω, H]〈ab〉. (96)

Based on Equation (93), the spatial gradient of the energy density covariantly emerges
as a source for the gravitoelectric field, while the shear and vorticity products of the
gravitomagnetic field are associated with the inhomogeneity in the general-relativistic
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fluid model. This implies that the gravitoelectric field represents a generalization of the
Newtonian tidal force [17]. In Equation (94), the gravitomagnetic field originates from the
angular momentum density, i.e., (ρ + p)ωa, as well as the shear and vorticity products of
the gravitoelectric field.

In a perfect-fluid model, the Ricci Equations (87)–(92) can also be simplified using the
covariant conventions:

Θ̇ +
1
3

Θ2 =Dau̇a + u̇au̇a + 2(ω2 − σ2)− 1
2
(ρ + 3p), (97)

ω̇〈a〉 +
2
3

Θωa =σa
bωb −

1
2

curlu̇a, (98)

Eab =D〈a u̇ b〉 + u̇〈a u̇ b〉 − σ̇〈ab〉 − σc〈a σb〉
c

− 2
3

σabΘ−ω〈a ω b〉, (99)

2
3

DaΘ =Dbσab − curlωa − 2[u̇, ω]a, (100)

Daωa =ωau̇a, (101)

Hab =curlσab −D〈a ω b〉 − 2u̇〈a ω b〉. (102)

According to Equation (99), the gravitoelectric tensorial field can directly induce the accel-
eration distortion and the time derivative of the shear. It can be seen in Equation (102) that
the vorticity distortion and the shear curl can directly originate from the gravitomagnetic
tensorial field (see [31] for more discussions). Although other equations do not involve the
gravitoelectric and gravitomagnetic fields, they are important constraints for the kinematic
quantities. The Raychaudhuri equation (97) is the only equation that includes the dynamic
quantities, which can be employed to describe the gravitational attractive force of the
nearby matter (see e.g., [17–20]).

4.1.1. Nonperturbative Shearless Spacetimes

We now consider small perturbations of the fluid motion and the Weyl gravitoelectric/-
magnetic fields in a way that neglects products of small quantities and performs derivatives
relative to the undisturbed metric. In a nonperturbative shearless (σab = 0) perfect-fluid
model, we avoid perturbations that are merely associated with coordinate transformation
and have no physical significance, so Equations (93)–(99) can be rewritten in first order as
follows (also compare with [69]):

DbEab = 1
3 Daρ, Db Hab = −ωa(ρ + p), (103)

curlHab = Ė〈ab〉 + ΘEab, (104)

curlEab = −Ḣ〈ab〉 −ΘHab, (105)

Θ̇ +
1
3

Θ2 = Dau̇a + u̇au̇a −
1
2
(ρ + 3p), (106)

ω̇〈a〉 +
2
3

ωaΘ = −1
2

curlu̇a, (107)

Eab = D〈a u̇ b〉 + u̇〈a u̇ b〉 −ω〈a ω b〉. (108)

It can be seen that the evolution of the gravitoelectric/-magnetic fields or their curls does
not lead to perturbations of the expansion, vortecity, or density according to the first-order
dynamical equations in nonperturbative shearless spacetimes (see also [16]).

4.1.2. Irrotational Dust Spacetimes

Irrotational dust spacetimes have widely been used to study the late universe, as well
as for the evolution of density perturbations [35] and gravitational waves [32]. Here we
rewrite the Bianchi and Ricci equations for an irrotational (ωab = 0 = u̇a) dust (p = 0)
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model using the covariant formulations, and similar to the nonperturbative shearless model,
we also perform derivatives with respect to the undisturbed metric, so we have

DbEab = [σ, H]a +
1
3 Daρ, DbHab = −[σ, E]a, (109)

curlHab = Ė〈ab〉 + ΘEab − 3σc〈a E b〉
c +

1
2

ρσab, (110)

curlEab = −Ḣ〈ab〉 −ΘHab + 3σc〈a H b〉
c, (111)

Eab = −σ̇〈ab〉 − σc〈a σb〉
c − 2

3
σabΘ, (112)

Hab = curlσab, Dbσab = 2
3 DaΘ, (113)

ρ̇ + ρΘ = 0, Θ̇ + 1
3 Θ2 = −σabσab − 1

2 ρ. (114)

Irrotational dust models with realistic inhomogeneities accommodate both the gravi-
toelectric and gravitomagnetic fields. In the linearized theory, where the model is almost
close to an FLRW spacetime, gravitational waves in irrotational dust spacetime are typi-
cally characterized by transverse traceless tensor modes. We should note that an FLRW
spacetime is covariantly described by Daρ = 0 = DaΘ and σab = Eab = Hab = 0, whereas
the density and expansion gradients and the gravitoelectric/-magnetic tensorial fields
are first order of smallness in almost-FLRW spacetimes such as a linearized irrotational
model. In the linearized theory, imposing Eab = 0 leads to the vanishing of anisotropy and
inhomogeneity, resulting in an FLRW spacetime, where Hab = 0, so a linearized purely
gravitomagnetic irrotational dust spacetime deos not exist [30].

Covariant calculations can be conducted to show that the constraint Equations (109)
and (113) are preserved under the evolution in irrotational dust spacetimes. Let us assign
CA = 0 (where A = 1, . . . , 4) to the following constraints:

C1
a ≡Dbσab −

2
3

DaΘ = 0, (115)

C2
ab ≡curlσab − Hab = 0, (116)

C3
a ≡DbEab − [σ, H]a −

1
3

Daρ = 0, (117)

C4
a ≡Db Hab + [σ, E]a = 0. (118)

The time derivatives of the above constraints (CA) generate a set of equations that can be
denoted by ĊA = FA(CA), where the terms FA do not contain any time derivatives, since
they are removed by using the propagation equations and relevant identities [30,32]:

Ċ1
a =−ΘC1

a + 2[σ, C2]a − C3
a, (119)

Ċ2
ab =−ΘC2

ab − 2[σ, C1]〈ab〉, (120)

Ċ3
a =−

4
3

ΘC3
a +

1
2

σa
bC3

b −
1
2

ρC1
b

+
3
2

Ea
bC1

b − [E, C2]a +
1
2

curlC4
a, (121)

Ċ4
a =−

4
3

ΘC4
a +

1
2

σa
bC4

b

+
3
2

Ha
bC1

b − [H, C2]a +
1
2

curlC3
a. (122)

Assuming an initial spatial surface {t = t0}, where t is a proper time along the
worldlines, is satisfied by the constraints CA, i.e., CA|t0 = 0, the evolution of the constraints
(ĊA) implies that the constraints should be satisfied for all time, as CA = 0 is a solution
for the initial condition. The constraint set is linear, so the solution should be unique.
Thus, the constraints CA are preserved under evolution. For example, if we provide σab(t0)
and Daρ(t0), C1

a produces DaΘ(t0), C2
ab generates Hab(t0), and C3

a presents DbEab(t0). A
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consistency condition is expected to be imposed by C4
a, though this is not the case, since

we have
C4

a =
1
2

curlC1
a −DbC2

ab. (123)

Let us consider that DaΘ is determined by C1
a, Hab by C2

ab, and Daρ by C3
a, so the constraint

equations are consistent with each other owing to the presence of C4
a. Therefore, if we

have a solution to the constraints on {t = t0}, it is consistent and evolves consistently.
Equation (123) implies that no new vectorial constraint emerges from the divergence of the
tensorial constraint C2

ab, so the tensorial constraint is characteristically transverse traceless.
Supposing the gravitomagnetic tensorial field that is divergence-free (a condition for

gravitational waves), the constraint (118) leads to

DbHab = 0 ⇐⇒ [σ, E]a = 0. (124)

The covariant formulations can be employed to show that the condition (124) is satisfied under
the evolution without considering further conditions. In particular, the condition (124) does
not impose Hab = 0, so it establishes spacetimes with DbHab = 0 6= Hab.

4.2. Imperfect-Fluid Models

We now covariantly write the exact (nonlinear) Bianchi equations in imperfect-fluid mod-
els. Substituting the total energy-momentum tensor (26) into the Bianchi Equations (77)–(80)
and applying the 1 + 3 covariant notations yields:

DbEab =3ωb Hab + [σ, H]a +
1
3

Daρ− 1
3

Θqa

+
1
2

σabqb − 3
2
[ω, q]a −

1
2

Dbπab, (125)

Db Hab =− 3ωbEab − [σ, E]a −ωa(ρ + p)

− 1
2

curl(qa)−
1
2
[σ, π]a +

1
2

ωbπab, (126)

curl(Hab) + 2[u̇, H]〈ab〉 =Ė〈ab〉 + ΘEab − [ω, E]〈ab〉 − 3σc〈a E b〉
c

+
1
2

D〈a q b〉 + u̇〈a q b〉 +
1
2

π̇〈ab〉 +
1
6

Θπab

− 1
2
[ω, π]〈ab〉 +

1
2

σe
〈a π b〉e +

1
2

σab(ρ + p), (127)

curl(Eab) + 2[u̇, E]〈ab〉 =− Ḣ〈ab〉 −ΘHab + [ω, E]〈ab〉 + 3σc〈a H b〉
c

+
3
2

ω〈a q b〉 +
1
2
[σ, q]〈ab〉 +

1
2

curl(πab). (128)

It can be seen in Equations (125) and (126) that the shear and vorticity coupled with the
energy flux and gravitomagnetic field act like sources for the gravitoelectric field, whereas
the shear and vorticity coupled with the anisotropic stress and gravitoelectric field appear
as sources for the gravitomagnetic field. The long-range gravitational fields, associated with
tidal forces, frame-dragging effects, and gravitational waves, especially making tensorial
contributions to CMB anisotropies [27], are ruled by Equations (125)–(128). The implications
of inhomogeneous coupling terms in the nonlinear Bianchi equations are beyond the scope
of this review and deserve further discussion (see, e.g., [31]).
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In irrotational spacetimes (ωa = 0) under homogeneous and isotropic conditions
(σab = πab = 0), Equations (125)–(128) simply reduce to:

DbEab =
1
3

Daρ− Hqa, (129)

DbHab =− 1
2

curl(qa), (130)

curl(Hab) + 2[u̇, H]〈ab〉 =Ė〈ab〉 + (3H)Eab +
1
2

D〈a q b〉 + u̇〈a q b〉, (131)

curl(Eab) + 2[u̇, E]〈ab〉 =− Ḣ〈ab〉 − (3H)Hab. (132)

where H = 1
3 Θ is the Hubble parameter. We see that the gradient of the energy den-

sity and the energy flux constrained by the Hubble expansion rate act as sources for the
gravitoelectric divergence, while the curl of the energy flux is a source for the gravitomag-
netic divergence. Additionally, Equations (131) and (132) present wave solutions if we
take the curl of curl(Hab) and the time derivative of curl(Eab) and apply the linearized
identities (73) and (74) to them, resulting in Ḧab −D2Hab. Similarly, the covariant calcula-
tions of curlcurl(Eab) and curl(Ḣab) in the linearized forms give a wave solution for the
gravitoelectric tensor, i.e., Ëab −D2Eab.

4.2.1. Linearization Scheme

The exact dynamics of the gravitoelectric/-magnetic tensorial fields with the full
matter including flux and anisotropic terms are covariantly governed by the nonlinear
Bianchi Equations (125)–(128). We may also linearize these equations around any chosen
background such as an FLRW metric. In particular, in the FLRW background, all the
inhomogeneous and anisotropic terms (qa and πab) vanish, and only the first order of the
quantities appear in the linearized Bianchi equations.

The linearization of Equations (125)–(128) leads to the following system of constraint
and propagation equations:

DbEab =
1
3

Daρ− 1
3

Θqa −
1
2

Dbπab, (133)

DbHab =−ωa(ρ + p)− 1
2

curl(qa), (134)

curl(Hab) =Ė〈ab〉 + ΘEab +
1
2

σab(ρ + p)

+
1
2

D〈a q b〉 +
1
2

π̇ab +
1
6

Θπab, (135)

curl(Eab) =− Ḣ〈ab〉 −ΘHab +
1
2

curl(πab). (136)

Furthermore, the Ricci identities (89) and (92) according to the linearization scheme are
written as follows:

Eab =D〈a u̇ b〉 − σ̇〈ab〉 −
2
3

σabΘ +
1
2

πab, (137)

Hab =curlσab −D〈a ω b〉. (138)

Once again, the gravitoelectric and gravitomagnetic fields originate from the energy
density gradient and the angular momentum density in Equations (133) and (134), respec-
tively. Moreover, we see that the anisotropic stress gradient and the energy flux constrained
by the expansion scalar are additional sources for (divE)a, while the energy flux curl
acts as a source for (divH)a. The anisotropic stress πab still remains in the propagation
Equations (135) and (136) after linearization. We also have the energy flux distortion in the
curl(Hab)-equation. The full energy-momentum tensor that includes the flux and stress
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allows us to investigate inhomogeneities and anisotropies in cosmological models. In
particular, the anisotropic stress can be used to analyze the CMB (see, e.g., [27,70,71]).

4.2.2. Purely Tensorial Perturbations under Linearization

We now consider the so-called purely tensorial perturbations [72] under a linearization
regime, which are characterized by vanishing vector and scalar variables, i.e., f = Da f =
DaDb f = 0 and Va = DbVa = 0 for any scalars f and vectors Va. Imposing only tensor
perturbations, the linearized Equations (133)–(138) shall be:

DbEab = − 1
2 Dbπab, DbHab = 0, (139)

curl(Hab) = Ė〈ab〉 + ΘEab +
1
2

σab(ρ + p) +
1
2

π̇ab +
1
6

Θπab, (140)

curl(Eab) = −Ḣ〈ab〉 −ΘHab +
1
2

curl(πab), (141)

Eab = −σ̇〈ab〉 − 2
3 σabΘ + 1

2 πab, Hab = curlσab. (142)

The time derivative and curl of Equations (140) and (141), as well as the time derivative
of (142) (first equation), together with the conditions DbEab = 0 and Db Hab = 0, lead to [72]
(see [73] for detailed calculation):

Ḧab −D2Hab+
7
3

ΘḢab +
2
3

(
Θ2 − 3wρ

)
Hab = (curlπ)·ab +

2
3

Θ(curlπ)ab, (143)

Ëab −D2Eab+
7
3

ΘĖab +
2
3

(
Θ2 − 3wρ

)
Eab −

1
6

Θρ(1 + w)
(

1 + 2c2
s

)
σab

= −1
2

π̈ab +
1
2

D2πab −
5
6

Θπ̇ab −
1
3

(
Θ2 − ρ

)
πab, (144)

σ̈ab −D2σab+
5
3

Θσ̇ab +

(
1
9

Θ2 +
1
6
(1− 9w)ρ

)
σab = −π̇ab −

2
3

Θπab, (145)

where cs is the adiabatic sound speed of the fluid flow, and w is the effective barotropic
index [72] (c2

s = ṗ/ρ̇ and w = p/ρ in FLRW spacetimes [36]).
Solving Equations (143)–(145) yields the evolution of tensor perturbations. Note that

Equation (144) is effectively third order due to the presence of a term with σab coupled
with the energy density, which makes it impossible to write a closed wave equation for Eab.
However, taking πab = 0 for consistency, Equations (143) and (144 ) should result in wave
solutions since the shear also maintains a wave solution provided by Equation (145).

5. Gravitational Waves

Gauge-invariant transverse tensor perturbations in homogeneous and isotropic FLRW
models are known as gravitational waves. The wave solutions of the gravitoelectric/-
magnetic tensorial fields were first introduced by Hawking [16] in a model, where pertur-
bations of the Weyl tensor do not originate from rotational or density perturbations, and
were later covariantly extended by Ellis and Bruni [26] in the gauge-invariant perturba-
tion approach.

Considering the divergence Equations (103), to have a wave solution, we require the condition:

DbEab = 0, DbHab = 0. (146)

Taking a time derivative from the curlHab Equation (104) and a spatial curl from the curlEab
Equation (105), after simplification, we have [74,75]

Ëab −D2Eab +
7
3

ΘĖab + Eab

(
Θ̇ +

4
3

Θ2 +
1
3
(ρ− 3p)

)
+σab

(
1
3

Θ(ρ + p) +
1
2
(ρ̇ + ṗ)

)
= 0. (147)
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In empty, non-expanding (Θ = 0) space, it reduces to the typical form seen in the linearized
theory, i.e., ∇2Eab ≡ ∇a∇aEab = 0. From Equation (147), it follows that a necessary
covariant condition for the propagation of gravitational waves should be:

curlEab 6= 0 6= curlHab. (148)

Therefore, the vanishing divergences and non-vanishing curls of the gravitoelectric and
gravitomagnetic tensors are the necessary covariant conditions for the existence of grav-
itational waves. The gravitomagnetic field obviously has an essential role in supporting
gravitational waves. Based on the similarity with electromagnetism, where neither the elec-
tric nor magnetic fields independently provide a full description of electromagnetic waves,
it was argued that both the gravitoelectric and gravitomagnetic fields are simultaneously
necessary for supporting tensor perturbations [76]. Indeed, as seen in Equation (147), gravi-
tational waves are exactly characterized by the spatial curls of the electric and magnetic
parts of the Weyl tensor.

The nonlinear evolution of Eab and Hab with a perfect-fluid source is determined from
Equations (95) and (96). The only differences between these two equations are the signs
of the right sides, besides the energy density and pressure coupled with the shear in the
curlHab equation. Once they are linearized about an FLRW background, they reduce to
Equations (104) and (105). On taking the time-derivative of the former and substituting the
curl of the latter, the curlEab and curlHab terms support the propagation of gravitational
waves. However, Equations (95) and (96) do not close up in general, owing to the presence
of the 1

2 (ρ + p)σab term in the curlHab equation. It is necessary to add the shear evolution
equation to the curlHab equation to obtain a third-order equation for Eab, once its time
derivative is calculated (see, e.g., [75]).

In the linearization scheme, purely tensorial perturbations are obtained by requiring
the density perturbations and rotational perturbations to vanish to first order. The condition
that the terms on the right hand side vanish from the constraint (103) is similar to the
transverse condition of tensorial perturbations in the metric approach. We recall that the
Weyl tensor is the traceless part of the Riemann tensor, so both Eab and Hab are traceless,
again similar to the tensorial perturbations of the Bardeen formalism [77].4

As the condition (146) is required for gravitational waves, one might expect that both
Eab and Hab possess the SO(2) electric-magnetic symmetry (see the review by [79]), so their
propagation equations should be invariant under the transformation Eab ⇔ Hab. However,
this is not generally true; indeed, it is valid when the equation of state of the background
satisfies special conditions. In particular, the evolution equations for Eab and Hab are not of
the same order; the Eab wave equation is of third order, whereas Hab has a second-order
wave equation. However, both of them reduce to second order if we suppose (ρ + p) = 0,
i.e., in vacuum (also de Sitter spacetime), as well as for the equation of state p = − 1

3 ρ.
Thus, under those special conditions, both Eab and Hab provide the second-order wave
solutions [75], which also have the SO(2) electric-magnetic invariance [79].

Distortions of the Gravitoelectromagnetic Fields

A distortion of the curvature is a part of its derivative that is dissociated from the
Bianchi identities and is not locally connected to the matter. The divergences of the locally
free fields Eab and Hab are pointwise connected to the dynamic quantities of the matter, such
as the energy density gradient. The curl of Eab (or Hab) is pointwise associated with the time
derivative of Hab (or Eab) and the matter terms. Additionally, the distortion of Eab (or Hab),
similar to the curl, covariantly characterizes a locally free part of the spacetime gradient
of the gravitational field. It was shown by [37] that the spatial Laplacian (D2 ≡ DaDa),
which is essential for describing a wave solution, can be produced by the distortion. Thus,
the non-vanishing distortions of Eab and Hab, along with the non-zero curls, is another
condition for the propagation of gravitational waves.
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Considering the decomposition (21) of the covariant distortion of rank-2 tensors,
the covariant and spatial distortions of Eab are split into various terms enclosed by the
kinematic quantities [37]:

∇cEab =− uc

{
Ė〈ab〉 + 2u(aEb)du̇d

}
+ 2u(a

{
Eb)

d(σcd + εcdeωe) +
1
3

ΘEb)c

}
+ DaEbc, (149)

DaEbc =
3
5
(divE)〈a h b〉c −

2
3

εdc(acurlEb)
d + Êcab, (150)

where Êcab is the symmetric, traceless gravitoelectric distortion defined by Êcab = Ê(cab) ≡
D〈c E ab〉, and Ė〈ab〉 ≡ h(a

chb)
dĖab − 1

3 hcdĖcdhab is the time derivative of the spatially pro-

jected gravitoelectric tensor.5

Similarly, ∇cHab can also be decomposed. A comparison of Equation (150) with
Equation (23) indicates that the gravitoelectric and gravitomagnetic distortions, Êcab and
Ĥcab, which are the divergence-less and curl-less spatial variation of the Weyl tensor, could be
analogous to the shear σab of the fluid flow. We may also apply the decomposition (149)–(150)
to any PSTF tensors such as the shear σab:

Daσbc =
3
5
(divσ)〈a h b〉c −

2
3

εdc(acurlσb)
d + σ̂cab. (151)

Although the divergence and curl of σab are previously seen in the Ricci identities (100)
and (102), respectively, its distortion does not appear in the Ricci and Bianchi equations. If
we take a spatial distortion from (99), it is noticed that the evolution of σ̂cab is controlled
by Êcab.

The Laplacian equation, which plays a key role in the wave solution, also emerges
from the distortion. Let us consider the gravitomagnetic distortion:

Ĥcab ≡ D(c Hab) −
2
5

h(abDd Hc)d, (152)

which has the following divergence equation:

Dc Ĥcab =
1
3

D2Hab −
4

15
D(aDcHb)c +

2
3

DcD(aHb)c. (153)

Now if we use the commutation (65), the last term on the right of Equation (153) can be
transferred into a divergence term and curvature correction terms [37]:

D2Hab = 3DcĤcab − 2
(

ρ− 1
3

Θ2
)

Hab −
6
5

DcD(a Hb)c +N [H]ab, (154)

where N [H]ab is a non-linear term defined by [37],

N [H]ab ≡4ωcωc Hab + 2Θσc
〈a H b〉c − 6ωcω〈a H b〉c

+ σc〈a σb〉d Hcd − 2σcdHcdσab + 2Θωcεcd〈a H b〉
d

− σcdσc〈a H b〉d − 6Ec
〈a H b〉c + 2ωcεcdeσd

〈a H b〉
e

+ 2ωcεcd〈a σb〉eHde + 2ωcεcd
aḢ〈bd〉 + 2ωcεcd

b Ḣ〈ad〉. (155)

In an almost-FLRW model, these covariant terms in N [H]ab are very small [26], so
this non-linear term could be negligible. As the non-linear term N [H]ab vanishes in the
linearization mode, while the divergence is also zero for gravitational waves, we get

D2Hab = 3Dc Ĥcab − 2
(

ρ− 1
3

Θ2
)

Hab. (156)
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If the gravitomagnetic distortion Ĥcab vanishes, a spatial Helmholtz equation is satisfied by
Hab, which as argued by [37] excludes general gravitational waves (see also [16]). A similar
result follows if we start with zero distortion of Eab. Hence, a necessary condition for
gravitational waves is non-vanishing distortions of the gravitoelectric and gravitomagnetic
fields, i.e.,

D〈c E ab〉 6= 0 6= D〈c H ab〉. (157)

Therefore, the non-zero curls and distortions are essential for the propagation of gravi-
tational waves. Additionally, the distortions of the gravitoelectric and gravitomagnetic
fields can also broaden our understanding of cosmological models, which are typically
characterized by the divergences and curls of Eab and Hab (see, e.g., [17,32,80–82]).

6. Purely Gravitoelectric/-Magnetic Models

The gravitoelectric field Eab is a general-relativistic generalization of Newtonian
tidal forces, while there is no analogy for the gravitomagnetic field (Hab) in Newtonian
theory [17,29]. However, a model with Hab = 0 cannot support gravitational waves as
shown in dust spacetimes [74,75], the so-called silent universe owing to the absence of prop-
agating signals [83–85]. The silent universe (Hab = 0) is sometimes called Newtonian-like
due to the presence of a purely Newtonian counterpart, i.e., the gravitoelectric field. The
Newtonian-like model with only Eab corresponds to the general-relativistic generalization
of Newtonian theory. However, a consequence of vanishing Hab in post-Newtonian models
is that the locally free characteristics of Eab cannot restore in the Newtonian limit, implying
that it is generally incorrect to suppose Hab = 0. The purely gravitoelectric model (Hab = 0)
has limited applications in cosmological models, particularly in studies of gravitational
instabilities [81,86,87], so it is essential to have the gravitomagnetic field in physically
realistic inhomogeneous models of the late universe. Models with Hab 6= 0 cannot be
Newtonian-like, but they consistently satisfy the locally free fields in general [29].

A purely gravitomagnetic model with Eab = 0 6= Hab is sometimes called anti-
Newtonian [30] due to the presence of only a field with no Newtonian counterpart. A
purely gravitomagnetic model (Eab = 0) was first studied in [23] in which either the shear
or the vorticity are shown to be non-vanishing. We note that Eab = 0 = Hab is associated
with an FLRW model (see Section 4.1.2). A linearized irrotational dust model with Eab = 0
was also found to be exactly FLRW, resulting in Hab = 0 [30], so linearized anti-Newtonian
irrotational dust models are inconsistent and cannot generally exist.

6.1. Purely Gravitoelectric Dust Spacetimes

Here we discuss an irrotational dust Newtonian-like model (Hab = 0), so-called
silent [85], where Eab acts as Newtonian tidal forces [29,86]. We know that the gravitomag-
netic tensor Hab has no Newtonian analogue. The silent models are known to be generally
inconsistent and not likely to surpass the spatially homogeneous spaces [29,30].

Consider the evolution of the constraints (ĊA) in irrotational dust spacetimes, namely
Equations (119)–(123). Although placing Hab = 0 modifies the constraints CA, they are still
consistent, since the ĊA-equations are still valid. Equation (111) offers an extra constraint
for the Newtonian-like model:

C5
ab ≡ curlEab = 0, (158)

which should be satisfied, along with the propagation. The spatial divergence and the
time derivative of C5

ab are calculated by applying the algebraic identities (67)–(69) as
follows [30]:

DbC5
ab =

1
2

curlC3
a −

1
3

ΘC4
a − σa

bC4
b. (159)

Ċ5
ab =− 4

3
ΘC5

ab −
3
2

εcd
(aEb)cC1

d

− 1
2

ρC2
ab −

3
2

εcd
(aσb)cC3

d +
3
2
Hab, (160)
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whereHab is defined by [30]

Hab ≡ εcd(a

{
De
[

Eb)
cσd

e

]
+ 2Dc

[
σb)eEde

]
+ σb)

cDeEd
e +

1
3

σc
|e|D

eEb)
d
}

. (161)

The consistency of the evolution of the constraints in the Newtonian-like model is satisfied
if Hab = 0. Equation (161) implies the condition Hab = 0 and its evolution is equally
fulfilled by linearization around an FLRW background, which is also characterized by
Daρ = DaΘ = 0 and σab = Eab = Hab = 0 [26].

The purely gravitoelectric models generally have inconsistent solutions that are con-
tingent on linearization instabilities in such a way that their linearized solutions are not
constrained by any consistent solutions of the exact (nonlinear) equations. According to [81],
it is unlikely that silent solutions could be a physically realistic model for the late universe
or gravitational instabilities. Consistent, realistic models require the gravitomagnetic field,
as independently confirmed by [86]. As shown by [30], the Newtonian-like silent models
have a few limited applications, so general relativity does not straightforwardly correspond
to Newtonian theory.

6.1.1. Newtonian Limit

A Newtonian-like universe with only the Poisson equation for gravitational potential
is impractical without some extensions to Newtonian theory, as pointed out by Heckmann
and Schücking [21,22,88]. Newtonian theory should be extended in a way to satisfy the
essence of the non-locality, so that local physical laws cannot be detached from instan-
taneous boundary conditions at infinity. The singular limit of general relativity, where
gravitational interaction is at an infinite speed, reduces to the Newtonian theory. Obviously,
this Newtonian limit of general relativity excludes the gravitomagnetic field.

Here we discuss a covariant Newtonian approximation of general relativity, known as
the Heckmann–Schücking limit, having boundary conditions for spatially homogeneous
spacetimes. Under certain boundary conditions, the gravitoelectric tensor can covariantly
be approximated in the Newtonian limit by

E(N)
ab ≡ D〈a D b〉Φ = DaDbΦ− 1

3
habD2Φ, (162)

where E(N)
ab is the gravitoelectric tensor equivalent to tidal forces in the Newtonian limit [29,86],

and Φ is the Newtonian potential.6

In irrotational spacetimes, Equation (98) reduces to curlu̇a = 0, which implies the
presence of an acceleration scalar potential Φ̂ defined by [19,20,89]:

u̇a ≡ DaΦ̂. (163)

It can be seen that the acceleration vector is covariantly proportional to the spatial gradient
of a scalar. According to the equivalence principle in general relativity, it is indeed the
Newtonian potential (Φ̂ = Φ). Equation (163) can also be solved for the velocity field
ua defined by the normalization of the stationary Killing vector ξa = ξua. Accordingly,
Killing’s equations result in Θ = σab = 0 [19,20,90], so Equation (23) reduces to Dbua =
− 1

3 εabcωc. As Φ is invariant under ξa, we should have Φ̇ = 0 of the Newtonian limit, and
Equation (163) satisfies curlu̇a = 0. Thus, as covariantly described by Equation (163), the
acceleration vector in irrotational spacetimes strictly corresponds to the gradient of the
acceleration scalar potential Φ.

The Newtonian limit of Eab in the Heckmann–Schücking approach satisfies the con-
dition limc→∞ Eab = Eab(t)|∞ in a way that the gravitoelectric field (162) prescribed as a
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function of time arbitrarily propagates to any point with infinite speed (c→ ∞), although
it is constrained by Equation (103), resulting in the Poisson equation of Newtonian gravity:

D2Φ =
1
2

ρ. (164)

However, we have no analogue of Hab in the Newtonian limit [17], as shown by strictly
mapping general relativity onto Newtonian theory in the singular limit [91]. In Newtonian
theory, we do not have Φ̇ , as well as Ėab seen in the propagation (104). We may also
approximate the gravitoelectric field to first order as Eab = E(N)

ab + E(PN)
ab , where E(N)

ab is the

Newtonian term given by Equation (162), and E(PN)
ab is the first post-Newtonian term. In the

Newtonian limit, the gravitoelectric field Eab simply reduces to E(N)
ab , which is tidal forces.

6.1.2. Quasi-Newtonian Gravitational Attraction

The Raychaudhuri equation (97) [33,68], which is the basic equation for gravitational
attraction [17–20] and the singularity theorem [18,28], can also be employed to provide a
simpler interpretation of the Newtonian limit [17,92]:

Θ̇ +
1
3

Θ2 − 2(ω2 − σ2)−Da Aa − Aa Aa +
1
2
(ρ + 3p) = 0, (165)

where Aa ≡ u̇a = DaΦ is the acceleration vector in the Newtonian limit. In Equation (165),
the (ρ + 3p) acts as the gravitational source. In the static case, where the expansion of the
timelike congruence vanishes (Θ = 0), the Raychaudhuri equation represents the general-
relativistic generalization of the Poisson equation of gravity. In a quasi-Newtonian model [44],
where a congruence of worldlines is irrotational and shearless (ωa = 0 = σab), it reduces to
the well-known static gravitational attraction:

Dau̇a + u̇au̇a =
1
2
(ρ + 3p). (166)

The above equation covariantly generalizates the Poisson equation of Newtonian grav-
ity, correlating the acceleration u̇a with the active gravitational mass (ρ + 3p). In quasi-
Newtonian dust spacetimes (p = 0), Equations (164) and (166) imply Dau̇a + u̇au̇a = D2Φ,
which is the Laplace equation of the Newtonian potential. In quasi-Newtonian dust models,
the Raychaudhuri equation determines the acceleration divergence. However, in expand-
ing spacetimes, it includes the evolution of the expansion, along with the divergence of
the acceleration.

6.2. Purely Gravitomagnetic Dust Spacetimes

We here consider a case of purely gravitomagnetic dust models, known as anti-Newtonian
universes [30]. Substituting Eab = 0 and curlEab = 0 into Equations (111) and (112) yields the
following two constraints:

−σ̇〈ab〉 − σc〈a σb〉
c − 2

3
σabΘ =0, (167)

−Ḣ〈ab〉 −ΘHab + 3σc〈a H b〉
c =0. (168)

The former equation determines the evolution of the shear σab, whereas the latter equation
is associated with the propagation of Hab without influencing the other quantity evolution.
It is seen that the the matter evolution is entirely detached from the gravitomagnetic fields,
i.e., there is no coupling between the Weyl tensorial fields and the matter source in the
geodesic deviation equation [93]. The evolution of the dynamic and kinematic quantities is
controlled by Equations (114) and (167), which is consequently supplied to the propagation
of the gravitomagnetic field via Equation (168).



Universe 2022, 8, 318 23 of 48

In the case of irrotational dust anti-Newtonian spacetimes (Section 4.1.2), the con-
straint (118) implies DbHab = 0, which still maintains Equation (123) with Eab = 0. How-
ever, the propagation is no longer provided by Equation (110) with vanishing the grav-
itoelectric terms, which turns into a new constraint analogous to the Newtonian-like
Equation (158):

C6
ab ≡ curlHab −

1
2

ρσab = 0. (169)

The spatial divergence and the time derivative of C6
ab are calculated as follows [30]:

DbC6
ab =− 1

2
ρC1

a +
1
3

ΘC3
a +

1
2

curlC4
a +

1
9
Ja, (170)

Ċ6
ab =− 4

3
ΘC6

ab −
3
2

εcd
(a Hb)cC1

d + Eab, (171)

where Ja and Eab are defined by [30]

Ja ≡ΘDaρ− 3ρDaΘ− 3
2

σa
bDbρ, (172)

Eab ≡
1
6

ρΘσab +
1
2

ρσc〈a σb〉
c + 3Hc〈a H b〉

c + 3curl
[
σc

(a Hb)c

]
+

3
2

εcd(a Hb)
cDeσd

e − σe
cεcd(aDeHb)

d. (173)

The evolution of the constraints is consistent in the anti-Newtonian model if the two
conditions Ja = 0 and Eab = 0 are satisfied. Thus, the consistency of the constraints on an
initial surface is covariantly fulfilled by the following condition:

ρDaΘ =
1
3

ΘDaρ− 1
2

σa
bDbρ. (174)

We see that an algebraic relation between the spatial gradients of the energy density and
the expansion scalar appears as a main integrability condition for the consistency. There is
at least one special situation where this condition is identically satisfied (174). Nevertheless,
only specific initial conditions {ρ, Θ, σab} on the initial surface can be incorporated into the
covariant condition (174), which leads to inconsistencies of the evolution Equations (114)
and (167) in general cases. Thus, anti-Newtonian spacetimes are generally inconsistent.

Linearization about an FLRW background under the consistency condition Ja = 0 im-
plies that, unlike the Newtonian-like model, linearized integrabilities in the anti-Newtonian
case are not insignificant [26]. Indeed, all the linearized anti-Newtonian solutions ap-
pear to be inconsistent, since the linearized integrability conditions are satisfied only with
Hab = 0. As we already impose Eab = 0 in the anti-Newtonian case, Hab = 0 shall make an
FLRW spacetime. Linearization about an FLRW space under the condition Eab = 0 implies
Θσab = 0, which requires either Θ = 0 or σab = 0. Moreover, the linearized form of the
covariant condition Ja = 0 is 3ρDaΘ−ΘDaρ = 0, which holds if one imposes Θ = 0. If
we additionally have σab = 0, there is an FLRW model, which is is not anti-Newtonian. We
also see that vanishing the expansion scalar results in ρ = 0 according to the linearized
form of (114) (first), and subsequently σab = 0 based on (114) (second). Hence, we must
rule out any possibilities of linearized anti-Newtonian models (see [30] for full discussion).

Anti-Newtonian Limit

In the Newtonian limit, the interaction propagates to any point at an infinite speed,
and the gravitoelectric field to first order is roughly written as Eab = E(N)

ab + E(PN)
ab , where

the Newtonian term E(N)
ab is associated with tidal forces. Similarly, for the gravitomagnetic

field, we may also assume Hab = H(AN)
ab + H(NN)

ab , where H(AN)
ab is the anti-Newtonian limit

of gravitomagnetic field, and H(NN)
ab the first-order non-Newtonian term. Under the SO(2)
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electric-magnetic duality transformation Eab → Hab (see, e.g., [79]), the gravitomagnetic
tensor may also be written similar to Equation (162) in the anti-Newtonian limit as follows:

H(AN)
ab ≡ D〈a D b〉Ψ = DaDbΨ− 1

3
habD2Ψ, (175)

where Ψ is the anti-Newtonian potential. The above equation is based on the
gravitoelectric/-magnetic duality invariance (see [31,79,94]). The electric-magnetic du-
ality has important implications in quantum field theory.

Considering (100) and (101) in an anti-Newtonian irrotational shear-free model
(Θ = σab = 0), along with the velocity field ua defined by the normalization of the station-
ary Killing vector ξa = ξua, the constraint (100) then yields curlωa = −2[u̇, ω]a [19,20]. It
can be seen that the vorticity curl corresponds to the product of vorticity and acceleration,
which implies the presence of a vorticity scalar potential Ψ̂ defined by

ωa ≡ DaΨ̂. (176)

The vorticity vector is then covariantly characterized by the vorticity scalar.
Suppose the equivalence between the anti-Newtonian potential and the vorticity scalar

(Ψ = Ψ̂), by analogy with the equivalence principle (Φ = Φ̂), the ani-Newtonian limit (175)
of Hab constrained by Equation (103) (second), results in the Helmholtz equation [40]:

D2Ψ +
3
2
(ρ + p)Ψ = 0. (177)

The Bianchi equations relate the gravitomagnetic tensor to the source (ρ + p)ωa, in another
word, the angular momentum density [17]. The gravitomagnetic tensor Hab, which has
no Newtonian analogue, is associated with either gravitational radiation [76] or cosmic
inflation [95]. In Section 5, we saw that the spatial curls of both the gravitoelectric and
gravitomagnetic fields characterize gravitational waves [37]. In post-Newtonian models,
the non-locality—in a way that local physics cannot be decoupled from boundary conditions
at infinity—of Newtonian tidal forces induced by the gravitoelectric field cannot be restored
without the gravitomagnetic field.

7. Multi-Fluid Models

There are many situations in cosmology where it is necessary to describe a system
containing multiple fluids of various matter species rather than a single fluid, which is
made possible by studies of multi-component systems (see the review by [96]). There are
many examples of multi-fluid systems such as CMB inhomogeneities, including radiation,
baryonic matter and neutrinos [70], and incorporating peculiar velocities into nonlinear
gravitational collapse [97]. In either multi-component systems or analyses of peculiar
velocities, it is required to include the velocity tilt between the matter species and the
fundamental observers (see [36,71,96–99]).

In a multi-fluid system, the 4-velocity ua of the fundamental observers and the 4-
velocities u(i)

a of i-th species satisfy uaua = u(i)
a ua

(i) = −1, so the projector tensors orthogonal

to ua and u(i)
a are defined, respectively, as follows:

hab = gab + uaub, h(i)ab = gab + u(i)
a u(i)

b . (178)

The velocity ua is related to u(i)
a via the following Lorentz boost, (v(i)a ua = 0):

u(i)
a = γ(i)(ua + v(i)a ), (179)

where v(i)a is the peculiar velocity of the i-th species with respect to ua, and γ(i) = (1−
v(i)a va

(i))
−1/2 is the Lorentz-boost factor, so γ(i) = 1 in non-relativistic peculiar motion.
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The boost relation is a reaction to the hyperbolic angle of tilt β(i) [98] between ua and
u(i)

a in a way that satisfies

cosh β(i) = −u(i)
a ua = γ(i), sinh β(i)ea = γ(i)v(i)a = hb

au(i)
b , v(i)a = v(i)ea, (180)

which turns Equation (179) to [98]

u(i)
a = cosh β(i)ua + sinh β(i)ea. (181)

It can easily be seen that v(i) = tanh β(i), so v(i) ' β(i) for small tilt angles (β(i) � 1) in
non-relativistic peculiar motion.

The dynamic quantities in a multi-fluid system should be defined to include all
dynamically significant species:

Tab =∑
i

T(i)
ab = ρuaub + phab + 2q(aub) + πab, (182)

T(i)
ab =ρ(i)u(i)

a u(i)
b + p(i)h(i)ab + 2q(i)

(a u(i)
b) + π

(i)
ab . (183)

where ρ(i), p(i), q(i)
(a , and π

(i)
ab are the energy density, pressure, energy flux, and anisotropic

stress measured in the frames of i-th species with u(i)
a defined by Equation (179). As an

example, a multi-fluid system may include the electromagnetic radiation (i = R), baryonic
matter (i = B) modeled by a perfect fluid, cold dark matter (i = C) described by a dust
model over the era of CMB anisotropies, neutrinos (i = N), and dark energy modeled by a
cosmological constant (i = V) (see [27] for further details).

The inverse form of Equation (179) can be expressed as (where v̂(i)a ua
(i) = 0 and

v̂(i)a v̂a
(i) = v(i)a va

(i)):

ua = γ(i)(u(i)
a + v̂(i)a ), v̂(i)a = γ(i)(v(i)a + v(i)a va

(i)ua). (184)

The above equations directly lead to the following nonlinear energy-momentum tensors of
i-th species measured in the fundamental ua-frame:

T(i)
ab = ρ̂(i)uaub + p̂(i)hab + 2u(a q̂(i)b) + π̂

(i)
ab , (185)

where the nonlinear dynamic quantities of i-th species are (v2 ≡ vava) [27,100]:

ρ̂(i) =ρ(i) +
{

γ2
(i)v

2
(i)

(
ρ(i) + p(i)

)
+ 2γ(i)q

a
(i)v

(i)
a + πab

(i)v
(i)
a v(i)b

}
, (186)

p̂(i) =p(i) +
1
3

{
γ2
(i)v

2
(i)

(
ρ(i) + p(i)

)
+ 2γ(i)q

a
(i)v

(i)
a + πab

(i)v
(i)
a v(i)b

}
, (187)

q̂(i)a =q(i)a +
(

ρ(i) + p(i)
)

v(i)a +
{(

γ2
(i) − 1

)
q(i)a − γ(i)q

b
(i)v

(i)
b ua

+γ2
(i)v

2
(i)

(
ρ(i) + p(i)

)
v(i)a + π

(i)
ab vb

(i) − π
(i)
bc vb

(i)v
c
(i)ua

}
, (188)

π̂
(i)
ab =π

(i)
ab +

{
−2u(aπ

(i)
b)cvc

(i) + π
(i)
bc vb

(i)v
c
(i)uaub

}
+

{
−1

3
π
(i)
cd vc

(i)v
d
(i)hab + γ2

(i)

(
ρ(i) + p(i)

)
v(i)〈a v(i)b〉 + 2γ(i)v

(i)
〈a q(i)b〉

}
. (189)

These nonlinear dynamic quantities generalize the well-known linearized results (see [36,101]).
The total dynamic quantities are simply obtained using

ρ = ∑
i

ρ̂(i), p = ∑
i

p̂(i), qa = ∑
i

q̂(i)a , πab = ∑
i

π̂
(i)
ab . (190)
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To linear order, the dynamic quantities measured in the i-th frame are roughly equal
to those in the fundamental frame, expect for the energy flux qa that needs a velocity
correction:

ρ̂(i) ≈ ρ(i), p̂(i) ≈ p(i), q̂(i)a ≈ q(i)a +
(

ρ(i) + p(i)
)

v(i)a , π̂
(i)
ab ≈ π

(i)
ab . (191)

In the nonlinear situation, as seen in Equations (186)–(189), the dynamic quantities observed
in the i-th frame and the fundamental frame are not generally identical.

7.1. Multi-Perfect Fluids

Here we consider a multi-component system consisting of i-th perfect-fluid species
defined by energy density ρ(i) and pressure p(i) moving along the timelike 4-velocity u(i)

a .

The energy-momentum tensor of each i-th fluid with respect to u(i)
a is given by

T(i)
ab = ρ(i)u(i)

a u(i)
b + p(i)h(i)ab , (192)

where h(i)ab is defined by Equation (178). With respect to the fundamental frame ua,
Equation (192) turns into an imperfect fluid as follows:

T(i)
ab = ρ̂(i)uaub + p̂(i)hab + 2u(a q̂(i)b) + π̂

(i)
ab , (193)

where the dynamic quantities ρ̂(i), p̂(i), q̂(i)a , and π̂
(i)
ab are given by [36]

ρ̂(i) =γ2
(i)

(
ρ(i) + p(i)

)
− p(i), (194)

p̂(i) =p(i) +
1
3

(
γ2
(i) − 1

)(
ρ(i) + p(i)

)
, (195)

q̂(i)a =γ2
(i)

(
ρ(i) + p(i)

)
v(i)a , (196)

π̂
(i)
ab =γ2

(i)

(
ρ(i) + p(i)

)(
v(i)a v(i)b −

1
3

v(i)c vc
(i)hab

)
. (197)

In non-relativistic peculiar motion (β(i) � 1), quadratic terms in v(i) are negligible,
resulting in γ(i) ' 1, so Equations (194)–(197) reduce to

ρ̂(i) = ρ(i), p̂(i) = p(i), q̂(i)a =
(

ρ(i) + p(i)
)

v(i)a , π̂
(i)
ab = 0. (198)

The energy-momentum tensors of i-th species for a combination of interacting and non-
comoving perfect fluids are therefore written as

T(i)
ab = ρ(i)uaub + p(i)hab + 2u(av(i)b)

(
ρ(i) + p(i)

)
, (199)

where v(i)a are the peculiar velocities of i-th species. The energy-momentum tensors of
the i-th species hold the conservation law, ∇bT(i)

ab = I(i)a , where I(i)a are the interaction

terms of the i-th species, which must satisfy ∑i I(i)a = 0 owing to the conservation law of
Tab = ∑i T(i)

ab .

7.2. Tilted Frames

Let us assume ua and ũa to be two timelike, (uaua = ũaũa = −1) 4-velocities of two
observers O and Õ satisfying the following projection tensors (ha

bub = 0 = h̃a
bũb):

h̃ab = gab + ũaũb, hab = gab + uaub, (200)
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which represent the spatial parts of the local rest frames of the O and Õ observers. For each
hypersurface-orthogonal, the projection tensor is a spatial metric in the surface. In other
words, the projectors are the metrics in the subspaces of the tangent space orthogonal to
the corresponding 4-velocities.

Suppose that there is a relation between ua and ũa determined by the hyperbolic angle
of tilt β [98]:

uaũa = − cosh β, β ≥ 0, (201)

also constrained by the direction of tilt, either given by the direction c̃a of the O observer
motion (i.e., projection of ua) in the Õ local rest frame:

h̃a
bub = sinh βc̃a ⇒ c̃aũa = 0, c̃a c̃a = 1, (202)

or specified by the ca direction of the Õ motion (i.e., projection of ũa) in the O local rest frame:

ha
bũb = sinh βca ⇒ caua = 0, caca = 1. (203)

We thus have:

ua = cosh βũa + sinh βc̃a, ũa = cosh βua − sinh βca. (204)

In the case where ua and ũa are orthogonal to the homogenous surface everywhere (ua = ũa),
the hyperbolic angle vanishes (β = 0) [102–104]. However, in the case of tilted models [98],
ca and c̃a are uniquely expressed by (202)–(204) in a way that ua is tilted with respect to the
homogenous surface (ua 6= ũa), so β > 0.

It is also useful to consider γ ≡ cosh β rather than β, where γ is the contraction factor
for the relativistic peculiar velocity of the fluid relative to the homogeneous surface [98]:

ua = γ(ũa + vc̃a). (205)

We note that sinh β = (γ2 − 1)1/2. The 3-velocity v〈a〉 = vc〈a〉 is related to γ by [98]

γ ≡ cosh β = (1− v2)−1/2, v = tanh β. (206)

From Equation (204), it follows some algebraic relations:

ca = sinh βũa + cosh βc̃a, c̃a = − sinh βua + cosh βca, (207)

c̃aua = sinh β = −caũa, ca c̃a = cosh β. (208)

There is a spacelike difference vector da that holds the following relations [98]:

da ≡ ua − ũa, dada = 2(cosh β− 1) ≥ 0, (209)

da = (cosh β− 1)ũa + sinh βc̃a = (1− cosh β)ua + sinh βca, (210)

daca = da c̃a = sinh β, daũa = −daua = 1− cosh β, (211)

ha
bdb = −ha

bũb = −Va, h̃a
bdb = −h̃a

bub = Ṽa. (212)

The projection tensor h̃ab is also related to hab as follows: [36]:

h̃ab = hab − 2d(aub) + dadb, hab = h̃ab + 2d(aũb) + dadb, (213)

ha
b h̃bc = hac −Vaũc = h̃ac + Ṽcua, (214)

ha
chb

d h̃cd = hab −VaVb, h̃a
c h̃b

dhcd = h̃ab + ṼaṼb. (215)
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Linearization of the above relations under the condition β � 1, where the motion of Õ
with respect to O is non-relativistic, yields:

da ≡ ua − ũa ' βc̃a ≡ Ṽa ' βca ≡ −Va, h̃ab ' hab + 2u(aVb). (216)

The change between the frames O and Õ with a small relative velocity is referred to as a
first-order change in β.

For a set of timelike worldlines tangent to the 4-velocity ua, normalized such that
uaua = −1, we consider the matter field moving with ũa [97,105]:

ũa = γ(ua + va), (217)

where ua is the 4-velocity with respect to observers comoving with the matter (i.e., vaua = 0),
and va is the peculiar velocity of the matter relative to ua. In an FLRW background, as ua
and ũa are chosen parallel to the canonical time direction, the peculiar velocity vanishes
(vava � 1), meaning that γ ' 1 to ensure ũaũa ' −1. For two independent frames ua and
ũa, the 4-velocity field ũa corresponds to a timelike direction and an associated projection
tensor given by Equation (200). As va is not orthogonal to ũa, even for γ = 1, Equation (217)
implies that ũava = v2 6= 0, and then Equation (200) ensures that h̃abvb = va + v2ũa 6= va.

7.3. Tilted Frame Transformations

For tilted O and Õ frames described by 4-velocity ua and ũa, respectively, the kinematic
and dynamic quantities observed by O undergo some transformations as measured by Õ.
Here, we summarize the exact forms of these transformations.

By tansformation of ua to the comoving frame Õ performed by Equation (217), have
the following algebraic identities:

gab =hab − uaub = h̃ab − ũaũb, (218)

h̃ab =hab + γ2
(

vcvcuaub + 2u(aub) + vavb

)
, (219)

ηabcd =2εab[cud] − 2u[aεb]cd = 2ε̃ab[cũd] − 2ũ[a ε̃b]cd, (220)

ε̃abc =γεabc + γ
{

2u[aεb]cd + ucεabd

}
vd. (221)

The above relations, together with the decomposition (20), and ∇aγ = γ3vb∇avb, result in
the following nonlinear transformation of the kinematic quantities [100]:

Θ̃ =γΘ + γ(Dava + u̇ava) + γ3
(

v̇ava +
1
3

vbvbDava + vavbD〈a v b〉

)
, (222)

˙̃ua =γ2u̇a + γ2
{

v̇〈a〉 +
1
3

Θva + σabvb − [ω, v]a +

(
1
3

Θvbvb + u̇bvb + σbcvbvc
)

ua

+
1
3
(Dava)va +

1
2
[v, curlv]a + vbD〈b v a〉

}
+ γ4

(
v̇cvc +

1
3

vbvbDcvc + vbvcD〈b v c〉

)
(ua + va), (223)

ω̃a =γ2
{(

1− 1
2

vbvb
)

ωa−
1
2

curlva +
1
2

vb

(
2ωb − curlvb

)
ua

+
1
2

vbωbva +
1
2
[u̇, v]a +

1
2
[v̇, v]a +

1
2

εabcσbdvcvd

}
, (224)
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σ̃ab =γσab + γ
(

1 + γ2
)

u(aσb)cvc + γ2u̇(a

(
vb) + ub)vcvc

)
+ γD〈a v b〉 −

1
3

hab

{
u̇cvc + γ2

(
1
3

vcvcDdvd + vcvdD〈c v d〉

)}
+ γ3uaub

(
σcdvcvd +

2
3

vdvdu̇cvc − vcvdD〈c v d〉

)
+ γ3uaub

(
γ4 − 1

3
γ2vcvc − 1

)(
v̇cvc +

1
3

vcvcDdvd + vcvdD〈c v d〉

)
(225)

+ γ3u(aub)

{
u̇cvc + σcdvcvd − u̇cvc + 2γ2

(
γ2 − 1

3

)(
v̇cvc +

1
3

vcvcDdvd + vcvdD〈c v d〉

)}
+

1
3

γ3vavb

{
Dcvc − v̇cvc + 3γ2

(
γ2 − 1

3

)(
v̇cvc +

1
3

vcvcDdvd + vcvdD〈c v d〉

)}
+ γ3v〈a v̇ b〉 + γ3v̇cvcu(av̇〈b〉) + γ3vcv(aσb)c − γ3[ω, v](a

{
vb) + ub)vcvc

}
+ 2γ3vcD〈c v (a〉

{
vb) + ub)

}
.

Moreover, the dynamic quantities are nonlinearly transformed as follows [100] (also com-
pare with [106]):

ρ̃ =ρ + γ2
{

vbvb(ρ + p)− 2qava + πabvavb
}

, (226)

p̃ =p +
1
3

γ2
{

vbvb(ρ + p)− 2qava + πabvavb
}

, (227)

q̃a =γqa − γπabvb − γ3
{
(ρ + p)− 2qbvb + πbcvbvc

}
va

− γ3
{

vbvb − (1 + vcvc)qbvb + πbcvbvc
}

ua, (228)

π̃ab =πab + 2γ2vdvdvcπc(a

{
ub) + vb)

}
− 2γ2vcvcq(aub) − 2γ2q(avb)

− 1
3

γ2
{

vcvc(ρ + p) + πcdvcvd
}

hab

+
1
3

γ4uaub

{
2vcvcvdvd(ρ + p)− 4vcvcqdvd + (3− veve)πcdvcvd

}
+

2
3

γ4u(aub)

{
2vcvc(ρ + p)− (1 + 3vcvc)qdvd + 2πcdvcvd

}
+

1
3

γ4vavb

{
(3− vcvc)(ρ + p)− 4qcvc + 2πcdvcvd

}
. (229)

Equations (222)–(229) to linear order reduce to:

Θ̃ ≈ Θ + Dava, ˙̃ua ≈ u̇a + v̇a +
1
3 Θva, (230)

ω̃a ≈ ωa − curlva, σ̃ab ≈ σab + D〈a v b〉, (231)

ρ̃ ≈ ρ, p̃ ≈ p, q̃a ≈ qa − (ρ + p)va, π̃ab ≈ πab. (232)

Furthermore, the transformation of the Weyl tensor relative to the comoving frame
Õ yields:

Cab
cd = 4{ũ[aũ[c + h̃[a

[c}Ẽb]
d] + 2ε̃abeũ[cH̃d]e + 2ε̃cdeũ[a H̃b]e. (233)

The kinematic quantities in the above equation are measured in the frame of Õ, whose pro-
jection tensor and velocity are defined by (200) and (217), respectively, so the gravitoelectric
and gravitomagnetic tensors are transformed to the frame Õ as follows:
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Ẽab =γ2
{
(1 + vava)Eab + vc

(
2εcd(a Hb)

d + 2Ec(aub)

+(uaub + hab)Ecdvd − 2Ec(avb) + 2u(aεb)cd Hdeve

)}
, (234)

H̃ab =γ2
{
(1 + vava)Hab + vc

(
−2εcd(aEb)

d + 2Hc(aub)

+(uaub + hab)Hcdvd − 2Hc(avb) − 2u(aεb)cdEdeve

)}
. (235)

To linear order, we have Ẽab ≈ Eab and H̃ab ≈ Hab.
In a multi-fluid system, the same transformations can be employed to analyze the

gravitoelectric/-magnetic fields of multiple matter species relative to the fundamental
frame (see [100] for details). In multi-component models, it is essential to consider the 4-
velocities of various species with respect to the fundamental frame. Each matter component
has a distinct 4-velocity, which needs to be analyzed in a fundamental frame. Each of the
4-velocities leads to slightly different covariant formulations of the gravitoelectromagnetic
fields. These different variations may also be regarded as partial gauge-fixings that can
be solved using a covariant method. However, in an FLRW spacetime, any differences
among the 4-velocities of different matter species vanish, as covariantly demonstrated by
the consistent and gauge-invariant linearization around an FLRW background [26,41].

8. 1 + 3 Tetrad Formalism

In addition to the 1+ 3 covariant formalism, there is the so-called 1+ 3 tetrad approach,
which also allows us to express geometric interpretations in terms of the projected vectors
and PSTF tensors coupled with the dynamic and kinematic quantities. In particular, it is
also useful to consider the tetrad formulations along with the covariant formalism that
represents covariant relations of quantities with geometrical and/or physical meanings.
In the covariant formalism, we do not have a full set of equations that demonstrates how
the metric and connection are linked to each other. A tetrad description allows us to
formulate a complete set of equations linking the metric and connection that are equivalent
to the covariant equations. The development of the tetrad formulations was started by
Pirani [51], and followed by Newman and Penrose [107], Ellis [38], Stewart and Ellis [108],
and MacCallum [109,110] (see reviews by [60,111–116]). This approach has been extensively
employed by a number of authors [28,45,80,117–121]. In this section, we briefly introduce
the tetrad formalism and summarize its key identities, which are useful for analyzing
the gravitoelectric/-magnetic tensorial fields. Rewriting the Bianchi equations using the
tetrad approach puts the constraint and evolution equations of gravitoelectromagnetism
on another identical footing.

To establish the tetrad method, a vector basis is chosen for an orthonormal tetrad {ea}
with the timelike vector e0 as follows:

e0
i = ui. (236)

A local coordinate system is built by
{

xi} and a tetrad by {ea} in a way that [38]

ea = ea
i
(

∂/∂xi
)
≡ ea

i∂i, (237)

where ea
i are the functions (det |ea

i| 6= 0) including components of the tetrad vectors ea
relative to the basis ∂/∂xi and directional derivatives of the coordinate functions xi as
ea

i = ∂a(xi) [38] .
The local tetrad transformation, ea′ = Λa

a′ea, where Λa
a′ is a position-dependent

Lorentz matrix, along with the coordinate transformation, xi′ = xi′(xj) → ∂/∂xj′ =

(∂xi/∂xj′)∂/∂xi, results in changes of the functions ea
i [38]. The components ea

i of ∂/∂xi

are typically referred to as the basis {ea} specified by [108]

∂i ≡ ∂/∂xi = ea
iea. (238)
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As the tetrad is orthonormal, the tetrad components of the spacetime metric are written by

gab = gijea
ieb

j = ea · eb = ηab, (239)

where ηab = diag(−1, 1, 1, 1) is the Minkowski metric, so the basis unit vectors ea and eb
are orthogonal to each other. As the metric tensor gab are numerically equivalent to gab,
tetrad indices can be raised and lowered by useing gab = ηab, and vice versa.

In the tetrad method, a set of four linearly independent 1-forms {ωa}may be chosen
at each point of the spacetime manifold in such a way that the line elements can locally be
written by ds2 = ηabωaωb, so the vector fields {ea} are dual to the 1-form fields {ωa} such
that 〈ωa, eb〉 = δa

b [45]. Suppose the components of the metric tensor expressed by δb
a , from

Equation (239) it follows that δb
a = ea

iei
b = ea · eb, so ea

i and ej
b are inverse matrices [108].

Thus, we may write δi
j = ej

beb
i, which implies

gij = ei
aej

bgab. (240)

Accordingly, Equations (238) and (240) are inverse to Equations (237) and (239), respectively.
We may obtain components of any vectors Va or tensors Tab

cd with respect to the basis
∂/∂xi or ea (see, e.g., [28,47,122,123]):

Va =ea
iVi, (241)

Tab
cd =ea

iea
jec

ked
lTij

kl . (242)

The Ricci rotation coefficients are typically regarded as tetrad components of the
Christoffel symbols [38] or connection components for the tetrad [28]:

Γc
ab ≡ ea · ∇bec = ec

i ej
b∇jei

a, (243)

where Γc
ab calculates the c-component of the covariant derivative in the eb-direction of the

basic vector ea.
Using the rotation coefficients, the covariant derivatives of any vectors Va or tensors Tbc

can be expressed in terms of tetrad components as follows [47,122]:

∇bVa = eb(Va) + Γa
cbVc, ∇bVa = eb(Va)− Γc

abVc, (244)

∇aTbc = ea(Tbc)− Γd
baTdc − Γd

caTbd. (245)

However, for any scalars f , we shall calculate the derivative of f in the ea-direction by

ea( f ) = ea
i∂i f . (246)

We know that ea(gbc) = ∇agbc = 0, so the rotation coefficients are symmetric on the
two indices

Γ(ab)c = Γabc + Γbac = 0, (247)

where they are only raised and lowered.

8.1. Commutators

The Lie derivative of eb relative to ea is expressed by the [ea, eb] commutator calcu-
lated by

[ea, eb] f = ∂a(∂b f )− ∂b(∂a f ). (248)

Following [38], the [ea, eb] commutator is connected to a basic vector ec via commutation
functions γc

ab:
[ea, eb] ≡ γc

abec, γc
ab = γc

[ab], (249)
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where the commutation functions γc
ab satisfy

γc
ab = 2Γc

[ab] = (Γc
ab − Γc

ba). (250)

Equation (247) leads to the inverse of Equation (250), the so-called the Christoffel relation:

Γabc =
1
2 (γabc + γcab − γbca). (251)

It can be seen that the rotation coefficients Γabc are linearly connected to the commutation
functions γabc, and vice versa.

Suppose that the timelike direction of the orthonormal frame {ea} is aligned with the
preferred timelike reference congruence e0 = u (ua = δa

0, ua = −δ0
a). The commutation

functions with one or two indices set to zero can be written in term of the frame components
of the kinematic quantities (22) and (23) of the timelike congruence, so we have [124,125]

Ωa ≡ −1
2

εabceb · ėc, (252)

where Ωa is the local angular velocity in the rest-frame of an observer with 4-velocity ua,
and ėa ≡ ub∇bea is a Fermi-propagation axes relative to {ea}. For the Fermi-derivatives
ea · ėb ≡ ei

auj∇jebi, we get ea · ėb = −eb · ėa.
The spatial functions γa

bc are split into a symmetric tensor nab = n(ab) and an antisym-
metric term specified by a vector aa:7

γa
bc = εbcen

ae + 2δa
[cab], (253)

where nab and ab are defined by

nab ≡ 1
2 γ(a

cdεb)cd, ab ≡ 1
2 γa

ba, (254)

where εabc is the spatial permutation tensor with ε123 = 1 = ε123.
From Equation (251), the rotation coefficients have the following components [38,102,121]:

Γa00 =u̇a, (255)

Γa0b =
1
3

Θδab + σab − εabcωc, (256)

Γab0 =εabcΩc, (257)

Γabc =2a[aδb]c + εce[ane
b] +

1
2

εaben
e
c. (258)

The first two equations contain the kinematic quantities, whereas the latter two equations
include the rotation rate of the spatial frame {ea} relative to a Fermi-propagation basis and
the quantities (ab and nbc) determining the nine rotation coefficients, respectively.

Considering the commutators (249) and the variables introduced in Equation (253),
we have

[e0, ea] =u̇ae0 −
(

1
3

Θδb
a + σb

a + εb
ac(ω

c + Ωc)

)
eb, (259)

[ea, eb] =2εabcωce0 +
(

2a[aδc
b] + εabdndc

)
ec. (260)

Under the conditions, where a spatial frame vector ea is hypersurface orthogonal (see
e.g., [60]), we get [120]

0 = σab + εabc(ω
c + Ωc) a 6= b 6= c,

0 = na
a no summation.

(261)
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8.2. Tetrad Curvature

Let us consider ua as the basis vector eb (i.e., eb · ua = δa
b). Applying Equation (245) to

the Ricci identities (86) results in the tetrad Riemann curvature given by

Ra
bcd = ec(Γa

bd)− ed(Γ
a

bc) + Γa
ecΓe

bd − Γa
edΓe

bc − Γa
beγe

cd. (262)

Contracting the tetrad Riemann curvature leads to the tetrad Ricci curvature:

Rbd = ea(Γa
bd)− ed(Γ

a
ba) + Γa

eaΓe
bd − Γa

deΓe
ba = Tbd −

1
2

Tgbd. (263)

The antisymmetry properties of the Riemann curvature (Ra
[bcd] = 0) correspond to the

Jacobi identity
[eb, [ec, ed]] + [ec, [ed, eb]] + [ed, [eb, ec]] = 0, (264)

which can be simplified as
e[a
(

γd
bc]

)
+ γe

[abγd
c]e = 0. (265)

It represents the integrability conditions, where γc
ab are the commutation functions for a set

of basic vectors ea.
Substituting the tetrad forms (262) and (263) into Equation (31), we derive the Einstein

equations, along with the 16 Jacobi identities and constraint and evolution equations for
Eab and Hab in terms of the tetrad derivatives (ea), the tetrad variables (Ωa, aa, and nab),
and the kinematic and dynamical quantities (see [28,45,80,120,121] for full details).

8.3. Correspondence between Covariant and Tetrad Formulations

Here we summarize how the 1 + 3 covariant notations correspond to the 1 + 3 tetrad
analogues. To obtain the equivalent tetrad formulations, we can use the following conver-
sion rules [45,126,127]:

ḟ →e0( f ), (266)

V̇〈a〉 →e0(Va)− εabcΩbVc = e0(Va)− [Ω, V]a, (267)

Ṡ〈ab〉 →e0(Sab)− 2εcd〈a ΩcS b〉
d = e0(Sab)− 2[Ω, S]〈ab〉, (268)

Da f →δabeb( f ), (269)

DaVa →(ea − 2aa)(Va), (270)

DbSab →
(

eb − 3ab
)
(Sab)− εabcnbdSd

c =
(

eb − 3ab
)
(Sab)− [n, S]a, (271)

curl(Va)→εabc

(
eb − ab

)
Vc − na

bVb = [e− a, V]a − na
bVb, (272)

curl(Sab)→εcd〈a (e
c − ac)

(
S b〉

d
)
− 3nc

〈a S b〉c +
1
2

nc
cSab

= [e− a, S]〈ab〉 − 3n〈a
cS b〉c +

1
2

nc
cSab, (273)

D(aVb) →
(

e(a + a(a

)(
Vb)

)
− δabacVc − εcd(anb)

cVd, (274)

D〈a Vb〉 →
(

e〈a + a〈a
)(

Vb〉

)
− εcd〈a n b〉

cVd =
(

e〈a + a〈a
)(

Vb〉

)
− [n, V]〈ab〉. (275)

Applying the above rules to the Bianchi Equations (93)–(96) with a perfect-fluid
matter yields

ebEab − 3abEab − [n, E]a =
1
3

δabea(ρ) + 3ωbHab + [σ, H]a, (276)

eb Hab − 3abHab − [n, H]a = −ωa(ρ + p)− 3ωbEab − [σ, E]a, (277)
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[e, H]〈ab〉 − [a− 2u̇, H]〈ab〉

−3n〈a
cH b〉c +

1
2

nc
cHab = e0(Eab)− [ω + 2Ω, E]〈ab〉

− 3σc〈a E b〉
c + ΘEab +

1
2

σab(ρ + p), (278)

[e, E]〈ab〉 − [a− 2u̇, E]〈ab〉

−3n〈a
cE b〉c +

1
2

nc
cEab = −e0(Hab) + [ω + 2Ω, H]〈ab〉

+ 3σc〈a H b〉
c −ΘHab. (279)

The above equations can be expressed in a symmetric normal hyperbolic form that deter-
mines their hyperbolic characteristics [121].

9. 1 + 1 + 2 Semi-Covariant Formalism

A semi-covariant approach has been developed [128–131], which keeps the timelike
vector of the 1 + 3 method, but separates one spacelike vector from the 3-D space manifold
(see also [132–135] for similar formulations). The other two dimensions remain untouched,
in contrast to the 3 spatial dimensions in the 1 + 3 covariant approach. The 1 + 1 + 2 semi-
covariant formalism could be a halfway between the 1 + 3 covariant and tetrad methods.

While the 1+ 3 covariant approach split spacetime into time and space using a timelike
4-velocity vector ua (uaua = −1), the 1 + 1 + 2 semi-covariant formalism additionally
decomposes space into one dimension and 2D surface with the help of a unit spacelike
vector na (i.e., nana = 1 and uana = 0). The projection tensor hab given by Equation (1) can
be split into the spacelike vector na and a new projection tensor Nab as follows:

Nab ≡ hab − nanb = gab + uaub − nanb. (280)

The tensor Nab, which projects vectors orthogonal to na and ua onto a 2-surface referred to
as the sheets [130], has the following properties:

Nabnb = 0 = Nabub, Na
cNcb = Nab, Na

a = 2. (281)

The alternating Levi–Civita 2-tensor εab is determined from the volume element of the
observers’ rest-spaces

εab ≡ εabcnc = udηdabcnc, (282)

which possesses the following identities and contractions:

εabc = 2n[aεb]c + ncεab, εabεcd = 2!N[a
cNb]

d, (283)

εabcuc = 0, εabc = ε [abc], εacεbc = Na
b, εacεac = 2. (284)

The projection tensor Nab can be employed to irreducibly decompose any 3-vector
Va into a scalar part V of the vector parallel to na, and a 2-vector Va sitting on the sheet
orthogonal to na:

Va = Vna + Va, (285)

where V and Va can be specified by

V ≡ naVa, Va ≡ V{a} = Na
bVb. (286)

Similarly, a PSTF tensor Wab can be split into a scalarW , a vectorWa, and a 2-tensorWab
as follows:

Wab =W(nanb −
1
2

Nab) + 2W(anb) +Wab, (287)

whereW ,Wa, andWab can be obtained using
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W =nanbWab, (288)

Wa =ncW{b}c = Na
bncWbc, (289)

Wab =W{ab} =

(
N(a

cNb)
d − 1

2
NabNcd

)
Wab. (290)

The curly brackets are utilized to denote the projection of a vector with Nab and the
transverse-traceless (TT) part of a tensor. This approach allows us to decompose any object
into scalars, 2-vectors laying in the sheet, and TT 2-tensors again in the sheet.

Using na and Nab, one can also define the following two new derivatives of any tensors:

T̂a··· =nbDbTa···, (291)

δbTa··· =Nb
d Na

c · · ·DdTc···, (292)

where the hat (ˆ) denotes the derivative along na in the surfaces orthogonal to ua, and δ
denotes a projected derivative on the sheet, with projection on every free index, which is
analogous to the spatial derivative D in the 1 + 3 covariant formalism.

The above derivatives can be employed to provide the following algebraic identities [131]:

Ṅab = 2u(au̇b) − 2n(aṅb) = 2u(aAb) − 2n(aαb), (293)

ε̇ab = −2u[aεb]cAc + 2n[aεb]cαc, (294)

N̂ab = −2n(an̂b), δc Nab = 0, (295)

ε̂ab = 2n[aεb]cn̂c, δcεab = 0, (296)

where we have

ṅa = Aua + αa, A = nau̇a, αa = ṅ{a}, (297)

u̇a = Ana +Aa, Aa = u̇{a}. (298)

The spatial derivatives D of any scalars, projected 2-vectors, TT 2-tensors, and their
spatial derivatives can be split into the 1 + 1 + 2 notations:

DaF =δaF + naF̂ , (299)

DaVb =δaVb + na

{
V̂{b} − n̂cV cub

}
− nb

{
1
2

φVa + (ζac + ξεac)V c
}

, (300)

DaWbc =δaWbc + na

{
Ŵbc − 2n(bWc)dn̂d

}
− 2n(b

{
1
2

φWc)a +Wc)
d(ζad + ξεad)

}
. (301)

By analogy with Equations (22) and (23), the spatial derivative D of na orthogonal to
ua is split into the following irreducible kinematic quantities:

Dbna =δbna + n̂anb, (302)

δbua =
1
2

φNab + ζab + ξεab, (303)

where n̂a = nbDbna is the acceleration of the sheet moving along na, φ = δana is the
expansion of the sheet, ζab = δ{anb} represents the distortion of the sheet calculated by
the shear of na, and ξ = − 1

2 εabδanb is the twist of the sheet described by the rotation of na.
These kinematic quantities of na in the 1 + 1 + 2 approach can be treated in the same way
as the kinematical variables of ua in the 1 + 3 method.

To formulate the 1 + 1 + 2 approach, we should also decompose the kinematical
quantities defined by Equations (22) and (23), the Weyl fields, and the energy-momentum
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tensor. The acceleration is provided by (298), but for the vorticity and shear, we have the
following decomposition:

ωa =Ωna + Ωa, (304)

σab =Σ(nanb −
1
2

Nab) + 2Σ(anb) + Σab. (305)

The gravitoelectric tensor is split into E , Ea, and Eab; similarly, the gravitomagnetic tensor is
split as follows

Eab =E(nanb −
1
2

Nab) + 2E(anb) + Eab, (306)

Hab =H(nanb −
1
2

Nab) + 2H(anb) +Hab. (307)

The shear scalar σ is calculated by

σ2 =
1
2

σabσab =
3
4

Σ2 + ΣaΣa +
1
2

ΣabΣab. (308)

Finally, the energy flux qa and the anisotropic stress πab of the energy-momentum
tensor (26) are split into

qa =Qna +Qa, (309)

πab =Π(nanb −
1
2

Nab) + 2Π(anb) + Πab. (310)

We see how the 1 + 3 variables are split to formulate their 1 + 1 + 2 counterparts, which
produce new variables associated with the irreducible parts of ∇anb. Accordingly, the
1 + 1 + 2 Bianchi and Ricci equations can be constructed for the timelike vector ua and the
spacelike vector na in terms of all the quantities introduced above (see, e.g., [129–131]).

Correspondence between Covariant and Semi-Covariant Formulations
The 1 + 3 covariant formulations can simply be mapped into their 1 + 1 + 2 semi-

covariant analogues using the following rules [131]:

V̇〈a〉 →V̇{a} + (V̇ − Vbṅ{b})na + V ṅ{a}, (311)

Ẇ〈ab〉 →Ẇ{ab} + (Ẇ − 2Wcṅ{c})nanb −
1
2
ẆNab

+
{

3W ṅ({a} + 2W({a} − 2ṅ{c}Wc(a

}
nb) + 2W(aṅ{b}), (312)

DaVa →(δa − n̂a)V a + V̂ + φV , (313)

curlVa →εbcδbV cna − εabV̂b + ξ(Va + 2Vna) + εab

{
(δb − n̂b)V − ζabVc −

1
2

φVb
}

, (314)

D〈aVb〉 →δ{aVb} + Vζab +

{
V n̂(a + Vδ(a + V̂({a} −

1
2

φV(a + V c(ξεc(a − ζc(a)

}
nb)

+
1
3
{

2V̂ − φV − Vc(δ
c + 2n̂c)

}
(nanb −

1
2

Nab), (315)

DbWab →(δb − n̂b)Wab − ζabWabna + (δb − 2n̂b)Wbna + Ŵ{a} + (ζab − ξεab)Wb

+
3
2

φWa −
1
2
(δa − 3n̂a)W + Ŵna +

3
2

φWna, (316)

(curlW)〈ab〉 →εc{aŴb}
c + εcdδcWd(anb) + ξWab −

3
2
Wεc{aζb}

c +
1
2

φεc{aWb}
c

+ 2εc{an̂cWb} − εc{aδcWb} + εcdWdζc(anb) + 5ξW(anb)

+ εc(a

{
−3

2
(δc − n̂c)W + Ŵ c +

1
2

φW c + 2Wdζcd
}

nb) (317)

+
(

3ξW + εcdδcWd − εcdWdeζc
e

)(
nanb −

1
2

Nab

)
,
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The above relations can be put into the covariant formulas to get their equivalences in the
semi-covariant formalism.

Applying the above rules to the perfect-fluid Formulas (103)–(105) in nonperturbative
shear-free spacetimes, we obtain:

(δb − n̂b)Eab + (δb − 2n̂b)E bna + Ê{a}

−1
2
(δa − 3n̂a)E + Êna =

1
3

δaρ +
1
3

naρ̂, (318)

(δb − n̂b)Hab + (δb − 2n̂b)Hbna + Ĥ{a}

−1
2
(δa − 3n̂a)H+ Ĥna = −Ωa(ρ + p)−Ωna(ρ + p), (319)

εcdδcHd(anb)+εc{aĤb}
c + 2εc{an̂cHb} − εc{aδcHb}

+εcdδcHd
(

nanb −
1
2

Nab

)
+ εc(aĤcnb) −

3
2
Hεc(a(δ

c − n̂c)nb)

=Ė{ab} − 2ṅ{c}Ec(anb) + ΘEab − 2Ecṅ{c}nanb + 2E(aṅ{b}) (320)

+ 2E({a}nb) + 2ΘE(anb) + Ė
(

nanb −
1
2

Nab

)
+ 3E ṅ({a}nb)

+ ΘE(nanb −
1
2

Nab) + Σab(ρ + p) + 2Σ(anb)(ρ + p)

+
1
2

Σ(nanb −
1
2

Nab)(ρ + p),

εcdδcEd(anb)+εc{aÊb}
c + 2εc{an̂cEb} − εc{aδcEb}

+εcdδcE d
(

nanb −
1
2

Nab

)
+ εc(aÊ cnb) −

3
2
E εc(a(δ

c − n̂c)nb)

=− Ḣ{ab} + 2ṅ{c}Hc(anb) −ΘHab + 2Hcṅ{c}nanb − 2H(aṅ{b}) (321)

− 2H({a}nb) − 2ΘH(anb) − Ḣ
(

nanb −
1
2

Nab

)
− 3Hṅ({a}nb)

−ΘH(nanb −
1
2

Nab).

The above linear equations describe the evolution of the Weyl fields in a perfect-fluid
model according to in the 1 + 1 + 2 approach (see [131] for a generic matter field). We
see that the 1 + 1 + 2 formalism offers an alternative description of the gravitoelectric/-
magnetic fields in terms of quantities with clear physical or geometrical meanings, namely
scalar, 2-vector, and TT 2-tensors. This instrument has been used for a number of studies,
such as electromagnetic perturbations on locally rotationally symmetric spacetimes [130],
electromagnetic radiation made by gravitational waves interacting with a strong magnetic
field of vibrating massive compact objects [129], and perturbations in rotationally symmetric
spacetimes [131].

10. Observational Effects

Astrophysical observations are performed by detecting electromagnetic waves (light)
and gravitational waves that have traveled through the past lightcone. We know from
where the light originates and how it reaches us. Although astronomical observations allow
us to collect information about the universe, there is a strict limit on the information due to
constraints imposed by the past lightcone [136]. In addition to astrophysics, observations
also enable us to collect information about the kinematic properties of large-scale structures
such as the CMB anisotropies, which are described by global properties of ua e.g., the
shear (see [39,126,127,137]). The propagation of electromagnetic waves and gravitational
waves is affected by the spacetime metric, in other words the kinematic quantities, so the
description of it in terms of the kinematic quantities will help us to better interpret the
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observed effects of the gravitoelectric/-magnetic field on small scales near compact objects
such as around black holes, as well as large-scale structures (e.g., CMB).

Covariant handling of observations was first implemented by Kristian and Sachs [138],
MacCallum and Ellis [103]. They tried to link different distance measurements to redshift
based on the source’s intrinsic and observed brightness. The expansion of the universe
results in an energy loss of the electromagnetic waves reaching us. The energy loss of
each photon is described by the redshift z, i.e., νobsv = (1 + z)−1νemit, where νemit is the
emitted frequency and νobsv is the observed frequency. Cosmological redshift is one of the
important measurable quantities associated with the stretching effect of space expansion
in cosmology.

The redshift of electromagnetic waves can be investigated in a more careful way via
solving the Maxwell equations,∇aFab = Jb (where Fab = 2∇[a Ab]) on a pseudo-Riemannian
manifold for current and current-free assumptions, respectively,

∇b∇b Aa − Ra
b Ab = Ja, ∇b∇b Aa − Ra

b Ab = 0. (322)

Suppose that the light wavelengths are small relative to the curvature; light is then taken
to be tangent to null surfaces of the constant phase φ, and so travels on null geodesics. If
the velocity of a photon is specified by a null (geodesic) vector ka ≡ ∇aφ, we then have
∇[akb] = 0, and

∇aφ∇aφ = kaka = 0, ka∇akb = 0. (323)

The former is an eikonal equation [139]. The angle between the vector ka and the traveling
velocity ua of an observer is associated with the relative angular frequency ω = 2πν =
−uaka of electromagnetic waves measured by the observer [140,141]. A photon traveling
between two points is then redshifted based on the relative frequency difference between
the two points, i.e., 1 + z = (uaka)emit/

(
ubkb

)
obsv

. This redshift effect can be explicitly
described by the change rate of frequency along the photon path:

ka∇aω =− kakb∇aub = kakb
(

uau̇b −
1
3

Θhab − σab −ωab

)
. (324)

As ka is a null vector, it may be expressed as a linear mixture of a parallel term and a term
orthogonal to ua:

ka = −ubkb(ua + ea), eaea = 1, uaea = 0, (325)

where ea is a normalized spacelike vector orthogonal to ua that represents the propagation
direction of the electromagnetic waves with respect to ua.

Substituting the kinematic quantities into the above equation yields

ka∇aω = −ω2
(

1
3

Θ + eau̇a + eaebσab − εabceaebωc
)

, (326)

which results in

dν

ν
= λd

(
1
λ

)
= −

(
1
3

Θ + eau̇a + eaebσab − εabceaebωc
)

δl

= −Hδl − u̇aδ⊥xa − δ⊥xaebσab + δ⊥xaεabcebωc, (327)

where δl2 = habdxadxb = (uaka)dv2 = −ωdv2. The relative direction of electromagnetic
waves is affected as their frequency changes, which can be explained by the kinematic
quantities. The expansion Θ reduces the energy and frequency of photons and increases the
wavelength, which causes a red shift. However, as seen in Equation (327), the changes in
frequency caused by the shear σab, vorticity ωa, and acceleration u̇a are direction-dependent.
Depending on the direction of the incoming photon relative to the direction of vorticity and
acceleration, ωa and u̇a can make either an increase or a decrease in the frequency. Similarly,
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the shear σab also modifies the light frequency according to the difference between its stress
direction and the incoming light direction [19,20,64,103,138].

Furthermore, the Ricci Equations (89) and (92) imply that the gravitoelectric and grav-
itomagnetic fields, which are governed by the Bianchi Equations (77)–(80), induce the shear
and vorticity. In this way, the gravitoelectric/-magnetic fields, along with the kinematical
quantities, indirectly have some observational consequences [138]. The effects of the Weyl
conformal tensor occur in the geodesic deviation equation, where the distortions affect bun-
dles of null geodesics, leading to strong gravitational lensing, multiple images and Einstein
rings, as well as weak gravitational lensing and image distortions (see, e.g., [142,143]).8

These effects have profound implications for cosmology, where observations allow us to
determine the large-scale structure of the universe in the past null cone [136].

11. Conclusions

In this paper, we have reviewed the 1 + 3 covariant formalism [17,19–22] (in addition
to alternative methods in Sections 8 and 9), which can be employed to covariantly describe
the locally free fields of the (traceless) Weyl conformal tensor in general relativity. In
this approach, we have the projected vectors and PSTF tensors instead of the spacetime
metric, together with the kinematic quantities of the fluid flow, and the dynamic quantities
of the matter field. This formalism leads to the definitions of spatial divergences, curls,
and distortions of the projected vectors and PSTF tensors as introduced in Section 2.
Moreover, we have the kinematic quantities that describe the relative motion of comoving
observers [46,47], and the dynamic quantities, including the energy density and pressure
in a perfect fluid, in addition to the energy flux and anisotropic pressure in an imperfect
fluid. These quantities are contingent upon either a single-type of matter or a multiple-
type of matter species [27,36,71,98,100] (as seen in Section 7), such as implications of
inhomogeneities for CMB [70] and exact (nonlinear) solutions of gravitational collapse [97].

In the theory of general relativity, the Riemann curvature, which completely describes
the curvature of spacetime, is decomposed into the Ricci curvature and the Weyl conformal
tensor [3,4]. The matter field has local gravitational effects on the surrounding Ricci curva-
ture that are explained by the Einstein field equations [1]. However, the Weyl tensor [2],
which is the tracefree part of the Riemann curvature, offers locally-free long-range fields,
enabling distant interactions, namely tidal forces [17], frame-dragging effects [69,158–161],
and gravitational waves [16,40,75]). Furthermore, the Weyl tensor is decomposed into the
gravitoelectric and gravitomagnetic tensorial fields [9–15,48], owing to some analogies with
the electric and magnetic fields in the Maxwell theory. The Bianchi and Ricci identities [5,6]
provide some constraint and evolution equations, which covariantly govern couplings of
the gravitoelectric/-magnetic fields with the dynamic and kinematic quantities [7,17–20].

As seen in Section 4, the Bianchi identities are split into constraint and propagation
equations, which covariantly characterize the roles played by the gravitoelectric and gravit-
omagnetic fields. These equations include the spatial divergences, spatial curls, and time
derivatives of the gravitoelectric and gravitomagnetic tensors [17,18,28]. The gravitoelec-
tric divergence equation can simply be interpreted as tidal forces in Newtonian theory
(see Section 6). The Newtonian analogy occurs due to the presence of variables in the
gravitoelectric dynamics that have obvious Newtonian counterparts. In this way, the gravi-
toelectric field that originates from the energy density gradient acts as a general-relativistic
generalization of Newtonian tidal forces [29]. In Section 6.1, a Newtonian-like model was
built from the gravitoelectric field using the Heckmann–Schücking approach [21,22,88] un-
der the assumption of an instantaneous gravitational interaction that produces the Poisson
equation of Newtonian theory [29,86]. However, in particular, the gravitomagnetic field,
which orginates from the angular momentum density [17], has no analogy in Newtonian
theory. In Section 6, a purely gravitoelectric (Newtonian-like) model and a purely gravito-
magnetic (anti-Newtonian [30]) model were shown to be generally inconsistent without
their counterpart field.
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The decomposition of the Bianchi identities also generates the gravitoelectric evolution
(Ėab), which has no analogy in Newtonian gravity, as well as the gravitomagnetic evolution
(Ḣab). The absence of Ėab from Newtonian theory is obvious since the instantaneous
interaction prevents any possibility for wave solutions. We also notice a close analogy
between the evolution equations of Eab and Hab and the Maxwell equations of Ea and
Ha in expanding spacetimes [31]. As discussed in Section 5, wave solutions of Eab and
Hab appear under some certain conditions, where their curls [32] and distortions [37]
support gravitational waves linearly characterized in free space by Ëab −D2Eab = 0 and
Ḧab −D2Hab = 0 via the propagation equations [16,26,74,75].

The geodesic deviation equation can be used to perceive how gravitoelectric and
gravitomagnetic fields affect astrophysical and cosmological observations of electromag-
netic waves, such as strong and weak lensings [138]. Although the effects were covariantly
explained in terms of the kinematic quantities in Section 10, gravitoelectric/-magnetic fields
can also induce shear and vorticity, which subsequently modify the frequency and relative
direction of light. The expansion of the universe reduces the photon energy (frequency),
resulting in cosmological redshift [19,20,103]. Nevertheless, the observational effects on
light caused by either shear or vorticity are direction-dependent. The light frequency can
be changed based on its direction relative to the shear or vorticity direction.

Funding: This research received no external funding.
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Appendix A. Higher-Rank PSTF Tensor Formulism

Higher-rank PSTF tensors are useful for describing the spherical harmonic quantities
with multiple directions specified by ea at a position xi, the so-called multipoles. Rank-`
PSTF tensors can be employed to represent ` multipoles of radiation anisotropies such
as CMB.

Following [162], for simplicity of style, we may abbreviate a series of ` indices on
a tensor:

TA` ≡ Ta1a2···a` , TA` ≡ Ta1a2···a` . (A1)

We may also associate ` = 0, 1, 2 with scalars, vectors, and rank-2 tensors, respectively:

T ≡ TA0 , Ta = TA1 , Tab = TA2 . (A2)

Similarly, the tensor product of vectors may be abbreviated by a similar manner, along with
a × denoting the product 9

TA1×` ≡ Ta1 Ta2 · · · Ta` , TA1×` ≡ Ta1 Ta2 · · · Ta` , (A3)

TA2×` ≡ Ta1a2 Ta2a3 · · · Ta2`−1a2` , (A4)

TAn×` ≡ Ta1···an Tan+1···a2n · · · Tan(`−1)+1···an` . (A5)

It is convenient to use the following notations for the symmetric and antisymmetric indices
of tensors TA` :

T(A`) ≡T(a1a2···a`) =
1
`! ∑

π

Taπ(1) ···aπ(`)
, (A6)

T[A` ] ≡T[a1a2···a` ] =
1
`! ∑

π

δπTaπ(1) ···aπ(`)
, (A7)

where Σ is a sum over `! permutations π of 1, . . . , `, δπ is +1 for even permutations and
−1 for odd permutations, and for integer `, we define `! ≡ `(`− 1) · · · 2× 1 and `!! ≡
`(`− 2)(`− 4) · · · (2 or 1).
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Following [163,164], the symmetric tracefree (STF) part of a tensor T(A`) can be ob-
tained by (i) constructing the symmetric part:

SA` ≡ [TA` ]
S =

1
`! ∑

π

Taπ(1) ···aπ(`)
, (A8)

and (ii) removing all traces:

[TA` ]
STF =

[`/2]

∑
n=0

B`ng(a1a2
· · · ga2n−1a2n Sb1b1···bnbn

a2n+1···a`), (A9)

where [`/2] denotes the largest integer less than or equal to `/2, and B`n is calculated by

B`n =
(−1)n`!(2`− 2n− 1)!!
(`− 2n)!(2`− 1)!!(2n)!!

. (A10)

Similarly, the STF part of a spatial tensor is determined using the spatial metric hab instead
of the spacetime metric gab [163].

Following [126,127], the PSTF part of a tensor is denoted by

T〈A`〉 ≡ [TA` ]
PSTF =

[
[TA` ]

STF
]P

, (A11)

which can recursively be built using a vector basis ea (see [165]; eaea = 1, eaua = 0):

TA`
= e〈A

1×`〉 = e〈a1 ea2 ea3 · · · ea`−1 ea`〉. (A12)

Replacing gab with hab in Equation (A9), the spatial multipole TA`
is defined by

TA`
= e〈A

1×`〉 =
[`/2]

∑
n=0

B`nh(A2×n
eA`−2×n). (A13)

As the spatial multipole is a higher-rank PSTF tensor, it is irreducible, i.e.,

TA`
= T〈A

`〉 ⇔ TA`
= T(A`), TA`

uA1 = 0 = TA`
hA2 . (A14)

Some recursion relations for `-rank PSTF tensors are established by [126]:

T〈A
`
ea`+1〉 =T(A`

ea`+1) − `

2`+ 1
ebhbcTc(A`−1

ha`a`+1), (A15)

ea1 TA`
=

`

2`− 1
TA`−1

, (A16)

which relate a (`+ 1)-rank PSTF tensor to a `-rank and (`− 1)-rank PSTF tensor:

TA`+1
= e(a`+1 TA`) − `2

(2`+ 1)(2`− 1)
h(a`+1a`TA`−1). (A17)

Using ` = 0 and 1 turns Equation (A15) into Equation (8) of projected vectors and PSTF
tensors, respectively.

Using a `-rank PSTF tensor TA`
and a projected vector Va, a (`+ 1)-rank PSTF tensor

can be made by [126]

T〈A
`
Va〉 = T(A`

Va) − `

2`+ 1
VbhbcTc(A`−1

ha`a). (A18)
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Similarly, a (`+ 2)-rank PSTF tensor can be generated using a `-rank PSTF tensor TA`
and

a rank-2 PSTF tensor Sab [126]:

T〈A
`
Sab〉 =T(A`

Sab) − 1
3 + 2`

ScdhcdTc(A`−1
hab)

− 2`
3 + 2`

Tc(A`−1
S|d|a`hab)hcd

+
`(`− 1)

(2`+ 1)(2`+ 3)
hegh f hSghTe f (A`−2

ha`−1a`hab). (A19)

Contraction of h(A2×`) also leads to

h(A2×`)h
(A2×`) = 2`+ 1. (A20)

Following [162], the integrals of the multipoles over the direction ea are [27,126]:∫
eA1×(2`+1)

dΩ = 0, (A21)∫
eA1×2`

dΩ =

(
4π

2`+ 1

)
h(A2×`), (A22)

where dΩ = d2e is the volume element covered by two independent dea.
From [126], we also have:∫

eA1×2`
eB1×2m

dΩ =

(
4π

2(`+ m) + 1

)
h(A2×`

hB2×m), (A23)∫
eA1×(2`+1)

eB1×2m
dΩ =

∫
eA2`

eB2m+1
dΩ = 0, (A24)∫

eA1×(2`+1)
eB1×(2m+1)

dΩ =

(
4π

2(`+ m) + 3

)
h(A2×`

hB2×m
hA1B1). (A25)

From Equations (A9), (A13) and (A23), for TA`
= e〈A

1×`〉 it also follows [165]∫
TA`

TBm dΩ = δ`m∆`h〈A
1×`〉
〈B1×`〉, (A26)

where h〈A
1×`〉
〈B1×`〉 ≡ h〈a1 〈b1

· · · ha`〉b`〉, and ∆` is given by

∆` ≡
4π

(2`+ 1)
2`(`!)2

(2`)!
. (A27)

Therefore, we have

eB1×n
h〈A

1×`〉
〈B1×`hB1×(n−`)〉 = e〈A

1×`〉(+1)n−` = e〈A
1×`〉. (A28)

From (A26), we find (compare to Equation (A20)),

h〈A
1×`〉
〈A1×`〉 = 2`+ 1. (A29)

Consider the relation between the directions ea and ẽa at xi specified by [165]

ea ẽa = cos(β) ≡ X. (A30)
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where β is the angular distance β separating ea and ẽa. For eA1×`
and ẽA1×`

, the generalized
relation is given by

eA1×`
ẽA1×` = X` ⇒

∞
∑
`=0

eA1×`
ẽA1×` =

∞
∑
`=0

X` = cos β
1−cos β . (A31)

Using Equations (A23)–(A25), we can also calculate the integral over ea with fixed ẽa:

∫
eA1×`

ẽA1×`dΩ =
∫

(ea ẽa)
`dΩ = 2π

∫ +1

−1
X`dX =

{
0 ∀ n even

4π
n+1 ∀ n even

. (A32)

Suppose the multipoles given by TA`
= e〈A

1×`〉 and T̃A`
= ẽ〈A

1×`〉; the following
correlation between them exists:

TA`
T̃A` =

[`/2]

∑
k=0

[`/2]

∑
k̃=0

B`kB`k̃h(A2×k
h(2×k̃eA1×`) ẽA1×`). (A33)

Higher-rank PSTF tensors hold the following natural polynomial [165]:

L`(X) = TA`
T̃A` =

[`/2]

∑
m=0

B`mX`−2m. (A34)

Extending the 1 + 3 tetrad formalism to higher-rank tensors [127,166], the spatial
divergences, time derivatives, and spatial distortions of higher-rank tensors may be calcu-
lated by

DbTbA`−1 →
(

eb − (`+ 1)ab
)

TbA(`−1) + (`− 1)Tb
c(A`−2 εa`−1)bdncd

+ (`− 1)Tb
b(A`−2aa`−1)

, (A35)

Ṫ〈A`〉 →e0(TA`)− `Td
〈A`−1 εda`〉cΩc, (A36)

D(bTA`) →
(

e(b + `a(b
)

TA`) − `εdc(bnc
a`TA`−1)

d

− `adTd(A`−1 δa`b). (A37)

With ` = 1 (projected vector) and 2 (rank-2 PSTF tensor), Equation (A35) reduces to
Equations (270) and (271), and Equation (A36) to Equations (267) and (268), respectively.

Notes
1 In [26,36,41], it is shown by (3)∇a, whereas it is shown by ∇̂a in [39,42].
2 Note that the vorticity vector and tensor here have an opposite sign compared to definitions often found in some papers (e.g., [45]).

Following [17,19,20], the sign convention is similar to the Newtonian definition ~ω = − 1
2
~∇×~v.

3 Clarkson [64] generalized the EGS theorem to an irrotational perfect-fluid model permitting acceleration, which is not the FLRW
spacetime. Stephani [65,66] also considered an irrotational perfect-fluid model that admits an isotropic radiation field for the
fundamental observers. These models are FLRW if the acceleration of the fundamental observers vanishes.

4 In the Bardeen formalism [77], the equation of motion is Ḧ(2)
T + 2 ˙̀

` Ḣ(2)
T + (k2 + 2K)H(2)

T = 0, which is derived for the first-

order gauge-invariant amplitude of the tensor perturbation H(2)
T in the absence of anisotropic stress perturbations, where ` is the

cosmological scale factor, K is the spatial curvature of the FLRW background, and k is the physical wavenumber with K = 0 [78]. The

metric tensor perturbation is H(2)
T Q(2)

µν , where Q(2)
µν are polarization tensors (eigenfunctions) of the Helmholtz equation. Requiring

the transverse (∇νQ(2)
µν = 0) and traceless (Q(2)µ

µ = 0) polarization conditions permits two degrees of freedom for Q(2)
µν .

5 Note that the projected time derivative of Eab satisfies ha
dhb

e Ėde = h〈a
dh b〉

e Ėde.
6 Note that the spatial derivative Da satisfies Dahbc = 0 and [Da, Db] = 0.
7 This notation was first introduced by Engelbert Schücking and Wolfgang Kundt in the Hamburg Relativity Seminars organized

by Pascual Jordan in 1962–1963.
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8 One may also see [144–149] for the gravitomagnetic clock effect, and [150–157] for proposed laboratory experiments.
9 In [126], the tensor product is shown by a tilde as T̃A`

≡ Ta1 Ta2 · · · Ta` .
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