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Abstract: We study timelike particles’ bound orbits around renormalization group improved Schwarzs-
child black holes (RGISBHs), which originate from renormalization group improvement of the
Einstein–Hilbert action by using the running Newton constant. By considering the secular periastron
precession for the timelike particles orbiting around RGISBHs, we found that it is not feasible to
distinguish such black holes from Schwarzschild ones in the weak gravitational field. However, in the
strong gravitational field, periodic orbits for the particles are investigated by employing a taxonomy.
This suggests that the variation of the parameters in RGISBHs can change the taxonomy. This leads
to a transition from periodic motion around Schwarzschild black holes to a quasi-periodic motion
around these black holes. After that, the epicyclic motions of charged particles around RGISBHs
immersed in an external asymptotically uniform magnetic field are taken into account with respect to
the observed twin peak quasi-periodic oscillations’ frequencies. The epicyclic motions of charged
particles around such black holes in the external magnetic field can give one possible explanation
for the 3:2 resonance in three low-mass X-ray binaries. Our results might provide some hints to
distinguish RGISBHs from the classical black holes by using periodic orbits and epicyclic motions
around the strong gravitational field.

Keywords: gravitation; general relativity; alternative theories of gravity; astrometry

1. Introduction

Black holes are fundamental objects predicted by Einstein’s general relativity (GR).
The detection of gravitational waves from binary black holes [1–6], X-ray binaries such as
Cygnus X-1 (see [7–9] and the references therein), and imaging the supermassive black hole
at the center of the giant elliptical galaxy M87 [10–15] not only uncover that black holes
are plentiful in our Universe, but also open new ways to explore some influences of new
physics on the strong gravitational fields [16–46]. One key feature that makes an object a
black hole in GR is the existence of the event horizon around a central spacetime singularity.
However, the event horizon causes the information paradox and the problem of the black
hole singularity implies that GR should be improved. Now, it is commonly believed that
one kind of the self-consistent quantum gravity can erase these flaws in GR due to high
energy density and exceeding curvature in quantum gravity (see [47] for details).

Some effects of quantum gravity on black holes have been widely investigated, which
include the Hawking evaporation process [48–50], entanglement [51–54], and the informa-
tion loss paradox [55–58]. Some modified theories based on quantum gravity have been
developed by Koch and collaborators (Rioseco and Rincón) [59–70]. They developed an
alternative approach based on quantum gravity where the coupling constants can vary.
It is remarkable that some quantum gravity effects can resolve the singularity of black
holes by using the renormalization group improvement approach [71,72]. This leads to
renormalization group improved Schwarzschild black holes (RGISBHs), proposed by Bo-
nanno and Reuter [71]. RGISBHs originate from renormalization group improvement
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of the Einstein–Hilbert action by using the running Newton constant, borrowed from a
standard scheme in particle physics. Some interesting properties for RGISBHs had be well
studied in the regularity and thermodynamics [71], the quantum gravitational effects on
accretion [73], the strong deflection lensing [74], as well as the dynamics of test particles
around the black holes [75], whereas bound (precessing/periodic) orbits and epicyclic
motions around RGISBHs are still missing in the literature.

Precessing and periodic orbits belong to two particular subclasses of the bound orbits
and play a very important role in testing modified gravity theories. For example, the
perihelion shifts of the planets in the Solar System [76–84], of exoplanets [85–88], of binary
pulsars [89–94], and of stars around SgrA* [95–98] have widely been used to constrain GR
and modified gravity theories. These precessing orbits in the weak gravitational field are
very similar to the one of Mercury’s perihelion precession. When a timelike particle is near
a black hole, however, the bound orbits reveal the zoom-whirl quasi-periodic and periodic
motions, and this belongs to a unique feature in the strong gravitational field [99–102].
Following [103], one rational number q can be used to describe this zoom-whirl behavior
for the timelike particle’s motion close to a black hole. These bound orbits with q have
been extensively investigated in some classical black holes in GR [103,104] and other black
holes in modified gravity theories [21,105–115]. Therefore, precessing and periodic orbits
are mainly considered in the present work.

In addition, epicyclic motions around RGISBHs are also investigated in this paper. Re-
cently, quasi-periodic oscillations (QPOs) are recognized as promising ways to detect some
quantum effects and to measure possible deviations from GR in the strong gravitational
field [116–128]. QPOs have been observed and identified under three microquasars in our
galaxy: GRS 1915+105, XTE 1550-564, and GRO 1655-40. In this astrophysical system, one
can observe the twin high-frequency QPOs with the perfect 3:2 frequency ratio. Up to now,
there is still no consensus on which physical mechanism is responsible for the twin high-
frequency QPOs. However, these frequencies are correlated with the orbital characteristic
frequencies of a test particle (see [8,9] for reviews). Since these epicyclic motions are only
determined by the metric and are independent of the complicated astrophysical processes
of the accretion, they might present an opportunity to test modified gravity theories.

In Section 2, we briefly review the metric for RGISBHs and give the geodesics of
the timelike particles around the black holes. In Section 3, we study the bound orbits
around RGISBHs for the timelike particles. In the upcoming sections, we mainly pay
attention to the effects of RGISBHs on bounds orbits and epicyclic motions. In Section 4,
we deliberate about the precessing and periodic orbits around RGISBHs. In Section 5, we
investigate the epicyclic motions of charged particles around RGISBHs immersed in an
external asymptotically uniform magnetic field. In Section 6, we give the conclusions and
discussion of the present work.

2. Metric and Geodesics

Some quantum effects in one Schwarzschild spacetime are usually incorporated by us-
ing the approach of the renormalization group (RG), where Newton’s gravitational constant
varies with a length scale. Inspired by these ideas, Bonanno and Reuter investigated the
impact of the leading quantum gravity effects on the dynamics of the Hawking evaporation
process of a black hole [71]. The spacetime metric of the black hole is represented by an RG
improved Vaidya one and is called the renormalization group improved Schwarzschild
Black holes (RGISBHs). If the mass of such a black hole [71] reaches a critical one, the
RGIBH evaporation terminates. The final state of the evaporation process is a cold, Planck
size remnant (see [71] for details). The spacetime of RGISBHs [71] is

ds2 = − f (r)dt2 +
1

f (r)
dr2 + r2(dθ2 + sin2 θdφ2), (1)
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where

f (r) = 1− 2GM
c2r

(
1 +

ω̃Gh̄
c3r2 + γ

ω̃Gh̄M
c5r3

)−1

, (2)

in which ω̃ comes from the theory of nonperturbative renormalization groups and γ is
the identification of the cutoff for the distance scale [71]. These two parameters are all
dimensionless. When ω̃ = γ = 0, the metric (1) will reduce to the Schwarzschild one.

Following the work of [74], we adopt G = c = h̄ = 1 in the following work, and the
dimensionless function (2) yields

f (r) = 1− 2M
r

(
1 + Ω

M2

r2 + γΩ
M3

r3

)−1

, (3)

by taking Ω ≡ ω̃/M2. The event horizons for RGISBHs can be derived from grr = 0,
which is equal to f (r) = 0. One can find that there exits no, single, or double horizons for
RGISBHs. The discriminant for f (r) = 0 is described as in [74]:

∆3 = −M6Ω(Ω−Ω+)(Ω−Ω−), (4)

with

Ω± = −27
8

γ2 − 9
2

γ +
1
2
± 1

8

√
(γ + 2)(9γ + 2)3, (5)

where the cubic equation has no or double positive roots only when Ω > 0 and γ > 0. If
the discriminant ∆3 is greater than zero, we must have Ω < Ω+ due to Ω− < 0. Then, a
new dimensionless parameter λ is introduced as follows [74]:

λ =
Ω

Ω+
∈ (0, 1]. (6)

For 0 < λ < 1, there exist two event horizons: the internal and external one. When
λ = 1, the two horizons shrink into a single one. Otherwise, no horizon can survive.
Figure 1 shows the metric f (r) as a function of r/M with various values of λ and γ. It is
worth noting that destroying the event horizon can violate the area theorem [129], which
can lead to the energy released in the collision of two black holes exceeding the Hawking
radiation. Since this violation is not supported by the current observations of gravitational
waves, we only consider the case for 0 < λ ≤ 1 in the present work.

In θ = π/2, the Lagrangian for a test particle yields

2L = − f (r)ṫ2 +
1

f (r)
ṙ2 + r2φ̇2, (7)

in which a dot denotes a derivative with respect to one affine parameter. We have

Pt =
∂L
∂ṫ

= − f (r)ṫ = −E, (8)

Pr =
∂L
∂ṙ

=
1

f (r)
ṙ, (9)

Pφ =
∂L
∂φ̇

= r2φ̇ = L, (10)

where E and L are the particle’s conserved energy and angular momentum. The Hamilto-
nianH for the test particle is

H = Pt ṫ + Pφφ̇ + Pr ṙ−L. (11)
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Then, we derive the following form:

2H = −Eṫ +
1

f (r)
ṙ2 + Lφ̇ = δ. (12)

The equation of motion for the test particle can be written as

ṙ2 = f (r)
(

δ− L2

r2 +
E2

f (r)

)
, (13)

by substituting Equations (8)–(10) into Equation (12). In the above equations, δ = −1 for
the timelike particles. The effective potential for one timelike particle is defined as [130]

Veff ≡ E2 − ṙ2

=

[
1− 2M

r

(
1 + Ω

M2

r2 + γΩ
M3

r3

)−1](
1 +

L2

r2

)
. (14)

In Equation (14), Ω = λΩ+ = λ[−27γ2/8 − 9γ/2 + 1/2 +
√
(γ + 2)(9γ + 2)3/8]

based on Equation (6). It is shown that the effective potential mainly depends on r, L, and
the parameters of λ and γ. By using Equation (14), the bound orbits around RGISBHs will
be investigated in the next section.
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Figure 1. f (r) as a function of r/M.

3. Bound Orbits

For the timelike particle around RGISBHs, the bound orbits are located between the
marginally bound orbits (MBOs) and the innermost stable circular orbits (ISCOs), which
are derived from Equation (14). MBOs for the particle around RGISBHs should satisfy the
following conditions [131]:

Veff = 1, ∂rVeff = 0, (15)

which belong to an unstable circular orbits. For ISCOs, it reads [131]

Veff = E2, ∂rVeff = 0, ∂r∂rVeff = 0. (16)
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which is a minimal radius permitting the stable circular orbit for the particle around
RGISBHs.

Figure 2 indicates rMBO/M and LMBO/M of the timelike particle around RGISBHs
with respect to λ and γ for MBOs. It suggests that, in some cases (e.g., 0.25 < λ < 1), the
values of rMBO/M and LMBO/M in RGISBHs are smaller than the values in Schwarzschild
black holes. In the classical Schwarzschild case, rMBO/M = 4 and LMBO/M = 4. Figure 3
displays rISCO/M, LISCO/M, and EISCO of the timelike particle around RGISBHs with
respect to λ and γ for ISCOs. Furthermore, in some cases, the values of rISCO/M, LISCO/M,
and EISCO are smaller than the ones in Schwarzschild black holes. In the Schwarzschild
case, rISCO/M = 6, EISCO = 2

√
2/3, and LISCO/M = 2

√
3. This means that the energy

and angular momentum of the bound orbits around RGISBHs might be smaller than the
classical Schwarzschild one.
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Figure 3. rISCO/M, LISCO/M, and EISCO of a timelike particle around RGISBHs with respect to λ

and γ.

The effective potential Veff as a function of r/M is plotted in Figure 4 with different
values of L/M, λ, and γ. The angular momentum varies from LMBO/M to LISCO/M from
top to bottom in Figure 4. From Figure 4, it shows that, when the angular momentum
increases, the values of Veff become large until the angular momentum reaches LMBO/M.
Besides, the effective potential with LISCO/M has only one extremal point, and other cases
have two extremal points in Figure 4. For a given L/M, it also suggests that E cannot be too
high, otherwise the particle falls into the black hole, and E cannot be too small, otherwise
there is no solution. This enables one to plot the allowed (L/M, E) regions for the bound
orbits (in shadow) around RGISBHs with various values of λ and γ, as shown in Figure 5.
This figure indicates that Emin ≤ E ≤ Emax for a fixed L/M. All of the values for Emin form
the blue curves in Figure 5, while the red curves consist of all values for Emax.
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It should be emphasized that [75] investigated the dynamics of neutral, electrically
charged, and magnetized particles around RGIBHs in the presence of an external asymp-
totically uniform magnetic field. These bound orbits around RGISBHs have been partly
considered by previous work [75]. The differences between [75] and the present work are
as follows: (i) The marginally bound orbits (MBOs) are considered in the present work.
In [75], only the marginally and the innermost stable circular orbits (MSCOs and ICSOs)
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were considered. The MBOs are very useful for the analysis of the bound orbits and the
following precessing and periodic orbits. In fact, for MBOs, one test massive particle has
the same energy E = 1 as the particle at rest at infinity. This also means that there is no
dissipation of energy when the massive particle is transferred from infinity to the MBO. If
its motion is far beyond the MBO, the particle can completely escape from the gravitational
field of the black hole. (ii) ISCOs are displayed by various parameters γ and λ (Figure 2)
in this paper. In [75], only specific parameter values such as a fixed value λ = 1 were
considered (see Figure 4 in [75]). (iii) The effective potential Veff as a function of r/M is
studied in the present paper. (iv) (L/M, E) regions for the bound orbits around RGISBHs
are also taken into account in our work. These characteristics of (i)–(iv) in our work are
devoted to investigating precessing and periodic orbits.

By taking a fixed L/M, E, and the parameters of λ and γ, an irrational or a rational
number q [103] could represent each of bound orbit around RGISBHs. q can describe the
amount of the precession of the orbit in one radial cycle from one apastron to periastron to
the next apastron; it reads [103]

∆φ = 2π(q + 1), (17)

where a rational number denotes one periodic orbit and an irrational number denotes a
precessing or quasi-periodic one (see [103] for details). They all belong to the bound orbits.
Then, we derive

∆ω ≡ ∆φ− 2π = 2πq. (18)

The corresponding rational number q is decomposed into three integers (z, w, ν) [103] as
follows:

q = w +
ν

z
, (19)

where z is the “zoom” number and w is the “whirl” number. ν denotes the “vertices”
number formed by joining the successive apastron of the periodic orbit. The equatorial
angle reads

∆φ =
∮

dφ. (20)

Equation (20) can be rewritten as

∆φ = 2
∫ rap

rpe

dφ

dr
dr = 2

∫ π

0

dφ

dχ
dχ, (21)

where rpe and rap denote periastron and apastron, respectively. We can parameterize the
orbit as

r =
a(1− e2)

1 + e cos χ
, (22)

in which a is the semimajor axis and e is the eccentricity. When χ = 0 and χ = π, the
periastron and apastron based on Equation (22) can be expressed as follows:

rpe = a(1− e), rap = r(1 + e). (23)

From Equations (10), (13), and (22), we have

dφ

dχ
=

ae(1− e2)L sin χ

r2(1 + e cos χ)2

√
E2 − f (r)

(
1 + L2

r2

) , (24)
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with

L2 =
r2

apr2
pe[ f (rpe)− f (rap)]

r2
pe f (rap)− r2

ap f (rpe)
, (25)

E2 =
f (rap) f (rpe)(r2

pe − r2
ap)

r2
pe f (rap)− r2

ap f (rpe)
, (26)

where L and E are obtained from ṙ|r=rap = 0 and ṙ|r=rpe = 0. In the next section, we will
study precessing and periodic orbits around RGISBHs by using the above expressions.

4. Precessing and Periodic Orbits

Precessing motion belongs to one kind of specific class for the bound orbit with an
irrational number q. Recently, GRAVITY reported the first detection of GR’s Schwarzschild
precession in the orbit of the S2 star around Sgr A* [96]. The observation by GRAVITY
confirms that the inferred precession ∆ωS2 as the Schwarzschild one ∆ωGR is [96]

fSP ≡
∆ωS2

∆ωGR
= 1.10, (27)

where the Schwarzschild precession in the second post-Newtonian (2PN) approximation
having the following form [132]:

∆ωGR =
6πM•

a(1− e2)
+

3π(18 + e2)M2
•

2(1− e2)2a2 +O(M3
•). (28)

If RGISBHs are the candidate for the supermassive black hole at the Galactic Center,
the S2 star’ precession is derived as

∆ωRGI = ∆φ− 2π = 2
∫ π

0

dφ

dχ
dχ− 2π

=
6πM•

a(1− e2)
+

3π(18 + e2 − 4Ω)M2
•

2(1− e2)2a2 +O(M3
•), (29)

at the 2PN level. Ω = λΩ+ = λ[−27γ2/8− 9γ/2 + 1/2 +
√
(γ + 2)(9γ + 2)3/8] based

on Equation (6). Then, Equation (27) is represented as

fSP ≡
∆ωRGI

∆ωGR
= 1.10. (30)

By using the data of the orbit for the S2 star around Sgr A* in GRAVITY [96], we can
plot the precessing fSP in the weak gravitational field (see Figure 6). Here, the bound on
the parameters as 0.02 ≤ λ ≤ 0.22 and 0.2 ≤ γ ≤ 20 under RGISBHs was given by [74],
which is constrained by making use of the data for the shadow of the M87 central black
hole. In Figure 6, at this bound on λ and γ, it indicates that the precessing in RGISBHs
might be either positive or negative. However, one negative precession is not supported
by any available observations. Therefore, this rules out the parameters range of λ and
γ, e.g., 0.144 ≤ λ ≤ 0.22 when 0.2 ≤ γ ≤ 0.3, with the negative precession. Based
on the observation of GRAVITY, fSP = 1.1, which is labeled in Figure 6. This leads to
0.6 ≤ γ ≤ 1.02 when 0.02 ≤ λ ≤ 0.22. This also means that it is not feasible to distinguish
such black holes from classical Schwarzschild ones in the weak gravitational field.
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Figure 6. Precessing of the S2 star around RGISBHs fSP in the weak gravitational field with
0.02 ≤ λ ≤ 0.22 and 0.2 ≤ γ ≤ 20.

In the strong gravitational field, a rational number q in Equation (19) can describe one
periodic orbit, which also belongs to one particular subclass of the bound orbits. Based on
Equations (17)–(21), q is determined by ∆φ and ∆φ depends on the metric (2), the angular
momentum L, and the energy E. Figure 7 displays q versus E (the left panel) and q versus
L/M (the right panel) with different values of λ and γ. In the right panel in this figure, it is
indicated that the increment of L/M can decrease the value of q. In the left panel of this
figure, the increment of E can increase the value of q. From Figure 7, we can see that q is
more sensitive to the parameter γ in comparison to the parameter λ. The variations in the
values of γ make the difference between these curves.

Figure 8 indicates periodic and quasi-periodic orbits around RGISBHs with L/M = 3.8.
Each column in Figure 8 has the same values of λ and γ, while each row shares the same
value of E. In this figure, the classical Schwarzschild black holes (denoted by “Schw”)
display perfect periodic orbits with three integers (z, w, ν) and the relevant rational number
q. In other situations, the values of q under RGISBHs belong to quasi-periodic orbits by
taking the same value of E as the one in the Schwarzschild case.

In each row of Figure 8, with the same values of E and L/M, the change of λ and γ
makes the particles around RGISBHs have quasi-periodic orbits in spite of the periodic
orbits in the Schwarzschild case. The behaviors of quasi-periodic orbits are quite different
in each row. For example, in the first row, the timelike particle around Schwarzschild black
holes has the periodic orbit with q = 1. With the same values of E and L/M in the row, the
quasi-periodic orbit with λ = 0.5 and γ = 10 has q ≈ 0.797935. This quasi-periodic orbit
approaches the periodic one with q = 4/5 and is quite different from q = 1. Another case is
the quasi-periodic orbit in the last row with λ = 0.02 and γ = 0.2 with q ≈ 1.429947. This
situation is very close to the periodic orbit of q = 1 + 1/2 and is also different from q = 2
for the classical Schwarzschild case. Due to the bound orbits in the strong gravitational
field, we might be able to distinguish RGISBHs from the classical Schwarzschild black
holes. For example, in the near future observations, if GRAVITY can find S stars nearby
Sgr A* and report these precessions in the orbit around Sgr A* with the high-precision,
quasi-periodic orbits around RGISBHs will be detectable. However, these observations
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must be modeled under RGISBHs firstly, and the parameters λ and γ will be obtained by
fitting data.
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Figure 7. q versus E (left panel) and q versus L/M (right panel) with different parameters values.

In summary, for the quasi-periodic and periodic orbits with the same values of L/M
and E around RGISBHs, it is indicated that: (1) the variations in the values of λ and γ
make a transition from one periodic orbit to one quasi-periodic one and vice versa; (2) the
behaviors of quasi-periodic orbits are quite different with the change of the parameters
λ and γ; (3) the bound orbits around RGISBHs in the strong gravitational field are quite
different from the Schwarzschild ones.
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Figure 8. The quasi-periodic and periodic orbits around RGISBHs with L/M = 3.8. Each column
has the same values of λ and γ, while each row shares the same value of E.

5. Epicyclic Motions and Mass-Limit of Microquasars

In the astrophysics cases, one external magnetic field can exist around one black hole
with an accretion disk. This can affect the charged particle’s motion around the black
hole. Much work has widely considered the charged test particles’ motions around black
holes surrounded by an external magnetic field [75,133–139] and the chaotic behaviors
and the relevant integrators [140–148]. In [75], the dynamics of the charged particles
around RGISBHs immersed in an external asymptotically uniform magnetic field was
considered. We first briefly review the dynamics of the charged particles around RGISBHs
for completeness (see [75] for details). Then, the epicyclic motions of charged particles
around RGISBHs in the external magnetic field will be modeled and compared with the
observations for microquasars.

In their work [75], the external asymptotically uniform magnetic field B0 is perpen-
dicular to the equatorial plane θ = π/2 by using the method of Wald in [133]. In [133],
Wald pioneered and derived the solution for the electromagnetic field occurring when one
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axisymmetric, stationary black hole is put in one uniform magnetic field aligned along
the symmetry axis of the black hole. In this method [133], one Killing vector serves as a
vector potential for a Maxwell field (see [133] for details). Then, Aµ can be written as the
following forms:

Aφ =
1
2

B0r2 sin2 θ, (31)

At = Ar = Aθ = 0, (32)

and the following nonzero components in Fµν ≡ Aν,µ − Aµ,ν are

Frφ = B0r sin2 θ, (33)

Fθφ = B0r2 sin θ cos θ. (34)

For a proper observer, the orthonormal component of the asymptotically uniform
magnetic field around RGISBHs yields

Bα =
1
2

ηαβδλFβδuλ, (35)

in which ηαβδλ is the pseudotensorial form of the Levi-Civita symbol and uλ is the four-
velocity for the proper observer [131]. This leads to

Br̂ = B0 cos θ, Bθ̂ =
√

f (r)B0 sin θ. (36)

The Hamilton–Jacobi equation for RGISBHs [131] is

gµν

(
∂S
∂rµ − qAµ

)(
∂S
∂rν
− qAν

)
= −m2, (37)

where m and q denote, respectively, the particle’s mass and electric charge. The correspond-
ing action reads

S = −Et + Lφ + Sr(r) + Sθ(θ). (38)

It yields

ṫ =
E

f (r)
, (39)

φ̇ =
L

r2 sin2 θ
− 1

2
b, (40)

1
f (r)

ṙ2 + r2θ̇2 = −2U(r, θ, E, L, b), (41)

with

U(r, θ, E, L, b)

= − E2

2 f (r)
+

1
2

(
L

r sin θ
− 1

2
br sin θ

)2
+

1
2

, (42)

where b = qB0/m. This parameter is called the cyclotron frequency as a result of the Lorenz
force and represents the interaction between the magnetic field and the charged particle. In
Equation (42), L can be positive or negative. When L/M > 0 and b > 0 (or L/M < 0 and
b < 0), the Lorentz force is repulsive. While L/M < 0 and b > 0 (or L/M > 0 and b < 0),
the Lorentz force is attractive. This enables the charged particle to have three qualitatively
different types of trajectories (see [134] for details).

One microquasar in our galaxy has been identified as a stellar mass black hole, which
has an accretion disk. This microquasar was found along with X-rays or ultraviolet light
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with capturing material from its companion star and jets. In this astrophysical system, one
can observe the twin high-frequency QPOs. For example, for twin peaks in the power
spectra, the lower one in the twin high-frequency QPOs is fL, and the upper one is fU . It
is always found that fU : fL has the perfect 3:2 frequency ratio. Up to now, there is still
no consensus on which physical mechanism is responsible for the twin high-frequency
QPOs. However, these frequencies are correlated with the orbital characteristic frequencies
of a test particle (see [8,9] for reviews). In the following section, we investigate the twin
high-frequency QPOs for the charged particle, which are modeled as RGISBHs immersed
in the external magnetic field.

We assume the charged particle has the stable circular orbit r0. For small displacements
(namely, δr and δθ) around the mean orbit, it gives r = r0 + δr and θ = π/2 + δθ at the
linear order. When we ignore non-linear coupling effects of the vertical and radial modes,
it yields

δr̈ + ω̄2
r δr = 0, (43)

δθ̈ + ω̄2
θ δθ = 0, (44)

where ω̄θ and ω̄r denote vertical and radial epicyclic frequencies measured by the local
observer, respectively. ω̄φ is determined by φ̇ (see Equation (40)). These frequencies have

ω̄2
r =

1
grr

∂2U(r, θ, E, L, b)
∂r2 , (45)

ω̄2
θ =

1
gθθ

∂2U(r, θ, E, L, b)
∂θ2 , (46)

ω̄φ =
1

gφφ

(
L− 1

2
br2
)

, (47)

measured by the local observer. Then, for a distant observer, the corresponding frequencies
ωr, ωθ and ωφ can be derived as follows:

ω =

(
1

2π

c3

GM

)[
ω̄

(−gtt)E

]
, (48)

where ω̄ is derived by Equations (45)–(47), respectively.
From Equation (48), Figures 9 and 10 display the epicyclic motions for the charged

particle around RGISBHs with different parameters λ, γ, and b immersed in the external
uniform magnetic field. These figures show the vertical epicyclic frequency ωθ , the orbital
frequency ωφ, and the radial epicyclic frequency ωr change with r/M. Blue dotted vertical
lines denote the positions of the 3:2 resonance between ωθ and ωr; brown dotted vertical
lines denote the ones between ωφ and ωr; black dotted vertical lines denote the ones
between ωφ and ωθ . Based on Figures 9 and 10, we explicitly show that the difference
between the three frequencies mainly depends on the parameters λ, γ, and b. Obviously,
the difference between the frequencies is due to the different position of the ISCOs. It also
leads to the 3:2 resonance shift (see Figures 9 and 10).

The ratio of twin high-frequency frequencies (namely, fU : fL = 3 : 2) has been
observed in three microquasar in our galaxy, which are GRO 1655-40, XTE 1550-564, and
GRS 1915+105 [149]. We can assume that the upper frequency fU and the lower frequency
fL in twin high-frequency frequencies are, respectively, ωθ and ωr. For other situations, we
can also either assume fU = ωr and fL = ωφ or assume fU = ωθ and fL = ωφ. The vertical
lines in Figures 9 and 10 show these cases. In order to probe some possible quantum effects
under RGISBHs on the observations, we plot the effects of the parameters λ and γ on the
relations between mass M/M� and the upper frequency fU (Hz) with respect to the data of
three microquasars (see Figure 11). In Figure 11, we take three cases into account, which are
fU : fL = ωθ : ωr, fU : fL = ωφ : ωr, and fU : fL = ωφ : ωθ . GRO 1655-40, XTE 1550-564,
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and GRS 1915+105 in Figure 11 are denoted by black horizontal lines. Based on Figure 11,
this also suggests that λ and γ in RGISBHs best fit the data of the above observations with
a non-vanishing magnetic field. This means that the epicyclic motions of charged particles
around RGISBHs in the external magnetic field can give one possible explanation for the
3:2 resonance in three low-mass X-ray binaries.
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Figure 9. The epicyclic frequencies for RGISBHs immersed in an external uniform magnetic field by
taking M/M� = 10. Blue dotted vertical lines denote the positions of the 3:2 resonance between ωθ

and ωr and brown dotted vertical lines denote the ones between ωφ and ωr.
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Figure 11: The upper frequency fU (Hz) and mass M/M⊙ relations for different parameters

λ, γ and b with the cases of ωθ : ωr = 3 : 2, ωϕ : ωr = 3 : 2 and ωϕ : ωθ = 3 : 2. And GRO
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Figure 11. The upper frequency fU(Hz) and mass M/M� relations for different parameters λ, γ,
and b with the cases of ωθ : ωr = 3 : 2, ωφ : ωr = 3 : 2, and ωφ : ωθ = 3 : 2. GRO 1655-40, XTE
1550-564, and GRS 1915+105 are denoted by black horizontal lines.

6. Conclusions and Discussion

In the present work, we studied timelike particles’ bound orbits around renormaliza-
tion group improved Schwarzschild black holes (RGISBHs), which originate from renor-
malization group improvement of the Einstein–Hilbert action by using the running Newton
constant. By considering the timelike particle’s bound orbits between the marginally bound
orbits (MBOs) and the innermost stable circular orbits (ISCOs) around RGISBHs, we found
that the values for rMBO/M, LMBO/M, rISCO/M, LISCO/M, and EISCO are smaller than the
values in Schwarzschild black holes in some cases (e.g., 0.25 < λ < 1). Besides, in RGISBHs,
the allowed regions of the (L/M, E) for the particle’s bound orbits were discussed and
analyzed. This indicates that Emin ≤ E ≤ Emax for the bound orbits with a fixed L/M.

By considering the secular periastron precession for the timelike particles orbiting
around RGISBHs, we obtained 0.6 ≤ γ ≤ 1.02 when 0.02 ≤ λ ≤ 0.22 by using the data
of GRAVITY. This also suggests that it is not feasible to distinguish such black holes from
Schwarzschild ones in the weak gravitational field. Then, in the strong gravitational field,
periodic orbits for the particles were investigated by employing a taxonomy. This indicates
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that the variation of the parameters in RGISBHs can change the taxonomy. This leads to
a transition from periodic motion around Schwarzschild black holes to a quasi-periodic
motion around these black holes. After that, the epicyclic motions of charged particles
around RGISBHs immersed in an external asymptotically uniform magnetic field were
taken into account with respect to the observed twin peak quasi-periodic oscillations’
frequencies. The epicyclic motions of charged particles around such black holes in the
external magnetic field can give one possible explanation for the 3:2 resonance in three
low-mass X-ray binaries: GRS 1915+105, XTE 1550-564, and GRO 1655-40.

Our results might provide some hints to distinguish RGISBHs from the classical black
holes by using periodic orbits and epicyclic motions around the strong gravitational field.
In the near future observations, if GRAVITY can find S stars nearby Sgr A* and report
these precessions in the orbit around Sgr A* with the high-precision, quasi-periodic orbits
around RGISBHs, like Figure 8, will be detectable. The quantum gravity effect in epicyclic
motions around RGISBHs will also be found only if these observations are modeled under
RGISBHs. We leave the detailed investigation on this issue for future works. In this paper,
the bound orbits around RGISBHs without spin were investigated. It is well known that the
metric with spin will lead to a 3:2 frequency ratio [127]. Another open issue for RGISBHs is
hot spots around Sgr A* as magnetized objects, as in the case of [150–152]. This detailed
research on the above issues will be considered in our future works.
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