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Abstract: Minisuperspace Quantum Cosmology is an approach by which it is possible to infer initial
conditions for dynamical systems which can suitably represent observable and non-observable universes.
Here we discuss theories of gravity which, from various points of view, extend Einstein’s General
Relativity. Specifically, the Hamiltonian formalism for f (R), f (T), and f (G) gravity, with R, T, and G
being the curvature, torsion and Gauss–Bonnet scalars, respectively, is developed starting from the
Arnowitt–Deser–Misner approach. The Minisuperspace Quantum Cosmology is derived for all these
models and cosmological solutions are obtained thanks to the existence of Noether symmetries. The
Hartle criterion allows the interpretation of solutions in view of observable universes.

Keywords: quantum cosmology; noether symmetries; ADM formalism; exact solutions

1. Introduction

The Arnowitt–Deser–Misner (ADM) formalism was developed in 1962 with the pur-
pose of solving issues occurring in the attempt to merge the formalism of General Relativity
(GR) with Quantum Mechanics [1]. By means of a 3 + 1 decomposition of the metric, it
is possible to get a gravitational Hamiltonian and find canonical quantization rules lead-
ing to a Schrödinger-like equation, dubbed the Wheeler–De Witt (WDW) equation, first
obtained by J. A. Wheeler and B. DeWitt in 1967 [2–4]. Nowadays, the ADM formalism is
not considered as the ultimate candidate to solve the quantization problem of GR, both
because it does not account for a full theory of Quantum Gravity and because it implies an
infinite-dimensional superspace which cannot be easily handled. However, the restriction
of the problem to cosmology turns out to be useful for several reasons. On the one hand,
the configuration superspace can be reduced to a finite-dimensional minisuperspace, where
the WDW equation can be analytically solved. On the other hand, Quantum Cosmology
can provide information regarding the very early stages of the universe evolution by means
of the so-called Wave Function of the Universe , which is the solution of the WDW equation.
Clearly, this wave function cannot be interpreted as a straightforward probability ampli-
tude like in Quantum Mechanics, due to the lack of a Hilbert space and a definite-positive
inner product in gravitational theory. Moreover, the probabilistic meaning, based on many
copies of the same system, cannot be applied in the standard Copenhagen interpretation of
Quantum Mechanics.

For these reasons, its meaning is still unclear, though different interpretations have
been proposed. For instance, it can be thought as an indication of the probability for the
quantum system to evolve towards our classical universe [5,6]. Another interpretation,
related to the enucleation from nothing, was provided by Vilenkin in [7,8]. Furthermore,
according to the so-called Many World Interpretation [9], the wave function is supposed to
come from quantum measurements that are simultaneously realized in different universes,
without showing any collapse, as in standard Quantum Mechanics [10]. In 1983, J. B. Hartle
proposed to consider the wave function trend: when it is oscillating, variables are correlated
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and then it is possible to recover observable universes. The analogy comes from the wave
function interpretation of non-relativistic Quantum Mechanics. This interpretation is the
so-called Hartle criterion [11]. Interestingly, using this criterion, in the semiclassical limit
one can recast the wave function as ψ = eim2

PS, with S being the action and mP the Planck
mass. As a consequence, classical trajectories can be straightforwardly found by means of
the Hamilton–Jacobi equation.

The formalism of Quantum Cosmology has been successfully applied to GR in the
attempt to solve open issues related to the first phases of the Universe. However, in
the high-energy regime, GR exhibits several other shortcomings. For this reason, many
alternative models have been proposed over the years, such as Kaluza–Klein Theory [12–16],
String Theory [17–21], Non-Local Gravity [22–26], Loop Quantum Gravity [27–31], etc.

All these theories try to address small-scale shortcoming suffered by GR, and most of
them recover Quantum Cosmology as a limit [32].

However, matching the quantum formalism is not the only reason to consider GR
alternatives, since many problems also occur at cosmological and astrophysical scales.
More precisely, though GR predictions have been successfully confirmed by many ex-
periments and observations, the theory also exhibits incompatibilities at several scales of
energy [33,34]. Two of the most controversial problems are related to the existence of Dark
Energy and Dark Matter. The former should represent most of the universe content and
should be made by a never detected fluid with negative pressure, introduced to address
the today observed accelerating expansion; the latter was first introduced to fit the galaxy
rotation curves. For a detailed discussion on puzzles and shortcomings in Einstein’s gravity
see e.g., [35].

Due to the need to address incompatibilities between GR and observations, several
modified/extended theories of gravity arose in the last decades. Within the landscape of
modified models, some theories extend the Hilbert–Einstein action by including functions
of second-order curvature invariants [36,37], some relax GR assumptions such as the
Lorentz Invariance [38–40], the Equivalence Principle [41,42], or the metric-compatible
connection [43].

One of the most straightforward extensions is the so-called f (R) gravity, whose action
contains a function of the scalar curvature. For detailed reviews, see [44,45]. By extending
the gravitational action, it is possible to find out explanations for open questions at astro-
physical and cosmological level. For instance, f (R) gravity, in the post-Newtonian limit, is
capable of fitting the galaxy rotation curve without introducing dark matter [46,47], the
cosmological accelerating expansion without any dark energy [48,49], or the mass-radius
diagram of neutron stars without exotic equations of state [50,51]. However, to date, no
f (R) model can account for the ultimate candidate capable of solving all the problems
exhibited by GR simultaneously at any scale.

Furthermore, the Hilbert–Einstein action can be extended by considering also other
second-order curvature invariants. An example is f (R, RµνRµν, RµνρσRµνρσ) gravity, with
Rµν and Rµνρσ being the Ricci and the Riemann tensors, respectively. These additional
terms naturally arise from the one-loop effective action of GR, with the consequence that
the renormalization procedure can be pursued only when higher-order invariants are
included, so that UV divergences can be avoided [52–55]. Among all possible choices, there
is only a particular combination of curvature invariants giving a topological surface in
four dimensions. It is G = R2 − 4RµνRµν + RµνρσRµνρσ, the Gauss–Bonnet invariant. As a
consequence, the integration of G over the given manifold provides the Euler characteristic,
namely, a topological invariant. In four dimensions or less, G vanishes identically, while
in more than four dimensions it provides non-trivial contributions to the field equations.
Due to the impossibility of dealing with the linear term G in four dimensions, usually a
function of the Gauss–Bonnet term, that is f (G), is considered into the action. In this way,
the corresponding field equations can contribute to the dynamics, since f (G) starts being
trivial in three dimensions or less. Therefore, the gravitational action can be extended by
considering either the function f (G) or, in general, f (R,G). Both f (R,G) and f (G) models
exhibit several interesting features and provide some explanations for unsolved problems
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of GR at large scales [56–59]. Being a topological surface, the Gauss–Bonnet term can reduce
dynamics and provide analytic solutions for the field equations; moreover, it naturally
emerges in gauge theories of gravity such as Lovelock, Born–Infeld or Chern–Simons
gravity [60–63].

Another class of alternatives to GR is represented by those models relaxing the assump-
tion of torsionless and metric-compatible connections. In particular, it is possible to show
that the most general affine connection is made of three different contributions, respectively
related to curvature, torsion, and non-metricity. Torsion in the space-time occurs when
the connection exhibits an anti-symmetric part, that is when Γα

µν 6= Γα
νµ. Non-metricity

occurs when ∇αgµν 6= 0, with ∇ being the covariant derivative. Therefore, gravity can
be described by means of torsion, curvature and/or non-metricity, giving rise to a three
equivalent formalisms [64].

When curvature and non-metricity vanish, the resulting theory is the so-called Telepar-
allel Equivalent of General Relativity (TEGR) (see e.g., [65] for further details); when curvature
and torsion vanish we have the so-called Symmetric Teleparallel Equivalent of General Relativ-
ity (STEGR) [66]. More precisely, in the former theory, it is possible to define two rank-three
tensors of the form Tα

µν ≡ 2Γα
[µν]

and Kρ
µν ≡ 1

2 gρλ
(
Tµλν + Tνλµ + Tλµν

)
, respectively

called torsion tensor and contorsion tensor. Both of them identically vanish in GR. In this way,
by means of the superpotential Spµν ≡ Kµνp − gpνTσµ

σ + gpµTσν
σ, one can define the torsion

scalar as T ≡ TpµνSpµν, so that the TEGR action can be chosen to be linearly proportional
to T. Interestingly, the action thus constructed turns out to be equivalent to the Hilbert–
Einstein one, up to a boundary term [67]. Moreover, TEGR can be recast as a gauge theory
with respect to the translation group in the locally flat space-time [67].

Similar considerations apply for STEGR, where the definition of the non-metricity
tensor Qρµν ≡ ∇ρgµν 6= 0 and the disformation tensor Lρ

µν ≡ 1
2 gρλ

(
−Qµνλ −Qνµλ + Qλµν

)
,

together with Qµ ≡ Q λ
µ λ and Q̃µ ≡ Q α

αµ , allow to define the non-metricity scalar as:

Q ≡ − 1
4 Qαµν

[
−2Lαµν + gµν

(
Qα − Q̃α

)
− 1

2 (gαµQν + gανQµ)
]

[66]. In addition, the STEGR
action, chosen to be linearly dependent on the non-metricity scalar, is equivalent to GR and
TEGR, up to a boundary term. Modifications of the STEGR action will not be considered in
this work; for details on the fundamental structure of the theory and possible applications,
see, e.g., Refs. [68,69].

Here we consider an extension of the TEGR action, containing a function of the torsion.
This can allow to address the problems suffered by GR at large scales. Notice that, although
GR and TEGR are dynamically equivalent, f (R) gravity differs from f (T) gravity. For
instance, as the former leads to fourth-order field equations, the latter provides second-
order equations with respect to the metric. This makes f (T) gravity easy to handle from a
mathematical point of view.

In this paper, we want to discuss the problem of Minisuperspace Quantum Cosmology
in metric and affine formulations of gravity theories. In particular, we will consider some
metric and affine extensions. The aim is to show that, if the related cosmological models
exhibit Noether symmetries, it is possible to interpret solutions under the standard of the
Hartle criterion and then achieve observable universes.

The paper is organized as follows: Section 2 is devoted to the main features of ADM
formalism, Quantum Cosmology, and the relation between the latter and the Noether
symmetries. In Sections 3–5 we apply the Minisuperspace Quantum Cosmology formalism
to f (R), f (T) and f (G) models, respectively. In Section 6, we discuss the results and draw
conclusions.

2. Quantum Cosmology and Noether Symmetries

As mentioned in the Introduction, the ADM formalism can represent a useful tool in
the context of Quantum Cosmology. Here we briefly summarize the foundations of the ap-
proach and provide a link between the latter and the Noether theorem. Generally, the most
general form of the Hilbert–Einstein action includes the extrinsic scalar curvature K [2,70],
defined as the contraction of the three-dimensional spatial curvature tensor Kij with the
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three-dimensional metric hij. Here, middle indexes label the three-dimensional space. By
defining a set of coordinates Xα, the deformation vector Nα = Ẋα can be decomposed in
terms of the lapse function N and the shift vector Ni as:

Nα = Nnα + NiXα
i , (1)

where Xα
i is a tangent vector basis characterizing each point of the three-dimensional

surface and nα a unitary vector satisfying the relations

gµνXµ
i nν = 0 , gµνnµnν = −1 . (2)

Therefore, the metric can be recast as:

gµν =

(
(N2 − Ni Ni) Nj

Nj −hij

)
, (3)

by means of which the Lagrangian density reads:

L =
κ

2

√
|h|N

(
KijKij − K2 + (3)R

)
+ t.d. , (4)

with h being the determinant of hij and (3)R the intrinsic three-dimensional curvature. From
Equation (4), three conjugate momenta follow, respectively related to the shift vector, the
lapse function, and the three-dimensional metric:

π ≡ δL

δṄ
= 0 , πi ≡ δL

δṄi
= 0 ,

πij ≡ δL

δḣij
=

κ
√
|h|

2

(
Khij − Kij

)
. (5)

As a consequence, the Hamiltonian can be obtained by using Equation (5) and per-
forming the Legendre transformation of the Lagrangian (4), so that we have:

H = πij ḣij −L , (6)

constrained by the relations 
π̇ = −{H, π} = δH

δN
= 0 ,

π̇i = −{H, πi} = δH
δNi

= 0 .
(7)

In the above equations, it isH =
∫

H d3x . In the canonical quantization procedure,
the momenta (5) turn into the operators

π̂ = −i
δ

δN
, π̂i = −i

δ

δNi
, π̂ij = −i

δ

δhij
, (8)

while the Poisson brackets (7) turn into commutators. Finally, we obtain
[ĥij(x), π̂kl(x′)] = i δkl

ij δ3(x− x′) ,

δkl
ij = 1

2 (δ
k
i δl

j + δl
i δ

k
j ) ,

[ĥij, ĥkl ] = 0 ,
[π̂ij, π̂kl ] = 0 .

(9)
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Most importantly, from Equation (7), it is

Ĥ|ψ >= 0 , (10)

with ψ being the wave function. Equation (10) can be recast in terms of dynamical variables
and momenta, leading to the WDW equation [71], which, in the case of GR, yields(

∇2 − κ2

4

√
|h| (3)R

)
|ψ >= 0 , (11)

with the operator ∇2 being defined as

∇2 =
1√
|h|

(
hikhjl + hilhjk − hijhkl

) δ

δhij

δ

δhkl
. (12)

Equation (11) shows that the ADM formalism relies on an infinite-dimensional super-
space made of all possible 3-metrics, due to which any predictive power is inevitably lost.
Moreover, as discussed above, the probabilistic interpretation of the wave function does
not apply in this case, mainly because the scalar product

∫
ψ∗ψ dx3 is not positive-definite.

As a consequence, an infinite-dimensional Hilbert space cannot be considered. In what
follows, we show that the ADM formalism can be suitably applied to cosmology, where
the superspace can be reduced to a minisuperspace of configurations where the WDW
equation, under some constraints, can be exactly solved. More precisely, the existence of
Noether symmetries allows to introduce cyclic variables into the system, thanks to which
the Hamiltonians assume handy expressions and classical trajectories can be recovered.

Let us then introduce the main features of the Noether Theorem and how it can be used
as a method to select viable cosmological models which, eventually, result in observable
universes. To this purpose, we consider a transformation, involving coordinates and fields,
which is a symmetry for the Lagrangian density, namely,{

x̃a = xa − ξa

φ̃i = φi − ηi ,
(13)

whose related first prolongation of Noether’s vector can be written as:

X[1] = ξa∂a + ηi ∂

∂φi + (∂aηi − ∂aφi∂bξb)
∂

∂(∂aφi)
. (14)

The Noether Theorem states that, if the transformation (13) is a symmetry for the
Lagrangian, then there exists a gauge function ga = ga(xa, φi) satisfying the condition [72]

X[1]L + ∂aξaL = ∂aga (15)

and the quantity

ja =
∂L

∂(∂aφi)
ηi − ∂L

∂(∂aφi)
∂bφi ξb +L ξa − ga, (16)

is an integral of motion. For internal symmetries, Equations (14) and (16) reduce to:

X = ηi ∂

∂φi + ∂aηi ∂

∂(∂aφi)
, (17)

ja =
∂L

∂(∂aφi)
ηi. (18)

Consequently, setting ga = 0, Equation (15) becomes

XL = 0 (19)
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and can be recast in terms of the Lie derivative along the flux of the vector X as

LXL = 0. (20)

For further details about Noether’s theorem and related applications see, e.g., [72–74].
It is worth pointing out that the conserved quantity (18) can be used to properly change
the minisuperspace variables if the related point-like Lagrangian is cyclic. Thanks to
Noether’s Theorem, it is possible to find a methodical procedure aimed at finding suitable
new coordinates. To this purpose, let us assume that there exists a transformation which
allows to introduce a variable ψ1, whose related conjugate momentum is an integral of
motion, that is

∂L

∂(∂aψ1)
= πa

ψ1 = const. (21)

From Equation (17), we notice that ψ1 is a constant of motion only if the related
infinitesimal generator is equal to 1. Indeed, considering the general change of variables
φi → ψi(φj), such that ψ1 is cyclic, the infinitesimal generators can be recast as:

ηi ∂

∂φi = ηi ∂ψj

∂φi
∂

∂ψj = iXdψj ∂

∂ψj . (22)

In this way, the Noether vector X and the conserved quantity ja, written in terms of
the new variables, read

X′ = ηi ∂

∂φi + ∂aηi ∂

∂(∂aφi)
= (iXdψk)

∂

∂ψk + ∂a(iXdψk)
∂

∂(∂aψk)
,

ja = ηi ∂L

∂(∂aψi)
= iXdψi ∂L

∂(∂aψi)
, (23)

where (iXdψk) is the inner derivative. Requiring the conserved quantity to be equal to the
conjugate momentum of ψ1, the following conditions must hold:

iXdψ1 = η j ∂ψ1

∂φj = 1, iXdψi = η j ∂ψi

∂φj = 0, i 6= 1, (24)

so that, from Equation (23), one gets

ja = ηi ∂L

∂(∂aφi)
=

∂L

∂(∂aψ1)
→ πa

ψ1 = constant. (25)

Therefore, the conjugate momentum πa
ψ1 of the new cyclic variable ψ1 turns exactly

into the Noether current, as expected by construction.
Notice that the condition X′L ′ = XL = 0 holds independently of the variables

considered, so that any Noether symmetry is preserved under the change of variables.
Nonetheless, it is worth remarking that the change of variables in Equation (24) is not
unique, but infinite possible field transformations can occur. Therefore, in order to reduce
dynamics, new variables must be chosen carefully.
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If the variables in the minisuperspace depend only on the general parameter t, like in
cosmology, Equations (14) and (16)–(18) provide:

X[1] = ξ̇∂t + ηi ∂

∂qi + (η̇i − q̇i ξ̇)
∂

∂q̇i , (26)

X = ηi ∂

∂qi + η̇i ∂

∂q̇i , (27)

j =
∂L
∂q̇i ηi − ∂L

∂q̇i q̇i ξ + Lξ − g, (28)

j =
∂L
∂q̇i ηi, (29)

with qi being the variables in the cosmological minisuperspace and L the Lagrangian.
Therefore, the change of variables qi → Qi(qj), which allows to introduce a constant of
motion, can be recast as:

iXdQ1 = η j ∂Q1

∂qj = 1, iXdQi = η j ∂Qi

∂qj = 0, i 6= 1. (30)

After summarizing the main features of ADM formalism and Noether Theorem, it is
worth investigating the deep connection between them, introducing the so-called Hartle
criterion. To this purpose, let us notice that Equation (30) permits to recast the conjugate
momenta of the cyclic variables as

ji ≡ πi
Qi =

∂L
∂Q̇i

. (31)

As a consequence, if the cosmological point-like Lagrangian enjoys m symmetries with
related conserved quantities j1, j2 . . . jm, Equation (10) together with (8) yield the following
system of m + 1 differential equations:

Ĥ |ψ >= 0
−i∂1|ψ >= j1|ψ >

−i∂2|ψ >= j2|ψ >
...
−i∂m|ψ >= jm|ψ > .

(32)

Notice that, thanks to the change of variables (30), suggested by the Noether symme-
tries, the above system can be suitably integrated. Indeed, the integrals of motion ji allow
to reduce dynamics and generally provide a wave function of the form [75]:

|ψ >= eijkQk |χ(Q`) >, m < ` < n, (33)

where m are the variables with symmetries (integrals of motion), ` are the variables with
no symmetries and n the minisuperspace dimension. Interestingly, in the semiclassical
limit, the existence of symmetries leads to oscillatory solutions of the WDW equation. The
latter, according to the Hartle criterion, are related to observable universes. Specifically,
Hartle proposal relies on the analogy with non-relativistic Quantum Mechanics, where
the oscillating wave function generally describes a classically permitted region, unlike the
exponential wave function which labels the quantum region. Similar arguments can be
also applied within the context of Quantum Cosmology, where the existence of Noether
symmetries assures that the Hartle criterion can be related to classical trajectories. In other
words, the oscillations of some components of the wave function mean correlations among
variables while the exponential behavior means no correlation. Moreover, in the Wentzel–
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Kramers–Brillouin (WKB) limit, the wave function can be linked to the gravitational action S
by means of the relation ψ(hij, φ) ∼ eiS. Therefore, using the Hamilton–Jacobi equations
∂S
∂qa = πa, it is possible to get the dynamics for the generic variable qa.

In other words, the importance of Noether symmetries in Quantum Cosmology is
twofold: on the one hand, symmetries allow to reduce the dynamical system of differential
equations arising from the ADM formalism, to find analytic solutions and to link such
solutions to observable universes. On the other hand, the wave function can be recast in
terms of the cosmological action to recover the Euler–Lagrange equations with respect to
the new variables. This permits to suitably find exact solutions. The physical interpretation
of such solutions is related to the Hartle criterion. For further readings on Quantum
Cosmology and applications to theories of gravity, see, e.g., [35,76,77].

The results discussed above make Quantum Cosmology an important connection
between classical and quantum aspects of gravity; while waiting for a complete and
self-consistent theory of Quantum Gravity, applications to cosmology give interpreta-
tive approach capable of reducing the infinite-dimensional superspace coming from the
ADM formalism to minisuperspaces where the equations of motion can be integrated and,
eventually, interpreted.

3. Minisuperspace Quantum Cosmology in f (R) Gravity

A first application of the above considerations can be developed for f (R) gravity
described by the action

S =
∫ √

−g f (R) d4x. (34)

We select the functional form of the above action by the Noether Symmetry Approach
and get the explicit expression of the point-like Lagrangian, which can be rendered cyclic
by applying conditions in Equation (30). Finally, we find the Hamiltonian in terms of
the new variables and solve the cosmological WDW equation for this modified model.
This procedure leads to the Wave Function of the Universe, by means of which classical
trajectories can be suitably obtained. We also show that the Hartle criterion is recovered, in
agreement with the above discussion.

By varying Equation (34) with respect to the metric, one gets:

Gµν =
1

fR(R)

{
1
2

gµν[ f (R)− R fR(R)] + fR(R);µ;ν − gµν� fR(R)
}

, (35)

being Gµν the Einstein tensor Gµν = Rµν −
1
2

gµνR and fR(R) the first derivative of f (R)
with respect to R. Notice that when fR = 1, Einstein field equations are recovered. In
addition, the RHS can be understood as an effective energy–momentum tensor provided
by the geometry, capable of reproducing the Dark Energy behavior without any further
material ingredient [49].

Before applying the Noether Symmetry Approach, let us find the related point-like La-
grangian in a cosmological spatially flat background of the form ds2 = dt2− a(t)dx2, where
a(t) is the scale factor. Using a Lagrange multiplier λ, and considering the cosmological
expression of the scalar curvature, the action can be written as

S =
∫ [

a3 f (R)− λ

(
R + 6

ä
a
+ 6

ȧ2

a2

)]
dt, (36)

where we integrated the three-dimensional hypersurface. By varying the action with
respect to the curvature scalar, it is possible to find the Lagrange multiplier λ, that is:

δS
δR

= a3 fR(R)− λ = 0, λ = a3 fR(R). (37)
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Replacing the result in Equation (37) into the action (36) and integrating out second
derivatives, the canonical point-like Lagrangian turns out to be [78]

L(a, ȧ, R, Ṙ) = a3[ f (R)− R fR(R)] + 6aȧ2 fR(R) + 6a2 ȧṘ fRR(R). (38)

The corresponding Euler–Lagrange equations are
6a2 ȧṘ fRR(R) + 6aȧ2 fR(R)− a3[ f (R)− R fR(R)] = 0

Ṙ2 fRRR(R) + R̈ fRR(R) +
ȧ2

a2 fR(R) + 2
ä
a

fR(R)− 1
2
[ f (R)− R fR(R)] + 2

ȧ
a

Ṙ fRR(R) = 0

R = −6
(

ä
a
+

ȧ2

a2

)
.

(39)

The first equation is the energy condition EL = 0, corresponding to the (0,0) component
of the field equations, namely the modified first Friedmann equation. The second is the
equation with respect to the scale factor; the third is the Euler–Lagrange equation with
respect to the scalar curvature, which provides again the cosmological expression of R
derived from the Lagrange multiplier. In the considered minisuperspace, the Noether
vector assumes the form

X[1] = ξ(a, R, t)∂t + α(a, R, t)∂a + β(a, R, t)∂R (40)

+
(
α̇(a, R, t)− ξ̇(a, R, t)ȧ

)
∂ȧ +

(
β̇(a, R, t)− ξ̇(a, R, t)Ṙ

)
∂Ṙ,

so that the application of the Noether identity (15), yields the following possible solutionX =
α0

a
∂a − 2α0

R
a2 ∂R

j = 9α0 f0(2Rȧ + aṘ)R−
1
2 , f (R) = f0R

3
2 ,

(41)

where X is the symmetry generator. For the entire set of solutions see [78,79]. Notice that
Equation (41) describes an internal symmetry, thus the infinitesimal generator ξ vanishes
identically. This means that Equation (41) is also a solution of the vanishing Lie derivative
condition and, consequently, the change of variables in Equation (30) can be adopted.

The WDW Equation and the Wave Function of the Universe

A suitable Minisuperspace Quantum Cosmology can be constructed for the function
f (R) = f0R

3
2 , selected by the Noether symmetries. Before considering the ADM formalism

and finding the related Hamiltonian, we use the Noether Approach to reduce dynamics, by
introducing a cyclic variable in the minisuperspace. To this purpose, Equation (24) permits
to pass from the minisuperspace S{a, R} to S ′{z, w}, by means of the following system of
differential equations: {

α∂az(a, R) + β∂Rz(a, R) = 1
α∂aw(a, R) + β∂Rw(a, R) = 0,

(42)

with z being the cyclic variable. A possible solution is
w = w0(a

√
R)`, z =

a2

2α0

a =
√

2α0z, R =
1

2α0
z
(

w
w0

) 2
`

,
(43)

being ` and w0 integration constants. Replacing Equation (43) into Equation (38), the
Lagrangian turns out to be

L =
f0

`w

(
w
w0

) 1
`

[
18α0ẇż− w`

(
w
w0

) 2
`

]
. (44)
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Notice that the new equations of motion are simpler than Equation (39), written in
terms of the old variables. They read:

(`− 1)ẇ2 − `wẅ = 0(
w
w0

) 2
`

+ 6α0z̈ = 0 ,
(45)

where clearly z is the cyclic variable because there is no potential term depending on it.
The Legendre transformationH = πi q̇i −L provides the Hamiltonian

H =
`

18α0 f0
w
(

w
w0

)− 1
`

πwπz + f0

(
w
w0

) 3
`

. (46)

By promoting the momenta to operators, i.e., πi → −i∂i, the primary and secondary
constraints in Equations (10) and (8) read as:

Ĥψ =

[
`

18α0 f0
w
(

w
w0

)− 1
`

∂w∂z + f0

(
w
w0

) 3
`

]
ψ = 0

π̂zψ = −i∂zψ = j0ψ,

(47)

where the former is the WDW equation. The solution of the above system yields the
following wave function [80]

ψ(z, w) = ψ0 exp

{
i

[
j0z−

9α0 f 2
0

2j0

(
w
w0

) 4
`

]}
. (48)

In the semiclassical limit, the wave function can be recast in terms of the action S as

ψ ∼ eiS, (49)

so that comparing Equation (49) with Equation (48), the action turns out to be

S = j0z−
9α0 f 2

0
2j0

(
w
w0

) 4
`

. (50)

It can be easily proven that the Hamilton–Jacobi equations
∂S
∂qi = πi exactly provide

the same system as Equation (45). The related solution, after coming back to the old
variables, reads [80]

a(t) = a0

[
c4t4 + c3t3 + c2t2 + c1t + c0

]1/2
, (51)

with ci integration constants. It is worth noticing that, due to the oscillatory behavior of the
wave function (48), the Hartle criterion is recovered by the existence of the Noether sym-
metry. The cosmological solution, emerging after this process, is an observable universe (51).
Other solutions of this type can be found, see e.g., [81].

4. Minisuperspace Quantum Cosmology in f (T) Gravity

Let us now consider an action containing a function of the torsion scalar T, namely,

S =
∫

e f (T) d4x, (52)



Universe 2022, 8, 177 11 of 18

defined as an extension of TEGR. As discussed in Section 1, T is the contraction of the
superpotential with the torsion tensor. We assume the torsion scalar to be written in terms
of the Weitzenböck connection Γα

µν = eρ
a∂µea

ν, with ea
µ being the tetrad fields. By this choice,

the spin connection vanishes identically, but the Lorentz Invariance is formally preserved
and the dynamics results unchanged [82].

By varying the action (52) with respect to the tetrad fields, one gets the following field
equations:

1
e

∂µ(h eρ
aS µν

ρ ) fT(T)− eλ
a T ρ

µλS νµ
ρ fT(T) + eρ

aS µν
ρ (∂µT) fTT(T) +

1
4

eν
a f (T) = 0, (53)

with fT(T) being the first derivative of f (T) with respect to T and e the tetrad fields
determinant. Unlike the f (R) model, assigning a cosmological spatially flat space-time
is not sufficient to uniquely determine the form of the tetrad fields. To overcome this
issue, some criterions of “good” and “bad” tetrads can be used, as shown for example
in [83]. In the applications to cosmology, we can use the simplest choice among all possible
tetrads leading to a spatially flat cosmological universe, namely, ea

µ = diag(1, a(t), a(t), a(t)).
Consequently, the field Equation (53) takes the form

T fT(T)−
1
2

f (T) = 0 , (54)

2T fTT(T) + fT(T) = 0 . (55)

The same system of differential equations arises from the Euler–Lagrange equations
coming from the point-like Lagrangian, which, in turn, can be obtained by means of the
Lagrange Multipliers Method. More precisely, using the cosmological expression of the
torsion scalar

T = −6
ȧ2

a2 , (56)

the action (52) can be recast as:

S =
∫ [

a3 f (T)− λ

(
T + 6

ȧ2

a2

)]
dt. (57)

Moreover, the Lagrange multiplier λ is straightforwardly provided by the variation of
the action with respect to the torsion scalar, that is,

δS
δT

= 0 → λ = a3 fT(T), (58)

so that we have
L(a, ȧ, T) = a3[ f (T)− T fT(T)]− 6aȧ2 fT(T). (59)

As mentioned above, the dynamical system of Euler–Lagrange equations turns out to
be exactly equivalent to that provided by the field Equations (54) and (55). This system,
however, can be analytically solved after selecting the form of the function f (T). To this
purpose, as in the previous section, we consider the Noether Symmetry Approach and
develop the corresponding quantum cosmological model.

Let us start from Lagrangian (59) and select the unknown function by Noether’s
approach. In the considered two-dimensional minisuperspace, that is S = {a, T}, the first
prolongation of the Noether vector takes the form:

X[1] = ξ∂t + α∂a + β∂T +
(
α̇− ξ̇ ȧ

)
∂ȧ, (60)

where α = α(a, T) and β = β(a, T) are the components of the above ηi defined in (14). By
applying the Noether symmetry existence condition (15) and equating to zero terms with
the same time derivatives, we get a system of partial differential equations. A possible
solution is
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X =

[
ξ0

2k− 1

]
t∂t +

[
ξ0

3
a + α0a1− 3

2k

]
∂a +

[
1
k

(
β1 − 3

α0

a
− 3

2k
)
+

ξ0

2k− 1
+ β2

]
T∂T , k 6= 3

2
,

1
2

j0 = −12 f0k
(

ξ0a2 + α0a2− 3
2k

)
Tk−1 ȧ.

(61)

See [84] for other solutions. To introduce a cyclic coordinate by the procedure in
Equation (30), we set ξ0 = β1 = β2 = 0, so that internal symmetries are selected. In this
way, the components of the function ηi read:

α = α0a1− 3
2k , β =

−3α0

k
Ta−

3
2k . (62)

By means of Equation (30), it is possible to introduce a cyclic variable in the minis-
perspace S = {a, T}. Specifically, Equation(30) provides:{

α∂az + β∂Tz = 1
α∂aw + β∂Tw = 0,

(63)

which, using the solution (62), reduces to
z =

2k
3α0

a
3
2k , → a =

(
3α0z
2k

) 2k
3

w = a3Tk, → T = w
1
k

(
3α0z
2k

)−2
,

(64)

so the Lagrangian with cyclic variable reads

L = w(1− k)− 6kα2
0ż2w

k−1
k , (65)

and z is cyclic as expected. The set of Euler–Lagrange equations coming from the above
Lagrangian is

kwz̈ + ẇż(k− 1) = 0, (66)

w = −6kα2k
0 ż2k. (67)

Following the same steps as f (R) gravity, we perform a Legendre transformation for
Lagrangian (65), that is:

H = w(k− 1) +
3π2

z

24kα2
0w

k−1
k

. (68)

In the canonical quantization scheme, where the conjugate momenta and the Hamilto-
nian are recast in terms of differential operators, the primary constraints (8) and (10) yield
the system: 

[
w(k− 1)− 3∂2

z

24kα2
0w

k−1
k

]
ψ = 0

i∂zψ = j0ψ ,

(69)

where the first equation is the WDW equation and the second is the momentum conserva-
tion equation. A solution is:

ψ ∼ exp
{

i
[

2α0w
2k−1

2k

√
2k(k− 1)

]
z
}

. (70)

Notice that, also here, the wave function is oscillating, confirming that the Hartle
criterion holds for this model and observable universes are naturally provided. Moreover,
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in the WKB approximation, the wave function can be related to the gravitational action, so
that the latter can be explicitly recast as:

S =

[
2α0w

2k−1
2k

√
2k(k− 1)

]
z.

Using the Hamilton–Jacobi equations
∂S
∂z

= πz = j0
∂S
∂w

= πw = 0 ,
(71)

we obtain the following analytic solution for z and w

z(t) = z0t, w = −6kα2k
0 z2k

0 , (72)

which, in terms of the old variables, becomes

a(t) = a0t
2k
3 , T(t) = −8k2

3
1
t2 . (73)

The free parameter k can be constrained by the energy condition, which is the first
Friedmann equation. It is possible to show that the only admissible solution occurs for
k = 1/2. This means that the only cosmological solution which is compatible with Noether
symmetries describes a stiff matter dominated epoch.

5. Minisuperspace Quantum Cosmology in f (G) Gravity

As mentioned in the Introduction, Gauss–Bonnet cosmology has been recently taken
into account because it allows to reduce the complexity of the field equations and, at the
same time, to solve some high-energy issues exhibited by GR. Moreover, once considering
an action proportional to R + f (G), the function can be understood as an effective cosmo-
logical constant, with negligible contributions at the level of Solar System. Therefore, in the
limit f (G)→ 0, GR is safely recovered. Nevertheless, it is possible to show that Einstein’s
theory can be obtained even without imposing the GR limit as a requirement, namely, when
the action is only proportional to the function f (G). Specifically, in cosmological contexts,
the model f (G) ∼

√
G turns out to be dynamically equivalent to the scalar curvature [58].

Similar considerations also apply in a spherically symmetric background [85]. Let us start
with the action

S =
∫ √

−g f (G) d4x, (74)

whose variation with respect to the metric tensor provides [36,86]:

1
2

gµν f (G)−
(

2RRµν − 4RµpRp
ν + 2R pστ

µ Rνpστ − 4RαβRµανβ

)
fG(G) +

+
(

2R∇µ∇ν + 4Gµν�− 4Rp
{ν∇µ}∇p + 4gµνRpσ∇p∇σ − 4Rµανβ∇α∇β

)
fG(G) = 0 . (75)

In a cosmological spatially flat space-time, the Gauss–Bonnet invariant takes the form

G = 24
ȧ2 ä
a3 . (76)

It is easy to see that, when multiplied by
√−g, Equation (76) turns out to be a boundary

term. In order to apply the Noether Symmetry Approach and find the cosmological
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Hamiltonian, we adopt a Lagrangian description as in the previous sections. Therefore, we
use the constraint (76) to recast the action (74) in terms of Lagrange multipliers as

S =
∫ [

a3 f (G)− λ

{
G − 24

ȧ2 ä
a3

}]
d4x . (77)

Using the variational principle and integrating out higher derivatives, the canonical
point-like Lagrangian turns out to be:

L(a, ȧ,G, Ġ) = a3[ f (G)− G fG(G)]− 8ȧ3Ġ fGG(G). (78)

The field Equation (75) is thus equivalent to the system of equations of motion coming
from Equation (78), which reads

a3[ f (G)− G fG(G)] + 24ȧ3Ġ fGG(G) = 0
a2[ f (G)− G fG(G)] + 8ȧ[2Ġ ä fGG(G) + ȧG̈ fGG(G) + ȧĠ2 fGGG(G)]

G = 24
ȧ2 ä
a3 .

(79)

The first equation is the energy condition. The second is the equation for the scale
factor evolution and the third is the equation for the Gauss–Bonnet term coinciding with
the Lagrange multiplier (76).

In the two-dimensional minisuperspace S = {a,G}, the generator of transformations
can be

X = ξ(a,G, t)∂t + α(a,G, t)∂a + β(a,G, t)∂G . (80)

The transformation is a symmetry, if the condition (15) holds. Pursuing the same
procedure as in Sections 3 and 4, the application of the Noether identity to Lagrangian (78)
provides a system of two differential equations:

3αa2[ f (G)− G f ′(G)]− βa3G f ′′(G) + ∂tξa3[ f (G)− G f ′(G)] = 0
3∂aα f ′′(G) + β f ′′′(G)− 3∂tξ f ′′(G) + ∂Gβ f ′′(G) = 0
ξ = ξ(t) , α = α(a) , β = β(G) g = g0,

(81)

whose solution is [58]

α = α0a , β = −4ξ0G , ξ = ξ0t + ξ1 , f (G) = f0Gk, j0 =
ȧ3

G3k , (82)

with the definitions
k ≡ 3α0 + ξ0

4ξ0
, f0 ≡

4 f0ξ0

3α0 + ξ0
. (83)

Replacing the selected function into the Lagrangian (78), the latter takes the form:

L = −1
3
Gk−2

[
3(k− 1)a3G2 + 24k(k− 1)ȧ3Ġ

]
. (84)

Starting from this Lagrangian, it is possible to find the related Hamiltonian and the
Wave Function of the Universe.

The WDW Equation and Wave Function of the Universe

As above, applying Equation (30), the minisuperspace can be reduced. Here, set-
ting ξ = 0, leads to trivial solutions. Therefore, only symmetries involving space-time
translations can be selected and this fact does not allow to use the procedure, based on
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Equation (30), as in previous sections. Nevertheless, starting from Lagrangian (84), it is still
possible to write the Hamiltonian as:

H =
f0

k
Gka3 + πa

(
−πG

8 f0
G2−k

) 1
3

, (85)

with πa =
∂L
∂ȧ

and πG =
∂L
∂Ġ

. In this form, the system cannot be immediately quantized

due to the presence of the fractional exponent. However, we can still use the conserved
quantity (82) to reduce the minisuperspace and to get a suitable Hamiltonian. More
precisely, the momentum πG can be rewritten in terms of j0 as:

πG = −8 f0 j0G4k−2 , (86)

so that the Hamiltonian becomes

H =
f0

k
Gka3 + πa

(
j0G3k

) 1
3 . (87)

The canonical quantization rules, together with the WDW equationHψ = 0, provide
a system of differential equations of the form

πGψ = −i
∂

∂G ψ → ψ(a,G) = A(a) exp

{
i

8 f0 j0G4k−1

1− 4k

}
Hψ = 0 → f0

k
(j0)

− 1
3 a3 A(a)− i

∂A(a)
∂a

= 0 ,

(88)

which can be solved with respect to A(a) to provide the Wave Function of the Universe.
The solution is:

ψ(a,G) = ψ0 exp

{
i

[
− f0

4k
(j0)

− 1
3 a4 +

8 f0 j0G4k−1

1− 4k

]}
. (89)

Even in this case, the Hartle criterion is preserved by the existence of symmetries, as
the wave function is oscillating in the minisuperspace considered. Moreover, in the WKB
approximation, the gravitational action can be addressed to the quantity:

S = − f0

4k
(j0)

− 1
3 a4 +

8 f0 j0
1− 4k

G4k−1, (90)

so that Hamilton–Jacobi equation with respect to a(t) yields

∂S
∂a

= πa → Gka3 = 24Gk−2 ȧ3Ġ , (91)

which is exactly the first Euler–Lagrange equation. The second Hamilton–Jacobi equation(
∂S
∂G = πG

)
instead, provides the identity πG = j0. The system can be implemented with

the energy condition, so that the entire system of three differential equations yields the
exact solution:

a(t) = a0t1−4k G(t) = −96k(1− 4k)3t−4 ≡ G0t−4 . (92)

As shown in [58], the epochs crossed by the universe evolution can be obtained by
varying the value of the constant k. To conclude, also in this case observable universes are
recovered in the semiclassical limit.
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6. Discussion and Conclusions

Minisuperspace Quantum Cosmology is an approach that ultimately allows to select
initial conditions for observable universes. Starting from the Hamiltonian formulation of
gravity theories, it is possible, by a quantization procedure, to obtain the functional WDW
equation whose solution is the Wave Function of the Universe. Selecting particular configu-
ration spaces (minisuperspaces), it is possible to reduce the infinite dimensional problem
of superspace, and then the WDW equation to a partial differential equation eventually
solvable. According to the Hartle criterion, we can determine if dynamical variables of such
a wave function are either correlated or not and then apply the Hamilton–Jacobi equations
for achieving classical trajectories. The Noether Symmetry Approach, in its Hamiltonian for-
mulation, gives a straightforward interpretation of the Hartle criterion [75,80]: correlations
occur for the oscillating components of the Wave Function of the Universe and they are
related to the existence of first integrals of motion. The possibility to select classical trajec-
tories (i.e., observable universes) relies on the existence of Noether symmetries. In other
words, Noether symmetries constitute a selection rule in Quantum Cosmology.

In this paper, we considered some classes of gravity theories and selected their func-
tional forms taking into account the existence of Noether symmetries. Specifically, we
studied cosmological models related to f (R) gravity, f (T) gravity and Gauss–Bonnet
gravity. The application of Noether Symmetry Approach provides (i) the transformation
generator (which is a symmetry for the starting Lagrangian), (ii) the conserved quantity
and (iii) the form of the action functional. When searching for internal symmetries, it is
possible to follow the procedure in Equation (30) by which the cyclic variables for the
dynamical system are derived.

After a Legendre transformation, we obtain the Hamiltonian function related to the
Noether symmetry. After a canonical quantization, it is possible to derive the corresponding
WDW equations and the Wave Function of the Universe. The Hartle criterion is always
recovered thanks to presence of first integrals which give rise to oscillating behaviors
independently of the considered representation of gravity. This means that classical trajec-
tories, and therefore observable universes, can be always recovered if symmetries exist. As
reported also in [79,87], the presence of Noether symmetries seems a criterion to recover
physically viable models. In a forthcoming paper, this approach will be developed also in
comparison with observational data.
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