* universe

Article

A Real Scalar Field Unifying the Early Inflation and the Late
Accelerating Expansion of the Universe through a Quadratic
Equation of State: The Vacuumon

Pierre-Henri Chavanis

check for
updates

Citation: Chavanis, P.-H. A Real
Scalar Field Unifying the Early
Inflation and the Late Accelerating
Expansion of the Universe through a
Quadratic Equation of State: The
Vacuumon. Universe 2022, 8, 92.
https://doi.org/10.3390/
universe8020092

Academic Editors: Antonino Del
Popolo, Yi-Fu Cai and Jean-Michel
Alimi

Received: 20 December 2021
Accepted: 21 January 2022
Published: 31 January 2022

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2022 by the author.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

Laboratoire de Physique Théorique (IRSAMC), CNRS and UPS, Université de Toulouse, 31062 Toulouse, France;
chavanis@irsamc.ups-tlse.fr

Abstract: In a previous paper we introduced a cosmological model describing the early inflation, the
intermediate decelerated expansion, and the late accelerating expansion of the universe in terms of
a single barotropic fluid characterized by a quadratic equation of state. We obtained a scalar field
representation of this fluid and determined the potential V(¢) connecting the inflaton potential in
the early universe to the quintessence potential in the late universe. This scalar field has later been
called the ‘vacuumon’ by other authors, in the context of the Running Vacuum model. In this paper,
we study how the scalar field potential is modified by the presence of other cosmic components such
as stiff matter, black-body radiation, baryonic matter, and dark matter. We also determine the mass m
and the self-interaction constant A of the scalar field given by the second and fourth derivatives of
the potential at its extrema. We find that its mass is imaginary in the early universe with a modulus
of the order of the Planck mass Mp = (hic/G)1/2 = 1.22 x 10!° GeV /c? and real in the late universe
with a value of the order of the cosmon mass m = (Ah2 /2 =208 x 1078 eV/c2 predicted by
string theory. Although our model is able to describe the evolution of the homogeneous background
for all times, it cannot account for the spectrum of fluctuations in the early universe. Indeed, by
applying the Hamilton—Jacobi formalism to our model of early inflation, we find that the Hubble
hierarchy parameters and the spectral indices lead to severe discrepancies with the observations. This
suggests that the vacuumon potential is just an effective classical potential that cannot be directly
used to compute the fluctuations in the early universe. A fully quantum field theory may be required
to achieve that goal. Finally, we discuss the connection between our model based on a quadratic
equation of state and the Running Vacuum model which assumes a variation of the cosmological
constant with the Hubble parameter.

Keywords: cosmology; inflation; dark matter; dark energy; equation of state; scalar field; de Sitter
era; primordial fluctuations

PACS: 95.30.5f; 95.35.+d; 98.62.Gq

1. Introduction

The universe displays three main periods of evolution: an early phase of inflation
during which the scale factor increases exponentially rapidly with time, an intermediate
phase of decelerated expansion during which the scale factor increases algebraically, and a
late phase of accelerating expansion during which the scale factor increases exponentially
rapidly again.! The idea that a period of accelerated expansion (early inflation) may have
occured in the early universe was introduced by Guth [1] in 1981 to explain the observed
isotropy, homogeneity, and flatness of the universe in a natural way. The early inflation
also explains the near scale-invariant spectrum of cosmological perturbations. The present
acceleration of the universe was discovered at the end of the twentieth century [2-5] and
was a surprise.
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The intermediate phase of decelerated expansion is relatively well-understood. It
corresponds to a relativistic radiation era followed by a nonrelativistic matter era. These
two periods are described by a linear equation of state

P = ucpcz, @D

where P is the pressure and pc? is the energy density. The coefficient is equal to « = 1/3
for radiation (corresponding to a gas of photons or other ultrarelativistic particles such as
neutrinos) and to & = 0 for pressureless matter (baryonic matter and dark matter). One can
also consider a small value of & = kgT/mc* ~ 1077 in the matter era in order to take into
account thermal effects (to make this estimate we have used v, ~ (kgT/m)/? ~ 100km/s
obtained from the rotation curves of the galaxies).

The early inflation and the late accelerating expansion of the universe are less well
understood. The fundamental constant that describes quantum mechanics is the Planck
constant i = 1.05 x 10731 m? gs’1 [6]. From the Planck constant, and from the other
fundamental constants of physics (the speed of light c and the gravitational constant G),
one can construct a density

5

op = h% =5.16 x 10° gm™?, )
called the Planck density. This density is extremely high. It is expected to play a fundamen-
tal role in the early universe (which is very dense) and be responsible for the first phase
of inflation. It is usually believed that inflation corresponds to a de Sitter stage during
which the density of the universe is constant and equal to the Planck density.” On the
other hand, Einstein [7] introduced a cosmological constant A in the equations of general
relativity in order to obtain a static universe. Although Einstein rejected this constant after
the discovery of the expansion of the universe, calling it his “biggest blunder” [3], we now
know that a nonzero value of the cosmological constant A = 1.00 x 1073552 is favored by
current observations. The effect of the cosmological constant is equivalent to the effect of a
constant density

oA = % =596 x 102 gm3, (3)
called the cosmological density. This density is extremely low. It is expected to play a
fundamental role in the late universe (which is very dilute) and be responsible for its
observed present-day acceleration. The origin of this acceleration is generally called dark
energy. It is usually believed that the late accelerating expansion of the universe corresponds
to a second de Sitter stage during which the density of the universe is constant and equal
to the cosmological density. The ratio between the Planck density (early universe) and the
cosmological density (late universe) is

PP 103, @)
PA

They differ by 123 orders of magnitude. The cosmological constant is usually interpreted in
terms of the vacuum energy. The vacuum is described by an equation of state P = —pc? [9-11]
which implies a constant energy density leading to a de Sitter exponential expansion. However,
particle physics predicts that the vacuum energy should be of the order of the Planck scale.
Therefore, this interpretation leads to a discrepancy of 123 orders of magnitude with the
measured value of A. This is the so-called “cosmological constant problem” [12,13].

Various models have been proposed to describe the primordial inflation. The model of
Starobinsky [14] takes into account quantum gravitational effects. It has a purely geometric
nature and consists in a generalization of the Einstein-Hilbert action to contain an R?
contribution, where R is the Ricci scalar curvature. It leads to a nonsingular de Sitter stage
instead of the initial big bang singularity predicted by the classical Einstein equations. The
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phase of inflation in the very early universe can also be described by a hypothetical scalar
field ¢, called inflaton, running down a potential. This scalar field has its origin in the
quantum fluctuations of the vacuum and is usually associated with a nonequilibrium phase
transition [15]. Interestingly, the Starobinsky model can be mapped on a scalar field model
with a special form of potential (see, e.g., [16] and references therein).

Various models of dark energy have also been proposed to describe the late accelera-
tion of the universe. The simplest model is the cold dark matter model with a cosmological
constant (ACDM model), which describes dark matter as a pressureless fluid and dark
energy as a cosmological constant [17,18]. The ACDM model provides a very good descrip-
tion of the large scale structure of the universe and can account for the observations of the
Planck mission [19,20]. However, the ACDM model suffers from the cosmological constant
problem mentioned above and from the “cosmic coincidence problem” [21-23], namely
why the fractions of dark matter and dark energy turn out to be of the same order of mag-
nitude at the present epoch although they scale differently with the universe’s expansion.’
The CDM model also suffers from small-scale problems (at the galactic scale) such as the
core-cusp problem of dark matter halos [24], the missing satellite problem [25-27], and
the “too big to fail” problem [28]. This leads to the so-called small-scale crisis of CDM [29].
In order to solve or alleviate these difficulties, other models of dark energy have been
introduced. Inspired by the models of inflation, some authors have proposed to describe
the dark energy in terms of a self-interacting scalar field called quintessence [30-33] which
can be interpreted as a dynamical vacuum energy. Other authors [34] have invoked an
exotic fluid with a negative pressure called the Chaplygin gas [35]. This model provides
a unification of dark matter and dark energy in terms of a single dark fluid. Additional
models of unified dark matter and dark energy (called UDM or quartessence models [36]),
such as the generalized Chaplygin gas [34,37], the modified Chaplygin gas [38], the poly-
tropic gas [39-47], or the logotropic dark fluid [48-52], have been introduced subsequently.
These models are consistent with observation data only if they are extremely close to the
ACDM model [53] which is equivalent (in its UDM interpretation) to a single dark fluid
with a constant negative pressure P = —pc? [42,53,54].

In a series of papers [39-47], we have proposed to describe the whole evolution of the
universe, from its early inflation to its late accelerating expansion, by a quadratic equation

of state of the form )

P=—(a+ 1)5—c2 +apc? — (a +1)pac?, )
P

in which the coefficients are the Planck density pp (see footnote 2) and the cosmological den-
sity pa. The left term describes the early inflation, the middle term describes the decelerated
expansion (corresponding to a fluid with a linear equation of state P = apc?), and the right
term describes the late accelerating expansion. This equation of state can be simplified in
some limits. In the early universe (p > pp), the last term in Equation (5) is negligible and the

quadratic equation of state
2

pP= —(oc+1)P—c2+apc2 (6)
Pp

describes the transition between the early inflation and the phase of decelerated expansion.
On the other hand, in the late universe (0 < pp), the first term in Equation (5) is negligible
and the affine equation of state

P = apc® — (a+1)pac? @)

describes the transition between the phase of decelerated expansion and the late accelerating
expansion (the ACDM model, corresponding to a constant equation of state P = —pxc?,
is recovered for &« = 0). Interestingly, the equations of state (6) and (7) can be viewed as
generalized polytropic equations of state of the form P/c? = ap + kp!T!/" involving a
linear term P/c?> = ap and a polytropic term P/c? = kp'*1/" with a negative pressure
(k < 0) and an index n = +1 (resp. n = —1) in the early (resp. late) universe. These
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generalized polytropic equations of state have been studied at a general level in [41-43].
They can be viewed as generalized (or modified) Chaplygin gas models.

(i)

(i)

(iii)

(iv)

v)

Our main results can be summarized as follows:

In Ref. [41], we studied in detail the equation of state (6) with « = 1/3 describing the
smooth transition between the early inflation and the radiation era. This equation of
state provides a “graceful exit” to the de Sitter era. We considered more general models
with an arbitrary value of a (instead of « = 1/3) and an arbitrary positive polytropic
index . (instead of n, = +1). We showed that the results remain qualitatively the
same in these more general situations.

In Ref. [42], we studied in detail the equation of state (7) with &« = 0 describing the
smooth transition between the matter era and the late inflation. We showed that this
equation of state returns the ACDM model. We considered more general models with
an arbitrary value of & (instead of # = 0) and an arbitrary negative polytropic index
n; (instead of n; = —1). We showed that the results remain qualitatively the same in
these more general situations.

In Refs. [39,40,42,47], we described the complete history of the universe. It involves
two de Sitter eras (early and late inflation) bridged by an intermediate decelerated
era. These results are reported in Figure 14 of [42]. They have been obtained by
connecting the results valid in the early universe (see Equation (6)) to the results
valid in the late universe (see Equation (7)). This approach describes the successive
phases of early inflation, radiation, matter, and late inflation. In this manner, our
model smoothly connects the primordial inflation to the ACDM model. In our model,
the early and late evolution of the universe is remarkably symmetric. It is described
by two polytropic equations of state of index n, = +1 and n; = —1 respectively.
In addition, the cosmological density p in the late universe is the counterpart of
the Planck density pp in the early universe. As the universe expands, the density
decreases from the Planck density pp = 5.16 x 10 gm~3 to the cosmological density
pa = 5.96 x 10~ gm’g’, spanning 123 orders of magnitude (see Figure 15 of [42]).
The resulting model of universe is non-singular and non-phantom. There is no big
bang singularity in the past, nor big rip singularity in the future. The early and late
behaviors of the universe are described by two de Sitter eras with density pp and
pa, respectively. The universe exists eternally in the past and in the future. There
is no question such as “What happens for t < 0 before the big bang?”. We called
this nonsingular and fully symmetric model of universe, exhibiting two extreme de
Sitter eras bridged by a period of decelerated expansion, the “aioniotic” universe (see
Section 7.4 of [42]).

In Refs. [39-42,47], we studied the thermal history of the universe. As the Friedmann
equations are dissipationless, the total entropy of the universe (including all kinds of
matter and energy) is constant. It has the very large value S/kp = 5.04 x 1087 [41].
We obtained a generalized Stefan—Boltzmann law valid in the early universe (see
Equation (84a) of [41]). In our model, the temperature T increases exponentially
rapidly during the inflation up to the Planck temperature Tp = 1.42 x 1032 K, then
decreases algebraically during the radiation and matter eras (see Figure 16 of [42]).
This is very different from other models of inflation where the temperature drops
drastically during the exponential inflation and one has to invoke a phase of re-heating
by various high energy processes (that are not very well-understood) in order to restore
the initial temperature.

In Refs. [39,40,42,47], we developed a scalar field representation of our model. We
determined the “inflaton” potential (see Equation (123) of [42]) associated with the equa-
tion of state (6) which describes the smooth transition between the early inflation and
the radiation era, and we determined the “quintessence” potential (see Equation (125)
of [42]) associated with the equation of state (7) which describes the smooth transition
between the matter era and the late inflation.
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(vi) In Refs. [45-47], we considered the possibility that the cosmic history of the universe
involves an additional stiff matter era after the inflation and prior to the radiation era.
This stiff matter era is described by an equation of state of the form P = pc? where the
speed of sound, given by ¢ = P/(p), is equal to the speed of light (cs = c) [45,55,56].
We proposed to describe the transition between the inflation and the stiff matter era in
the primordial universe by an equation of state of the form of Equation (6) witha =1,
and we derived the corresponding scalar field potential (see Equation (140) in [45] and
Equation (F.42) in [46]).*

(vii) In Refs. [39,40,42,44], we solved the general model described by the quadratic equation
of state (5). We first derived the explicit relation between the energy density and the
scale factor (see Equation (86) of [44]). We then obtained an exact analytical solution of
the Friedmann equations giving the complete temporal evolution of the scale factor
a(t) and energy density p(t) from t = —oo to t = 400 (see Equation (106) of [44]).
This solution describes the early inflation, the intermediate decelerated expansion,
and the late accelerating expansion of the universe. The quadratic equation of state
(5) therefore provides a unification of the early and late inflation of the universe. We
determined the general scalar field potential associated with this equation of state.
We obtained its exact analytical expression in terms of Jacobian Elliptic functions
(see Equation (121) of [44]) and proposed a simple approximate expression obtained
by using matched asymptotic expansions (see Equation (131) of [44]). Interestingly,
our scalar field theory describes, with a unique potential, the whole evolution of the
universe, from its early inflation to its late accelerating expansion, passing through a
phase of algebraically decelerating expansion. In this sense, the scalar field potential
V(¢) unifies the inflaton potential in the early universe and the quintessence potential
in the late universe.

Very similar results have been obtained in parallel by ]J. Sola and his collaborators in
the context of the Running Vacuum Model (RVM). The basic idea behind this model (see
the review [57] for an exhaustive list of references) is that the cosmological constant actually
depends on time. Using results of particle physics and the renormalization group approach,
they argued that the cosmological constant A(H) is related to the Hubble constant H by a
quartic equation. When combined with radiation and matter, this model produces a phase
of early inflation, a phase of decelerated expansion, and a phase of late inflation which are
very similar to the ones obtained in our model (see Appendix C for a comparison between
the two approaches). Recently, Basilakos et al. [58] developed a scalar field representation
of the RVM. They proposed to call the scalar field that accounts for the temporal evolution
of the vacuum energy the “vacuumon”. As they obtained exactly the same potentials
in the early and late universe as the ones obtained previously in our papers (compare
Equations (4.18) and (4.42) of [58] with Equations (123) and (125) of [42]), we will also
call “vacuumon” the scalar field associated with the quadratic equation of state (5) of our
model [39-47].% Following this terminology, what we referred to as “inflaton” in the early
universe (associated with the equation of state (6)) will be called “early vacuumon” and
what we referred to as “quintessence” in the late universe (associated with the equation
of state (7)) will be called “late vacuumon”. Even more recently, these authors developed
a new model that they called String-inspired Running Vacuum [59]. They managed to
make a connection between the phenomenological RVM and string theory. Interestingly,
their new model includes a stiff matter era in the primordial universe similar to the one
introduced heuristically in our papers [45,46]. They described the transition between the
inflation and the stiff matter era in a manner similar to the one described in Section XI
of [45] or in Appendix F of [46]. They also derived a scalar field potential coinciding with
the one previously obtained in our papers [45,46] (compare Equation (40) of [59] with
Equation (140) of [45] or Equation (F.42) of [46]).° Therefore, the RVM [57-59] and our
model [39-47] are consistent, valuable, and complementary to each other (see Appendix C).

We have argued above that the quadratic equation of state (5) describes the whole
evolution of the universe from its early inflation to its late accelerating expansion. There is,
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however, a difficulty with this description which is connected to the value that one should
ascribe to the parameter a. If we take « = 1/3, the first two terms in Equation (5) describe
the transition between the inflation and the radiation and the last term describes the late
accelerating expansion of the universe. However, this equation of state does not account
for the matter era. Indeed, it describes a universe undergoing early inflation, radiation era,
and late inflation. Alternatively, if we take & = 0, the first term in Equation (5) describes
the early inflation and the last two terms describe the transition between the matter era
and the late accelerating expansion of the universe. However, this equation of state does
not account for the radiation era. Indeed, it describes a universe undergoing early inflation,
matter era, and late inflation. This implies that the quadratic equation of state (5) is not able
to describe the whole content of the universe. Indeed, it cannot describe simultaneously
the radiation era and the matter era. At that point, we have two possibilities:

(A) The first possibility is to assume that the coefficient « that appears in the equation
of state (5) depends on the density in such a way that « — 1/3 at high densities
and & — 0 at low densities. In the early universe (high densities), we can neglect
matter and dark energy and use Equation (6) with the coefficient « = 1/3 (radiation).
In the late universe (low densities), we can neglect inflation and radiation and use
Equation (7) with the coefficient « = 0 (matter). We then have to match these two
asymptotic limits. This is the point of view adopted in [39,40,42,47]. This point of
view is also consistent with the RVM (see Appendix C) provided that the density p is
interpreted as the total density of the universe, i.e., the sum of the running vacuum
energy density plus the energy density of radiation in the early universe or the matter
energy density in the late universe (the same comment applies to the pressure P).

(B) Another possibility is to assume that the quadratic equation of state (5) with a fixed
coefficient « describes only one cosmic fluid. This exotic fluid could correspond to a
scalar field in its hydrodynamic representation. Then, we must consider, in addition,
the contributions of other species treated as independent noninteracting fluids. These
additional species correspond to standard fluids (stiff matter, radiation, and baryonic
or dark matter) described by a linear equation of state. Different choices are possible.
A first choice is to take « = 1/3. In that case, the quadratic equation of state (5)
characterizes a scalar field which is responsible for a phase of early inflation, a phase
of radiation (it could be the standard radiation corresponding to photons or relativistic
particles or a “dark radiation” different from the standard radiation), and a phase of
late inflation. This scalar field provides a unification of inflation, radiation, and dark
energy. Then, we have to add standard radiation (¢, = 1/3), baryonic matter (x; = 0),
and dark matter (¢4, = 0) as additional species. Another choice is to take a = 0.
In that case, the quadratic equation of state (5) characterizes a scalar field which is
responsible for a phase of early inflation, a phase of pressureless dark matter, and a
phase of late inflation. This scalar field provides a unification of inflation, dark matter,
and dark energy. Then, we have to add standard radiation (¢, = 1/3) and baryonic
matter (v, = 0) as additional species. We can also choose another value of «, different
from 1/3 or 0, such as & = 1 corresponding to stiff matter [45,46]. In that case, the
quadratic equation of state (5) characterizes a scalar field which is responsible for a
phase of early inflation, a stiff matter era, and a phase of late inflation. This scalar field
provides a unification of inflation, stiff matter and dark energy. Then, we have to add
standard radiation (¢, = 1/3), baryonic matter (x; = 0) and dark matter (x4, = 0) as
additional species.

In conclusion, we are led to a considering a model of universe involving a scalar
field described by a quadratic equation of state given by Equation (5) plus zero, one, or
several X-fluids described by a linear equation of state P = axpc?. We assume that these
different species are independent from each other and noninteracting. The case of a scalar
field alone described by the quadratic equation of state (5) has been treated in our previous
papers [39,40,42,44]. We found that this scalar field has a potential given by Equation (108) in
the general case, and by Equations (115) and (132) in the early and late universe, respectively.
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This is the potential of the “bare” vacuumon. If we now consider a scalar field described by
the quadratic equation of state (5) in the presence of other species, such as X-fluids described
by a linear equation of state P = axpc?, the potential of the scalar field will change.” In this
paper, we explain how this potential can be calculated and we give its general expression
under the form of an integral. This is the potential of the “dressed” vacuumon due to
the presence of other species. Unfortunately, its general expression cannot be obtained
analytically, except in particular limits.

Once the potential V(¢) has been obtained, we can determine the main characteristics of
the scalar field such as its mass m and self-interaction constant A which are given by the sec-
ond and fourth derivatives of the potential at its extrema [47]. The potential of the vacuumon
presents a maximum V = ppc? in the early universe at ¢ = 0 and a minimum V = p,c?
in the late universe at ¢ = ¢max. Correspondingly, the early vacuumon (inflaton) has an
imaginary mass of the order of the Planck mass Mp = (hc/G)V/? = 1.22 x 10'° GeV /2
and the late vacuumon (quintessence) has a real mass of the order of the cosmon mass
my = hv/A/c* = 2.08 x 10733 eV /2 predicted by string theory. We find that the mass
of the vacuumon in the early universe satisfies a fundamental quantization rule while its
mass in the late universe does not. Finally, we apply the Hamilton—Jacobi formalism [60]
to our model of early inflation in order to obtain the Hubble hierarchy parameters and the
spectral indices. We show that it leads to severe discrepancies with the observations. This
suggests that the scalar field potential of the vacuumon is just an effective classical potential
that cannot be directly used to compute the spectrum of fluctuations in the early universe. A
fully quantum field theory may be required to achieve that goal.

The paper is organized as follows. In Section 2, we recall the basic equations that
describe the cosmic evolution of a fluid with a linear equation of state and the basic
equations that describe the cosmic evolution of a canonical self-interacting real scalar
field. In Section 3, we briefly review our model of universe [39-47] based on the quadratic
equation of state (5). In Section 4, we determine the potential of a scalar field associated
with an arbitrary barotropic equation of state P(p) in the presence of X-fluids and apply
these general results to the quadratic equation of state (5). In Section 5, we show how these
results can be simplified in the case of a scalar field alone in the universe and we recover
the results of our previous papers [39-47]. In Section 6, we determine the parameters of the
scalar field (vacuumon) such as its mass and its self-interaction constant in the early and
late universe. In Section 7, we determine the potential of the scalar field in the presence of
an additional fluid in the intermediate regime between the early and late inflation. In that
case, the scalar field potential can be obtained analytically. In Section 8, we consider the
evolution of the scalar field in the presence of one fluid in the late universe. In Section 9, we
determine the Hubble hierarchy parameters corresponding to our model of early inflation
(early vacuumon) and conclude that a fully quantum field theory is required to achieve a
form of agreement with observations.

2. Basic Equations

In this section, we recall the basic equations determining the cosmological evolution of
a fluid described by a linear equation of state (called here X-fluid) and the basic equations
determining the cosmological evolution of real canonical self-interacting scalar field ¢
described by a potential V(¢).

2.1. Friedmann Equations

If we consider an expanding homogeneous background and adopt the Friedmann—
Lemaitre-Robertson-Walker (FLRW) metric, the Einstein field equations reduce to the
Friedmann equations

871G k> A
H="p- = +=,
3 P~ 2713

2
2b a2 = - Cp KLy ©
c a

®)
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where H = d/a is the Hubble parameter, a(t) is the scale factor, A is the cosmological
constant, and k determines the curvature of space. The universe is closed if k > 0, flat if
k =0, or open if k < 0. Equation (9) can also be written as

i 4G 3P A
f‘s(“@)*s‘ (10

Combining Equations (8) and (9), we obtain the energy conservation equation
dp p
—+3H — | =0. 11
FTi 3 <p + 02) 0 (11)

This equation can be directly obtained from the conservation of the energy—-momentum
tensor D, T*" = 0 which is included in the Einstein equations through the contracted
Bianchi identities. It can be rewritten as

d(a®)
dt

2 (pc2a?) = —P

T (12)

Introducing the volume V o« 4% and the energy E = pc?V, Equation (12) takes the form
dE = —PdV. It can be interpreted as the first principle of thermodynamics for an adiabatic
evolution of the universe dS = 0 [41].

The equation of state parameter is defined by

p
oc
According to Equation (11), the energy density decreases with the scale factor if w > —1
and increases with the scale factor if w < —1 (it is constant if w = —1). The case where the
energy density increases with the scale factor corresponds to a phantom universe.
The deceleration parameter is defined by
ia
=—=. 14
q P (14)
The universe is decelerating if g > 0 and accelerating if g < 0.

In this paper, we consider a flat universe (k = 0) in agreement with the inflation
paradigm [1] and the observations of the cosmic microwave background (CMB) [19,20]. On
the other hand, we set the cosmological constant to zero (A = 0) because, in our model, the
acceleration of the expansion of the universe will be taken into account in the equation of
state of the scalar field. The Friedmann equations then reduce to the form

?Z+3H(p+£) =0, (15)
W=, (16)
z——4ﬂ;G(p+?iJ). (17)
In that case, the deceleration parameter is related to the equation of state parameter by
g 1 +23w‘ (18)

The universe is decelerating if w > —1/3 and accelerating if w < —1/3. Whenw = —1/3
the scale factor increases linearly with time.
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We assume that the universe contains different X-fluids of density px and a scalar
field of density py. The total density and the total pressure are p = ) x px + pp and
P = Y x Px + Py. The Friedmann Equation (16) can then be written as

.\ 2
a 871G 871G
H? = (a) =3 P= 3 (ZPX +P¢>' (19)
X

2.2. X-Fluids
We assume that the X-fluids are described by a linear equation of state of the form

Px = axpxc?, (20)

where ax is constant. We also assume that these fluids are independent from each other
(and from the scalar field) so that they individually satisfy the energy conservation equation

dpx Px\ _

Solving this equation with the equation of state (20), we find

px _ QOxp
oo ad+ax)’

(22)

where pgc? denotes the present value of the energy density of the universe and Qy o denotes
the proportion of the X-fluid at the present time (2 = 1). Assuming that the X-fluid is alone
in the universe (or dominates the other species) and solving the Friedmann Equation (16)
with the density from Equation (22), we find that the scale factor and the density of the
X-fluid evolve with time as

2
3 87‘(Gp00x0 172 S(+ay) 1
=|=(1 —_— t = 2
a 2( +Déx)( 3 ’ Px 6mG(1 +ch)21‘2' (23)
ifax > —1,and as
(SHGpX)l/zt
aoce\ 3 , Px = cst, (24)
if ax = —1.
For the radiation (a, = 1/3):
1 5, Or Qo
PY = gprc 7 % = ﬂ4 7
1
87Gooy 0\ /2 |7 3
=12 ———= t =—. 2
v [ < 3 ' Pr= 3anGe @)
For baryonic matter (a, = 0):
P, =0 )
b 7 po a3 7

2
871GpoQyo\ /% |3
a= [3<” Fo b'0> t] , ! (26)
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For dark matter (¢4, = 0):

Pdm Qdm,O
P = —_— =
dm 0/ pO ﬂ3 7
2
3 (81GpoQamo\ /2| ° 1
— _ A t = . 27
2 [z( : , bim = o7 27)
For stiff matter (as = 1):
o 2 Ps QS,O
PS - pSC 7 % - 116 7
1
87TGPQQSO /213 1
= (3| ——= t =—0. 28
? [ ( 3 ' Ps = 2ance @8
For the dark energy (xgo = —1):
Pge = _PdeCZ/ % = Qde,O/
(3”GPde)l/2t
ace Pde = Cst. (29)

The equation of state of the dark energy (vacuum energy) leads to a constant energy density
implying a phase of exponential expansion (de Sitter). However, we will not need the
equation of state of the dark energy in our model because the acceleration of the expansion
of the universe will be taken into account in the equation of state (or in the potential) of the
scalar field.

2.3. Canonical Scalar Field

A canonical scalar field minimally coupled to gravity evolves according to the Klein—

Gordon (KG) equation®
av

% =
where V(¢) is the potential of the scalar field. The scalar field tends to run down the potential
towards lower energies. The density and the pressure of the scalar field are given by

¢ +3He + 0, (30)

1, 1,
P =597 +V(9),  Pp= 54" = V(9). (31)
We can check that these equations imply the energy conservation Equation (see Appendix A)

dpy B\ _

When the kinetic term dominates the potential term ($? /2 > V(¢)), we obtain the equation
of state Py ~ pq)c2 of stiff matter. This is the kination regime [63]. When the potential term
dominates the kinetic term (¢?/2 < V(¢)), we obtain the equation of state Py ~ —pgc?
of vacuum or dark energy. This is the inflation (de Sitter) regime [15]. Inversely, if the
scalar field is described by the stiff equation of state Py = p¢cz, we find V(¢) = 0 and
¢ = (c2/127tG)/?Int + cst corresponding to the kination regime. If the scalar field is
described by the vacuum or dark energy equation of state Py = —pgc?, we find ¢ = 0, i.e.,
¢ = cstand V(¢) = cst corresponding to the de Sitter regime (see Section 5.6).
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3. Scalar Field with a Quadratic Equation of State
3.1. General Equations

We assume that the scalar field is described by a quadratic equation of state of the

form [39-47]°
2

Py = —(a+1)5¢c2+zxp¢c2— (w+1)pac?, (33)
p

where pp = 5.16 x 10% g m 3 is the Planck density (see footnote?) and p5 = 5.96 x 10724 gm 3
is the cosmological density. The linear term, characterized by a constant «, may represent
radiation (« = 1/3), dark matter (@« = 0 or a ~ 0), stiff matter (x = 1), or even be a new
species.'” The equation of state parameter wy = Py/ (ppc?) and the squared speed of sound
2= Py (pg) are given by

P¢ PA
wey=—(a+1)—+a—(a+1)—, (34)
p = —( )pp ( )p¢
(g _ P
2 ——2(a+1)p—P+1x. (35)

Solving the energy conservation Equation (32) with the equation of state (33), we find that
the density of the scalar field is given in excellent approximation by (see Appendix B)

PP

—(a/al)?’(“Jrl) i 1 +pA/ (36)

Py =
where 4, is a constant of integration. To obtain Equation (36), we have used the fact that
pa/pp < 1. This equation is essentially exact as pa /pp ~ 10712 is extremely small. It can

be rewritten as
Py Qpp

oo (a/ap)3@tD) 41

where pgc? is the present value of the energy density and we have introduced the notations
Qpo = pp/poand Qp g = pa/po (o represents the present proportion of dark energy
in the universe while Q)p ) is just a convenient notation). After the period of inflation (see
below), we can make the approximation

+ Qa0 (37)

P Opo
— o~ —————= + Opyp. 38
00 (a/ap)3@t) AD (38)
In this manner, we see that () p,oai(aﬂ) represents the present proportion (), o of the a-fluid
in the universe. Therefore, the constant a; is given by
O\ 5050
2.0 +a
ap = . . (39)
( Qpp )

We can then rewrite Equation (37) under the equivalent form

P¢ er 0

o Ow g, (40)
Qy /

00 a3(tx+1) + 07])3

Combining Equations (33)-(36) and using again the fact that pp /pp < 1, we obtain in
excellent approximation

_ pp+pala/a)?ery
(a/al)3(a+1) 41
b _pACZ(a/a1)6(rx+l) + zxppcz(a/al)?’(““) _ PPC2 @)
! [(a/a@iD) 11]? ’
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_ —oa(a/a1)°@Y) +app(a/ar)> @) — pp (43)

? 7 T(a/a)¥@ ) 1] [pp + pa(a/ay)2@+D]
(D) _ ala/m)20H) —n—2 .

2 (a/al)3(a+1)+1

We note that the denominator in Equation (43) can be replaced by pa(a/a;)®@+1) +
op(a/ay)@ 1) 4 pp with the same degree of approximation.

If the universe contains only the scalar field, the deceleration parameter g is given by
Equation (18). Using Equations (34) and (43), we obtain

EC T PRI AN
1=— 2(a+1)pp z(oc—i-l)p (45)

and
_ —pala/ar)®+) 4 388 op(a/ap)3@+1) — pp
[(a/a1)3@+D) +1] [pp + pa (a/a1)3eH1)]

The complete analytical solution a(t) of the Friedmann Equation (16) with Equation (36) is
given by [42,44]

(46)

1
NG In [1 +2ic(a/ap)3 @+ +2\/K(1 + (a/ap)3@+D) 4 K(a/al)e(wl))}
2+ (a/ay)® D) + 2\/ 1+ (a/a1)3@+D) 4 x(a/ap)60@+D)
—In (a/ a7 )3@tD)
1/2
:3(a+1)<8") g (47)
3 tp

withtp =1/,/Gpp = (hG/ c5)1/ 2 = 5.39 x 10~* s (Planck time). This solution describes
the evolution of the universe from an early de Sitter era to a late de Sitter era bridged by a
decelerating algebraic expansion (a-era). For the particular values « = 0,1/3,1, the density
evolves with the scale factor as

___ P — ____Pr _
0= T (ajay)? TPA (x=0), pyp= T+ (a/a)t TPA (a =1/3),
___Pr _
00 = T (ajayye TPr @=D- 48)

To better understand the physical meaning of the different terms involved in the foregoing
equations, we successively study how these equations can be simplified in the early and in
the late universe. We only give the equations that will be needed in the subsequent analysis,
and we refer to our previous papers [39-47] for a more thorough discussion.

3.2. Early Universe
In the early universe, where the density is high, the equation of state (33) reduces to
2

Py =—(a+ 1)53202 + ocpq)cz. (49)

This amounts to neglecting the contribution of dark energy (oo = 0). The equation of state
parameter and the squared speed of sound are given by

Py
wy =—(a+1)—" +gq, 50
¢ ( )pp (50)
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(g _ %
2 = —2(a+l)p—P+oc. (51)

Solving the energy conservation Equation (32) with the equation of state (49), we find that
the density of the scalar field is

1
Py _ 1 . (g0 ) 30
or  (a/ay)3He) 41 with & = <QP0) ' 2

’

It can be rewritten as

= &
0 a + TP,O
Then, we find
P 3(a+1) _
¢2 —_ a(a/al) 12’ (54)
popc [(a/al)3(lx+1) + 1]
a(a/al)S(/erl) -1
= , 55
Wy (a/u1)3(vc+1) 41 (55)
2 3(at+1) _ ,
(c5)g _ a(a/ay) ! 2. (56)

c2 (a/a1)3(’”1) +1

If the universe contains only the scalar field, the deceleration parameter is given by

_1+30c_§ ra
1= 2(04+1)pp, (57)

~ (1+3a)(a/ay)3+) —2 (58)
q= 2[([1/111)3(““) 1] .

When a < a1, the density of the scalar field given by Equation (52) tends to a constant
p¢ =~ pp equal to the Planck density. This leads to a phase of early inflation where the scale
factor increases exponentially rapidly with time (early de Sitter era). When a >> ay, the
density of the scalar field decreases algebraically as py /00 = Qg 0/ 2@+ In that case, it
behaves as an a-fluid with a linear equation of state Py = apyc?. The scale factor increases

algebraically as t2/B(1+%)] (the expansion is decelerating if & > —1/3). The equation of
state (49) thus describes the smooth transition between a phase of inflation and an a-era in
the early universe. The transition takes place at a ~ a;. This equation of state is studied in
detail in [41,44]. The temporal evolution of the scale factor a(t) is given analytically by

14+ Jaq)3@+1) 41 1/2
(a/a1)3(a+1)+1—1n( ( (a/ar) ) = i(a+1)<8n> %%—C. (59)

a/a1)3(“+1)/2 3

For the particular values « = 0,1/3, 1, the density evolves with the scale factor as

Py _ 1 _ P _ L _
or 1+ (a/ay)? (=0), pp 1+ (a/a)* (x=1/3),
Po_ 1 o). (60)

pp 1+ (a/ay)®

If we follow approach (A) of the Introduction, it is relevant to take « = 1/3 (radiation) or
possibly & = 1 (stiff fluid) in the early universe.
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3.3. Late Universe

In the late universe, where the density is low, the equation of state (33) reduces to
Pp = appc® — (a + 1)pac®. (61)

This amount to neglecting quantum effects (op — +o0). The equation of state parameter
and the squared speed of sound are given by

—a—(a+1)PA, 62

wp =a— (a+ )p¢ (62)
2

(CCSZ)"’ — a. (63)

Solving the energy conservation Equation (32) with the equation of state (61), we find that
the density of the scalar field is

o 1

. (@) 0\ 30+
= +1 th ==~ ) 64
pn (a/ap)30+e) A ? (QA,O &)
We note that 3at1)
o+
(2) - % ~ 10713, (65)
Equation (64) can be rewritten as
Py Qa,O
o0 ad@+) +On0- (66)
Then, we find
P,
¢ _ a _
on ~ (a/agparD 1, (67)
3(at+1) _ 1
_ a(ax/a) (68)

T ey 11

If the universe contains only the scalar field, the deceleration parameter is given by

71+31x_§ OA
7= DR, (69)

(14 3a)(ay/a)’@+D) —2 "

T (ap/a)e 0 11] 70)

When a > a,, the density of the scalar field given by Equation (64) tends to a constant

pp = pa equal to the cosmological density. This leads to a phase of late accelerating

expansion (or late inflation) where the scale factor increases exponentially rapidly with

time (late de Sitter era). When a < a3, the density of the scalar field decreases algebraically

as pp/po = Quo/ a3+ In that case, it behaves as an a-fluid with a linear equation of

state Py = apyc?. The scale factor increases algebraically as £2/B0+2)] (the expansion is

decelerating if « > —1/3). The equation of state (61) thus describes the transition between

an a-era and a phase of accelerating expansion (dark energy) in the late universe. The

transition takes place at a ~ a,. This equation of state is studied in detail in [42,44]. The
temporal evolution of the scale factor a(t) and density py(t) is given analytically by

a _2
2 — sinh30+
ap

3 8m\/% ¢t 0¢ 1
(1+zx)<) ] Po _ , 7D
2 3 tA OA tanh? [%(1+a)(87r)1/zi}
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with ty = 1/,/Gpa = (87/A)V/2 = 1.46 x 10'® s (cosmological time). For the particular
values @ = 0,1/3,1, the density evolves with the scale factor as

[ 1 4 1
i ~ (a/ap)? T =0, Fi " (a/ay)? T =1/,
1
P AR 7

If we follow approach (A) of the Introduction, it is relevant to take & = 0 (pressureless
matter) in the late universe. In that case, the equation of state is constant Py = —p,c®. This
UDM model is equivalent to the ACDM model not only to 0-th order in perturbation theory
(background) but to all orders, even in the nonlinear clustering regime [42,53,54].

3.4. Intermediate Regime

In the intermediate regime, valid after the early inflation and before the late accelerat-
ing expansion of the universe, the equation of state of the scalar field reduces to

Py = ocp¢c2. (73)

This amounts to neglecting quantum effects (op — +00) and dark energy (o = 0). The
equation of state parameter and the squared speed of sound are given by

w¢ =K, (74)
2
(Ccsz)"’ _— (75)

Solving the energy conservation Equation (32) with the equation of state (73), we find that
the density of the scalar field is

Py a0
== _ 76
00 a3(0¢+1) ( )
If the universe contains only the scalar field, the deceleration parameter is given by
1+ 3«
= . 77
. 77)

The temporal evolution of the scale factor a(t) and density py(t) is given analytically by

2
Nk 87GpoQuo \ /2 |20 B 1
“= [2(1 + a)( 3 ) ! o P 67tG(1+ a)2t2 @8

The expansion is decelerating for « > —1/3. For the particular values « = 0,1/3,1, the
density evolves with the scale factor as

Qdm O,
%ﬁ == (x=0), %ﬁ ==L (@=1/3),
%’ - ‘Zgo (€ =1). (79)

3.5. Complete Evolution of the Universe

Regrouping the foregoing results, we see that the quadratic equation of state (33) de-
scribes in a unified manner an early inflation followed by a phase of decelerated expansion
(x-era) and, finally, a late accelerating expansion. This equation of state is studied in detail
in [44]. As discussed in the introduction, the equation of state has a drawback in the sense
that it cannot describe both the radiation and matter eras. To solve this problem, we have
proposed two approaches.
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If we follow approach (A), we have to consider that &« changes in the course of time
(i.e., with the density of the universe). In that case, we are led to considering the equation of
state (49) in the early universe with « = 1/3 (or « = 1) and the equation of state (61) in the
late universe with & = 0. We can then solve the Friedmann Equation (16) with Equation (53)
or (66) in these two epochs and then match the results to obtain the whole evolution of the
universe. This is equivalent to solving the Friedmann equation

N 2
a 811G
H2=(2) =22
(5 - ®
with the density'!
QO O
P i RO 1)
& 0py 17

This is the procedure adopted in [39,40,42,47]. Equations (80) and (81) determine the evolu-
tion of the scale factor a(t). They describe successively the phases of inflation, radiation,
pressureless matter, and dark energy. The ACDM model is recovered by ignoring the early
inflation, i.e., by taking Qpg — 4o (i.e., pp = 400 or i = 0) in Equation (81).

If we follow approach (B), we can consider that « is fixed in the quadratic equation
of state (33) of the scalar field (the value « = 1/3 or « = 1 may be the most relevant).
Then, we have to account for the presence of other species such as stiff matter, radiation,
baryonic matter, and dark matter. Finally, we have to solve the Friedmann Equation (19)
with Equation (40) for the scalar field and Equations (25)—(28) for the other species (except
the one that has been incorporated in the equation of state of the scalar field). In the
simplest model, ignoring stiff matter, taking « = 1/3 in the equation of state of the scalar
field and treating dark matter as an independent species with ax = 0, this leads again to
Equations (80) and (81). Alternatively, taking « = 1 in the equation of state of the scalar
field and treating radiation and dark matter as independent species with ax = 1/3 and
ax = 0 respectively, we find

QO QO @)
p = - 5,0 + ZO + Igl,() + QA,O' (82)
[ erﬂ + ab a a

P,0

Equations (80) and (82) determine the evolution of the scale factor a(t). They describe
successively the phases of inflation, stiff matter, radiation, pressureless matter, and dark
energy. As in footnote !!, in order to avoid a spurious divergence of the energy density
at a = 0, the radiation and matter component terms o/ a* and Omo/ a3 have to be
introduced at a sufficiently late time, i.e., after the inflation era when p < pp. The possibility
that a radiation (or a stiff matter) era occurs before the inflation era, leading to a big
bang singularity, is considered in Appendix E. See also Ref. [47] for more general models
generalizing Equations (81) and (82).

The complete history of the universe determined by Equations (80) and (81) has been
described in [39,40,42,44,47] (see in particular Figure 14 of [42]). Although the evolution of the
background density is the same in approaches (A) and (B), the scalar field potential is different
in these two approaches, especially in the late universe, as discussed in Sections 4 and 5 below.

4. Scalar Field in the Presence of X-Fluids

In this section, we derive the potential V(¢) of a real scalar field characterized by an
equation of state Py(py) in the presence of other species. We provide general results using
standard techniques [64,65] and apply them to the quadratic equation of state (33) of our
model in the presence of X-fluids (radiation, matter, stiff matter. . .).
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4.1. General Results

Let us consider a canonical scalar field defined by Equations (30)~(32). From Equation (31),
we find

¢? = (wy + 1)ppc?, (83)

where we have introduced the equation of state parameter wy = Py /pgc?. Using ¢ = (d¢p/da)Ha
and the Friedmann Equation (19), we find that the relation between the scalar field and the

scale factor is given by'?

dp 1/ ./1+w
da (87rG (84)

da prx +0p

On the other hand, according to Equation (31), the potential of the scalar field is given by

1
V= E(l - w¢)p¢cz. (85)

Therefore, we find that the potential of the canonical scalar field in the presence of other
species is determined in parametric form by the equations

1/2
00=(grc) [ V/zxpx TORT 0

Vi) 1 —wnla pg(a)
o2~ 2 LT we(@] == (87)

where we have taken the origin of the scalar field (¢ = 0) ata = 0.

4.2. Quadratic Equation of State

For the quadratic equation of state (33), using the results of Section 3, we have in
excellent approximation (using the fact that pp /pp < 1):

Py Qup Py Qpp
pio T 3(a+1) 4 Qao +0n0, pio o 1 o £2po ;3(a+1)
a T Ope T 0,0f

Qn 0, (88)

_ 00909 6(a+1)+aﬂpo 3(at+1) _q
2,0

Qa .
Yo = [1 + %“3(”1)} [1 + 2 QAo 3(a+1)} ’ (89)

(IX + 1) %a:}(“+l)

{1 + 5 QPO (oc+1)} [1 + o2 QAO (1X+1):| ’

1+ Wy = (90)

Bt On00%p0 6(at+1
(170()01%) (oc+)+2 A(;J P,0 (oc+)+2

1—wy = {1+ Qo 3 (a+1)} [1+ 0(10 (Hl)} / (91)

2 2
ZQA 0a6(0¢+1) (QP0> + (1 _ 06)613<a+1) %ﬁ,{(}) + ZQP,O

P¢ 0
(1—w,) 2 = ©2)
?” 0o [1 +2 QPO (a+1)} 2
On the other hand, for the X-fluids we have
px _ Oxo (93)

00 a3(1+lxx)
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As a result, we find that the scalar field potential of the vacuumon unifying the early
inflation and the late accelerating expansion of the universe in the presence of X-fluids is
determined by the equations

302 \ 172 (QPO)l/ZXS(a—i-l)/Z
0= (=) Vita /
#e) (87TG> \/1+ QPox3 at1) \/1+ 000 3(a+1)
Q/JcO
3(a+1)+% A0 dx o4
% y Qx,0 Qo +0 x’ (94)
X B30rax] T s@a1) ) Qw0 A0
v 24 (1— oc)%a%”l) + 2701\'0201)'0 ab(+1)
(ﬂ) _ EQ 0 Qa,O 95
poc? T2 Rh Opo 3(a+1) 2 ’ ®9)
[mu +1
In the early universe ((25 = 0), we obtain
Q
1/2 w0
1/2 Qpp 3(a+1)/2 Blat) 4 20
3¢2 O x +a dx
Pla) = <S7TG) 1+1x/0 ( 0) on 3at1) Ox,o Ploﬂu,o x’ (%)
1 + ZX 3 (1+ay) + x3(“+1)+%

P,0

Q
Vie) 1. 2+(1—a)gPeer
o = 2P0 — 97)
{Q“:OQB(a-&-l)_'_l]

In the late universe (Qp — +0), we obtain'’

1/2 Qa,O
32 w T Qo d
$la) = (8CG> \/1+0c/ e QXO S : 2 98
i QAg B\ Yx smag T waey T Qa0 *

= (1 — Dé)a3(ajrl) +QAap- (99)

These equations determine the potential of the vacuumon in the presence of X-fluids.
Although it is not possible to obtain the scalar field potential V(¢) analytically in the
general case, it can always be obtained numerically.'* The scalar field potential V(¢) can
be obtained analytically in the absence of other species (see Section 5). In the presence of X-
fluids, it can be obtained analytically in particular situations of physical interest depending
on the approach considered.

In approach (A), the value of « changes with the epoch during the evolution of the
universe. It is equal to « = 1 (stiff matter) or « = 1/3 (radiation) in the early universe
and to @ = 0 (matter) in the late universe. In this approach, we do not have to take into
account the presence of other species, as their effect has been incorporated in the equation
of state of the scalar field. Therefore, we can consider that the scalar field is alone in the
universe but that a has a different value in the early and in the late universe. The scalar field
potential is determined by Equations (96) and (97) with Qxo =0anda =1ora =1/3in
the early universe (leading to Equations (119) and (120)) and by Equations (98) and (99)
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with Qx o = 0 and « = 0 in the late universe (leading to Equation (137)). These cases are
treated in Sections 5.2 and 5.3.

(i)

(ii)

In approach (B), the value of « is fixed. We then have to consider two situations:

We first consider a universe without stiff matter. In that case, it is relevant take a« = 1/3
in the quadratic equation of state (33) so that the scalar field accounts for the inflation
era, the radiation era and the late acceleration of the universe. Then, we have to add
baryonic matter and dark matter as independent species (they can be treated as a
single species with ax = 0). In the early universe, we can approximate the equation of
state of the scalar field by Equation (49). As matter is negligible in the early universe,
we can consider that the scalar field is alone in the universe at that epoch. The scalar
field potential is then determined by Equations (96) and (97) with Qxo = 0. This
situation, which describes the transition between the inflation era and the radiation
era, is treated in Section 5.2. It leads to the same potential (120) as in approach (A).
In the late universe, we can approximate the equation of state of the scalar field by
Equation (61). On other hand, we have to take into account the presence of matter
as an independent species. In that case, the scalar field potential is determined by
Equations (98) and (99) with ax = 0. Unfortunately, the integral in Equation (98)
cannot be performed analytically (see Section 8). However, at very late time, the
contribution of matter becomes negligible and the scalar field is alone in the universe.
In that case, its potential is given by Equation (136). We note that the scalar field
potential in the late universe in approach (B) is very different from its expression
in approach (A) as it corresponds to Equation (132) with « = 1/3 instead of « = 0.
Finally, in the intermediate era between the early inflation and the late accelerating
expansion of the universe, we can approximate the equation of state of the scalar
field by Equation (73). We also have to take into account the presence of matter as an
independent species. The scalar field potential is then determined by Equations (96)
and (97) with Qpg — 400 and ax = 0 or by Equations (98) and (99) with Q¢ = 0
and ax = 0. This situation, which describes the period where the universe contains
radiation and matter, is treated in Section 7 leading to Equation (188) with « = 1/3
and ax = 0.

We now consider a universe with stiff matter. In that case, it is relevant to take
a« = 1 so that the scalar field accounts for the inflation era, the stiff matter era and
the late acceleration of the universe. Then, we have to add radiation (ax = 1/3) and
matter (xx = 0) as independent species. In the early universe, we can approximate
the equation of state of the scalar field by Equation (49). As radiation and matter
are negligible in the (very) early universe, we can consider that the scalar field is
alone in the universe at that epoch. The scalar field potential is then determined by
Equations (96) and (97) with Qx o = 0. This situation, which describes the transition
between the inflation era and the stiff matter era, is treated in Section 5.2. It leads to
the same potential (119) as in approach (A)."° In the late universe, we can approximate
the equation of state of the scalar field by Equation (61). On other hand, we have
to take into account the presence of matter (xx = 0) as an independent species. In
that case, the scalar field potential is determined by Equations (98) and (99) with
ax = 0. The integral in Equation (98) can be performed analytically (see Section 8).
However, the potential is independent of ¢ and given by Equation (135) as when
the scalar field is alone in the universe (which is the case at very late time when the
contribution of matter becomes negligible). We note that the scalar field potential
in the late universe in approach (B) is very different from its expression in approach
(A) as it corresponds to Equation (132) with & = 1 instead of « = 0. Finally, in
the period between the early inflation and the late accelerating expansion, we can
approximate the equation of state of the scalar field by Equation (73). We also have to
take into account the presence of radiation and matter as independent species. The
scalar field potential is then determined by Equations (96) and (97) with Qpy — +c0
and ax = {1/3,0} or by Equations (98) and (99) with Qo = 0 and ax = {1/3,0}.
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This situation describes the period where the universe contains stiff matter, radiation,
and matter. In this general situation involving a scalar field (stiff matter) and two
external fluids (radiation and matter), the scalar field potential cannot be obtained
analytically. However, if we neglect the matter contribution (at sufficiently early times)
or the radiation contribution (at sufficiently late times), we have just one external fluid
(radiation or matter) and the scalar field potential can be obtained analytically. This
situation, which describes the period where the universe contains stiff matter and
radiation or stiff matter and matter, is treated in Section 7, leading to Equation (188)
with« = 1and ax = 1/3 or ax = 0. Note that even if the stiff matter (played by
the scalar field) is subdominant in that period, it remains important because it will
ultimately lead to the late accelerating expansion of the universe.

5. Scalar Field Alone

In this section, we consider the case of a scalar field alone in the universe (without
X-fluids) and recover the results of our earlier papers [39—-47].

5.1. Vacuumon

In the absence of X-fluids, the potential of a canonical scalar field is determined in
parametric form by the equations (see Equations (86) and (87) with px = 0)

1/2
$(a) = (amc) /,/1+w¢ ax (100)

Vi) _ 1 po(a)
= |1 —wy(a . 101
poc? 2 [ (@) o (o)
In particular, the potential of the vacuumon described by the quadratic equation of state (33)
is determined by the equations (see Equations (94) and (95) with px = 0)

12\ 12 (Qp0)1/2x3(u¢+1)/2 i
a) = Vita / ax 102
¢(a) (87‘(G> \/1 onx3 a+1) \/1 + 2 QAo K3(t+1) X (102)
) 2po g3(at1) Qn0Qp0 6(a+1)
v 1. 2H0-a)nget 4270
2 = 58P0 5 (103)
o {WP’,SQS(MA) + 1}
Introducing the notations
1/2 125 /o7
sz,O ’ 3¢2 2
and ARG
=0 _ 2 116 x 10717, (105)
ep  8rmc
we can rewrite Equations (102) and (103) under the form
i ds -1
= = ,1—x), 106
4 ./0 (ks2 +1)1/2(s2 +1)1/2 se(x1-x) (106)
1 24 (1 —a)x® +2xxt
V = Zopc? , 107
2PP¢ (2 +1)2 (107)

where sc is the Jacobian Elliptic function. This returns Equations (119) and (120) of [44].
We note that ¢ is independent of «. Equations (106) and (107) define the potential V() in
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parametric form with the parameter x going from 0 to +-co. The scalar field goes from ¢ = 0
when x = 0 t0 Pmax = 0+°° ds/[(xs*> +1)1/2(s2 +1)1/2] = K(1 — k) when x — 00, where
K is the complete Elliptic integral of the first kind (K(1 — x) ~ (1/2)In(16/x) for x < 1
giving PYmax =~ 142.84 .. .). Eliminating x between Equations (106) and (107), we obtain [44]

1 2+ (1—a)sc(yp,1—x)>+2xsc(yp,1—x)*
V(p) = Zppc? 0 max). (108
(9) = 5rc T (0§ < Ymax).  (108)

This is the general expression of the potential of the vacuumon.
Noting that x = (a/a;)*®*t1)/2, where a, is defined by Equation (39), and using
Equation (106), the relation between the scalar field and the scale factor is

(a/a1)3@ /2 = s¢(y,1 — k). (109)

We can then express all the parameters of Section 3.1 as a function of i instead of a. In
particular, the energy density and the pressure of the scalar field are given by

_ PP
Po = scz(l/),l—K)+1+pA'

—pac?sct (i, 1 —x) + appc?sc®(y,1 — x) — ppc?
[sc2(y,1—x) + 1] '

Py (110)

The temporal evolution of the scale factor and of the scalar field is discussed in detail in
our previous papers [39-47].

5.2. Early Vacuumon (Inflaton)
In the early universe ((Q5 = 0), Equations (102) and (103) reduce to

1/2
)\ 1/2 o (8ro ) B(at1) /2
¢>(a>:(3c > isa | () = (111)

871G /1+%§x3(a+1) x’

Q
Vie) 1. 2+(1-a)gpaery

2 = 58P0 5 (112)

pocs 2 (%QB(WA) n 1)

Introducing the notations from Equation (104), we find

X ds . -1
= ————— =sinh , 113
v= | ey =S () (113)

)42

Vzlp C22+(1 a)x (112)

2P T
which corresponds to Equations (106) and (107) with x = 0. This returns Equations (122)
and (123) of [44]. Eliminating x between these equations we obtain [44]

1 ,(1—a)cosh®p+a+1
Vi) = 2Pre cosh?* ¢

(p >0). (115)
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This is the potential of the vacuumon in the early universe (playing the role of the inflaton).
It is associated to the equation of state (49) valid in the early universe (see Section 8.1
of [42]). For ¢y — 0, it can be expanded in Taylor series as

V(y) N173+¢x
ppc? 2

9 4 5ua
6

P+ P4 (116)

For ¢ — +o0, we obtain the exponential asymptotic behaviors

1% _

nglfz) ~2(l—a)e®,  (a#1), (117)
1% _
pl(ffz) ~16e7,  (a=1). (118)

We note that the coefficient « = 1 (stiff matter) plays a special role as it leads to a faster
decay of the potential. In that case [45,46]

ppc? _
cosh" (& =1). (119)

For the coefficient « = 1/3 (radiation), we have [42]

1 2 cosh? g +2

V(iy) == a=1/3). 120
For & = 0 (pressureless matter), we have [42]
1 cosh?p +1
V() = s ppc?——T—— a=0). 121
=@ S w=0) (121)

The potentials corresponding to « = 1/3 and & = 1 (relevant in the early universe) are
plotted in Figure 1.

1 Early vacuumon |
(inflaton)
0.8+ -
«~ L |
OQ_‘
a 0.6 _
~~
> L ,
0.4+ -
0.2+ _
0 \ \ A P ‘
0 0.5 1 1.5 2 2.5 3

]

Figure 1. Potential of the scalar field in the early universe for « = 1/3 (solid line) and & = 1 (dashed
line). The early vacuumon plays the role of the inflaton. The field tends to run down the potential.

Recalling that x = (a/a;)3(**1)/2 and using Equation (113), the relation between the
scalar field and the scale factor is

(a/ay)>*+D)/2 = sinh . (122)
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We can then express all the parameters of Section 3.2 as a function of i instead of a. In

particular, the energy density and the pressure of the scalar field are given by
op Py  asinh®y —1

cosh?y’ ppc? coshy

The temporal evolution of the scalar field is discussed in detail in our previous papers [39-47].
According to Equations (59) and (122) we have

1+coshy) 3 8\ /2 ¢t
coshtﬁ—ln(sinmp) = 2(a+1)<3) 5+C. (124)
Remark 1. For a — 0, we can simplify Equation (111) into
32 \'/? @ Qpo\"? ar1)2 dx
o(a) = (sm) Vit ( Q%O) P & (125)
yielding
2 2\V2 4 Qpa\ /2
o(a) = ( 3¢ ) ( P,O) 30+ (126)
3\ 871G V14 a\ Qo
Substituting Equation (126) into Equation (112) we obtain the quadratic potential
V() 3nG ’
ooz~ 0 =~z (14 0)(3+a)0pog” (127)

This corresponds to the first term in the expansion of the potential from Equation (116).

5.3. Late Vacuumon (Quintessence)
In the late universe ((0p — +00), Equations (102) and (103) reduce to

3c2 1/2 a 1 dx
¢a)=\g-c) VI +vc/ —=, (128)
G /1 4+ £40,3(a+1) X
ch,(]
Via) _(=0)0u0 , ¢ (129)

pocz 2a3(0(+1)

These expressions are valid for sufficiently large values of a. Introducing the notations from
Equations (104) and (105), we find

N T
p= / STF ey =~ Sinh < ﬁx)“”max’ (130)

1 L,/1-a
VZEPPC < 2 +2K), (131)

which correspond to Equations (106) and (107) with x > 1. Here, {ymax appears as a
constant of integration that can be obtained by matched asymptotics (see below). We
recover Equations (125) and (126) of [44]. Eliminating x between these equations we
obtain [44]

V() = 302 [(1— ) cosh® (max — ) +a+1] (9 < Yimar). (132)
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This is the potential of the vacuumon in the late universe (playing the role of the quintessence).
It is associated to the equation of state (61) valid in the late universe (see Section 8.1 of [42]).
For ¢ — max, it can be expanded in Taylor series as

V(y) N 1—a
v ~1+—

1—ua

($max = )2 + —— (Pmax —9)* + .. (133)

For 1y —+ —oo, we obtain the exponential asymptotic behavior

‘;[(\lfz) ~ %(1 — @) RlmY) (£ 1), (134)

For o = 1 (stiff matter), the scalar field potential is constant

V() =pac®  (a=1). (135)

For « = 1/3 (radiation), we have

V(p) = %p,\& [; cosh? (Pmax — ) + ;1] (a =1/3). (136)
For & = 0 (pressureless matter), we have
V(p) = %pAc2 [coshz(lpmax — )+ 1} (a = 0). (137)

The potential corresponding to « = 0 (relevant in the late universe) is plotted in Figure 2.
This is the scalar field potential associated with the ACDM model viewed as a UDM model
described by the constant equation of state Py = —pc?.

30 T T

Late vacuumon
251 (quintessence)

3 25 2 15 1 0.5 0
V" Vinax

Figure 2. Potential of the scalar field in the late universe for « = 0. The late vacuumon plays the role
of quintessence. The field tends to run down the potential.

Noting that xv/x = (a/a)3®+1)/2, where a; is defined by Equation (64), and using
Equation (130), the relation between the scalar field and the scale factor is

(a2/a)>+D/2 = sinh(Pmax — ). (138)
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We can then express all the parameters of Section 3.3 as a function of i instead of a. In
particular, the energy density and the pressure of the scalar field are given by

P,
Py = PA cosh2(1pmax — 1), p[\% = sinhz(ypmaX —¢)—1 (139)

The temporal evolution of the scalar field is discussed in detail in our previous papers [39-47].

According to Equations (71) and (138) we have
3 8\ /2 ¢

Remark 2. For a — o0, we can simplify Equation (128) into

¥max — ¥ = sinh ! {1/ sinh

32\ /2 +o00 1 dx
= $max— | g6 1 T 141
00) = o~ (o) VIT0 [ — 141)
Qa,O
yielding
(a> _ B % 302 1/2 1 Q(x,O 1/2 1 (142)
= fma =5\ 876 VI+a\Qap/) 30+0)°
Substituting Equation (142) into Equation (129) we obtain the quadratic potential
Vv 3nG
p(ffé) = 0p0+ =5 (1= @) (1+ &) On0(Pmax — ¢)* (143)

This corresponds to the first term in the expansion of the potential from Equation (133).

5.4. Matched Asymptotics
Using matched asymptotics, we find that the potential [44]

1 1—a)cosh? ¢ +a+1
Vapprox () = EPPC2 ( ) cosh4llpp

+ %pAc2 [(1 — &) cosh? (Pmax — ) + o + 1}
— 20p*(1—a)e™®¥ (0 < ¢ < Pmax) (144)

provides a good approximation of the exact vacuumon potential given by Equation (108).
It unifies the inflaton potential in the early universe (early vacuumon) and the quintessence
potential in the late universe (late vacuumon) defined by Equations (115) and (132) respec-
tively. In addition, matched asymptotics provides the value of the constant of integration
Pmax that appears in Equation (130). Indeed, by comparing Equations (117) and (134) we
obtain Pmax >~ (1/2)In(16/x) = 142.84. .. [44] in perfect agreement with the asymptotic
expression of the exact value ¥max = K(1 — «) for x < 1 (see Section 5.1).

Remark 3. For « = 1, the approximate potential from Equation (144) takes the particularly simple form

2

prc 2

Vapprox = ———— 4 0pC a=1). 145
pp () COSh41[J oA ( ) (145)
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5.5. Intermediate Regime

In the intermediate regime valid after the early inflation and before the late accelerating
expansion of the universe ((Qp — +o0 and )5 = 0), the scalar field is described by the
linear equation of state (73). In that case, Equations (102) and (103) reduce to

¢(a) = (mc) \/1+1X/ ~ (146)
V(a) Q,,
o =501~ )a3(w+01>’ (147)

These equations can also be obtained from Equations (111) and (112) with Qp — +o0 or from
Equations (128) and (129) with Q05 = 0. Integrating Equation (146), we obtain

A

where ¢, is a constant of integration. Combining Equations (147) and (148), we obtain the
exponential potential

- 1/2
‘;(ZZ) %(1 _ a)Qaloe%(%TZG) Vitu(p=¢:) (149)
0

This result is equivalent to Equations (117) and (134) obtained long after the primordial
inflation or long before the late accelerating expansion of the universe. This determines the
constant of integration 9. = (1/2)In(4Qpy/ 0y ). For & = 1 (stiff matter), we find

302 1/2
= (87“3) V2Ina+¢., V(@) =0 (a=1), (150)
corresponding to the regime of kination where the potential vanishes. Comparing Equation (150)
with Equations (118) and (135) we see that the limits « — 1 and ¢ — 00 do not commute.
For & = —1 (vacuum energy), we find

p=¢., V(p)=p.d (a=-1), (151)

corresponding to the de Sitter regime where ¢ = 0.
Combining Equations (73), (76), and (148), we can express the density and the pressure
as a function of the scalar field as
_ 826\ /% 5
3VaF(828) (e 9) (152)

3

Py = oapq,cz = a0y ppoc’e

According to Equations (78) and (148), the temporal evolution of the scalar field is

3 gﬂGPQQa,())l/zt

2(1+1x)< 3 + ¢ (153)

32\* 2
t) = In
o) <8nc) Vita
5.6. Constant Scalar Field Potential

We have found different solutions corresponding to a constant scalar field potential
(see Equations (135), (150) and (151)):
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(i) For the equation of state Py = p¢c2 of stiff matter (x = 1), we have (see Sections 3.4
and 5.5)

1

S 154
0= 2ance’ (154)

1
p¢o<a—6, ao<t1/3,

3c2 1/2 2 1/2
V(p) =0, ¢_<4nc> Ina + ¢, 47—(127[(;) Int+cst.  (155)

This solution describes a pure stiff matter era.

(ii) For the equation of state Py = —pq,c2 of vacuum or dark energy (x = —1), we have
(see Sections 3.4 and 5.5)
< 87TGp¢ > 1/2
pg = cst, aoce\ ° , V(¢p) = cst, ¢ = cst. (156)

This solution describes a pure de Sitter era.
(ili) For the affine equation of state Py = pyc* — 20 c?, we have (see Sections 3.3 and 5.3)

1/2
pp _ 1 a4 _ | g (8T
pn  (a/az)® +1/ a sinh™%)3 3 ta |’
Py 1
Lt ) (157)
2 1/2
PA tanh [3(87”) i}

. _ ar 3
V(l/)) - PACZ, Pmax — P = sinh~! |:(61) :|r

1/2
Pmax — P = sinh_l{l/sinh [3(?) ti\] } (158)

This solution describes a stiff matter era followed by a de Sitter era (late inflation).'®
Therefore, several laws of evolution may correspond to the same potential.

6. Parameters of the Scalar Field

In this section, we determine the parameters (mass, self-interaction constant, and
scattering length) of the scalar field in the early and late universe by comparing the form
of the potential close to its maximum and minimum with the normal form of a quartic
potential given by Equation (A54).

6.1. Early Vacuumon (Inflaton)

In the early universe, the potential of the vacuumon is given by Equation (115).
For ¢ — 0, it can be expanded up to fourth order yielding Equation (116). Comparing
Equation (116) with Equation (A54), we obtain the following results (see Appendix D):

(i) The maximum value of the potential (corresponding to i = 0) is equal to the Planck
energy density

Vimax = Ppc?, (159)

where pp = ¢®/hG? = 5.16 x 10% gm 3 is the Planck density.
(ii) The squared mass of the scalar field is given by

m? = fg(a)%”Ml% (160)
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with
folw) =~ (1) @ +3). (161)

We find f, = —27/4fora =0, f, = —10fora = 1/3,and f, = —18 for « = 1. The

mass of the early vacuumon (inflaton) is imaginary (f. < 0) and its modulus |m]| is of

the order of the Planck mass Mp = (7’zc/G)l/2 =218 x1079g =1.22 x 10" GeV />
(iii) The dimensionless self-interaction constant of the scalar field is given by

2= = 8e(w)37 (162)
with
ge(a) = (a+1)%(9 + 5a). (163)

We find g, = 9fora =0, g0 = 512/27 for o« = 1/3, and g, = 56 for « = 1. The
self-interaction constant of the early vacuumon (inflaton) is positive (g. > 0), corre-
sponding to a repulsive self-interaction of order 1.

(iv) The dimensional self-interaction constant of the scalar field is given by

_ 277 ge(w) I
T4 fe(w)] 2

We find g./|fe| =4/3 fora =0, g./|fe| = 256/135 for & = 1/3, and g./|f.| = 28/9
for « = 1. The dimensional self-interaction constant of the early vacuumon (inflaton)
is of order G?/c? = 5.15 x 107" eV cm3.

(v) The scattering length of the bosons associated with the scalar field is given by

(164)

_ T g , %”lp. (165)

"2 R

Wefind ¢2/|fe| = 12fora = 0,¢2/|f| = 131072/3645fora = 1/3,and g2/ |f.| = 1568/9
for « = 1. The scattering length a5 of the bosons associated with the early vacu-
umon (inflaton) is of the order of the Planck length Ip = GMp/c? = (Gh/c3)V/2 =
1.62 x 1073 m which corresponds to the semi Schwarzschild radius associated with
the Planck mass Mp.

In theories of extended supergravity, the mass of a scalar field is quantized according
to the rule [66]

H?1?
m* = n,——, (166)
c
where 7. is an integer and H is the Hubble factor in the de Sitter era. As H?> = 87Gpp/3
during the early inflation, we can rewrite Equation (166) as

Gpph?®
m? = n*gnTﬂP - n*%”M%,. (167)

The quantum of mass (1, = 1) in the early universe is the rescaled Planck mass M} =
V8 /3Mp. Comparing Equation (167) with Equation (160), the quantization rule implies
that f.(a) should be an integer n,. We see that this quantization rule is realized for the
integer value n, = —10 when a = 1/3 (radiation) and for the integer value n, = —18 when
a = 1 (stiff) [47,67]. By contrast, f.(«) is not an integer when « = 0 (matter). This may be
connected to the fact that the index &« = 0 is not justified in the early universe as there is no
matter there in the usual sense.



Universe 2022, 8,92

29 of 54

6.2. Late Vacuumon (Quintessence)

In the late universe, the potential of the vacuumon is given by Equation (132). For

¥ — Pmax, it can be expanded up to fourth order yielding Equation (133).!” Comparing
Equation (133) with Equation (A54), with the substitution ¢ — ¢max — ¢, we obtain the
following results (see Appendix D):

(i)

(i)

(iii)

(iv)

\

The minimum value of the potential (corresponding to 1 = Pmax) is equal to the
cosmological energy density

Vinin = PACZ, (168)

where pp = A/87G = 5.96 x 1072 gm 3 is the cosmological density.
The squared mass of the scalar field is given by

w? = fila) g (169)

with

Ffila) = Z(oc+1)(l—oc). (170)
We find f; = 9/4fora =0, fy = 2fora = 1/3, and f; = 0 for « = 1. The mass of
the late vacuumon (quintessence) is real (f; > 0) and of the order of the cosmon mass
mp =hvA/c? =208 x 1073 eV/c?, except for & = 1 (stiff matter) where m = 0. Our
approach provides therefore a physical interpretation of the cosmon mass as being the
mass of the scalar field responsible for the dark energy in the late universe. To the best
of our knowledge, this interpretation has not been given before.
The dimensionless self-interaction constant of the scalar field is given by

A [N
Sr = g,(a)Bin (171)
with
gi(a) = (a +1)%(1 — «). (172)

We find g = 1fora = 0, g = 32/27 fora = 1/3,and g; = O for a = 1. The
self-interaction constant of the late vacuumon (quintessence) is positive (g; > 0),
corresponding to a repulsive self-interaction of order p5 /pp ~ 107123, except for a = 1
(stiff matter) where A = 0.

The dimensional self-interaction constant of the scalar field is given by

y - T G
T W @

We find g;/fj =4/9fora =0, g;/f; =16/27 fora =1/3,and g;/ f; — 8/9 fora — 1.
The dimensional self-interaction constant of the late vacuumon (quintessence) is of
order GI? /¢ = 5.15 x 10771 eV cm®, except for « = 1 (stiff matter) where A5 = 0 (note
that the result obtained in the limit « — 1 is different from the result obtained for
a=1).

The scattering length of the bosons associated with the scalar field is given by

(173)

Lo ) 2
TR VAV

We find g;/+/fi =2/3fora =0, g/+/fi = 16v/2/27 fora = 1/3,and g;/\/fi — 0

for « — 1. The scattering length a; of the bosons associated with the late vacuumon

(174)
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(quintessence) is of the order of the cosmon radius 7y = Gmp/c? = Ghv/A/c* =
2.75 x 10~% m, which corresponds to the semi Schwarzschild radius associated with
the cosmon mass m,, except for « = 1 (stiff matter) where a5 = 0.

As H? = 87tGp /3 during the late inflation, we can rewrite the quantization rule (166) as

2
m? = n*% = n*%mf\ (175)

The quantum of mass (1, = 1) in the late universe is the rescaled cosmon mass m} =

%m A-'8 Comparing Equation (169) with Equation (175), the quantization rule implies that

f1(«) should be an integer 1. We see that this quantization rule is realized for the integer
value n, = 2 when &« = 1/3 (radiation) and for the integer value n, = 0 when o = 1 (stiff
matter) [47,67]. By contrast, f;(«) is not an integer when a = 0 (matter). We recall that
our model of late universe with « = 0 is equivalent to the ACDM model interpreted as a
UDM model. Therefore, the quintessence field associated with the standard ACDM model
(« = 0) does not satisfy the quantization rule (166) [47,67]. This suggests (provided that
this quantization rule must hold, which is not firmly established) that the relevant value of
« to takeis « = 1/3 or & = 1, and that dark matter should be treated as an independent
species, as in scenario (B).

Remark 4. In this paper, we have described the late universe by a polytrope of index n = —1 [42].
For o = 0and n = —1, our model is equivalent to the ACDM model. If we consider a more general
polytropic equation of state with « = 0 and an arbitrary index n < 0 (see Equation (A45) and
Ref. [42]), we find that the mass of the scalar field in the late universe is given by (see Appendix D
and [47,67])

2 14+2n6nGppl?

m? =~ (176)

We note that this mass presents a maximum as a function of n for n = —1. Interestingly, this
maximum selects the ACDM model among all the polytropic models of the form of Equation (A45)
withax = 0and n < 0[47,67].

7. Scalar Field in the Presence of One Fluid in the Intermediate Regime
7.1. General Results

In this section, we consider the complete model of Section 4 in the intermediate regime
between the two de Sitter eras. In this regime, the scalar field has a linear equation of state
Py = apyc®. We use approach (B) in which the value of a is fixed. As we have seen, relevant
values of o are « = 1 (stiff matter) or « = 1/3 (radiation). On the other hand, we have
to take into account the presence of X-fluids which also have a linear equation of state
Px =« prcz. If the scalar field evolves in the presence of radiation, one has &, = 1/3. If it
evolves in the presence of matter, one has a,, = 0. For the sake of generality, we consider
arbitrary values of « and ax but we assume that « > —1 and ax > —1 so that the universe
has not a phantom behavior.

The energy density of the scalar field and of the X-fluids evolve with the scale factor as

P Q0 px Qxp

2 = S o0 = e (177)
The total energy density is therefore
P _ Oxo O
pfo - ; 3(1+ax) ™ a3(1+a)" (178)
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The time evolution a(t) of the scale factor is determined by the Friedmann equation

8nG 8nG
H? = 3 P= (ZPX +P¢> (179)

where the right hand side is given by Equation (178).!Y On the other hand, the scalar field

potential is determined by the equations®’

32\ /2 a % dx
¢(a) = (87IG> V1+a | TR (180)
ZX B+ax) + m
V) 1 1
2 = 5 (1= 8)Q00 s (181)

In the following, in order to have analytical results, we assume that there is just one
X-fluid in addition to the scalar field. It can represent for example radiation («¢x = 1/3) or
matter (xx = 0). The case of two X-fluids (radiation and matter) in addition to the scalar field
could be treated numerically. We obtain the form of the potential in the limiting case where
one perfect fluid dominates over the other. In our model, the foregoing equations are valid
only in the intermediate regime between the two de Sitter eras, where the equation of state
of the scalar field can be approximated by a linear law, so they have a restricted domain of
validity. However, in our mathematical analysis below, we shall study Equations (177)—(181)
for all times because they can be relevant in other contexts, for example in the case where the
fluid describes dark matter and the scalar field describes dark energy (see Section 7.3).

7.2. Hyperbolic Potential

We first assume a« < ayx. In that case, the X-fluid dominates at early times and the
scalar field dominates at late times. Equation (180) can be rewritten as

o) — (362>1/2\/m/

(182)
G xy/1+ ?gg .
Making the change of variables
_Oxo 1
X 0y Fmn’ (189
we obtain
3c2 \ /2 1 o0 X
= —= 1 P Y RE— —_— . 184
¢(a) <87‘[G) Vv +“3(06x—06)/ﬁfg3(&_MX % (184)
Using the identity
g (vitx-1) —Zsinh1(1>, (185)
Vitl x VItx+1 VX
we find

3¢2 \ /2 2 1| Qo 3
_ (2 R, R : (ax—a)
¢(a) (877:G) 1+ IXB(OCX —y sinh QX,om . (186)
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Inversely,
1 1/2
Oxo\30xa 2 8nG 1 3(06)( — Dé)
— / hS(A —a) . 187
= (o)™ | () o
Combining Equation (187) with Equation (181), we obtain the hyperbolic potential
1 o) ’D¢+1
1% — o020 (1 — a) [ 220 )
(¢) 5006 a0 ( “)<(1X9>
2w [gaG\Y2 1 3(ax —a)
inh *x* . 1
X si X < 32 ) A 2 ¢ (188)

We now assume « > ax. In that case, the scalar field dominates at early times and the
X-fluid dominates at late times. We note that the integral from Equation (182) diverges at
x = 0. We can easily circumvent this problem by redefining the additive constant in the
scalar field so that

dx
/ Qx0 1 ’
1 + th,O x3(0¢x70¢)

With this convention, we can check that the previous Equations (186)—(188) remain valid.
Finally, when & = ax, Equation (180) reduces to

(189)

3c2 \ /2 oo
¢(a):_<87'cG> \/1—1—%/{Z -

3¢2 \ 12 1 a dx
¢(a) = (87‘[G> V1 +“71 - o /1 <
\/ Qa,O

(190)

where we have chosen the origin of the scalar field at 2 = 1 in order to avoid spurious
divergences. This yields

3C2 1/2 Qa 0 1/2
Inversely,
G\ 12 Qx,0+%0 12
a= e<8372G> \/11W< Q0 ) (P' (192)

Combining Equation (192) with Equation (181) we obtain the exponential potential

1/2
_a(816 )" A [ 0x0 %0
Vi¢) L1 — ) e (5%) "‘( 0 > ¢ (193)

poc? 2

For a scalar field alone (Qx o = 0) we recover Equation (149).
Below, we consider particular limits of the hyperbolic potential (188).

7.2.1. Power-Law Potential
When the terms in brackets in Equations (186)—(188) go to zero, we find

3¢2 \ /2 2 Ouo 3
— [ 2= V1t D o5 (ax—a)
$(a) (87(G) 1 (X3(0éx — ) Qx,oa2 ' (199
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1/2 . 3(ay —a)
(87IG> 11 3(ax oc)(P] ’ (195)

2(a41)

1/2 “ax—a
(87IG> 1 3(ax—a)¢1 . 196

a+1
1 O\ Frs
Vig) = EPOCZQ“’O(l - (Qio) 3c2 Vifta 2

This corresponds to the situation where the X-fluid dominates the scalar field. In that case,
we obtain a power-law potential. When a < ax, this approximation is valid at sufficiently
early times (R — 0, ¢ — 07 and V — +o0). When a > ay, it is valid at sufficiently late
times (R — +c0,¢ — 0~ and V — 0). Pure (inverse) power-law potentials were introduced
by Peebles and Ratra [30,31]. They were used in relation to tracker solutions [22,23,33].

7.2.2. Exponential Potential
When the terms in brackets in Equations (186)—(188) go to +oo, we find

3¢2 \ /2 2 Qo 3
— Tta—"" _In|2 D g3 (ax—a) 197
¢(@) (87TG> +a3(f’éx—0€) " Qx,oa2 ’ 197
yl_a <G\ 1/2
Q= (Qxfo)s(ax ) 12 o(55) e (198)
Qo 23x =)

a+1 1/2
ay—a  2(a+1) 817G
1 sz,0> X 3(8z¢) VItag, (199)

V() = 3 0u(1—a) (G2 ) ™25

This corresponds to the situation where the scalar field dominates the X-fluid. In that
case, we obtain an exponential potential as when the scalar field with a linear equation
of state is alone in the universe (see Section 5.5).”?! When a < ay, this approximation
is valid at sufficiently late times (R — +o0, ¢ — +o0and V — 0). When a > ay, it
is valid at sufficiently early times (R —+ 0, ¢ —+ —co and V — +o0). Pure exponential
potentials were introduced by Halliwell [69] (see also [31,70-75]). Exponential potentials
arise very naturally in all models of unification with gravity such as Kaluza—Klein theories,
supergravity theory or string theory. Most theories undergoing dimensional reduction to
an effective four-dimensional theory yield exponential potentials.

7.3. Comparison with Other Works

The hyperbolic potential (188) has been obtained by several authors [18,76-81] us-
ing different methods. In these models, the fluid characterized by an equation of state
Px = ocXchz with 0 < ax < 1 describes radiation (xx = 1/3) or dark matter (xx = 0)
and the scalar field characterized by an equation of state Py = apyc? with —1 < a < —1/3
(e.g., &« = —0.65[79] or &« = —2/3 [80]) describes DE. As & < ax these models describe a
radiation or dark matter era followed by a dark energy era. During the radiation or dark
matter era, the universe is decelerating and the scale factor increases algebraically as t!/2
or t2/3 (see Equation (23)). During the dark energy era, the universe is accelerating and
the scale factor increases algebraically as 2/ 31+%)] (power-law inflation). In the radiation
and dark matter eras, the scalar field is subdominant and the potential V(¢) has an inverse
power-law behavior (tracking). In the dark energy era, the scalar field dominates the other
species (X-fluids) and the potential V(¢) has an exponential behavior as when a scalar field
with a linear equation of state is alone in the universe. We thus achieve a tracker solution
that can drive the universe into its current inflationary state. The behavior of the potential
as an inverse power-law potential at early times avoids the fine-tuning problem and the
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cosmic coincidence problem [22]. Its exponential behavior at late time drives the universe
into a power-law inflationary stage in agreement with the observations. In this model, the
scalar field describes only dark energy, and we have to add radiation and (dark) matter as
additional species.

In the present work, the hyperbolic potential (188) is obtained in a particular limit of a
more general model based on a scalar field with a quadratic equation of state in the presence
of X-fluids. It is valid in the intermediate regime between the early and late inflation. The
scalar field models dark radiation (« = 1/3) or stiff matter (x = 1) and the fluid models
radiation (vx = 1/3) or matter (xx = 0). As a > ax, we are always in the situation where
the scalar field dominates at early times and the X-fluid dominates at late times (note that
the scalar field dominates again in the late universe due to the constant term —(a + 1)pc?
in its equation of state which has been ignored in the intermediate regime). Therefore, in
this intermediate period, the scalar field potential is initially exponential and then becomes
algebraic.

Remark 5. The ACDM model corresponds to ax = 0 and &« = —1. In that case, ¢ = cst and
V(¢) = cst. The ACDM model can also be obtained by taking ax = —1 and « = 0. In that case,
the scalar field has a potential

1/2
V() = %POCZQX,O sinh” [(83722G> ;4’] (200)

8. Scalar Field in the Presence of One Fluid in the Late Universe

In this section, we consider the complete model of Section 4 in the late universe (we
consider just one X-fluid in addition to the scalar field). In that case, the scalar field has an
affine equation of state Py = apyc® — (a 4+ 1)pac?. The scalar field potential is determined
by Equations (98) and (99) which can be rewritten as

3c2 \ /2 a 1 dx

¢(a) = () \/1+w/ —, (201)
e R

Vo) 0-0)O0 g, (202)

poc2 273(a+1)

The scalar field is described by the index &« = 1/3 (radiation) or &« = 1 (stiff) and the
X-fluid is described by the index ax = 0 (matter). Unfortunately, the integral cannot be
calculated analytically in general except in the degenerate case & = ax (see below) which is
not relevant in our situation. However, in the very late universe, we can ignore the term in
Qx o in Equation (201). In that case, we are led back to the equations (128) and (129) valid
for a scalar field alone in the universe leading to the potential from Equation (132). Note
that for « = 1 (stiff matter), the potential from Equation (202) is constant:

V() =pac®  (a=1), (203)

whether or not an X-fluid is present. In addition, for « = 1 and ax = 0 the integral in
Equation (201) can be computed analytically, giving

V2 [ 3c2 ad

1/2
p(a) = — () In + cst. (204)
3 \87G 2+ 5003 +2,/1+ G503 + G048
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For a > 1, it reduces to

Qo
QX,O Ouo 3 + Oo + cst. (205)

o) = 2V2( 3 20,0 [Oxp 1
3 \8nG

This expression provides the correction to Equation (128) due to the presence of the X-fluid.

Remark 6. It is interesting at a general level to consider the case & = «x in Equation (201) where
the integral can be calculated analytically. This corresponds to a situation where a scalar field
described by the affine equation of state Py = ap¢c2 — (a + 1)pac? evolves in the presence of
an X-fluid described by the linear equation of state Px = axpxc® with ax = w.”’ In that case,
Equation (201) reduces to

2 1/2 +o0
Pa) = — (83;(;) = / 01 d%, (206)
/ X(J +1 \/1+ onﬁga0x3(1+a)

where we have chosen the origin of the scalar field at a — oo in order to avoid spurious divergences
at x = 0.°> Making the change of variables

Orp 3(at1)
_ 0 3at1) 207
Qxo+ Qo (207)

we obtain

= (2)" 1 / L ax (208)
¢ - 8ntG \/on _|_13\/1x—|—1 OA0 3wt V1+X X

Ox 0+ 00"

Using the identity from Equation (185), we find

3c2 \'? 1 2 Qx0+ Qo 1
¢(a) = —< ) argsinh - : . (209)
811G \/% +13Va+1 Qng  a3@t1)/2

Inversely,
_ <QX?)+Qa0) 3(atT) : 1 ' 210)
A0 sinh3@+1) [_ (832?) \/7 on +1 4)}
Finally, combining Equation (210) with Equation (202), we obtain the hyperbolic potential
V) Ly gy Du0Ono 2] 387G mﬁ +Opp. (211)
poC2 2 Oxo+ Qo 2\ 3c2 AL

For a scalar field alone (Qx o = 0), we recover Equation (132).

9. Spectrum of Fluctuations in the Primordial Universe

In this work and in previous ones [39-47], we have developed a model of early inflation
based on the quadratic equation of state (49). This model is able to describe the evolution
of the homogeneous background and to account for a primordial phase of exponential
expansion (de Sitter era) followed by a stiff matter era (x = 1) or a radiation era (@ = 1/3).
It also provides a graceful exit to the de Sitter era. However, explaining the evolution of
the homogeneous background is not sufficient. A relevant model of inflation must also
reproduce the observed spectrum of fluctuations in the primordial universe. In this section,
we apply the Hamilton—Jacobi formalism of inflation [60] to a scalar field described by the
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equation of state (49) and we determine the Hubble hierarchy parameters and the spectral
indices. We show that the obtained results are in severe disagreement with the observations.
These negative results suggest that the vacuumon potential V (¢) is just an effective classical
potential that cannot be used to compute the fluctuations in the primordial universe. A
fully quantum mechanics approach may be required.

9.1. Hamilton—Jacobi Formalism

Let us first briefly review the Hamilton—Jacobi formalism of inflation following
Ref. [60]. This formalism is very general. In particular, it does not rely on the slow
roll approximation. This is important because, as we shall see, our model of inflation is
never in the slow roll regime.”* In this section, we assume that the scalar field is alone in
the primordial universe. The basic equations of the problem are the KG equation

. . dv
Hp+ — = 212
b+3Hp+ 5 =0 (212)
and the Friedmann equation
871G
H2 =222 21
where
2 lpyy 214

is the energy density of the scalar field. In the following, we assume that the function
H(¢) is known. It is called the generating function. Specifying H(¢) is equivalent to
specifying the equation of state Py(pgp) or the potential V(¢) of the scalar field. Taking the
time derivative of Equations (213) and (214), combining the results with Equation (212),
and using H = H'(¢)¢, we find

h=—— I, (215)

where ' denotes derivative with respect to ¢. Using aH = d = a’¢ and Equation (215), we
obtain

CZ
aH - _7H/al. (216)

Integrating this equation, we find that

a(p) = exp{élfzc/gldq)}. (217)

This equation determines the scale factor as a function of ¢. On the other hand, combining
Equations (213)-(215), we find

_ 3¢c? 2 c? N2
V) =515 {H ~ o) } @18)

This equation determines the scalar field potential. In the slow-roll approximation where
$? < V(¢) and || < V'(¢), the scalar field potential is given by

2
Ver(#) = porH2 @)

The first Hubble hierarchy parameter is defined by

(220)

. _ dlnH _ c? E’ 2
H= "dina ~ anG\H )"’
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where we have used Equation (216) to obtain the second equality. Using 4 = (d/dt)(Ha) =
aH + Ha, implying i/a = H?> + H = H?(1 + H/H?) = H?(1 + Ha/Ha), we find that

g — H2(1—ep). (221)

Therefore, ey is related to the deceleration parameter from Equation (14) by
g=¢€g—1. (222)

The parameter ey gives information about the acceleration of the universe. During inflation
(@ > 0), we have ey < 1. Inflation ends when i = 0 yielding € (teng) = 1. The number of
e-folding before inflation ends is defined by

ten tond [ ten
N(t):/ det:/ dfdt:/ dd”:ln{”(te“d)} (223)
t t t

a a

It can be written in terms of the scalar field as

fend 47TG ‘P H (P 1 H/
((P) t C2 Pend H/ (P $end €H H

de, (224)

where we have used Equation (215) to obtain the second equality and Equation (220) to
obtain the last equality. Here, ¢enq is the value of the scalar field at the end of inflation. It is
determined by the condition € (¢enq) = 1. The pressure of the scalar field is given by

1.
Py = 5¢* = V(¢). (225)

Summing Equations (214) and (225), we find
Py + ppc* = ¢*. (226)

Substituting Equations (213) and (215) into Equation (226), we obtain

C2 H/ 2
e (H) —1]. (227)
This equation determines the pressure as a function of ¢. Finally, the energy density oy (¢)
of the scalar field is given by

_ 3
- 8nG

Py

_ 3H?
0= 8rG
Eliminating ¢ between Equations (227) and (228), we obtain the equation of state Py (pg).

(228)

9.2. Application to Our Model of Inflation

We now apply the Hamilton—Jacobi formalism to our model of early inflation. The
generating function of our model is*

_ (87Gpp\? 1 , _ (87G\?3va+ 1
H(¢)_< 3 ) cosh with tp—<3c2> ¢ (229)

Using Equations (227) and (228), we obtain the pressure

2
py= L (a- “711 (230)
cosh” ¢ cosh” ¢
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and the energy density

PP
= . 231
Po cosh? ¢ e

This returns the results from Equation (123). Eliminating ¢ between these equations, we
obtain the equation of state

2
Pp=—(a+ 1)‘;‘[’;8 + appc?. (232)

This returns the result from Equation (49). Using Equation (218), we obtain the scalar field potential

(1—a)cosh?p +a +1
cosh? ¢ '

V() = %ppcz (233)

This returns the result from Equation (115). Using Equation (217), we obtain the scale factor

a(¢) o (sinh ) @i, (234)

This returns the result from Equation (122). Using Equations (223) and (234), we find that
the number of e-folding before inflation ends is given by

2 Sinh(l/)end)
a+1) ln[ sinh ¢ ] (235)

In our model, we find N; ~ In(ay/Ip) ~ 67 [44]. Using Equations (220) and (222), we obtain
the first Hubble hierarchy parameter and the deceleration parameter through the relation

EH=q+1= g(tx—l—l)tarlh2 . (236)

The condition ey =1 (i.e., g = 0) gives

2

2 _
tanh”(Yend) = 3at1)

(237)

This equation determines the value ¢.,q of the scalar field at the end of the inflation.
Therefore, inflation takes place between i = 0 and ¢o,q. The second and third Hubble
hierarchy parameters are defined by

dinH' 2 H

= — fr— —_ 2
0 dlna 477G H (238)
and )
C2 H"H'
h = <4nc> ~ (239)

where we have used Equation (216) to obtain the second equality in Equation (238). For the
generating function from Equation (229), we find

3 cosh? ¢ — 2

(R e (240)

and )
9 cosh“ ¢ —1
2 2 2
= (a+1)"——————(cosh”“ ¢ — 6). 241
Chr 4( ) cosh g ( ¥ —6) (241)
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We note that ny — — % (e 4+1) # 0 when ¢p — 0, so we are never in the slow roll regime
unless & ~ —1 (which is a very peculiar situation [41]). The scalar spectral index 5 is given
by [60]

ns —1 =2ny — 4epy. (242)

Using Equations (236) and (238), we obtain
ns—1=-3a+1). (243)

In our model, the scalar spectral index 1 turns out to be independent of ¢. The running
scalar spectral index 7pyn is given by [60]

Hun = 10epny — 8€2; — 282, (244)
Using Equations (236), (238), and (241), we find
Mrun = 0. (245)

In our model, the running scalar spectral index vanishes whatever the values of ¢ and «.
The gravitational wave spectral index nr is given by [60]

nr = —2ey (246)
and the tensor-to-scalar amplitude ratio is given by [60]
r = 4ey. (247)
In our model, using Equation (236), we find that
r=—2n1 = 6(a + 1) tanh® . (248)

Comparison with Planck data: The values of the parameters of inflation obtained by the
Planck collaboration [82] are ns = 0.9603 = 0.0073, 11;un = —0.0134 4+ 0.0090, » < 0.11 and
N = 60 — 70. A value of n, close to 1 means that we have nearly scale-dependent density
perturbations. For « = 1 (stiff matter), « = 1/3 (radiation) or « = 0 (matter), the value
of ns predicted by our model is very far from unity. This implies that we are not in the
slow roll regime where ey and 77;; are small. For « = 1, we find n; = —5; fora = 1/3, we
find n; = —3; and for & = 0, we find ns = —2. Itis only for & ~ —1 that n; becomes close
to unity. However, in that case, we cannot describe the graceful exit to inflation (i.e., the
smooth transition from inflation to a stiff matter or a radiation era). Therefore, for relevant
values of &, our inflationary model cannot account for the fluctuations in the primordial
universe. This is probably because the vacuumon potential V(¢) (see Equation (233)) is just
an effective classical field that cannot be used to compute the spectrum of fluctuations in
the primordial universe. It may be therefore necessary to develop a fully quantum model
of inflation.

10. Conclusions

We have developed the model of universe introduced in our previous papers [39-47].
This model assumes that the universe is filled with an exotic fluid described by a quadratic
equation of state. The presence of this fluid accounts for a phase of early inflation, followed by
a decelerated expansion, and finally a late accelerating expansion. Therefore, our quadratic
equation of state unifies inflation, relativistic or nonrelativistic matter, and dark energy in the
spirit of a generalized Chaplygin gas. Stiff matter, radiation, and (dark or baryonic) matter
may be incorporated in this exotic fluid at different periods of its evolution or treated as
independent species. We have given the scalar field representation of this exotic fluid and
determined its potential in the absence or presence of other species. For a pure scalar field the
potential can be expressed in terms of the Jacobian Elliptic function. We have shown that the
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mass of the early vacuumon (inflaton) is equal to the Planck mass Mp while the mass of the
late vacuumon (quintessence) is equal to the cosmon mass 7. Our model is able to describe
the complete history of the universe from an early de Sitter era with density pp to a late de
Sitter era with density p,, bridged by a phase of decelerated expansion. In our model, the
periods of early and late inflation are described by two polytropic equations of state with index
ne = +1 and n; = —1, respectively. This makes our model of universe very symmetric, the
Planck density pp in the early universe playing a role similar to the cosmological density ps
in the late universe. They represent fundamental upper and lower density bounds differing
by 123 orders of magnitude. Our model is also fully consistent with the ACDM model at
late times and completes it by incorporating in a natural manner a phase of early inflation
that avoids the primordial (big bang) singularity. Therefore, in our model, the universe exists
eternally in the past and in the future and does not present singularities. This has been called
the aioniotic universe [42]. We have also made the connection between our model [39-47]
based on a quadratic equation of state and the RVM [57-59] based on a quartic dependence
of the cosmological constant on the Hubble parameter. In this connection, our exotic fluid
can be viewed as a mixture of a barotropic fluid (representing stiff matter, radiation, or
dark matter) and vacuum energy. Furthermore, our scalar field [42,44] corresponds to
what Basilakos et al. [58] have called later the vacuumon. Despite its interest, our model
cannot account for the spectrum of fluctuations in the early universe. This suggests that
the vacuumon potential is just an effective classical potential that cannot be directly used to
compute the fluctuations in the early universe. A fully quantum field theory may be required
to achieve that goal.
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Appendix A. Energy Conservation Equation for a Real Scalar Field

Starting from the KG Equation (30), we can derive the energy conservation Equation (32)
for a real scalar field as follows. Taking the time derivative of the energy density from
Equation (31), we obtain

dp 1. ;
=S5+ 9)9. (A1)
Combining Equation (A1) with Equation (30), we find that
dp¢ 3H 2
a2 (A2)
Summing the density and the pressure from Equation (31), we find
$* = ppc? + Py. (A3)

Substituting Equation (A3) into Equation (A2) we obtain the energy conservation Equation (32).
Inversely, from Equations (31) and (32) we can derive the KG Equation (30).
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Appendix B. Expression of the Energy Density of the Scalar Field Described by our
Quadratic Equation of State

Let us consider a scalar field described by the quadratic equation of state (33). From
this equation, we find

¢ = 1 i A4
2 top =@+ ="+ 0p —pa |- (A4)

The two roots of the term in brackets are
P4; ) ( )

Asxk = pp/pp ~ 10712 < 1, we can make the approximations

oy ~pp and pf”) ~pa. (A6)

These approximations are essentially exact as « is extremely small. Therefore, Equation (A4)
can be written in excellent approximation as

P, 1
& +Hpe= (@1 (or — pg)(pg — pn). (A7)

Substituting this expression into the energy conservation Equation (32), we obtain

_ ppdog _ a
/(pp—p¢)(p¢—pA) 3(H1)1n<a1)’ (A8)

where a1 is a constant of integration. This equation can be rewritten as

—/< LI )dp(P:B(vc—i-l)ln(a), (A9)
PP —P¢ Py —PA a
where we have used pp > pp. We then find
W—w:(ﬂfwn (A10)
Py —PA  \@ '
giving s
11
_pp + oA (%) AlL
P= 3(a+1) ( )
1+(2)

Using pp >> pp again, this relation can be rewritten as

p=pat— (A12)
1+ (2)

The constant of integration a; can be obtained by applying Equation (A12) at 2 = 1 where
p = po- This yields

1
0y = (PO—PA> . (A13)
Pp
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where we have used pp > pa. We note that pg — pA = pa,0 can be interpreted as the present
density of the a-fluid. Equation (A12) can finally be written as

op
e T

Remark A1. Actually, it is possible to integrate Equation (32) with Equation (A4) without making
any approximation as detailed in Appendix C of [44]. However, in view of the extremely small value
of k = pa/pp ~ 107123 < 1, this exact expression is not particularly useful for our purposes.

Appendix C. Connection between the RVM and our Quadratic Equation of State

In this appendix, we discuss the connection between the RVM [57-59] and our model [3947].
The RVM assumes that the cosmological constant A(H) depends on the Hubble parameter
and that this dependence is specified by a quartic function of H (actually, a quadratic
function of H?). This relationship is motivated by particle physics and the renormalization
group approach. On the other hand, our phenomenological model assumes that the
universe is filled with an exotic fluid described by the quadratic equation of state (33). We
show that the two models are consistent and complementary to each other.

Appendix C.1. Approach Based on a Quartic A(H)

Let us first recall the main lines of the RVM [57-59]. For an N-species system, the
conservation law reads

D

N

P
pN+3H(pN+C§>} =0, (A15)

where pnc? and Py denote the energy density and the pressure of each species, respectively.
This equation expresses the conservation of the total energy (summed over all species present
in the universe). If we consider a system composed of just one X-fluid + vacuum, we find

P P
px+pA+3H(px+pA+C§+C§):0. (Al6)

In the general case, the cosmological constant A(t) and, correspondingly, the vacuum
energy density

palt) = o= (A17)

may depend on time.?® The equation of state of vacuum is given by
Py = —pac? (A18)

Therefore, Equation (A16) reduces to
. Px .
ox +3H| px + P i (A19)

We also recall the Friedmann equation

2

3H
3G~ Px + oA, (A20)

where the right hand side includes the energy density of the X-fluid + the energy density
of vacuum. We note that, according to Equation (A19), the X-fluid and the vacuum energy
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are coupled to each other and are not treated as independent species. Introducing the total

density and the total pressure?’,

P =pPx+PA,s P = Px + Py, (A21)

we can rewrite Equations (A19) and (A20) as

P
b+ 3H (px + Cgf) —0 (A22)
and
3H?

We now assume that the X-fluid has a linear equation of state
Px = wxpxc?, (A24)
where wy is constant. Combining Equations (A22)-(A24), we obtain
H+4nG(1 4 wx)px = 0. (A25)
Using Equation (A21), this equation can be rewritten as
H+47G(1 +wx)(p — pa) = 0. (A26)

Finally, using Equation (A23), we find
H+ §(1+wX)H2 =47G(1 + wx)pa- (A27)
As H = 4/a, we can also write this equation as
aHH' + %(1+wX)H2 =47G(1 +wx)pa, (A28)

where H' = dH/da. The foregoing equations are valid whether or not A (and therefore
pa) is constant. Therefore, these equations are general. Now, based on results of particle
physics and the renormalization group approach, the authors of [57-59] argue that the
cosmological constant is a function A = A(H) of the Hubble parameter given by

4

A(H) = 3¢y + 3vH? + 3a % (A29)
I

where the coefficients cg, v, a5, and Hj can be determined in principle by particle physics.
Substituting the vacuum energy density px(H) from Equations (A17) and (A29) into
Equation (A27) or (A28), we obtain a differential equation for H (see below). The solution
of this equation gives H(t) or H(a). We can then obtain p(a) from Equation (A23) and p (a)
from Equations (A17) and (A29). Finally, we can obtain px(a) from px(a) = p(a) — pa(a)
and a(t) from a/a = H(a). Specifically, for the quartic A(H) relation from Equation (A29),
the differential equations (A27) and (A28) for H read

H+ g(1+wX)H2 =

NI W

H4
(1+wyx) <c0+vH2+zst2> (A30)
I



Universe 2022, 8,92

44 of 54

and

3 3 H*
1+wX)c0+§(1+wx)(1/—1)H2+§(1+wx)zxsﬁ. (A31)
I

aHH' = g(

Equation (A31) can be solved by making the same approximations as in Appendix B%, yielding

2 (<)

o Hy — 1
=t v . (A32)
0 171& +a3(1+wx)(171/)

H
(1—v) 5L

H2

Appendix C.2. Approach Based on a Quadratic P(p)

Let us now recall the main lines of our approach [39-47]. We assume that the universe
is filled with an exotic fluid characterized by a barotropic equation of state P(p). This fluid

may correspond to a scalar field?’, but this is not compulsory. The energy conservation
equation is given by

p
p+3H<p+CZ> = 0. (A33)
As H = a/a, we can rewrite this equation as
, p
o +3(p+2) =0 (A34)

where p’ = dp/da. We also recall the Friedmann equation

3H?

3G =p (A35)

Based on heuristic considerations [39-47], we assume that the pressure P(p) is a quadratic
function of the energy density given by

2
P=—(a+ 1)5—c2 + apc? — (a +1)pac. (A36)
P

Substituting P(p) from Equation (A36) into Equation (A34), we obtain a differential equa-
tion for p (see below). The solution of this differential equation gives p(a). We can then
obtain a(t) by solving the Friedmann Equation (A35). Specifically, for the quadratic equa-
tion of state P(p) from Equation (A36), the differential Equation (A34) for p reads

2
ap’+3(a+1)<—£+p—p/\) =0, (A37)
P
which is solved in Appendix B to give

_ Lo — PA
p - pA + pO‘;PpA + a3(“+1) . (A38)

This solution was first obtained in Refs. [39,40,42,44,47]. The complete analytical solution
a(t) of the Friedmann Equation (A35) with Equation (A38) is given in [42,44]. This solution
(see Equation (47)) describes a universe going from an early de Sitter era to a late de Sitter
era passing by an intermediate phase of decelerated expansion.
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Appendix C.3. Connection between the Two Models

The connection between our model and the RVM can be obtained by identifying the
density and the pressure of the exotic fluid in our model with the total density and pressure
(X-fluid + vacuum) in the RVM. This identification guarantees that the scalar field is the
same in the two approaches (see footnote 27). We can now proceed as follows. Using
Equations (A16), (A20), and (A21), we obtain

. p 3H?
p+3H<p+C2> =0 and 8.c =P (A39)

which are equivalent to Equations (A33) and (A35). On the other hand, according to
Equations (A18), (A21), and (A24) we have

P = prXc2 — pAc2
= wx(p—pa)® —pac®
= wxpc? — (wx +1)pac?. (A40)

Substituting p (H) from Equations (A17) and (A29) into Equation (A40), we obtain

P =wxpc® — (w +1)ﬁ c +1/H2+vcH—4 (A41)
- oxe XT8rG “H2 )
Finally using Equation (A23), we find
3¢c2 5 2 3u, (871G \? 5

Therefore, the RVM yields a quadratic equation of state which is equivalent to the quadratic
equation of state of our model (see Equation (A36)) up to a change of notations

3co _ 3H?(1-v)

Pr=8nc1—v) PP " 8nGas (A43)

a+1=(wx+1)(1-v),

Using this correspondence, we find that Equation (A32) is equivalent to Equation (A38) as
it should be. Some comments are in order:

1. We face again the “problem” mentioned in the introduction in the sense that the
RVM can accommodate only one X-fluid at a time. In the early universe, this fluid
corresponds to the radiation (wx = 1/3) and in the late universe this fluid corresponds
to the matter (wx = 0). Therefore, we can use Equation (A42) in the early universe
with wy = 1/3 and in the late universe with wy = 0 but we cannot use it to describe
the whole evolution of the universe including the successive periods of inflation,
radiation, matter, and dark energy. In other words, one has to adapt wx to the period
under consideration. This is similar to approach (A) in our model.

2. The RVM determines the evolution of the X-fluid density px(t) and of the vacuum
energy density p, (t) while our model, based on the equation of state (A36), determines
only the evolution of the total density p(t) = px(t) + pa(t), not the evolution of px ()
and p (t) individually (they do not appear explicitly in our model). Therefore, the RVM
implies Equation (A36) (under the form of Equation (A42)) but this is not reciprocal.
In this sense, the RVM contains more information than our model. However, it is not
quite clear if, during the early inflation for example, we can really disentangle the
radiation from the vacuum energy as in the RVM or if there is just one fluid described
by the equation of state (A36), as in our model, which successively behaves as vacuum
energy then as radiation.
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3. Comparing Equations (A36) and (A42), we see that the coefficient of the linear term is
given by

a=wyx — (wx + 1)v. (A44)

In the matter era, we have wx = 0 implying & = —v. Therefore, the RVM suggests
that « # 0 in the matter era even though wx = 0. A nonvanishing value of « could be
accounted for in our model by assuming that dark matter has an effective temperature
so that P = uach with a = kBTeff/mCZ. Taking v, ~ (kBT/m)l/2 ~ 100km/s from the
rotation curves of the galaxies, we find a ~ 10~7.30 This estimate is consistent with the
RVM provided that v < 0 and |v| ~ 1077. It is argued in [57,58] that v can be positive
or negative and that |[v| < 1, probably in the range |v| = 107% — 1073, and with a
typical value |v| = O(1073).

4.  Except for the slight differences mentioned above, the RVM [57-59] and our model [39-47]
are consistent and complementary to each other and both represent an interesting
modelling of the evolution of the universe.

Appendix D. Parameters of the Scalar Field in the General Case

In this appendix, we determine the parameters of the scalar field in a more general
situation than the one exposed in Section 6.

Appendix D.1. Generalized Polytropic Equation of State

We consider a scalar field described by a generalized polytropic equation of state of
the form [41-43]

0 1/n
Py = appc® — (a +1)ppc? (p"’) . (A45)

This is the sum of a linear equation of state Py = apyc? and a polytropic equation of
state Py = Kpg with a polytropic index v = 1+ 1/n and a negative polytropic constant
K= —(a+1)c?/p./" < 0. We assume —1 < a < 1 to simplify the discussion (see [41-43]
for more general results). If w = Py/(ppc?) > —1 (non-phantom universe), the energy
conservation equation (32) with the equation of state (A45) can be integrated into

P
— A4
P07 T+ (a/an)para /™ (A46)

where 4. is a constant of integration.

When n > 0, Equations (A45) and (A46) describe the transition between a phase of
early inflation and a phase of algebraic expansion. For a < a. (de Sitter era), we obtain
Py = p«. We can thus identify p, with the Planck density pp (see footnote 2). For a >> a,
(a-era), we obtain py ~ p«/(a/ 2,)30+%) and P ~ ocp¢c2. Therefore, the scale factor a
marks the transition between an early de Sitter era and an a-era. For n = 1, we recover the
results of Section 3.2. The general case is treated in [41].

When n < 0, Equations (A45) and (A46) describe the transition between a phase of
algebraic expansion and a phase of late inflation. For a < a, (a-era), we obtain py =~
p./(a/a.)?1%%) and P ~ apyc®. For a > a, (de Sitter era), we obtain py ~ p.. We can
thus identify p,. with the cosmological density p5. Therefore, the scale factor a. marks the
transition between an «-era and a late de Sitter era. For n = —1, we recover the results of
Section 3.3. The general case is treated in [42].
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Appendix D.2. Scalar Field Potential
The scalar field potential corresponding to the equation of state (A45) is [42]

1 ,(1—a)cosh®>p+a+1

Vi) = gped T, (A47)
where we have defined
_ (83722G> mWT(qa + cst). (A48)
For ¢ — 0, it can be expanded into
\;ilcpz) o1 1+zx2+2nlp2+ 2+2a+4n6—i—3¢xn+3n2¢4+m (A49)
For ¢p — oo, we obtain the asymptotic behaviors
‘;EZQ ~ 22N — ) I (£ 1), (A50)
‘;fj;) ~ 202D (g = 1), (A51)

We note that the coefficient & = 1 of stiff matter plays a special role as it leads to a faster
decay of the potential. In that case, Equation (A47) becomes

V(p) = e (a=1) (A52)
)= cosh2(”+1)lp e

The relation between the scalar field and the scale factor is [42]
(a/a*)3("‘+1)/2” = sinh ¢. (A53)
This relation allows us to express pg, Py, etc. as a function of ¢ instead of a.

Appendix D.3. Normal form of the Potential
The approximate expression (A49) of the scalar field potential for ¢y — 0 can be

compared with the normal form of a quartic potential

2.4 3
m-c* » Ac 4
A54
[/—[/0+2h2¢+4h¢, (A54)

where V) is the value of the potential at ¢ = 0, m is the mass of the scalar field, and A is the
dimensionless self-interaction constant. When the scalar field describes the wave function
of a Bose—Einstein condensate (BEC), we have the relation’!

A 2a5 _ 2as|m|c
87t 3Ac  3h '

(A55)

where a5 is the scattering length of the bosons and A¢c = 1/ (|m|c) is their Compton
wavelength. One can also introduce the dimensional self-interaction constant

drah®  3AR°
Ag = = — . A
S TR P (A36)

Comparing Equation (A49) with Equation (A54), and recalling Equation (A48), we obtain
the following results:
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(i) The value of the potential at ¢ = 0 is given by
Vo= p*cz.

(ii) The squared mass of the scalar field is given by

m? = f(zx,n)mi,
where
9(a+1)
fla,n) = _T(l +a+2n)
and

1/2
S 871G, !
e 3¢t '

(iii) The dimensionless self-interaction constant of the scalar field is given by

sx S\WMgr
where
1 2
g(a,n) = (a _1:4 ) (24 2a + 4n + 3an + 3n?)
and
/\* *
2 _3pbx
81 op

(iv) The dimensional self-interaction constant of the scalar field is given by

_ 27 gla,n) GI?

)L - T 7
T4 [flan)] &2
where
GH?
—5 =515x 107" eVem?,

(v) The scattering length of the bosons is given by

A ()
32 /1 f(a,n)]
where
. 2Gmy
* 2

is the effective Schwarzschild (or gravitational) radius of a particle of mass 1.

(A57)

(A58)

(A59)

(A60)

(A61)

(A62)

(A63)

(A64)

(A65)

(A66)

(A67)

Remark A2. The potential (A47) depends on a single parameter—the density p.—which deter-

mines my, Ay, and r.. These quantities are related by

oo = 2 m = 2 L 37'cp—.
8t 8\ Mp 32\ Ip ep

(A68)



Universe 2022, 8, 92 49 of 54

Appendix D.4. The Early Universe

In the early universe, the characteristic density p. is the Planck density

Bl

pr=pp =755 =516 107 gm—3. (A69)

We then obtain

1/2 1/2
87 Gpph? 8
m:<&§> =(3) Mp, (A70)
where
he 1/2

Mp = (G) =218x107°g (A71)

is the Planck mass. We also obtain

87\ 22GM 8\ /2
m=(3> @P=2(3) Ip, (A72)
where
1/2
Ip = GAZ’IP = (G3h> =1.62x10¥m (A73)
C C

is the Planck length (the semi Schwarzschild radius of a particle of mass Mp). Finally,

Ax

= =371, 7
- 37 (A74)

Appendix D.5. The Late Universe
In the late universe, the characteristic density p is the cosmological density

A
pr=pa =g = =59x 1072 gm3, (A75)

We then obtain

87tGo K2 12
oA LN
= | —A =2 A76
m ( = ) " (A76)
where
VA
may = =5~ =208 % 107 ¥ ev/3? (A77)
is the cosmon mass.>? We also obtain
ZYA
Ty = —=, A78
73 (A78)
where
_ G CIVA s 10-%m (A79)

A
c? ct
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is the cosmon radius (the semi Schwarzschild radius of a particle of mass 1, ). Finally,

A aPA 09 10712, (A80)
87 op

Remark A3. We note that

1/2 1/2 1/2
ma  TA 8 [ Ay oA GhA —61
A A 2R =+ = — =170x1 . A81
Mp Ip \/;<87T> SH(PP) < c® 010 (ASD
Appendix E. Scalar Field in the Presence of One Fluid in the Early Universe

In the main text, we have assumed in approach (B) that the early universe is dominated
by the scalar field and that the X-fluids appear later in the evolution of the universe. In
that case, there is first a phase of inflation followed by an a-era both due to the scalar field.
As the scalar field is alone in the early universe, its potential is given by Equation (115).
The a-era may correspond to a stiff matter era (¢« = 1) or to a radiation era (« = 1/3). If
the a-era corresponds to a stiff matter era (x = 1), we have to introduce an X-fluid with
ax = 1/3 to represent the subsequent phase of radiation while this is not necessary if
the a-era corresponds to a radiation era (¢« = 1/3).%* Then, there is a matter era due to
another X-fluid with ax = 0, and finally a late inflation due to the constant pressure of the
scalar field.

In this appendix, we consider the possibility that an X-fluid coexists with the scalar
field since the beginning of the universe. In that case, the X-fluid dominates the scalar
field for a — 0 and leads to a big bang singularity where px o a—3(1*%x). This X-era is
followed by an inflation era due to the scalar field when px < pp. Then, the evolution of
the universe is dominated by the X-fluid or by the a-fluid (different possibilities can arise
depending on the values of the parameters).’* In any case, we exit this period through a
radiation era due to the scalar field (if « = 1/3) or to the X-fluid (if ax = 1/3). Then, there
is a matter era due to another X-fluid with ax = 0, and finally a late inflation era due to the
constant negative pressure of the scalar field.

Let us determine the potential of the scalar field in the presence of the X-fluid in the
early universe. In that case, the scalar field has a quadratic equation of state Py = —(a + 1)
(pé /pp)c® + Dép¢62. The scalar field potential is determined by Equations (96) and (97). For
small a they reduce to

3¢c2 1/2 /7 Qppo 172 Qpo dx
o0 = (o) viFa [l (Be) iy
20 +Qpo *

7

1+aX

V(a) 1 Qpp Bat)|
oot = P [1 S35 W (A83)

The scalar field is described by the index « = 1/3 (radiation) or &« = 1 (stiff matter) and the
X-fluid is described by the index ax = 1 (stiff matter) or ax = 1/3 (radiation), respectively.
Unfortunately, neither (96) nor Equation (A82) can be calculated analytically. However,
when the X-fluid dominates, Equation (A82) can be simplified further into

2 1/2 0
#la) = (83;G> \/% ey, (A84)
a

giving

1/2
¢(a) _ ( 3 > 2 \/1 +a QPO %(g(+ax+2)' (A85)

87TG 3(X+IXX+24/ BKOQXO
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Substituting Equation (A85) into Equation (A83), we find that the scalar field potential is
given in this regime by
2(a41)
811G 1/23a+ax+2 \/Qa,OQX,O atax 2 A6
(3c2> 2 Vita Oppo ? - (486)

Qpp
sz,O

V(9) = prc® — 5ppc*(a +3)

Notes

6

12

13

19

20

21

22

23

It is expected, but not observationally established, that the periods of acceleration are exponential, corresponding to a de Sitter stage.

The Planck density corresponds to a mass scale ~ 101 GeV /2. Actually, the scale of primordial inflation could be three orders of
magnitude smaller, corresponding to the grand unification theory (GUT) scale ~ 10'® GeV /2. In the following, for convenience,
we shall identify the scale of primordial inflation to the Planck scale. If another scale turns out to be more relevant for our
problem, we just have to replace the Planck density pp by the corresponding density in the equations.

This can be viewed as an “initial conditions problem” or as a “fine tuning problem”. Indeed, as dark matter and dark energy
evolve at different rates with the universe expansion, conditions in the early universe must be set very carefully in order for them
to be comparable to the ones existing today.

We stress that there is no initial singularity in our model [45,46] as the stiff matter era starts after the inflation era (de Sitter)
during which the density is constant (finite).

Note that Basilakos et al. [58] did not derive the complete energy density evolution nor the complete scalar field potential obtained
in Equations (86), (106), and (121) of [44], but only their asymptotic expressions in the early and late universe.

Apparently, their formula (40) in [59] contains a mistake. The potential associated with the inflation + stiff matter era should read
like Equation (F.42) of [46].

This is because the other species enter into the Friedmann equation as additional components of the energy density and therefore
alter the evolution of the scale factor and of the Hubble constant with respect to the free scalar field.

In this paper, we assume that the scalar field is real. The cosmological evolution of a complex scalar field is considered in [52,61,62].
On the other hand, in order to simplify the equations, we make the change of notation ¢ — c¢.

We will see in Sections 4 and 5 how to relate the potential V(¢) of the scalar field to its equation of state Pg(p).
As discussed in approach (A) of the Introduction, « may change with the density of the universe. Therefore, its value may depend
on the epoch under consideration.

To avoid a spurious divergence of the energy density at a = 0, the matter component term Q, o/4a> has to be introduced at a
sufficiently late time, i.e., after the inflation era when p < pp.

We assume a non-phantom universe wy > —1. We also assume that the scalar field ¢ increases with the scale factor a so that
d¢/da > 0.

We have left the lower limit of integration undetermined as the expression of the integrand is only valid for sufficiently large
values of a. The lower limit of integration has to be obtained by matching the solutions in the early and late universe.

For example, we can take « = 1 (stiff matter) in the equation of state of the scalar field and add radiation and matter as additional species.
The case where a radiation era occurs before the inflation era, leading to a big-bang singularity, is considered in Appendix E.
This is a particular case of the general solution given in [42].

For « = 1 (stiff matter), the scalar field potential is constant V = p AC2 (see Equation (135)).

A similar quantization rule was introduced by Wesson [68]. By using the dimensional reduction from higher dimensional
relativity and by assuming that the Compton wavelength of a particle cannot take any value, he proposed that the mass is
quantized according to the rule m = (n.h/c*)\/A/3 = n.m’, where n, is an integer (this differs from Equation (175) in that it
involves n, instead of /7). Hence, m’, is the minimum mass corresponding to the ground state 7. = 1. In our model, the mass
of the scalar field associated with the ACDM model (x = 0) is (3/2)m}.

Some analytical solutions of the Friedmann equation involving two or more fluids with a linear equation of state (e.g., stiff matter,
radiation, matter, or dark energy) are given in [45].

These equations can be obtained from Equations (86) and (87) by using the fact that both the scalar field and the X-fluids have a
linear equation of state. They can also be recovered from Equations (94) and (95) by taking Q4 9 = 0 and Qp — +oo.

The two potentials (149) and (199) are equivalent provided that the terms depending on X in Equation (199) are included in the
constant of integration ¢, appearing in Equation (149).

In the framework of our model, this corresponds to the situation where the scalar field describes dark radiation (¢ = 1/3) and the
X-fluid describes normal radiation («x = 1/3). This also corresponds to the situation where the scalar field describes dark matter
(2 = 0) and the X-fluid describes baryonic matter (xx = 0).

This assumes pp # 0. The case pp = 0 leads to Equations (190)-(193).
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24

25

26

27

28

29

30

31

32

33

34

This is basically why we do not find a good agreement with the observations.

The function H(¢) can be obtained from Equations (104), (123), and (213). However, in line with the Hamilton-Jacobi formalism,
we shall proceed here the other way round and take Equation (229) as a starting point from which all the results of our model can
be derived.

In this section, the time-dependent vacuum energy density p () should not be confused with the constant cosmological density
oA = 5.96 x 10~ grrf3 appearing in Equation (33).

In the scalar field representation of the RVM [58,59], the scalar field is associated with the total density and pressure. This implies
that the X-fluid is part of the scalar field. In other words, the vacuumon is not associated to the vacuum alone, but to the vacuum
+ X-fluid. We also recall that the X-fluid changes with the epoch considered (early or late universe).

We show in Appendix C.3 that the calculations in the RVM are equivalent to those of Appendix B.
In that case, p and P represent the energy density and the pressure of the scalar field denoted py and P, in the main text.

This value is consistent with the condition a < 10~7 necessary to avoid the presence of oscillations in the matter power spectrum
(see Appendix C in [52]).

The factor 2/3 arises because we consider a real scalar field (see [83] for more details). In principle, Equation (A55) makes sense
only if m is a positive real number. However, in order to treat all possible situations, we formally extend this formula to the case
where m is imaginary (m? < 0) by taking its modulus |m|.

This mass scale is often interpreted as the smallest mass of the elementary particles predicted by string theory [84] or as the
upper bound on the mass of the graviton [85]. The mass m, also represents the quantum of mass in theories of extended
supergravity [66]. The mass scale 1, is simply obtained by equating the Compton wavelength of the particle Ac = 7i/mc with
the Hubble radius Ry = ¢/ Hj (the typical size of the visible universe) giving ma = hHy/ c? ~ hvV/A/c? (as Hg ~ Gpp ~ N).
The mass m corresponds to Wesson’s [68] minimum mass interpreted as a quantum of dark energy (Wesson’s maximum
mass My = (4/3)7Tp0R‘;’\ = ¢3/2GHy = 9.20 x 10°® g is of the order of the mass of the universe). The mass scales M, and
mp also appear in Refs. [51,86] and represent the mass of the visible universe and the minimum mass of the bosons. Bohmer
and Harko [87] proposed to call the elementary particle of dark energy having the mass m, the “cosmon”. Cosmons were
originally introduced by Peccei et al. [88] to name scalar fields that could dynamically adjust the cosmological constant to zero
(see also [89-91]). The name cosmon was also used in a different context [92] to designate a very light scalar particle (dilaton) of
mass ~ 1073 eV/c? which could mediate new macroscopic forces in the submillimeter range.

We could, however, introduce an X-fluid with ax = 1/3 to distinguish the radiation due to the scalar field (dark radiation) from
the ordinary radiation due to photons or other relativistic particles.

For example, if ax = 1 and « = 1/3 we generically have a stiff matter era (X) followed by an inflation era (SF) and a radiation era
(SF). By contrast, if xx = 1/3 and « = 1 we generically have a radiation era (X) followed by an inflation era (SF), a stiff matter era
(SF) and a radiation era (X).
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