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Abstract: The transverse momentum spectra of π+ (π−)(π+ + π−) at 6.3, 17.3, 31, 900 and 7000 GeV
are analyzed by the blast-wave model with Tsallis statistics (TBW) in proton-proton collisions. We
took the value of flow profile n0 = 1 and 2 in order to see the difference in the results of the extracted
parameters in the two cases. Different rapidity slices at 31 GeV are also analyzed, and the values of
the related parameters, such as kinetic freeze-out temperature, transverse flow velocity and kinetic
freeze-out volume, are obtained. The above parameters rise with the increase of collision energy,
while at 31 GeV, they decrease with increasing rapidity, except for the kinetic freeze-out volume,
which increases. We also extracted the parameter q, which is an entropy-based parameter, and its
rising trend is noticed with increasing collision energy, while at 31 GeV, no specific dependence of q
is observed on rapidity. In addition, the multiplicity parameter N0 and mean transverse momentum
are extracted, which increase with increasing collision energy and decrease with increasing rapidity.
We notice that the kinetic freeze-out temperature and mean transverse momentum are slightly larger
with n0 = 2, while the transverse flow velocity is larger in the case of n0 = 1, but the difference is very
small and hence insignificant.

Keywords: rapidity; kinetic freeze-out temperature; transverse flow velocity; kinetic freeze-out
volume; transverse momentum spectra

PACS: 12.40.Ee; 13.85.Hd; 25.75.Ag; 25.75.Dw; 24.10.Pa

1. Introduction

In high-energy heavy-ion nucleus-nucleus collisions, an extremely hot and dense
matter called the quark-gluon plasma (QGP) is formed. As an extremely hot matter, it is
obvious that temperature plays an important role in the formation of QGP matter. There are
various kinds of temperatures, and they describe the excitation function of the interacting
system at different evolution stages [1–5]. In addition, the mean transverse momentum
(< pT >) spectra of the particles are also used [6–10] for describing the excitation degree of
the interacting system. The initial temperature is the earliest temperature displayed in the
initial stages (beginning) of collision [11–16], and it is followed by the chemical freeze-out
temperature (Tch) [17–19] that occurs at the chemical freeze-out stage where the inelastic
interaction among the hadrons stop, and the particle chemistry gets fixed. However, the
elastic interaction does not stop until the kinetic freeze-out stage is reached, where the
transverse momentum (pT) spectra of the particles remain unchanged. The temperature
at this stage is said to be the kinetic/thermal freeze-out temperature (T0). The effective
temperature is also a kind of temperature that includes the impact of flow effects.
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Different freeze-out stages occur at different stages of system evolution, and the
excitation function of the freeze-out parameters (such that their dependence on centrality,
energy, etc.) at different stages is very interesting to us. Hence, our aim is to study the final
state particles. Therefore, we study the kinetic freeze-out parameters in the present work.
The study of the excitation function of the kinetic freeze-out parameter is very complex
and exciting. The under-studied kinetic freeze-out parameters in the present work are
the kinetic freeze-out temperature (T0), transverse flow velocity (βT), and kinetic freeze-
out volume (V). βT and V are studied in the literature with some contradiction in their
results; however, the study of T0 in the literature has a big contradiction. There are several
studies on this issue [1,14,20–22], but their results are different. For instance, there is a
contradiction about the centrality dependence of T0. According to some literature [1,8,15,21],
there is a higher degree of excitation in the system in central collisions, and as the system
moves towards the periphery, the degree of excitation becomes less and, hence, T0 is less.
Contrarily, in refs. [22,23], in central collisions, T0 is smaller than in the peripheral collisions,
which indicates the longer-lived fireball in central collisions. This different trend of T0
may be model dependent or may depend on the flow profile with different conditions
and limitations as well as different methods in the extraction of T0 [1]. Similarly, the
dependence of T0 on energy is also a complex and contradictory issue. From lower energies
up to a few GeV at Beam Energy Scan energies [1,20,22], T0 increases sharply and then
saturates up to 39 GeV. However, after that, it may have an increasing or decreasing trend
or remain invariant. In our previous work [1], with the BGBW model, we reported an
increasing trend of T0 with energy. βT and V have the same trend with centrality and
energy in the literature [15,21,24,25]. The core idea of the present work is to report the
energy-dependent as well as rapidity-dependent kinetic freeze-out parameters. We present
the rapidity dependence of the kinetic freeze-out parameters at 31 GeV in order to examine
the trend of these parameters with rapidity, but we shall conduct its detailed study in
the near future by different models, including various particles at various rapidities and
energies. The main motivation of the present work is that we study these dependencies
with the TBW model for two flow profiles (n0 = 1 and 2) in order to examine whether there
is any similarity or difference among the two cases.

The energy dependence of the freeze-out parameters in Appendix A collisions are
widely studied; however, there are less studies for pp collisions regarding this issue. We
believe that being a basic process in Appendix A collisions, pp collisions are very important
in the study of excitation functions of different freeze-out parameters.

Various distributions can be used to study the excitation functions of various freeze-
out parameters. These distributions include, but are not limited to, the Erlang distribu-
tion [26], Hagedorn function [27], multi-thermal source model [28,29], modified Hagedron
model [30,31], blast-wave model with Boltzmann Gibbs distribution (BGBW) [32,33] and
blast-wave model with Tsallis statistics (TBW model) [24,34,35].

In the present work, we used the blast-wave model with Tsallis statistics to analyze the
transverse momentum spectra of π+ (π−)(π+ +π−) in pp collisions at 6.3, 17.3, 31, 900 and
7000 GeV to see the excitation function of kinetic freeze-out temperature (T0), transverse
flow velocity (βT), kinetic freeze-out volume (V) and mean momentum (< pT >). Besides
having the advantage of entropy-based parameter q, the TBW model covers the pT range
as wide as it can. One can extract the information about the final state particles from the pT
spectra of the particles at the kinetic freeze-out stage by the TBW, and the particles at this
stage provide useful information about the collision dynamics. This information includes,
but is not limited to, the kinetic freeze-out temperature (T0), transverse flow velocity (βT)
and kinetic freeze-out volume (V). The transverse momentum distribution of the final
state particles may help us to understand the characteristics of transverse excitation and
dynamical expansion of the interacting system. The transverse excitation is related to the
soft excitation process and can give a good understanding of the excitation degree of the
interacting system in high-energy regions.
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The description of the particle spectra in various collision systems at various energies
at RHIC and LHC have been studied extensively by the BGBW model [36–39] where the
shape of the spectra depends on the kinetic freeze-out temperature (T0) and transverse
flow velocity (βT). The BGBW model is based on a strong assumption of local thermal
equilibrium at some instant of time and then experiences a hydrodynamic evolution, but
the initial condition for the hydrodynamic evolution varies event by event [40], which
leaves a footprint (due to its incomplete wash-out by the subsequent interactions at either
the quark-gluon plasma phase or the hadronic phase) in the low and intermediate pT
region of the particle spectra. The particle emission source distribution from the Boltzmann
distribution is changed to the Tsallis distribution [29] in order to take into account the
above fluctuation [41]. The pT spectra of the particles are very important observables,
which can be used to examine the dynamics of production of particles, and various thermal
parameters, including the fireball geometry and the expansion velocity, could be extracted
from their fitting by different distributions. Furthermore, we also study the dependence of
these parameters on rapidity at 31 GeV.

In the present study, we take pp collisions because they are operated as a baseline and
are important for understanding the mechanism of particle production [42]. Furthermore,
the study of pp collisions is necessary in order to distinguish the hard hadronic interactions
from the soft ones, which can be used for the tuning of phenomenological models in
order to describe the final state observables. It is noteworthy that the reason behind the
selection of pions is that the spectra of the pion are closest to the source temperature. In
fact, the proton-proton collisions are small collision systems, where there is negligible
flow as compared to nucleus-nucleus (Appendix A) collisions. Naively, the formation of
a system with quark-gluon plasmas (hydrodynamics collective effects) is not anticipated
in pp collisions. According to [43], no radial flow effects are reported at

√
sNN = 200 and

540 GeV in pp collisions. However, according to [44–47], the probability of formation of
such a system in pp collisions on a small scale cannot be ignored, and therefore we use
different hydrodynamic models for pp collisions. In addition, it is also noteworthy that
when we use such models for pp collisions, we take a grand canonical ensemble where
there are a large number of particles, a lot of events, and hence, a large flow. Meanwhile,
the pp collision with high multiplicity-produced high-energy density at SPS (CERN) [48,49]
encouraged scientists for deconfinement in hadronic collisions at SPS-CERN [44] and
Fermilab-Tevatran [45,46]. The models based on statistical hadronization successfully
describe the pp collisions [50,51].

The remainder of the paper consists of methods and formalisms in Section 2, followed
by the results and discussion in Section 3. In Section 4, we summarize our main observations
and conclusions.

2. The Methods and Formalisms

In refs. [24,34,35], we express the invariant differential yield of the particles with the
blast-wave model with Tsallis statistics (TBW), which can be represented as:

f1(pT) =
1
N

dN
dpT

=
gV

(2π)2 pTmT

∫ π

−π
dφ
∫ R

0
rdr

×
{

1 +
q− 1

T0

[
mT cosh(ρ)− pT sinh(ρ)

× cos(φ)
]}− q

(q−1)
(1)

where mT (mT =
√

p2
T + m2

0), is the transverse mass, m0 and g are the rest mass and degen-
eracy factor (which is 1 for pion) of the hadron, respectively, φ represents the azimuthal
angle. R represents the maximum r and the later is a radial coordinate. q is a non-extensive
parameter and it measures the degree of equilibrium. The deviation of the parameter q from
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unity gives the fluctuation of 1/T [35], ρ is the transverse expansion rapidity and is given
as ρ = tanh−1[β(r)], which grows as the n-th power of the emitting source’s radius (r). β(r)
is the self-similar flow profile and is given as β(r) = βS(r/R)n0 and βS is the velocity of the
source at the fireball edge. The mean transverse flow velocity is < βT >= 2/(n0 + 2)βS.
The value of n0 can be 1 [41], 2 [32,52] or a free parameter [53]. In the present work, we
investigate the dependence of the results of the freeze-out parameters on the choice of
n0 = 1 and 2. n0 = 1 is the closest approximation to hydrodynamic [54] at freeze-out, and
n0 = 2 closely resembles the hydrodynamic profile [32]. The TBW model is generally used
to describe the low pT region, and for the high pT region, the Hagedron function (which is
an inverse power law) [27,55,56] can be used. A further explanation of the model can be
found in our recent work [36,37].

3. Results and Discussion
3.1. Comparison with Data

The data for π+ (π−)(π+ + π−) was illustrated by the NA61/SHINE [57,58] and
ALICE Collaborations [59,60]. We presented the fit to transverse momentum spectra of π+

(π−)(π+ + π−) in inelastic (INEL) proton-proton collisions by the blast-wave model with
Tsallis statistics (TBW) [61,62] in Figure 1. We first perform the fit to the experimental data
of NA61/SHINE and ALICE Collaborations by the TBW model with n0 = 1 and then with
n0 = 2, and extracted the relative parameters by using the least squares method. Figure 1a
demonstrates the fit to the experimental data of pions at 6.3, 17.3, 900 and 7000 GeV, while
Figure 1b,c presents the fit to the data in different rapidity slices at 31 GeV. The experimental
data (symbols) were obtained from ref. [57–60]. Different symbols in Figure 1a show
different energies, while in Figure 1b,c different rapidity slices are represented by different
symbols. The solid and dashed lines appear for the fit with TBW model interpreting n0 = 1
and n0 = 2, respectively. An approximate description of the TBW model to the experimental
data can be seen. Figure 1a shows the pull distribution of Figure 1 by the TBW model with
n0 = 1 and 2, which is more informative to check the quality of the fit.

In order to read the figure clearly, some spectra are scaled by factors. The correspond-
ing data/fit ratios of the fits in the upper panels are followed in their lower panels. The
open and filled symbols in the lower panels illustrate the data/fit ratios with n0 = 1 and
n0 = 2, respectively. To obtain the best parameters, we used the least squares method in the
fitting process and extracted the values of the free parameters along with χ2/dof, and the
p-values of the χ2 statistics, which are calculated in R-software, and are listed in Tables 1
and 2. Table 1 presents the values of the parameters with n0 = 1, while Table 2 shows their
values when n0 = 2 is used.

It is important to indicate that some data/fit ratios of spectra (the confidence level
of the fit) deviate from unity. Basically, the deviation of data/fit ratios shows the quality
of the fit. The more closely the data/fit ratios are to unity, the better the fit results are.
Similarly, the values of χ2 are also presented in Tables 1 and 2 to show the goodness of
fit. The p-values are listed in Tables 1 and 2 in order to show the confidence level of the
fits. In our work, some results of the data/fit ratios deviated more from unity, and the
values of χ2 were also large. We can see that this large deviation was basically in the range
of (pT > 2.5GeV/c), which is responsible for the large fraction of resonance decay of
pions (hard component), and the model does not take into account the resonance decay.
Secondly, data/fit ratios (the values of χ2) in a few cases also deviated from unity; this
deviation (large values of χ2) was caused by the data itself. The modeling of high-energy
collisions in ideal hydrodynamics is usually limited to low pT (≤1 or 1.5 GeV/c) because
this is a general belief that at high pT , the equilibrium description fails where the particle
productions are dominated by hard processes. Therefore, the selection of the pT range is
sensitive. The TBW model covers the data up to pT ≈ 2.5–3 GeV/c, or a little more. If the
model fitting does not cover the whole data, then we use the two or multi-component TBW
model, where pT ≤ 1.5–2 GeV/c is the soft component and pT > 2–3 GeV/c, or a little
more, is the hard component. In the present work, we analyzed different spectra, among
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which, some had pT > 2.5 GeV/c, but it does not mean that the particles were produced
in hard components, which means that even if the hard component is included, i.e., the
power-law [27,55], the soft component will be responsible for particle production.
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Figure 1. The invariant pT spectra of π+ (π−)(π+ + π−) measured in inelastic pp collisions. Panel
(a) represents the transverse momentum spectra of pion at 6.3, 17.3, 900 and 7000 GeV collision
energies, while panels (b) and (c) show the transverse momentum spectra of pion in y = 0–2.3
rapidity slices at 31 GeV. The symbols are the experimental data of NA61/SHINE [57,58] and ALICE
Collaborations [59,60], and the curves are our fit results by the blast-wave model with Tsallis statistics
based on Equation (1). The solid curves are the fit results by interpreting n0 = 1 in TBW model, while
the dashed curves are the results of the fit by using n0 = 2 in Equation (1). The spectra at 6.3 and
17.3 GeV for π− for both n0 = 1 and 2 in are scaled by a factor of 1/4 and 1.2, respectively. Similarly,
the spectra of π+ and π− at 900 GeV are scaled by the factor 1.5 and 5, respectively, and the spectra
at 7000 TeV is scaled by a factor of 8. The spectra of π+ at 31 GeV in rapidity slices y = 1 and 1.4 are
scaled by 1/5 and 1/10, respectively. The corresponding data/fit ratios of the fits in upper panels are
followed in their lower panels. The filled and open symbols in the data/fit ratios represent the results
from the model with n0 = 1 and n0 = 2, respectively. The method of least squares is used in the fit for
extracting the related parameters. (a) Represents the pull distributions of Figure 1 by the TBW model
with n0 = 1 (upper part of each panel) and n0 = 2 (lower part of each panel).
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Table 1. (n0 = 1) Values of free parameters T0 and βT , V and q, normalization constant (N0), χ2 and
degree of freedom (dof) corresponding to the curves in Figure 1. The p-values of χ2-statistics are also
presented, which were calculated in R-software by pchisq (χ2 values, degree of freedom).

Energy (GeV) Rapidity Particle T0 (GeV) βT (c) V (fm3) q N0 χ2/dof p

30.6 GeV y = 0 π+ 0.086± 0.004 0.459± 0.007 2618± 100 1.018± 0.004 5± 0.4 132/15 1
30.6 GeV y = 0.1 π+ 0.085± 0.005 0.453± 0.010 2700± 140 1.012± 0.004 0.4± 0.05 0.4/2 0.18
30.6 GeV y = 0.3 π+ 0.082± 0.004 0.437± 0.009 2800± 120 1.050± 0.005 0.032± 0.005 3/5 0.3
30.6 GeV y = 0.5 π+ 0.078± 0.006 0.410± 0.011 2880± 100 1.002± 0.004 0.008± 0.0003 13/8 0.89
30.6 GeV y = 0.6 π+ 0.077± 0.004 0.403± 0.010 2935± 110 1.037± 0.005 2± 0.4 29/17 0.97
30.6 GeV y = 0.7 π+ 0.075± 0.005 0.400± 0.007 3000± 109 1.005± 0.005 7× 10−4 ± 4× 10−5 16/8 0.98
30.6 GeV y = 0.9 π+ 0.072± 0.004 0.383± 0.010 3138± 131 1.009± 0.005 6.0× 10−5 ± 4× 10−6 18/8 0.98
30.6 GeV y = 1.0 π+ 0.070± 0.004 0.378± 0.007 3196± 102 1.030± 0.004 0.9± 0.04 7/4 0.86
30.6 GeV y = 1.1 π+ 0.068± 0.006 0.371± 0.008 3258± 114 1.026± 0.004 5× 10−6 ± 3× 10−7 8/7 0.67
30.6 GeV y = 1.3 π+ 0.064± 0.005 0.360± 0.010 3329± 106 1.013± 0.004 5× 10−7 ± 4× 10−8 6/6 0.58
30.6 GeV y = 1.4 π+ 0.064± 0.005 0.360± 0.010 3329± 100 1.03± 0.004 0.4± 0.04 17/1 0.99
30.6 GeV y = 1.5 π+ 0.060± 0.004 0.348± 0.012 3455± 126 1.006± 0.004 4× 10−8 ± 4× 10−9 11/6 0.91
30.6 GeV y = 1.7 π+ 0.055± 0.005 0.328± 0.010 3670± 130 1.007± 0.005 3× 10−9 ± 3× 10−10 23/6 0.0.99
30.6 GeV y = 1.9 π+ 0.052± 0.005 0.314± 0.008 3768± 115 1.001± 0.004 2× 10−10 ± 4× 10−11 48/7 1
30.6 GeV y = 2.1 π+ 0.047± 0.004 0.298± 0.007 3900± 152 1.001± 0.004 1.5× 10−11 ± 4× 10−12 53/6 1
30.6 GeV y = 2.3 π+ 0.045± 0.004 0.280± 0.009 3980± 180 1.004± 0.003 1× 10−12 ± 5× 10−13 22/4 0.99
6.3 GeV y = 0.3 π+ 0.080± 0.005 0.435± 0.012 2800± 100 1.02± 0.003 0.035± 0.004 2.3/5 0.19
6.3 GeV y = 0.3 π− 0.080± 0.005 0.435± 0.011 2800± 103 1.02± 0.003 0.033± 0.004 1/4 0.09

17.3 GeV y = 0.1 π+ 0.086± 0.004 0.454± 0.010 2909± 121 1.06± 0.004 0.46± 0.05 0.5/2 0.22
17.3 GeV y = 0.1 π− 0.086± 0.004 0.454± 0.010 2909± 121 1.06± 0.004 0.46± 0.05 0.5/2 0.22
900 GeV y < 0.5 π+ 0.113± 0.005 0.490± 0.012 4400± 140 1.07± 0.005 0.53± 0.05 22/30 0.145
900 GeV y < 0.5 π− 0.113± 0.005 0.490± 0.012 4400± 140 1.07± 0.005 0.53± 0.05 25/30 0.27

7000 GeV y < 0.5 π+ + π− 0.135± 0.005 0.580± 0.012 5070± 142 1.08± 0.004 1.60± 0.4 41/35 0.77

Table 2. (n0 = 2) Values of free parameters T0 and βT , V and q, normalization constant (N0), χ2 and
degree of freedom (dof) corresponding to the curves in Figure 1. The p-values of the χ2-statistics are
also presented, which were calculated in R-software by pchisq (χ2 values, degree of freedom).

Energy (GeV) Rapidity Particle T0 (GeV) βT (c) V (fm3) q N0 χ2/dof p

30.6 GeV y = 0 π+ 0.090± 0.006 0.441± 0.010 2670± 125 1.010± 0.005 5± 0.35 143/15 1
30.6 GeV y = 0.1 π+ 0.089± 0.005 0.429± 0.011 2750± 108 1.010± 0.005 0.4± 0.04 0.2/2 0.95
30.6 GeV y = 0.3 π+ 0.086± 0.005 0.417± 0.010 2800± 120 1.030± 0.004 0.035± 0.003 2/5 0.15
30.6 GeV y = 0.5 π+ 0.082± 0.006 0.400± 0.011 2885± 103 1.001± 0.003 0.008± 0.0003 13/8 0.88
30.6 GeV y = 0.6 π+ 0.081± 0.005 0.396± 0.009 2935± 110 1.032± 0.005 2± 0.4 31/17 0.98
30.6 GeV y = 0.7 π+ 0.078± 0.004 0.385± 0.011 3020± 100 1.005± 0.005 6.9× 10−4 ± 4× 10−5 14/8 0.92
30.6 GeV y = 0.9 π+ 0.075± 0.005 0.373± 0.010 3145± 131 1.009± 0.0005 6.0× 10−5 ± 4× 10−6 15/8 0.94
30.6 GeV y = 1.0 π+ 0.073± 0.005 0.367± 0.010 3190± 105 1.030± 0.004 0.9± 0.04 5/4 0.71
30.6 GeV y = 1.1 π+ 0.073± 0.004 0.366± 0.009 3250± 110 1.026± 0.003 5× 10−6 ± 4× 10−7 8/7 0.67
30.6 GeV y = 1.3 π+ 0.070± 0.004 0.355± 0.011 3329± 100 1.008± 0.007 5× 10−7 ± 4× 10−8 4/6 0.32
30.6 GeV y = 1.4 π+ 0.069± 0.004 0.351± 0.012 3329± 109 1.030± 0.004 0.4± 0.04 4/1 0.95
30.6 GeV y = 1.5 π+ 0.067± 0.005 0.343± 0.008 3455± 120 1.001± 0.003 4× 10−8 ± 4× 10−9 7/6 0.68
30.6 GeV y = 1.7 π+ 0.063± 0.005 0.325± 0.010 3660± 110 1.002± 0.004 3× 10−9 ± 3× 10−10 28/6 0.99
30.6 GeV y = 1.9 π+ 0.059± 0.004 0.310± 0.010 3768± 110 1.001± 0.004 2× 10−10 ± 4× 10−11 44/7 0.99
30.6 GeV y = 2.1 π+ 0.052± 0.005 0.250± 0.008 3919± 140 1.001± 0.004 1.5× 10−11 ± 4× 10−12 50/6 1
30.6 GeV y = 2.3 π+ 0.050± 0.005 0.270± 0.008 3980± 120 1.001± 0.003 1× 10−12 ± 5× 10−13 28/4 0.99
6.3 GeV y = 0.3 π+ 0.085± 0.004 0.423± 0.010 2800± 109 1.005± 0.0004 0.035± 0.004 2.4/5 0.208
6.3 GeV y = 0.3 π− 0.085± 0.004 0.423± 0.010 2800± 109 1.004± 0.0004 0.035± 0.004 1.5/4 0.173

17.3 GeV y = 0.1 π+ 0.090± 0.004 0.441± 0.011 2940± 113 1.05± 0.004 0.46± 0.06 0.2/2 0.095
17.3 GeV y = 0.1 π− 0.090± 0.004 0.441± 0.011 2940± 113 1.05± 0.004 0.46± 0.06 0.2/2 0.095
900 GeV y < 0.5 π+ 0.119± 0.006 0.481± 0.010 4410± 130 1.06± 0.005 0.53± 0.05 27/30 0.37
900 GeV y < 0.5 π− 0.119± 0.005 0.481± 0.012 4414± 105 1.06± 0.0045 0.53± 0.05 31/30 0.58

7000 GeV y < 0.5 π+ + π− 0.142± 0.006 0.570± 0.013 5070± 127 1.068± 0.004 1.6± 0.4 45/35 0.88

3.2. Tendencies of Parameters

To begin with the changing trend of the related parameters, Figure 2 describes the
excitation function that is the dependence of the kinetic freeze-out temperature (T0) on
the collision energy and rapidity. Panels (a–d) present the results obtained from the TBW
model with the flow profile n0 = 1 and n0 = 2, respectively. Panel (a) shows the trend
of T0 with increasing collision energy, while panel (b) shows its trend with decreasing
rapidity at 31 GeV. We noticed that T0 at 6.3 GeV is 0.080± 0.005 for both π+ and π−,
which rise at 17.3 GeV to 0.086± 0.004. Similarly, with rising energy to 900 and 7000 GeV,
the value of T0 becomes 0.113± 0.005 and 0.135± 0.005, respectively. In addition, T0 in
the rapidity slice y = 0 was 0.086± 0.004, which continuously decreased with increasing
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rapidity and became 0.045± 0.004 at y = 2.3. Likewise, in panel (c) the value of T0 at
6.3 GeV was 0.085± 0.004, then became 0.090± 0.004 at 17.3 GeV, and simultaneously
jumped to 0.119± 0.006 and 0.142± 0.006 at 900 and 7000 GeV respectively, and similarly
with rapidity, T0 decreased from 0.085± 0.006 at y = 0 to 0.050± 0.005 at y = 2.3. We
see that T0 obtained from the TBW model with n0 = 2 was slightly larger (or nearly equal)
compared to n0 = 1. We also noticed that the value of T0 in Table 1 in the y = 0.1 rapidity
slice at 31 GeV (0.085± 0.005) and 17.3 GeV (0.086± 0.006), and y = 0.3 rapidity slice at 31
GeV (0.080± 0.005) and 17.3 GeV (0.082± 0.005) were nearly equal. Likewise, in Table 2,
we observed similar results of T0 in the y = 0.1 rapidity slice at 31 and 17.3 GeV to be
0.089± 0.005 and 0.090± 0.004, respectively, and the y = 0.3 rapidity slice at 31 GeV T0 is
0.086± 0.005 and 6.3 GeV was 0.085± 0.004.

0 2000 4000 6000

0.1 y=0.3 6.3 GeV    
y=0.3 6.3 GeV 
y=0.1 17.3 GeV
y=0.1 17.3 GeV
y<0.5 900 GeV
y<0.5 900 GeV
y<0.5 7000 GeV

(G
eV

)

sNN (GeV)

(a) n0=1pp collision

0 1 2

0.04

0.06

0.08

(G
eV

)

y

(b) n0=1

pp collision 31 GeV

0 2000 4000 6000

0.08

0.1

0.12

0.14

y=0.3 6.3 GeV    
y=0.3 6.3 GeV 
y=0.1 17.3 GeV
y=0.1 17.3 GeV
y<0.5 900 GeV
y<0.5 900 GeV
y<0.5 7000 GeV

(G
eV

)

sNN (GeV)

(c) n0=2pp collision

0 1 2

0.06

0.08

0.1

(G
eV

)

y

(d) n0=2

pp collision 31 GeV

Figure 2. Kinetic freeze-out temperature as a function of collision energy as well as rapidity at 31
GeV. Panel (a,c) show the dependence of T0 on the collision energy by interpreting n0 = 1 and 2,
respectively, in the TBW model, while panel (b,d) shows its dependence on rapidity at 31 GeV.

The above observation of growing T0 with rising collision energy is due to the fact
that, as the energy increases, the collision becomes more and more intense, the degree of
excitation of the system increases and, correspondingly, the transfer of energy per nucleon
in the system becomes larger, which naturally corresponds to larger T0. Furthermore, T0
decreased with the increase of rapidity and the reason behind this is that the energy transfer
in the system decreases with increasing rapidity because of large penetration between
participant nucleons. In other words, we can say that the present work gives larger T0 at
higher energies and smaller rapidity intervals. Therefore, the particles at higher energies
and in smaller rapidity slices freeze-out early. The nearly equal values of T0 at 31 and
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17.3 GeV in rapidity slice y = 0.1, as well as at 31 and 6.3 GeV in rapidity slice y = 0.3, may
indicate the similar thermodynamic behavior of the system at 31 and 17.3 GeV in rapidity
slice y = 0.1, as well as at 31 and 6.3 GeV in rapidity slice y = 0.3, but a lot of data analyses
are needed to confirm this.

Figure 3 is similar to Figure 2, but it reports the dependence of the transverse flow
velocity (βT) on energy in panel (a) and (c), and in panel (b) and (d) it shows the dependence
of βT on rapidity. We can see that βT continuously rose with increasing energy in panel
(a) and (c), (especially at 900 and 7000 GeV it increases more) because the collision energy
increased more, a large amount of energy was transferred per nucleon in the system and the
system expanded quickly. There is a positive correlation among T0 and βT . The higher the
energy, the higher excitation degree the system gets, and the fireball expands more rapidly.
In addition, βT at 17.3 and 31 GeV in rapidity slice y = 0.1, and at 6.3 and 31 GeV in rapidity
slice y = 0.1, are respectively equal (nearly equal). In panel (b) and (d), the declining trend
of βT can be seen with increasing rapidity. The reason behind this is the lower amount
of energy transfer in the forward rapidity regions due to a large penetration between the
participant nucleons, and the system expands comparatively slowly. The above observation
physically signifies that at large collision energy and at backward rapidity regions, the
particles coming out of the system quickly compared to that in lower energies and forward
rapidity regions. We noticed that the results for βT obtained from TBW model with n0 = 2
is slightly larger than n0 = 1.
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Figure 3. Dependence of transverse flow velocity on collision energy and rapidity at 31 GeV. Panels
(a,c) show the dependence of βT on collision energy by interpreting n0 = 1 and 2, respectively, in the
TBW model, while panels (b,d) show its dependence on rapidity at 31 GeV.
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Likewise, Figures 3 and 4 demonstrated the dependence of kinetic freeze-out volume
(V) on energies in panels (a) and (c), and on rapidity in panels (b) and (d), respectively. In
panels (a) and (c), V can be seen to rise with collision energy due to the fact that when the
collision energy rises, the partonic system becomes larger due to the longer evolution time
of the system. T0 and βT , V at 17.3 and 31 GeV in rapidity slice y = 0.1, and at 6.3 and
31 GeV in rapidity slice y = 0.1 are respectively equal (nearly equal). V in both cases of
n0 = 1 and n0 = 2 were observed to be the same. Unlike T0 and βT , V in Figures 2 and 3
increased with increasing rapidity. Basically, the parameter V is located at N0, which is the
normalization constant, and, due to the constraint of normalization, both V and N0 are
related to the data.
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Figure 4. Dependence of kinetic freeze-out volume on collision energy as well as rapidity at 31 GeV.
Panels (a,c) show the dependence of V on collision energy by using the flow profile n0 = 1 and 2,
respectively, in the TBW model, while panels (b,d) show its dependence on rapidity at 31 GeV.

Figure 5 demonstrates the parameter q dependence on energy in panels (a) and (c), and
its dependence on rapidity is presented in panels (b) and (d). The parameter q exhibits the
degree of equilibrium or non-equilibrium of the system. Generally, if q = 1, the system is in
an equilibrium state. However, if q >> 2, then the system is not in an equilibrium state. In
the present work, q is close to 1, which demonstrates that the system is basically maintained.
The equilibrium is usually relative. For an approximate equilibrium situation, one may also
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use the concept of local equilibrium for various local parts. If q is not too large, for instance,
q ≤ 1.25, the collision system is considered to be in approximate equilibrium or local
equilibrium [63,64]. We reported that q slightly increased with energy, but did not have a
specific trend with rapidity. q was comparatively lower at lower energies, which means
that the system was closer to an equilibrium state due to the fact that the evolution process
was slower at lower energies and the system took more time to reach the equilibrium state.
q was also observed to be slightly larger at n0 = 1.
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Figure 5. Dependence of the parameter q on collision energy as well as rapidity at 31 GeV. Panels
(a,c) show the dependence of q on collision energy by using the flow profile n0 = 1 and 2, respectively,
in the TBW model, while panels (b,d) show its dependence on rapidity at 31 GeV.

The multiplicity parameter N0 is presented in Figure 6. Panels (a) and (c) show
its increasing trend with increasing energy. When the energy increases, more energy is
deposited in the collided system, which corresponds to the production of a large number of
particles due to the deposited energy being transformed to mass, due to the conservation
of energy. Similarly, the case in panels (b) and (d), N0 decreased with increasing rapidity,
as the energy deposition in forward rapidity regions was small, due to large penetration
among nucleons. We see that N0 in the rapidity slices 0.4, 1 and 1.4 are not consistent, i.e.,
N0 was larger in these rapidity regions than some of the lower rapidity regions, but as a
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whole, the results show a decreasing trend of N0 with increasing rapidity. Likewise, the
mean transverse momentum (< pT >) in Figure 7 increased with energy and decreased in
forward rapidity regions due to the transfer of large momentum (energy) in the system at
higher energies and backward rapidities. Likewise, in T0, βT , V and N0, there was a sharp
maximum at higher energies, i.e., at 900 and 7000 GeV. This is due to the transfer of a very
large amount of momentum per nucleon in the system and the system reaching a higher
degree of excitation.
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Figure 6. Dependence of the multiplicity parameter N0 on collision energy as well as rapidity at
31 GeV. Panels (a,c) show the dependence of N0 on collision energy by using the flow profile n0 = 1
and 2, respectively, in the TBW model, while panels (b,d) show its dependence on rapidity at 31 GeV.
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Figure 7. Dependence of the multiplicity parameter < pT > on collision energy as well as rapidity at
31 GeV. Panels (a,c) show the dependence of < pT > on collision energy by using the flow profile
n0 = 1 and 2, respectively, in the TBW model, while panels (b,d) show its dependence on rapidity at
31 GeV.

We noticed that the difference in the extracted parameters from the TBW model with
n0 = 1 and 2 were close to each other and approximately within the error because when
n0 = 2, it closely resembled the hydrodynamical profile. Furthermore, n0 = 1 was the closest
approach to hydrodynamic at freeze-out. Therefore, there was no obvious difference among
the two flow profiles for the extracted parameters. However, we believe that if n0 is set as a
free parameter, then it will be too mutable, and of course debatable [53], and will have an
obvious effect on the extracted parameters.

4. Conclusions

We summarize here our main observations and conclusions.
(1) We analyzed the transverse momentum spectra of π+ (π−)(π+ + π−) at 6.3, 17.3,

900 and 7000 GeV as well as at 31 GeV in different rapidity slices by the blast-wave model
with Tsallis statistics (TBW) by fixing n0 = 1 and n0 = 2 in proton-proton collisions and
extracted the bulk properties in terms of the kinetic freeze-out temperature (T0), transverse
flow velocity (βT) and kinetic freeze-out volume. We also extracted the mean transverse
momentum from the fit function.
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(2) We reported that T0 increases with the rise of collision energy due to the higher
degree of excitation of the system at higher energies, and decreases with increasing the
rapidity due to decreasing the transfer of energy towards forward rapidities. In addition,
we also observed that T0 in y = 0.1 at 31 and 17.3 GeV, and y = 0.3 at 31 and 6.3 GeV are,
respectively, the same in both cases of n0 = 1 and 2, which shows their similar thermody-
namic behavior. Similarly, the transverse flow velocity increases with energy and decreases
from backward rapidity regions to forward rapidity regions, which reveals that the system
expands quickly at larger energies and backward rapidity regions.

(3) The kinetic freeze-out volume increases with energy due to large initial bulk system
at higher energies, and it also increases with increasing rapidity. In addition, the mean
transverse momentum increases with increasing energy and decrease with increasing
rapidity because the momentum transfer at higher energies and lower rapidity regions
is larger.

(4) The entropy parameter q increases with increasing energy due to faster evolution
process at higher energies. No specific dependence of q on rapidity was reported.

(5) The multiplicity parameter N0 increases with increasing collision energy while it
decreases with increasing rapidity because of the large amount of energy deposited in the
system at higher energies and in low rapidity slices, which correspond to the production of
a large number of particles.

(6) The kinetic freeze-out volume in n0 = 1 and n0 = 2 are equal; however, the kinetic
freeze-out temperature and mean transverse momentum are slightly larger in n0 = 1, and
on the other hand, the transverse flow velocity is slightly larger in n0 = 2. The difference in
the parameters extracted in n0 = 1 and 2 is not obvious.
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Appendix A

The transverse momentum spectra of the particles produced in high-energy nucleus-
nucleus and proton-proton collisions have a tangled structure and a single probability den-
sity function is not sufficient for the description of pT , especially when pT ≈ 100 GeV/c [65].
For such cases, the model analyses give several pT regions [66], which consist of pT < 4–
6 GeV/c as a first region, 4–6 GeV/c < pT < 17–20 GeV/c as a second region and the
third region with pT > 17–20 GeV/c. Different regions are supposed to be correspondent
to different interaction mechanisms. Even for the same pT region, different models give
different explanations due to their different methods and microscopic pictures. Through
string dynamics in ref. [66], different whole features of fragmentation and hadronization of
partons are displayed by different pT regions. The first pT region leads to the the effects
and changes by the medium take part in the main role, while their occurrence in the second
pT region is weak. Meanwhile, in the third pT region, the impact of the medium becomes
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insignificant due to the nuclear transparency. The second pT region is expected to consist
of a maximum number of string from the string frame of reference, and results in the fusion
and creation of strings and collective behavior of partons, and due to string fusion, the
second pT region is suggested as a possible region for the formation of the Quark-Gluon
Plasma (QGP). The first pT region has a maximum number of hadrons due to the direct
hadronization of the low-energy strings into mesons [66] and consequently the minimum
number of strings.

In the present work, we used the idea of multiple pT regions and different explanations
from ref. [66]. In our work, we consider the first pT region as a soft excitation process, while
the second and third pT regions are considered as hard and very hard scattering processes,
respectively. There is also a forth region pT < 0.3–0.5, which is regarded as the very soft
excitation process where the resonance of pions occurs.

We would also like to emphasize that the transverse momentum spectra of the particles
give the information [66] about the transverse excitation degree and dynamic expansion of
the collision system. For instance, if we assume the hot and dense matter formed in high
energy collisions is the big fireball, then the constituents that make up this fireball, such
as quarks and gluons can be regarded as a source of emission and the pT spectrum of the
final state particles is contributed to by these sources. The transverse pressure gradient,
especially at the edges, cause the transverse expansion of the reaction system. The hot
material in the initial stage of collisions expand only in the longitudinal dimension along
the z-axis. At the same time, at the transverse edges, the energy density of the reactive
material reduces with the longitudinal motion of the system forming a transverse pressure
gradient [67,68]. The transverse expansion is very sensitive to the state of matter and
during the phase transition, the pressure of the system remains invariant, but the energy
density fluctuates a lot. Hence, the study of pT distribution of the interacting systems is
very important.
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