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1. Introduction

The formulation of classical fields on an arbitrary curved background can be seen as
an important element of general relativity. On the other hand, this is one of the first steps in
constructing the quantum field theory on a curved background (see, e.g., [1-7]). The main
difficulty is related to that, in general, it is not possible to start from the usual consideration
based on the representations of the Lorentz group, because the general Riemann space (one
can call it metric background) has much less symmetries compared to the Minkowski space.
One can expect to achieve a systematic construction of the fields on de Sitter or anti-de
Sitter spaces (see, e.g., [8] and references therein) but this is not what we actually need in
both classical and semiclassical gravity, since the metric backgrounds of our interest are
much more general than these two examples.

The simplest possible solution for formulating classical fields on an arbitrary metric
background consists of the covariant generalization of the flat space-time expressions. This
means, one has to start from the action of the field in the locally flat reference frame and
construct the covariant expression which reduce to the flat-space action in this special
frame. Such a procedure is sometimes called covariantization, it is rather simple for scalars
and vectors, and essentially more involved for spinor fields. In what follows, we consider
the main steps in formulating such a covariant generalization of the flat spacetime action
for a Dirac fermion. The action, in the flat case, is

Sf = i/d4x ("0, — im)p, 1

where a = 0,1,2,3 are Minkowski-space indices. Along with this main problem, we shall
present necessary details of the tetrad formalism, calculate dynamical energy-momentum
tensor of spinor field and discuss the conformal properties of this field. The last step will be
derivation of the energy-momentum tensor of spinor field on the cosmological background,
in the case when spinor depends only on time and not on the space coordinates. All these
calculations and considerations are pretty well-known and we do not pretend at all to say a
new word in this field. The purpose of the work is mainly pedagogical, namely we intend
to present the detailed derivations which can be useful for the one who wants to learn
the subject.
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The last note is that the original version of this manuscript was supposed to be part
of the book [7]. However, in this book another (albeit equivalent) scheme of constructing
fermion fields in curved space was chosen, based on the application of the group theory
methods. The approach used in the mentioned book utilizes the fact that the spinor
connection, which will be defined below, is a connection for a local Lorentz gauge group.
This group is present also in curved background and one can use it to derive both spinor
connection and the commutator of covariant derivatives. The interested reader may find it
useful to make a comparison between the two approaches.

The paper is organized as follows. Section 2 discusses the tetrad (also called vierbein)
formalism, including the detailed consideration of what means the covariant derivative
of the tetrad. In Section 3 we describe the construction of the covariant derivative of
Dirac fermion. Section 4 is deriving the commutator of covariant derivatives and its
connection to the Riemann tensor. Section 5 describes local conformal transformations in
the action of spinors in curved spacetime. In this section, we consider the n-dimensional
spacetime, different from the rest of the paper dealing with n = 4. In Section 6 we
present a detailed derivation of the action of Dirac fermion for a weak gravitational field,
obtain the energy-momentum tensor Ty, for the Dirac field and show the connection of
its trace with the conformal symmetry. Section 7 shows the calculation of Ty, on the
cosmological background and explains the problems of taking the massless limit in the
naive way. Finally, in Section 8 we draw our conclusions. The notations include the

signature 7,5 = diag (+ — — —), the definition of the Riemann tensor
R, 5 = Oa rATﬁ —0p T, +T7%, r’YT/3 — r{,ﬁ r’,, 2)

Ricci tensor R* uav = Ryy, and its trace R = Ry g", i.e., the Ricci scalar. Finally, our
notations for symmetrization can be easily understood from the following two examples:

1 1
Agjy = E(Aij + Aji) and Biijkij) = E(Bikj + Bjki)- €)

2. Tetrad Formalism and Covariant Derivatives

It is well-known that general relativity is a theory of the metric field. At the same time,
in many cases, it proves useful to use other variables for describing the gravitational field.
In particular, for defining the covariant derivative of a fermion, one need an object called
tetrad. The German name vierbein is also frequently used. The names indicate that the
object is four-dimensional, but the formalism described below can be easily generalized
to the space of any dimension and also does not depend on the signature of the metric.
Anyway, for the sake of definiteness we will refer to the four-dimensional space-time with
the M 3 signature.

Let us start by defining the tetrad formalism on the M; 3 Riemann space. Locally, at
point P, one can introduce the flat metric 7,;,. This means that the vector basis includes
four orthonormal vectors e;, such that e, - e, = 77,;,. Here e, are 4-dimensional vectors in
the tangent space to the manifold of our interest at the point P. Furthermore, X* are local
coordinates on M 3, which can be also seen as coordinates in the tangent space in a close
vicinity of the point P. With respect to the general coordinates x*, we can write e, = e} ey,
where ey, is a corresponding local basis and el are transition coefficients from one basis to
another. Hence

dxH X"
Ho_ a _
e —, ¢ = ——, and therefore
¢ 0X? vooooxv
egeav — egeznah _ g;w/ (4)
a _ a B __ sa a0 __ si
e],[em/ - g]/H// eyeb — §b 12 e]/tetl — 5}4 .

We assume that the Greek indices p, v, ... are raised and lowered by the covariant
metrics g,y and gV, while the indices a,b,c... are raised and lowered by 7,, and 7.



Universe 2022, 8, 586

3of 14

The transition from one type or indices to another is done using tetrad, since it is just a
change of basis. Taking this into account, in some cases, we admit objects with mixed
indices, e.g.,
b
T, = T%el =T%e,. ©)
Formula (4) show that the descriptions in terms of the metric and in terms of the tetrad

are equivalent. The same concerns also the invariant volume of integration. It is easy to
show that

detey, =1/[gl, g = detguy, (6)

because

g = det (eZeﬁnab) = (dete;‘l)z- det 7, - 7)

Indeed, the local frame coordinates X are not unique, since even for the locally
Minkowski metric one is allowed to make transformations e/, = Al ¢;, such that!

Loel = AL ALe, ey = g ALAY = . (8)

In the flat space-time case, such frame rotations with constant A, form Lorentz group.
The situation changes in curved space-time manifolds, because then A}, depends on the
point P. For example, we can consider an infinitesimal transformation

o= Oy +Qylx), ©)
which preserves the form of the tangent-space metric. Then (8) gives
(8 + ) (08 + 0% Maa - = Tue (10)

It is an easy exercise to show that in this case, Q;(x) = — Qp,(x).
Let us consider the covariant derivative in tetrad formalism and introduce the notion
of spin connection. In the metric formalism, the covariant derivative of a vector V# is

Vv,V = 9, VF+Th VA, (11)

where the affine connection is given by the standard Christoffel symbol expression,

1
ri:y = E g)‘T (ayg‘rv + avg'ry — arg;n/) . (12)

Our purpose is to construct a version of covariant derivative for the objects such as
tetrad, which have local Lorentz indices. Obviously, this is a non-trivial task, because tetrad
is not a tensor and therefore its covariant derivative is not a conventional object. Hence
our constructions will necessary involve certain amount of ad hoc assumptions. In what
follows, we shall see that there is a scheme of consistent consideration of the problem.

It is easy to understand that (different from the flat space-time) in the Lorentz frame X*
the covariant derivative of the same vector cannot be just equal to d, Vb , because otherwise
we come to the contradiction. The details will become clear below, let us just say that
qualitatively the reason is that any shift from the point P means the change from one
tangent space to another and hence deriving the corresponding difference between two
values of the vector requires an additional definition. Let us suppose that the desired
covariant derivative is a linear operator and satisfies Leibniz rule. The general expression
satisfying these conditions is

V.Vt o= 9.V, Ve, (13)
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where @",, are some unknown coefficients. Later on we will discuss their relation to the
spin connection. In the flat space-time &%, = 0.

We request that the vector components satisfy V# = ef V* and the tensor components
satisfy V,V# = eﬁeg V.V?P. Then, according to (11) and (13), we have

VaVF = V4T VP = elel V, VP = elel (9,V" +@",V°) (14)
= F9\VT + VTeleloqel + elefes VTt
= RNVF+V(eforel +epesal,,).
Therefore, we arrive at the equation for @b By
", = e 9 el + ehes @7, (15)
Multiplying the last equation by e”ﬂeﬂ’ , we arrive at the following solution:
&%, = eflerblfA —e™9,e . (16)

One of the important features of the last expression is antisymmety in (a,b), that

means ”?,h% = —d)l_’fly. In order to see this, consider the sum
w‘??’ﬂ + cD’?.”y = eﬁe/\bI‘Xy + eﬁeMI’Xﬂ —e9,et — M9,eh

1
= 5 (0Agvu + 9ugur — Ovgur) - (emert 4 ee't) — P19, et — o

= e‘we)‘bef,ayeM + e””e)‘bewayef, — eM’E)yeﬁ\ — e”)‘ayeg = 0.

Another observation follows from Equations (11) and (13). We can rewrite (11) in
the form

Vo(Voel) = 0,(Vieh) +Th Vel (17)

and construct the “covariant derivative” of the tetrad Ve, in a way consistent with the
Leibnitz rule and with both (17) and (7). Then

VoV = 3, VF+Th VA = V,(VPel) = eV, (VVel) (18)
eﬁegVaVb + eﬁVbV,,eZ = eﬁeg(aaVb + @, Ve + eﬁVbV,zeZ .

At the same time, we have
o, V¥ = eﬁaa(Vbeg) = eze;‘a,,vb + Vbe%ae’; . (19)
By combining (18) and (19) one can easily obtain the relation
VheS @betel + et VAVael = VAeheldel + VT . (20)
Since this relation should be true for all V4, we arrive at

" @b (21)

eﬁeﬁvaeg = & aaeg +T% —eleel &%, -
Multiplying this equation by e'e} one can get (changing some indices)
A ~cb 4
Vael, = 0ael +T7 epes — o ehel . (22)

Since this is a tensor quantity, we can multiply it by e and obtain the final result

1 ~
VTeZ = e';aue{j + F;Te{,‘ — @ ek (23)
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One can show that, also?,
Ve, = el;abew — FI))TEQ — @, Cub - (24)

Finally, by direct replacement of (16) one can easily check that both covariant deriva-
tives vanish, VTEZ = 0and Vrey, = 0. This fact is nothing else but a direct consequence
of the metricity property of covariant derivative, because

Viguw = VT(eZesﬂab) = 21 eZ : VTeﬁ = 0. (25)

3. Covariant Derivative of Dirac Fermion

Let us construct a covariant generalization of the action of a spinor field (1). The
desirable expression has the form

s = z‘/d‘*x\/fglp(ry#vy—im)lp. (26)

Since the part related to the integration volume element is relatively simple, what has
to be done is to generalize the gamma-matrices and to construct the covariant derivative.

Let us use tetrad and define the curved-space gamma-matrices as y* = ¢, *. Now the
indices of the the new gamma-matrices are lowered and raised by means of the covariant
metrics gy and gH'. Itis easy to see that the new gamma-matrices satisfy the curved-space
version of Clifford algebra,

YuYv+YvYu = Suv- (27)

The next observation is that since y* = ef9? and 7 are constant matrices (see
Appendix A for the details), the vanishing covariant derivative V,xe;; = Omeans Vy7y* = 0.
The construction of covariant derivative is a little bit more involved. Let us define

i

> (YaYp — YbYa) - (28)

i
Vup = 8y1p+§wy‘f’70uhgb, where o, =

One can regard (28) as a hypothesis which can be proved or disproved. wyﬂ.z.’ are anti-

symmetric coefficients of the spinor connection, which have to be found from the requirement
of covariance. Taking a conjugate of (28), we arrive at

- o -
Vi = -5 W, Py (29)
Using (28) and (29), it is easy to verify an identity

Va(Pyp) = 0u(P9), (30)

which is a natural result for a scalar combination 1.
In order to obtain the equation for spinor connection, consider the relation for a
composite vector

Vi@r'y) = 0u(Pr*e) + Ty’ (31)
A simple calculation using Leibniz rule yields
Vi -7 + 9(Viy" )+ 9V = 0 v P + oy + Py oy
- i - i - - -
TP — 50l Pouy Y+ 5w, P o = 1 (Ouel) Y+ P Y
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As this equality should be valid for any field ¢, we arrive at
1
=zt e [ (v = 1wya) = (vare — Mva) V] = 7 (T +0per) . (32)
By means of the well-known relations

Yvr = 20576 — Ya¥ Vb
2657p — 2057 + Yave Y — YW Ya = —2057a + 27605 — YovaY*

we get
w,f.l.’ (epva —eavp) = 7°(efTqy + 9uel) . (33)
The last equation can be easily solved owing to the antisymmetry of wy“,’? , the result is
ab Loaw _ L b hapr _ ay b
W, = —5al, =5 (eze™ T}, — e""0ue})
1 1
= 3 (ebe — eeMD) }W + Z(eAbayeﬁ — e)‘”ayelj\) . (34)

Here we established the relation with Equation (16) and presented both compact and
explicitly antisymmetric forms of the spinor connection. Finally, the expression for the
covariant derivative is (28) with the spinor connection (34). At this point, we can say that
the construction of the action (26) is complete. In the next sections, we will derive and
discuss some additional relevant formulas and features.

4. Commutator of Covariant Derivatives

The next necessary step is to derive the commutator of two covariant derivatives
acting on a Dirac spinor. Consider

i
VoY = Vi(0p¥ + 5w, VoY)
i
= W(Vu¥) +5 w0, 00y V¥ =T}, V¥

= 90, + 5w, ¥ + 5w, 00 0¥ + 5 il 0 9y

2 . 2
o, oY Tha Y — TTh @, oY (35)
By using this expression and the relation

VavoYeYa = 2MecYa¥d = 2HacYoYd + 2V Yallod = 2V Vol ad + VeYaYVaVo,  (36)

it is not difficult to obtain the commutator
Vi Ve = ViVep - ViV =~ Rurem @)

where

RW’?.h = aywﬂ] — Buwﬂ.} +w, w, L —w, wyclf (38)

is a new notation, which becomes clear if we prove that there is a direct relation with the
Riemann tensor,

R;u/ab = R}u/pa 651) EZ . (39)
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The proof consists of a direct substitution of Equation (16) with the definition (34), in
the expression (38) and some algebra which we leave as an exercise to the interested reader.
Using (37) and (39), one can write a useful covariant expression for the commutator,

1
[Vy/ Vv}lp = - 1 R;wpa 'Y‘D'YU Y. (40)

One of the applications of the previous expression is the possibility of a “doubling” of
the covariant Dirac Equation (26). Taking the product

(YVy —im) (v'Vy +im) = ¥V, 7'V, + m?, (41)
one can obtain
YV YV, = %WVWV(V;,VV +V,.Vy) + %WF‘VV(V;‘VV - V.Vy)
- %(7”7”+7”7”)V,4VV + %(vyvv - V,.Vy)
= g"V,Vy + % Ruvpr Y97y = O — %L R. (42)
In the last step we used an identity
Rupe vP77 My = —2R, (43)

which can be easily proved by using covariant version of relation (36) and the algebraic
properties of the Riemann tensor. We leave the verification of this identity as one more
exercise for the interested reader.

The two relations, i.e., (40) and the Lichnerowicz formula (42) play important roles in
differential geometry and quantum field theory in curved space.

5. Local Conformal Transformation

It is important to consider the conformal transformation of the metric and fermion
field. For the sake of generality, we consider the theory in n spacetime (or Euclidean space,
as there is no difference at this level). The action is a direct generalization of (26),

s = i/dnx\/?glp('yuvy—im)lp. (44)

The definition of the gamma matrices and covariant derivatives do not change and the
unique difference comes from the algebra of the gamma matrices. For the global conformal
transformation

Suv — Suv e P — ¢ed¢/\ , P — tﬁed‘l’)‘ , A = const, (45)

we easily find that the conformal weight of the spinor field that provides the invariance of
the massless part of the action (44), is dy = 1_7” In what follows, we assume this value. For
obvious reasons, the conformal transformation for the conjugated fermion ¢ has the same
conformal weight as in the case of 1.

Using the global symmetry as a hint, consider the local conformal transformation

S = &ue”, P =1, = Pet. (46)

In what follows we will omit space-time arguments, but always assume that ¢ = o(x).
Furthermore, all metric-dependent quantities with bars are constructed using the fiducial
metric Suv- Also, we use compact notation for the partial derivative, e.g., 0 = d,0. Letus
note that many formulas related to local conformal transformations of curvature tensors,
their contractions, etc, can be found in [10].
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The transformation of the elements of the action (44) provides

gV =g"e 2, J-g=+/-g", e =éhe”, ei’, = e'i’l e’ (47)
and, consequently,

o

= qle 7, Yu = Yu e’. (48)

One can use this set of formulas to check the relation dy = 1_7" For the Christoffel
symbols and spinor connection, Equations (12) and (34) give

Tig = Tap+000p+0a05 — 028" Gup,

w = o+ (@ -0, (49)

For the contraction, we get
- i_ [ b i
PV = e ”{3;&/} = 2 O o — 5 (G =g )on - S (vam — %%)4}}

- 1
= eV + L (7 = P oy} (50)

= n—1 n—3 -
= e P+ ) = TV (51)

Substituting (51), (46), and (47) in (44), we arrive at the transformation law

i/ dix/=gp(1V'Vy—im)y = i / /=g e (P'Vy —imeT)yp.. (52)

Thus, the massless action is invariant under the local conformal transformation.

One can restore local conformal symmetry in the general action (26), by replacing
the mass by a scalar field ¢, i.e., forming the Yukawa interaction term. The detailed
consideration of this issue is beyond the scope of the present contribution and one has to
consult, e.g., [7].

6. Energy-Momentum Tensor for the Dirac Field

Consider the derivation of the dynamical3 T,y for the Dirac field. The definition of this
tensor is
2 4§
™o o— 2 2f (53)
V=8 08w
There are several nontrivial details in using this definition. First of all, action (26)
is constructed from the tetrad and not from the metric. On top of that, this action is not
Hermitian. In order to fix the last issue, one can reformulate the action in the equivalent
Hermitian form,

S = L[ /TE (G- Vo 2im). 4

The difference with the original expression (26) is the integrals of total derivative
term. This integral is irrelevant for the variational derivatives, but the action (54) gives a
consistent result in a more straightforward way and we shall use this form of the action.

Concerning the first problem, we shall need the variation of the tetrad corresponding
to the variation of the metric

Sap — g,’xﬁ = Qup + Map- (55)
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The solution of this problem is [11,12] (see also Chapter 9 of [4])

1 3
e = ey — Ee,fhvy + gef VAh/\y T
1 1
o = e el gelhing 60

The first variations of other relevant quantities has the form
= ; h M= —h o = L oLy
0\/=8 = 5/—gh, 0 =—W", b =7, dej=—7ley,
! 1
oMo = 5 (Vahy + Vphy = V'), o9 = - By 57)

Here all indices are raised and lowered with the background metrics ¢ and g, and
h = g"hy,,. Furthermore, direct calculation using (34) and (57) yields

1 1
5w‘uﬂb — — 5(4}]}7” — E 5(65_6)\”1";[\}‘ _ e/\ﬂa‘ueé\) — E (eﬂTeb/\ _ ebTeﬂ/\ )V/\h’,[-[ . (58)
One more useful relation is
_ _ _ _ i -
l/]’)/yvﬂlp - Vylp’yylp = lp’)’yaﬂlp - aylp’y"lp - Z wya-l-J lp(')’”‘ﬂzb + Uab')’y)l/]' (59)

Consider the term depending on the variation of wy‘f?, defined by (58),

i -
0wSf = 1 /d4x\/—7gll’(7”0ub + Uub7”)¢5wy“.l.’
i 1 _
= 4 [ gy (T = ™) (Tahye) e lream + Oz (60)
After integration by parts, we get
i -
boSp = & [ @y mghee (e M) V) [0 + qrc)y] . (6D

It is important that the term in the brackets [...] is antisymmetric in ab. Hence one can
simplify the last expression, using the expression for oy,

1 _
buSp = — 3 / d*xy/=g iy e\ [B(YeYa Vb — YebVa + YaVo¥e — Vo VaY) Y] -

Replacing vavp + Ypva = 24,4y, we arrive at

1 -
buSp = — g [ dxy/ g VA (M ~ g )y] = 0. (62)

Thus, the Swlﬂl,’ is irrelevant as its contribution vanish. Hence we arrive at
i 1 _ _ o
63 = 5 [dixy/=g{5 (hg" — 1) (§7 V9 = Vi) — ihmy )
i - - 1 _
= [t/ g { {8 (31 Vap = Vagp) — 5 8P mpy
i, - _
7 (57" VPy =V gofy) | (63)

The expression (63) is interesting by itself, as it describes an interaction of massive
Dirac fermion with a weak gravitational field. In particular, it can be used for elaborating
the nonrelativistic approximation to the fermions, or for deriving the equations of motion
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for the spinning charged classical particle in a weak relativistic field [13,14] (also the
forthcoming work [15] with more references).

On the other hand, using the definition (53), the energy-momentum tensor of the
fermion has the form

Ty = % [Pr (Vo = Vidr ] - %gllv [G7' Vo = Vadr ] + mppgu.  (64)

Let us take a trace of the tensor (64). We get

T/ = Tug" = 3 (Pr'Vap— Vadr'e) + miy. (©5)
Using the equations of motion
YV = —imyp and Vot = imip, (66)
the on shell trace is

" B -

Ty onshell myy- 67)

For a massless theory this expression vanishes, in accordance with our previous

finding that the massless fermion theory is invariant under local conformal transformation.

There is an alternative way of deriving the trace (65). Let us remember that the

definition (53) is valid for any kind of a matter field S;,. Take a variational derivative of the
action with respect to the conformal factor ¢ and using (46), we get

6S

'S 5S,, O S
mo_ m 8 _ Oom 23";1,/62‘7 - %Jing#v = - \/TgTWgHV' (68)
Hv

60 0guw 60 g

Here the prime over variation in the first expression means that we take into account
only the dependence of the metric and not of the matter fields. Formula (68) is valid, in
particular, for the Dirac fermions in curved space, and can be used for getting T;f .

Adding variations with respect to the matter fields, we get

1 1
5Sm 5Sm 55,,1)’ )

o 2 (2, S 4 Y
N ,/Tg(gwégw ;" K5,

where dj is the conformal weight of the field ®y (e.g., dx = —1 for scalars and d; = —3/2 for
spinors in n = 4). Obviously, (69) is equivalent to (68) on shell, when 4S,,/d®; = 0. Thus,
the expression for the trace (67) can be obtained, even for the massive nonconformal case,
by the following sequence of steps: (i) Rewriting the action (26) using the parametrization
(46); (ii) Taking the variational derivative with respect to o; (iii) Replacing c — 0 and
Suv — guv and (off shell) the same for the spinor field.

The considerations presented above and its result (69) are valid for all matter fields. In
the conformal case, the r.h.s. is zero, which establishes the relation between local conformal
symmetry (i.e., independence on ¢) and the vanishing on the mass shell expression for the
trace of the energy-momentum tensor.

7. Derivation of T, on the Cosmological Background

In order to have an illustration for the results presented above, let us calculate the
energy-momentum tensor for a free spinor on a cosmological background. It is assumed
that not only metric, but also the fermion field depends only on time and not on the space
coordinates. For the sake of simplicity we choose a conformally-flat metric

Sy = ﬂz(ﬂ)gw = 320(}7)8_;41// (70)
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with &,y = 17,y. We also use the conformal time variable 7, related to physical time ¢ as
dn = a(t)dt. The derivative with respect to 17 will be denoted by prime. It is well-known
that the non-zero components of affine connection are

/ lZ/

a i lZ/ i

Here and in what follows we shall use the notations i,j,k = 1,2,3 and a,b,c =0,1,2,3,
while both sets of Latin indices correspond to the flat fiducial metric. The tetrad components
can be easily derived and the curved-space gamma-matrices are given by

1 1

where the useful notations I'¥ = * were introduced for the flat-space gamma’'s.
In order to derive the components of T,, one has to take care about the spinor
connection first. Direct calculation gives (other components are equal to zero)

kKO _ k -0, A0 osk _ vk _
wp. = Tgg—e 7n™do(e703) =T =0,
wokz — r/\oeke/\l *e)\laoel/(\ — 7;17k1 _ ;5kz,

ik _ T i Ak kAN i
wlt = FA]e et —e BJEA—O,

j A Ay 0 0. i a

01 —_ 0 1 1 _ 1] __ 1] __ 1
w = Tjese —eMogey = l"jkiyf = EUM/ = _E(Sk' (73)

Thus, we arrive at

Vop = ¢ - ooy =y + 1,7% — .

Similarly, Vi = ¢’. Furthermore, it is easy to obtain

/ /

i [ a a
; = = - — = 2T = ——T,TI;
vlilb al/) Zw o'okl:b 2 a 2 0 k1)b§ 2 ot1s
_ _ l 0k 7 1 k[l, /
Vip = ai¢+§wi.. Yook = 50 Yol = Ly 1,01"0

Now we are in a position to calculate the components of T, p- According to Equation (64),

Too = —% 300 (P2’ Vo + PY Vi — Vo 9 — Viyky) + goopypm
+ % (Pr0Voy — Vopyoyp) = a*mipyp. (74)

In a similar way, taking into account gox = 0, we get

Tox = i (ProVip + 91 Vo — Vopyip — Vihyoyp)
= % ($Tiyp’ — 9'Tyy) . (75)

Because of the homogeneity and isotropy of space, in the cosmological setting this
must be zero. Let us show that this is the case.
On the mass shell, we have

) 1
VTP Vi iy = L1 = 5 PO g = 0 7€)

2
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Since T¥T\I, = —3T, we get

19, 34 Lo

-r (¢ + E;l[)) +imp = 0. (77)
Similarly, starting from V(" —imip = 0, one can arrive at

1/., 3da _ L

— (¢ + 5o 9)To — im =0. (78)
Then, (75) becomes the following on shell expression:

ia _ _
0k = —— ma(§Tloy + PLoliyp) = 0, (79)
on shell 4

exactly as required to guarantee the vanishing non-diagonal element (75).
The last part is to derive the space components,

—ia (1 Vop + BV — Vodr®p — Vigrly + 2imy) + 2 [$76: Vi)

ia -0 10 a a ;
— 5Nk (PUY = §'T¢ — —PUToljp — - gLl y)

)

- - -
a1y mpyp — 5 [T Lo Ty + Pl Ty ]
ia - - - ia" _
= Nik (PToy" = §'Tow) + ma® nuptp — — (Lol ( Ty — Tl (T ) ¢

% Nk (P'Top — PToy’) + ma’nyfp. (80)

On shell we get, according to (77) and (78),

2
i ey + 5 m (§T5p + §Tiy) | = 0. (81)

ik on shell

Here we used the '3 = 1 property of the gamma-matrix.

For a massive case, we meet T11 = Ty = T33 = 0, while p = Typ # 0. Thisis a
dust-type equation of state for the matter.

The physical interpretation of the results for diagonal component (74) and (81) is the
following. First of all, for a massless case, Ty, ‘on shet1 = 0 for the FRW metric. This is a
natural output, since we permitted the fermion field to depend only on conformal time and
not on the space coordinates. Therefore, we exclude the field configurations such as plane
(and other, of course) waves. In the massive case, there is still a dust-like configuration
and in the massless version no solutions are possible. Of course, if we permit the space-

dependence, the equation of state will be the one of radiation, T;’,‘ = diag (pr , — %(5{ p,).

8. Conclusions

We presented in details the derivation of spinor connection, covariant derivative of
Dirac fermion, and energy-momentum tensor for the fermion. Also, the conformal proper-
ties of fermions in curved space were discussed. Let us note that the same constructions
can be applied to more general backgrounds, for instance for the non-Riemannian space
which has not only metric, but also metric-independent torsion. The result can be found,
e.g., in [4] or in the review papers [16,17]. In a more general case, when the metricity
condition is not satisfied, the construction of covariant derivative of the fermions meets
difficulties and the output of this procedure looks unclear, at the moment. In principle, the
scheme described here should work is this and other cases, when the geometry is enriched
by additional metric-independent fields.
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Notes

The last observation is that the importance of the covariant formulation of spinors
in curved space goes beyond the quantum field theory. Regardless spin is certainly a
property of quantum theory, the fermions in curved space are important for the models
of spinning particles and the last can be used as basic models for the macroscopic grav-
itationally interacting compact magnetic bodies. This is an important issue in view of
existing experimental efforts (see, e.g., [18,19] and references therein) towards the precise
measurements of the accelerations of such particles. At the moment, the existing theoretical
literature on this issue is restricted to elementary spinning particles [20-23] (see also the
planned continuation of the present work in [15]), but it would be certainly interesting to
extend the existing understanding to the macroscopic bodies.
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Appendix A. Gamma Matrices
The three Pauli matrices are defined as

0'1:<§) (1)>, 0'2:<(l.) Bl>, 0'3:<(1) _01> (Al)

In the standard representation, the gamma (Dirac) matrices are defined as

= (%) (A2)

—
satisfying the Clifford algebra
7'+l = 2", (A3)

where [ is the four-dimensional unit matrix.

It is important that neither Pauli matrices nor Dirac matrices do not form a vector with
respect to the Lorentz transformation and are just constant matrices which do not change
under Lorentz transformation. This important feature is compatible with (A3) and with the
Lorentz covariance of the Dirac equation [7,24]. It also holds in other representations of y“.
It is interesting that all this is true only in the Cartesian coordinates in the space section. To
write the gamma matrices, e.g., in spherical coordinates one has to use the tetrads, with the
corresponding change in (A3).

We use notations of the tensor textbook [9]. In particular, prime over the index or over the vector is the same thing, e.g., V, = V.
This can be done by either repeating the steps leading to (23) or by directly using (23). The interested reader can compare these

two ways to make this calculation.

An alternative definition of the canonical energy-momentum tensor is based on the Noether” s theorem. After this canonical

energy-momentum is making symmetric we arrive at its Belinfante improvement. This symmetric version and the dynamical
definition described below, give the same results in all particular flat-space cases, regardless the general proof of their equivalence
is not knows, to the best of the author’s knowledge. In curves space the dynamical definition is preferable for obvious reasons.



Universe 2022, 8, 586 14 of 14

References

1. DeWitt, B.S. Dynamical Theory of Groups and Fields; Gordon and Breach: Philadelphia, PA, USA, 1965.

2. DeWitt, B.S. The Global Approach to Quantum Field Theory; Clarendon Press: Oxford, UK, 2003; Volumes 1-2.

3. Birell, N.D,; Davies, P.C.W. Quantum Fields in Curved Space; Cambridge University Press: Cambridge, UK, 1982.

4. Buchbinder, LL.; Odintsov, S.D.; Shapiro, L.L. Effective Action in Quantum Gravity; IOP Publishing: Bristol, UK, 1992.

5. Rubakov, V. Classical Theory of Gauge Fields; Princeton University Press: Princeton, NJ, USA, 2002.

6. Parker, L.; Toms, D.J. Quantum Field Theory in Curved Spacetime: Quantized Fields and Gravity; Cambridge University Press:
Cambridge, UK, 2014.

7. Buchbinder, I.L.; Shapiro, I.L. Introduction to Quantum Field Theory with Applications to Quantum Gravity; Oxford University Press:
Oxford, UK, 2021.

8. Bartesaghi, P.; Gazeau, J.-P.; Moschella, U.; Takook, M.V. Dirac fields and thermal effects in the de Sitter universe.
Class. Quant. Grav. 2001, 18, 1. [CrossRef]

9.  Shapiro, I.L. A Primer in Tensor Analysis and Relativity. In Undergraduate Lecture Notes in Physics; Springer-Nature: Basel,
Switzerland, 2019.

10. Carneiro, D.E; Freitas, E.A.; Gongalves, B.; de Lima, A.G.; Shapiro, I.L. On Useful Conformal Tranformations In General Relativity.
Gravit. Cosmol. 2004, 40, 305.

11.  Buchbinder, I.L.; Shapiro, I.L. On the influence of the gravitational interaction on the behavior of the effective constants of Yukawa
and scalar coupling. Sov. J. Nucl. Phys. 1986, 44, 1033.

12. Woodard, R.P. The Vierbein Is Irrelevant in Perturbation Theory. Phys. Lett. 1984, B148, 440. [CrossRef]

13.  Goncalves, B.; Obukhov, Y.N.; Shapiro, I.L. Exact Foldy-Wouthuysen transformation for gravitational waves and magnetic field
background. Phys. Rev. 2007, D75, 124023. [CrossRef]

14. Quach, J.Q. Foldy-Wouthuysen transformation of the generalized Dirac Hamiltonian in a gravitational wave background.
Phys. Rev. 2015, D92, 084047. [CrossRef]

15. Oliveira, S.W.P,; Oyadomari, G.Y.; Shapiro, A.I.L. Pauli equation and charged particle in a weak gravitational field. Manuscript
in preparation.

16. Hehl, EW,; Heide, P; Kerlick, G.D.; Nester, ].M. General relativity with spin and torsion: Foundations and prospects.
Rev. Mod. Phys. 1976, 48, 393. [CrossRef]

17.  Shapiro, I.L. Physical Aspects of the Space-Time Torsion. Phys. Repts. 2002, 357, 113. [CrossRef]

18. Timberlake, C.; Vinante, A.; Shankar, F; Lapi, A.; Ulbricht, H. Probing modified gravity with magnetically levitated resonators.
Phys. Rev. 2021, D104, 1101101, arXiv:2110.02263.

19. Timberlake, C.; Gasbarri, G.; Vinante, A.; Setter, A.; Ulbricht, H. Acceleration sensing with magnetically levitated oscillators
above a superconductor. Appl. Phys. Lett. 2019, 115, 224101. [CrossRef]

20. Obukhov, Y.N. Spin, gravity, and inertia. Phys. Rev. Lett. 2001, 86, 192. [CrossRef] [PubMed]

21. Silenko, A.].; Teryaev, O.V. Equivalence principle and experimental tests of gravitational spin effects. Phys. Rev. 2007, D76, 061101.
[CrossRef]

22.  Gosselin, P.; Mohrbach, H. Dirac Particles in a Gravitational Field. Eur. Phys. J. 2011, C71, 1739. [CrossRef]

23.  Obukhov, Y.N,; Silenko, A.].; Teryaev, O.V. Spin in an arbitrary gravitational field. Phys. Rev. 2013, D88, 084014. [CrossRef]

24. Bjorken, ].D.; Drell, S.D. Relativistic Quantum Mechanics; McGraw-Hill Book Company: New York, NY, USA, 1964.


http://doi.org/10.1088/0264-9381/18/21/302
http://dx.doi.org/10.1016/0370-2693(84)90734-2
http://dx.doi.org/10.1103/PhysRevD.75.124023
http://dx.doi.org/10.1103/PhysRevD.92.084047
http://dx.doi.org/10.1103/RevModPhys.48.393
http://dx.doi.org/10.1016/S0370-1573(01)00030-8
http://dx.doi.org/10.1063/1.5129145
http://dx.doi.org/10.1103/PhysRevLett.86.192
http://www.ncbi.nlm.nih.gov/pubmed/11177789
http://dx.doi.org/10.1103/PhysRevD.76.061101
http://dx.doi.org/10.1140/epjc/s10052-011-1739-6
http://dx.doi.org/10.1103/PhysRevD.88.084014

	Introduction
	Tetrad Formalism and Covariant Derivatives
	Covariant Derivative of Dirac Fermion
	Commutator of Covariant Derivatives
	Local Conformal Transformation
	Energy-Momentum Tensor for the Dirac Field
	Derivation of T on the Cosmological Background
	Conclusions
	Appendix A
	References

