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1. Introduction

The formulation of classical fields on an arbitrary curved background can be seen as
an important element of general relativity. On the other hand, this is one of the first steps in
constructing the quantum field theory on a curved background (see, e.g., [1–7]). The main
difficulty is related to that, in general, it is not possible to start from the usual consideration
based on the representations of the Lorentz group, because the general Riemann space (one
can call it metric background) has much less symmetries compared to the Minkowski space.
One can expect to achieve a systematic construction of the fields on de Sitter or anti-de
Sitter spaces (see, e.g., [8] and references therein) but this is not what we actually need in
both classical and semiclassical gravity, since the metric backgrounds of our interest are
much more general than these two examples.

The simplest possible solution for formulating classical fields on an arbitrary metric
background consists of the covariant generalization of the flat space-time expressions. This
means, one has to start from the action of the field in the locally flat reference frame and
construct the covariant expression which reduce to the flat-space action in this special
frame. Such a procedure is sometimes called covariantization, it is rather simple for scalars
and vectors, and essentially more involved for spinor fields. In what follows, we consider
the main steps in formulating such a covariant generalization of the flat spacetime action
for a Dirac fermion. The action, in the flat case, is

S f = i
∫

d4x ψ̄
(
γa∂a − im

)
ψ , (1)

where a = 0, 1, 2, 3 are Minkowski-space indices. Along with this main problem, we shall
present necessary details of the tetrad formalism, calculate dynamical energy-momentum
tensor of spinor field and discuss the conformal properties of this field. The last step will be
derivation of the energy-momentum tensor of spinor field on the cosmological background,
in the case when spinor depends only on time and not on the space coordinates. All these
calculations and considerations are pretty well-known and we do not pretend at all to say a
new word in this field. The purpose of the work is mainly pedagogical, namely we intend
to present the detailed derivations which can be useful for the one who wants to learn
the subject.
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The last note is that the original version of this manuscript was supposed to be part
of the book [7]. However, in this book another (albeit equivalent) scheme of constructing
fermion fields in curved space was chosen, based on the application of the group theory
methods. The approach used in the mentioned book utilizes the fact that the spinor
connection, which will be defined below, is a connection for a local Lorentz gauge group.
This group is present also in curved background and one can use it to derive both spinor
connection and the commutator of covariant derivatives. The interested reader may find it
useful to make a comparison between the two approaches.

The paper is organized as follows. Section 2 discusses the tetrad (also called vierbein)
formalism, including the detailed consideration of what means the covariant derivative
of the tetrad. In Section 3 we describe the construction of the covariant derivative of
Dirac fermion. Section 4 is deriving the commutator of covariant derivatives and its
connection to the Riemann tensor. Section 5 describes local conformal transformations in
the action of spinors in curved spacetime. In this section, we consider the n-dimensional
spacetime, different from the rest of the paper dealing with n = 4. In Section 6 we
present a detailed derivation of the action of Dirac fermion for a weak gravitational field,
obtain the energy-momentum tensor Tµν for the Dirac field and show the connection of
its trace with the conformal symmetry. Section 7 shows the calculation of Tµν on the
cosmological background and explains the problems of taking the massless limit in the
naive way. Finally, in Section 8 we draw our conclusions. The notations include the
signature ηαβ = diag (+ − −−), the definition of the Riemann tensor

Rλ
ταβ = ∂α Γλ

τβ − ∂β Γλ
τα + Γλ

γα Γγ
τβ − Γλ

γβ Γγ
τα, (2)

Ricci tensor Rα
µαν = Rµν, and its trace R = Rµνgµν, i.e., the Ricci scalar. Finally, our

notations for symmetrization can be easily understood from the following two examples:

A(ij) =
1
2
(Aij + Aji) and B(i|k|j) =

1
2
(Bikj + Bjki). (3)

2. Tetrad Formalism and Covariant Derivatives

It is well-known that general relativity is a theory of the metric field. At the same time,
in many cases, it proves useful to use other variables for describing the gravitational field.
In particular, for defining the covariant derivative of a fermion, one need an object called
tetrad. The German name vierbein is also frequently used. The names indicate that the
object is four-dimensional, but the formalism described below can be easily generalized
to the space of any dimension and also does not depend on the signature of the metric.
Anyway, for the sake of definiteness we will refer to the four-dimensional space-time with
the M1,3 signature.

Let us start by defining the tetrad formalism on the M1,3 Riemann space. Locally, at
point P, one can introduce the flat metric ηab. This means that the vector basis includes
four orthonormal vectors ea, such that ea · eb = ηab. Here ea are 4-dimensional vectors in
the tangent space to the manifold of our interest at the point P. Furthermore, Xa are local
coordinates on M1,3, which can be also seen as coordinates in the tangent space in a close
vicinity of the point P. With respect to the general coordinates xµ, we can write ea = eµ

a eµ,
where eµ is a corresponding local basis and eµ

a are transition coefficients from one basis to
another. Hence

eµ
a =

∂xµ

∂Xa , ea
ν =

∂Xa

∂xν
, and therefore

eµ
a eaν = eµ

a eν
bηab = gµν , (4)

ea
µeaν = gµν , ea

µeµ
b = δa

b , ea
µeα

a = δα
µ .

We assume that the Greek indices µ, ν, . . . are raised and lowered by the covariant
metrics gµν and gµν, while the indices a, b, c . . . are raised and lowered by ηab and ηab.
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The transition from one type or indices to another is done using tetrad, since it is just a
change of basis. Taking this into account, in some cases, we admit objects with mixed
indices, e.g.,

Ta
·µ = Tν

·µ ea
ν = Ta

·b eb
µ . (5)

Formula (4) show that the descriptions in terms of the metric and in terms of the tetrad
are equivalent. The same concerns also the invariant volume of integration. It is easy to
show that

det ea
µ =

√
|g| , g = det gµν , (6)

because

g = det
(
ea

µeb
νηab

)
=

(
det ea

µ

)2 · det ηab . (7)

Indeed, the local frame coordinates Xa are not unique, since even for the locally
Minkowski metric one is allowed to make transformations e′a = Λb

a′eb, such that1

e′a · e′c = Λb
a′Λ

d
c′ eb · ed = ηbd Λb

a′Λ
d
c′ = ηac . (8)

In the flat space-time case, such frame rotations with constant Λb
a′ form Lorentz group.

The situation changes in curved space-time manifolds, because then Λa
b′ depends on the

point P. For example, we can consider an infinitesimal transformation

Λa
b′ = δa

b′ + Ωa
b′(x) , (9)

which preserves the form of the tangent-space metric. Then (8) gives

(δa
b′ + Ωa

b′)(δ
d
c′ + Ωd

c′) ηad = ηbc . (10)

It is an easy exercise to show that in this case, Ωab(x) = −Ωba(x).
Let us consider the covariant derivative in tetrad formalism and introduce the notion

of spin connection. In the metric formalism, the covariant derivative of a vector Vµ is

∇νVµ = ∂νVµ + Γµ
λνVλ , (11)

where the affine connection is given by the standard Christoffel symbol expression,

Γλ
µν =

1
2

gλτ
(
∂µgτν + ∂νgτµ − ∂τ gµν

)
. (12)

Our purpose is to construct a version of covariant derivative for the objects such as
tetrad, which have local Lorentz indices. Obviously, this is a non-trivial task, because tetrad
is not a tensor and therefore its covariant derivative is not a conventional object. Hence
our constructions will necessary involve certain amount of ad hoc assumptions. In what
follows, we shall see that there is a scheme of consistent consideration of the problem.

It is easy to understand that (different from the flat space-time) in the Lorentz frame Xa

the covariant derivative of the same vector cannot be just equal to ∂aVb, because otherwise
we come to the contradiction. The details will become clear below, let us just say that
qualitatively the reason is that any shift from the point P means the change from one
tangent space to another and hence deriving the corresponding difference between two
values of the vector requires an additional definition. Let us suppose that the desired
covariant derivative is a linear operator and satisfies Leibniz rule. The general expression
satisfying these conditions is

∇aVb = ∂aVb + ω̃a
· caVc , (13)
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where ω̃a
· ca are some unknown coefficients. Later on we will discuss their relation to the

spin connection. In the flat space-time ω̃a
· ca = 0.

We request that the vector components satisfy Vµ = eµ
a Va and the tensor components

satisfy ∇νVµ = ea
νeµ

b ∇aVb. Then, according to (11) and (13), we have

∇λVµ = ∂λVµ + Γµ
τλVb = ea

λeµ
b ∇aVb = ea

λeµ
b
(
∂aVb + ω̃b

· caVc) (14)

= δ
µ
τ ∂λVτ + Vτea

λeµ
b ∂aeb

τ + eµ
b ec

bec
τVτω̃b

· cλ

= ∂λVµ + Vτ(eµ
b ∂λeb

τ + eµ
b ec

τω̃b
· cλ) .

Therefore, we arrive at the equation for ω̃b
· cλ,

Γµ
τλ = eµ

b ∂λeb
τ + eµ

d ec
τ ω̃d
· cλ . (15)

Multiplying the last equation by ea
µeτb, we arrive at the following solution:

ω̃ab
·· λ = ea

µeτbΓµ
τλ − eτb∂λea

τ . (16)

One of the important features of the last expression is antisymmety in (a, b), that
means ω̃ab

··µ = −ω̃ba
··µ. In order to see this, consider the sum

ω̃ab
··µ + ω̃ba

··µ = ea
νeλbΓν

λµ + eb
νeλaΓν

λµ − eλb∂µea
λ − eλa∂µeb

λ

=
1
2
(∂λgνµ + ∂µgνλ − ∂νgµλ) · (eaνeλb + eaλeνb)− ebλ∂µea

λ − eaλ∂µeb
λ

= eaνeλbec
ν∂µecλ + eaνeλbecλ∂µec

ν − eλb∂µea
λ − eaλ∂µeb

λ = 0 .

Another observation follows from Equations (11) and (13). We can rewrite (11) in
the form

∇ν(Vaeµ
a ) = ∂µ(Vaeµ

a ) + Γµ
λν Vaeλ

a (17)

and construct the “covariant derivative” of the tetrad ∇νeµ
a in a way consistent with the

Leibnitz rule and with both (17) and (7). Then

∇νVµ = ∂νVµ + Γµ
λνVλ = ∇ν(Vbeµ

b ) = ea
ν∇a(Vbeµ

b ) (18)

= ea
νeµ

b∇aVb + ea
νVb∇aeµ

b = ea
νeµ

b (∂aVb + ω̃b
· caVc) + ea

νVb∇aeµ
b .

At the same time, we have

∂νVµ = ea
ν∂a(Vbeµ

b ) = ea
νeµ

b ∂aVb + Vbea
ν∂aeµ

b . (19)

By combining (18) and (19) one can easily obtain the relation

Vλec
λ ω̃b

·caea
νeµ

b + ea
νebVλ∇aeµ

b = Vλeb
λea

ν∂aeµ
b + VλΓµ

λν . (20)

Since this relation should be true for all Vλ, we arrive at

ea
νeb

λ∇aeµ
b = ea

νeb
λ ∂aeµ

b + Γµ
λν − ea

νec
λeµ

b ω̃b
· ca . (21)

Multiplying this equation by eν
deλ

e one can get (changing some indices)

∇aeµ
b = ∂aeµ

b + Γµ
λνeλ

b eν
a − ω̃cb

·· νeν
aeµ

c . (22)

Since this is a tensor quantity, we can multiply it by ea
τ and obtain the final result

∇τeµ
b = ea

τ∂aeµ
b + Γµ

λτeλ
b − ω̃c

· bτ eµ
c . (23)
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One can show that, also2,

∇τeµa = eb
τ∂beµa − Γλ

µτeλ
a − ω̃ b

a · τ eµb . (24)

Finally, by direct replacement of (16) one can easily check that both covariant deriva-
tives vanish, ∇τeµ

b = 0 and ∇τeµa = 0. This fact is nothing else but a direct consequence
of the metricity property of covariant derivative, because

∇τ gµν = ∇τ

(
ea

µeb
νηab

)
= 2ηab ea

µ · ∇τeb
ν = 0 . (25)

3. Covariant Derivative of Dirac Fermion

Let us construct a covariant generalization of the action of a spinor field (1). The
desirable expression has the form

S f = i
∫

d4x
√
−g ψ̄

(
γµ∇µ − im

)
ψ . (26)

Since the part related to the integration volume element is relatively simple, what has
to be done is to generalize the gamma-matrices and to construct the covariant derivative.

Let us use tetrad and define the curved-space gamma-matrices as γµ = eµ
a γa. Now the

indices of the the new gamma-matrices are lowered and raised by means of the covariant
metrics gµν and gµν. It is easy to see that the new gamma-matrices satisfy the curved-space
version of Clifford algebra,

γµγν + γνγµ = gµν . (27)

The next observation is that since γµ = eµ
a γa and γa are constant matrices (see

Appendix A for the details), the vanishing covariant derivative ∇αeµ
b = 0 means ∇αγµ = 0.

The construction of covariant derivative is a little bit more involved. Let us define

∇µψ = ∂µψ +
i
2

ω ab
µ ·· σab ψ , where σab =

i
2
(
γaγb − γbγa

)
. (28)

One can regard (28) as a hypothesis which can be proved or disproved. ω ab
µ ·· are anti-

symmetric coefficients of the spinor connection, which have to be found from the requirement
of covariance. Taking a conjugate of (28), we arrive at

∇µψ̄ = ∂µψ̄− i
2

ω ab
µ ·· ψ̄ σab . (29)

Using (28) and (29), it is easy to verify an identity

∇α

(
ψ̄ψ
)
= ∂α

(
ψ̄ψ
)
, (30)

which is a natural result for a scalar combination ψ̄ψ.
In order to obtain the equation for spinor connection, consider the relation for a

composite vector

∇µ(ψ̄γαψ) = ∂µ(ψ̄γαψ) + Γα
νµψ̄γνψ . (31)

A simple calculation using Leibniz rule yields

∇µψ̄ · γαψ + ψ̄(∇µγα)ψ + ψ̄γα∇µψ = ∂µψ̄ · γαψ + ψ̄∂µγαψ + ψ̄γα∂µψ

+ Γα
νµψ̄γνψ − i

2
ω ab

µ ·· ψ̄ σabγαψ +
i
2

ω ab
µ ·· ψ̄γασabψ = ψ̄γa(∂µeα

a )ψ + ψ̄Γα
νµγνψ .
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As this equality should be valid for any field ψ, we arrive at

− 1
4

ω ab
µ ·· eα

c
[
γc(γaγb − γbγa)− (γaγb − γbγa)γ

c] = γc(eν
c Γα

µν + ∂µeα
c
)

. (32)

By means of the well-known relations

γcγaγb = 2δc
aγb − γaγcγb ,

2δc
aγb − 2δc

bγa + γaγbγc − γcγbγa = −2δc
bγa + 2γbδc

a − γbγaγc

we get

ω ab
µ ··
(
eα

b γa − eα
a γb
)
= γc(eτ

c Γα
τµ + ∂µeα

c
)

. (33)

The last equation can be easily solved owing to the antisymmetry of ω ab
µ ·· , the result is

ω ab
µ ·· = − 1

2
ω̃ab
·· µ =

1
2
(eb

τeλaΓτ
λµ − eλa∂µeb

λ)

=
1
4
(eb

τeλa − ea
τeλb)Γτ

λµ +
1
4
(eλb∂µea

λ − eλa∂µeb
λ) . (34)

Here we established the relation with Equation (16) and presented both compact and
explicitly antisymmetric forms of the spinor connection. Finally, the expression for the
covariant derivative is (28) with the spinor connection (34). At this point, we can say that
the construction of the action (26) is complete. In the next sections, we will derive and
discuss some additional relevant formulas and features.

4. Commutator of Covariant Derivatives

The next necessary step is to derive the commutator of two covariant derivatives
acting on a Dirac spinor. Consider

∇ν∇µΨ = ∇ν

(
∂µΨ +

i
2

ω ab
µ ··σabΨ

)
= ∂ν(∇µΨ) +

i
2

ω ab
ν ·· σab∇µΨ− Γλ

µν∇λΨ

= ∂ν∂µΨ +
i
2

∂νω ab
µ ·· σabΨ +

i
2

ω ab
µ ·· σab ∂νΨ +

i
2

ωab
ν σab ∂µΨ

− 1
4

ω ab
ν ·· σab ω cd

µ ··σcdΨ− Γλ
µν∂λΨ− i

2
Γλ

µν ω ab
λ ·· σabΨ . (35)

By using this expression and the relation

γaγbγcγd = 2ηbcγaγd − 2ηacγbγd + 2γcγaηbd − 2γcγbηad + γcγdγaγb, (36)

it is not difficult to obtain the commutator

[∇µ,∇ν]ψ = ∇µ∇νψ−∇µ∇νψ = − 1
4

R ab
µν ·· γaγb ψ , (37)

where

R ab
µν ·· = ∂µω ab

ν ·· − ∂νω ab
µ ·· + ω ac

µ ·· ω
b

νc · −ω ac
ν ·· ω b

µc · (38)

is a new notation, which becomes clear if we prove that there is a direct relation with the
Riemann tensor,

Rµνab = Rµνρσ eρ
a eσ

b . (39)
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The proof consists of a direct substitution of Equation (16) with the definition (34), in
the expression (38) and some algebra which we leave as an exercise to the interested reader.

Using (37) and (39), one can write a useful covariant expression for the commutator,

[∇µ,∇ν]ψ = − 1
4

Rµνρσ γργσ ψ . (40)

One of the applications of the previous expression is the possibility of a “doubling” of
the covariant Dirac Equation (26). Taking the product(

γµ∇µ − im
) (

γν∇ν + im
)

= γµ∇µ γν∇ν + m2 , (41)

one can obtain

γµ∇µ γν∇ν =
1
2

γµγν
(
∇µ∇ν +∇µ∇ν

)
+

1
2

γµγν
(
∇µ∇ν −∇µ∇ν

)
=

1
2
(
γµγν + γνγµ

)
∇µ∇ν +

1
2
(
∇µ∇ν −∇µ∇ν

)
= gµν∇µ∇ν +

1
8

Rµνρσ γργσγµγν = 2 − 1
4

R . (42)

In the last step we used an identity

Rµνρσ γργσγµγν = −2R , (43)

which can be easily proved by using covariant version of relation (36) and the algebraic
properties of the Riemann tensor. We leave the verification of this identity as one more
exercise for the interested reader.

The two relations, i.e., (40) and the Lichnerowicz formula (42) play important roles in
differential geometry and quantum field theory in curved space.

5. Local Conformal Transformation

It is important to consider the conformal transformation of the metric and fermion
field. For the sake of generality, we consider the theory in n spacetime (or Euclidean space,
as there is no difference at this level). The action is a direct generalization of (26),

S f = i
∫

dnx
√
−g ψ̄

(
γµ∇µ − im

)
ψ . (44)

The definition of the gamma matrices and covariant derivatives do not change and the
unique difference comes from the algebra of the gamma matrices. For the global conformal
transformation

gµν → gµν e2λ , ψ→ ψ edψ λ , ψ̄→ ψ̄ edψ λ , λ = const, (45)

we easily find that the conformal weight of the spinor field that provides the invariance of
the massless part of the action (44), is dψ = 1−n

2 . In what follows, we assume this value. For
obvious reasons, the conformal transformation for the conjugated fermion ψ̄ has the same
conformal weight as in the case of ψ.

Using the global symmetry as a hint, consider the local conformal transformation

gµν = ḡµν e2σ , ψ = ψ∗ edψ σ , ψ̄ = ψ̄∗ edψ σ . (46)

In what follows we will omit space-time arguments, but always assume that σ = σ(x).
Furthermore, all metric-dependent quantities with bars are constructed using the fiducial
metric ḡµν. Also, we use compact notation for the partial derivative, e.g., σ,λ = ∂λσ. Let us
note that many formulas related to local conformal transformations of curvature tensors,
their contractions, etc, can be found in [10].
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The transformation of the elements of the action (44) provides

gµν = ḡµν e−2σ ,
√
−ḡ =

√
−g enσ , eµ

a = ēµ
a e−σ , eb

µ = ēb
µ eσ (47)

and, consequently,

γµ = γ̄µ e−σ , γµ = γ̄µ eσ . (48)

One can use this set of formulas to check the relation dψ = 1−n
2 . For the Christoffel

symbols and spinor connection, Equations (12) and (34) give

Γλ
αβ = Γ̄λ

αβ + δλ
α σ,β + σ,αδλ

β − σ,τ ḡλτ ḡαβ ,

ω ab
µ ·· = ω̄ ab

µ ·· + (ēa
µ ēλb − ēb

µ ēλa) σ,λ . (49)

For the contraction, we get

γµ∇µψ = γ̄µe−σ
{

∂µψ− i
4

ω̄ ab
µ ·· σabψ− i

4
(
ēa

µ ēλb − ēb
µ ēλa)σ,λ ·

i
2
(
γaγb − γbγa)ψ

}
= γ̄µ ē−σ

{
∇̄µψ +

1
4
(γ̄µγ̄λ − γ̄λγ̄µ) σ,λψ

}
(50)

= e−σ
{

γ̄µ∇̄µψ +
n− 1

2
γ̄λ σ,λψ

}
= e−

n−3
2 σ γ̄µ∇̄µψ∗ . (51)

Substituting (51), (46), and (47) in (44), we arrive at the transformation law

i
∫

d4x
√
−g ψ̄

(
γµ∇µ − im

)
ψ = i

∫
d4x
√
−ḡ ψ̄∗

(
γ̄µ∇̄µ − im eσ

)
ψ∗ . (52)

Thus, the massless action is invariant under the local conformal transformation.
One can restore local conformal symmetry in the general action (26), by replacing

the mass by a scalar field ϕ, i.e., forming the Yukawa interaction term. The detailed
consideration of this issue is beyond the scope of the present contribution and one has to
consult, e.g., [7].

6. Energy-Momentum Tensor for the Dirac Field

Consider the derivation of the dynamical3 Tµν for the Dirac field. The definition of this
tensor is

Tµν = − 2√−g
δS f

δgµν
. (53)

There are several nontrivial details in using this definition. First of all, action (26)
is constructed from the tetrad and not from the metric. On top of that, this action is not
Hermitian. In order to fix the last issue, one can reformulate the action in the equivalent
Hermitian form,

S f =
i
2

∫
d4x
√
−g
(
ψ̄γµ∇µψ−∇µψ̄ γµψ + 2im

)
. (54)

The difference with the original expression (26) is the integrals of total derivative
term. This integral is irrelevant for the variational derivatives, but the action (54) gives a
consistent result in a more straightforward way and we shall use this form of the action.

Concerning the first problem, we shall need the variation of the tetrad corresponding
to the variation of the metric

gαβ → g′αβ = gαβ + hαβ. (55)
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The solution of this problem is [11,12] (see also Chapter 9 of [4])

e′ aµ = e a
µ −

1
2

e a
ν hν

µ +
3
8

e a
ν hν

λhλ
µ + . . .

e′ αb = e α
b +

1
2

e β
b h α

β −
1
8

e β
b h λ

β h α
λ + . . . (56)

The first variations of other relevant quantities has the form

δ
√
−g =

1
2
√
−gh , δgµν = −hµν , δec

µ =
1
2

hν
µec

ν , δeρ
b = −1

2
hρ

λeλ
b ,

δΓλ
αβ =

1
2
(
∇αhλ

β +∇βhλ
α −∇λhαβ

)
, δγµ = −1

2
hµ

ν γν . (57)

Here all indices are raised and lowered with the background metrics gµν and gµν and
h = gµνhµν. Furthermore, direct calculation using (34) and (57) yields

δω ab
µ ·· = − δω ba

µ ·· =
1
2

δ(eb
τeλaΓτ

λµ − eλa∂µeb
λ) =

1
2
(
eaτebλ − ebτeaλ )∇λhµτ . (58)

One more useful relation is

ψ̄γµ∇µψ−∇µψ̄γµψ = ψ̄γµ∂µψ− ∂µψ̄γµψ− i
4

ω ab
µ ·· ψ̄

(
γµσab + σabγµ

)
ψ . (59)

Consider the term depending on the variation of ω ab
µ ·· , defined by (58),

δωS f = − i
4

∫
d4x
√
−g ψ̄

(
γµσab + σabγµ

)
ψ δω ab

µ ··

= − i
4

∫
d4x
√
−g

1
2
(
eaτebλ − ebτeaλ

) (
∇λhµτ

)
eµc ψ̄(γcσab + σabγc)ψ . (60)

After integration by parts, we get

δωS f =
i
8

∫
d4x
√
−g hµτeµc(eτaeλb − eτbeλa)∇λ

[
ψ̄(γcσab + σabγc)ψ

]
. (61)

It is important that the term in the brackets [...] is antisymmetric in ab. Hence one can
simplify the last expression, using the expression for σab,

δωS f = − 1
8

∫
d4x
√
−g hµν eµceνaeλb∇λ

[
ψ̄(γcγaγb − γcγbγa + γaγbγc − γbγaγc)ψ

]
.

Replacing γaγb + γbγa = 2ηab, we arrive at

δωS f = − 1
8

∫
d4x
√
−g hµν∇λ

[
ψ̄(gλµγν − gλνγµ)ψ

]
= 0 . (62)

Thus, the δω ab
µ ·· is irrelevant as its contribution vanish. Hence we arrive at

δS f =
i
2

∫
d4x
√
−g
{1

2
(
hgµν − hµν

)(
ψ̄γν∇µψ−∇µψ̄γνψ

)
− ihmψ̄ψ

}
=

∫
d4x
√
−g hαβ

{ i
4

gαβ
(
ψ̄γλ∇λψ−∇λψ̄γλψ

)
− 1

2
gαβmψ̄ψ

− i
4
(
ψ̄γα∇βψ−∇αψ̄γβψ

)}
. (63)

The expression (63) is interesting by itself, as it describes an interaction of massive
Dirac fermion with a weak gravitational field. In particular, it can be used for elaborating
the nonrelativistic approximation to the fermions, or for deriving the equations of motion
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for the spinning charged classical particle in a weak relativistic field [13,14] (also the
forthcoming work [15] with more references).

On the other hand, using the definition (53), the energy-momentum tensor of the
fermion has the form

Tµν =
i
2
[
ψ̄γ(µ∇ν)ψ−∇(µψ̄γν)ψ

]
− i

2
gµν

[
ψ̄γλ∇λψ−∇λψ̄γλψ

]
+ mψ̄ψ gµν. (64)

Let us take a trace of the tensor (64). We get

Tµ
µ = Tµνgµν = −3i

2
(
ψ̄γλ∇λψ−∇λψ̄γλψ

)
+ 4mψ̄ψ . (65)

Using the equations of motion

γµ∇µψ = −imψ and ∇µψ̄γµ = imψ̄, (66)

the on shell trace is

Tµ
µ

∣∣∣
on shell

= mψ̄ψ . (67)

For a massless theory this expression vanishes, in accordance with our previous
finding that the massless fermion theory is invariant under local conformal transformation.

There is an alternative way of deriving the trace (65). Let us remember that the
definition (53) is valid for any kind of a matter field Sm. Take a variational derivative of the
action with respect to the conformal factor σ and using (46), we get

δ′Sm

δσ
=

δSm

δgµν

δgµν

δσ
=

δSm

δgµν
2 ḡµν e2σ =

δSm

δgµν
2 gµν = −

√
−g Tµν gµν. (68)

Here the prime over variation in the first expression means that we take into account
only the dependence of the metric and not of the matter fields. Formula (68) is valid, in
particular, for the Dirac fermions in curved space, and can be used for getting Tµ

µ .
Adding variations with respect to the matter fields, we get

1√−g
δSm

δσ
=

1√−g

(
2gµν

δSm

δgµν
+ ∑

k
dk Φk

δSm

δΦk

)
, (69)

where dk is the conformal weight of the field Φk (e.g., dk = −1 for scalars and dk = −3/2 for
spinors in n = 4). Obviously, (69) is equivalent to (68) on shell, when δSm/δΦk = 0. Thus,
the expression for the trace (67) can be obtained, even for the massive nonconformal case,
by the following sequence of steps: (i) Rewriting the action (26) using the parametrization
(46); (ii) Taking the variational derivative with respect to σ; (iii) Replacing σ → 0 and
ḡµν → gµν and (off shell) the same for the spinor field.

The considerations presented above and its result (69) are valid for all matter fields. In
the conformal case, the r.h.s. is zero, which establishes the relation between local conformal
symmetry (i.e., independence on σ) and the vanishing on the mass shell expression for the
trace of the energy-momentum tensor.

7. Derivation of Tµν on the Cosmological Background

In order to have an illustration for the results presented above, let us calculate the
energy-momentum tensor for a free spinor on a cosmological background. It is assumed
that not only metric, but also the fermion field depends only on time and not on the space
coordinates. For the sake of simplicity we choose a conformally-flat metric

gµν = a2(η)ḡµν = e2σ(η) ḡµν , (70)
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with ḡµν = ηµν. We also use the conformal time variable η, related to physical time t as
dη = a(t)dt. The derivative with respect to η will be denoted by prime. It is well-known
that the non-zero components of affine connection are

Γ0
00 =

a′

a
, Γ0

ik =
a′

a
δik , Γi

0k =
a′

a
δi

k . (71)

Here and in what follows we shall use the notations i, j, k = 1, 2, 3 and a, b, c = 0, 1, 2, 3,
while both sets of Latin indices correspond to the flat fiducial metric. The tetrad components
can be easily derived and the curved-space gamma-matrices are given by

γ0 =
1
a

Γ0 , γ0 = a Γ0 , γk =
1
a

Γk , γk = a Γk , (72)

where the useful notations Γa = γa were introduced for the flat-space gamma’s.
In order to derive the components of Tµν one has to take care about the spinor

connection first. Direct calculation gives (other components are equal to zero)

ω k0
0 ·· = Γk

00 − e−σηλ0∂0
(
eσδk

λ

)
= Γk

00 = 0 ,

ω ki
0 ·· = Γτ

λ0ek
τeλi − eλi∂0ek

λ = − a′

a
ηki =

a′

a
δki ,

ω ik
j ·· = Γτ

λje
i
τeλk − ekλ∂jei

λ = 0 ,

ω oi
k ·· = Γτ

λkeo
τeλi − eλi∂ke0

λ = Γ0
jkηij =

a′

a
ηjkηij = − a

a
δi

k . (73)

Thus, we arrive at

∇0ψ = ψ′ − i
4

ω
kj
0 σkjψ = ψ′ +

i
4

a′

a
ηkjσkj = ψ′ .

Similarly, ∇0ψ̄ = ψ̄′. Furthermore, it is easy to obtain

∇iψ = ∂iψ−
i
2

ω ok
i ·· σokψ =

i
2

a′

a
i
2

2Γ0Γkψδ = − a′

2a
ΓoΓi ,

∇iψ̄ = ∂iψ̄ +
i
2

ω 0k
i ·· ψ̄ σok =

1
2

δk
i

a′

a
ψ̄Γ0Γk = +

a′

2a
ψ̄ΓoΓi .

Now we are in a position to calculate the components of Tαβ. According to Equation (64),

T00 = − i
2

g00
(
ψ̄γ0∇0ψ + ψ̄γk∇kψ−∇0ψ̄γ0ψ−∇kψ̄γkψ

)
+ g00ψ̄ψm

+
i
2
(
ψ̄γ0∇0ψ−∇0ψ̄γ0ψ

)
= a2mψ̄ψ . (74)

In a similar way, taking into account g0k = 0, we get

T0k =
i
4
(
ψ̄γ0∇kψ + ψ̄γk∇0ψ−∇0ψ̄γkψ−∇kψ̄γ0ψ

)
=

ia
4
(
ψ̄Γkψ′ − ψ̄′Γkψ

)
. (75)

Because of the homogeneity and isotropy of space, in the cosmological setting this
must be zero. Let us show that this is the case.

On the mass shell, we have

γ0∇0ψ + γµ∇kψ + imψ =
1
a

Γ0ψ′ − a′

2a2 ΓkΓ0Γkψ + imψ = 0 . (76)
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Since ΓkΓ0Γk = −3Γ0, we get

1
a

Γ0(ψ′ + 3
2

a′

a
ψ
)
+ imψ = 0 . (77)

Similarly, starting from ∇µψ̄γµ − imψ = 0, one can arrive at

1
a

(
ψ̄′ +

3a′

2a
ψ̄
)

Γ0 − imψ̄ = 0 . (78)

Then, (75) becomes the following on shell expression:

T0k

∣∣∣
on shell

= − ia
4

ma
(
ψ̄ΓkΓ0ψ + ψ̄Γ0Γkψ

)
= 0 , (79)

exactly as required to guarantee the vanishing non-diagonal element (75).
The last part is to derive the space components,

Tki = −ia2ηik
(
ψ̄γ0∇0ψ + ψ̄γj∇jψ−∇0ψ̄γ0ψ−∇jψ̄γjψ + 2imψ̄ψ

)
+

i
2
[
ψ̄γ(k∇i)ψ

]
= − ia

2
ηik
(
ψ̄Γ0ψ′ − ψ̄′Γ0ψ− a′

2a
ψ̄ΓjΓ0Γjψ−

a′

2a
ψ̄Γ0ΓjΓjψ

)
+ a2ηik mψ̄ψ− ia′

8
[
ψ̄Γ(kΓ|0|Γi)ψ + ψ̄Γ0Γ(kΓi)ψ

]
= − ia

2
ηik
(
ψ̄Γ0ψ′ − ψ̄′Γ0ψ

)
+ ma2 ηikψ̄ψ− ia′

a
ψ̄
(
Γ0Γ(kΓi) − Γ0Γ(kΓi)

)
ψ

=
ia
2

ηik
(
ψ̄′Γ0ψ− ψ̄Γ0ψ′

)
+ ma2ηikψ̄ψ . (80)

On shell we get, according to (77) and (78),

Tik

∣∣∣
on shell

= ηik

[
ma2ψ̄ψ +

a2

2
m
(
ψ̄Γ2

0ψ + ψ̄Γ2
0ψ
)]

= 0 . (81)

Here we used the Γ2
0 = 1 property of the gamma-matrix.

For a massive case, we meet T11 = T22 = T33 = 0, while ρ = T00 6= 0. This is a
dust-type equation of state for the matter.

The physical interpretation of the results for diagonal component (74) and (81) is the
following. First of all, for a massless case, Tµν

∣∣
on shell = 0 for the FRW metric. This is a

natural output, since we permitted the fermion field to depend only on conformal time and
not on the space coordinates. Therefore, we exclude the field configurations such as plane
(and other, of course) waves. In the massive case, there is still a dust-like configuration
and in the massless version no solutions are possible. Of course, if we permit the space-
dependence, the equation of state will be the one of radiation, Tα

µ = diag
(
ρr , − 1

3 δ
j
i ρr
)
.

8. Conclusions

We presented in details the derivation of spinor connection, covariant derivative of
Dirac fermion, and energy-momentum tensor for the fermion. Also, the conformal proper-
ties of fermions in curved space were discussed. Let us note that the same constructions
can be applied to more general backgrounds, for instance for the non-Riemannian space
which has not only metric, but also metric-independent torsion. The result can be found,
e.g., in [4] or in the review papers [16,17]. In a more general case, when the metricity
condition is not satisfied, the construction of covariant derivative of the fermions meets
difficulties and the output of this procedure looks unclear, at the moment. In principle, the
scheme described here should work is this and other cases, when the geometry is enriched
by additional metric-independent fields.
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The last observation is that the importance of the covariant formulation of spinors
in curved space goes beyond the quantum field theory. Regardless spin is certainly a
property of quantum theory, the fermions in curved space are important for the models
of spinning particles and the last can be used as basic models for the macroscopic grav-
itationally interacting compact magnetic bodies. This is an important issue in view of
existing experimental efforts (see, e.g., [18,19] and references therein) towards the precise
measurements of the accelerations of such particles. At the moment, the existing theoretical
literature on this issue is restricted to elementary spinning particles [20–23] (see also the
planned continuation of the present work in [15]), but it would be certainly interesting to
extend the existing understanding to the macroscopic bodies.
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Appendix A. Gamma Matrices

The three Pauli matrices are defined as

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
. (A1)

In the standard representation, the gamma (Dirac) matrices are defined as

γa =

(
0 σa

−σa 0

)
, (A2)

satisfying the Clifford algebra

γaγb + γbγa = 2ηab I, (A3)

where I is the four-dimensional unit matrix.
It is important that neither Pauli matrices nor Dirac matrices do not form a vector with

respect to the Lorentz transformation and are just constant matrices which do not change
under Lorentz transformation. This important feature is compatible with (A3) and with the
Lorentz covariance of the Dirac equation [7,24]. It also holds in other representations of γa.
It is interesting that all this is true only in the Cartesian coordinates in the space section. To
write the gamma matrices, e.g., in spherical coordinates one has to use the tetrads, with the
corresponding change in (A3).

Notes
1 We use notations of the tensor textbook [9]. In particular, prime over the index or over the vector is the same thing, e.g., V′α = Vα′ .
2 This can be done by either repeating the steps leading to (23) or by directly using (23). The interested reader can compare these

two ways to make this calculation.
3 An alternative definition of the canonical energy-momentum tensor is based on the Noether’ s theorem. After this canonical

energy-momentum is making symmetric we arrive at its Belinfante improvement. This symmetric version and the dynamical
definition described below, give the same results in all particular flat-space cases, regardless the general proof of their equivalence
is not knows, to the best of the author’s knowledge. In curves space the dynamical definition is preferable for obvious reasons.
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