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Abstract: We obtain exact solutions to the field equations for five-dimensional locally rotationally
symmetric (LRS) Bianchi type-I spacetime in the f(R, T) theory of gravity, where specifically, the
following three cases are considered: (i) f(R,T) = u(R+ T), (i) f(R,T) = Ru + RTu?, and (iii)
f(R,T) = R+ uR? + uT, where R and T, respectively, are the Ricci scalar and trace of the energy—
momentum tensor. It is found that the equation of state (EOS) parameter w is governed by the
parameter p involved in the f(R, T) expressions. We fine-tune the parameter y to obtain the effect of
phantom energy in the model. However, we also restrict this parameter to obtain a stable model of
the universe.
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1. Introduction

Researchers have found it impossible to prevent the addition of dimensions and the
unification of forces in nature. It is notable that space and time can be seen as a combined
fourth component of special relativity, according to Minkowski [1,2]. In a similar way,
Maxwell combined the theories of electricity and magnetism. The next step in this regard
was to combine electromagnetism with general relativity (GR) [3]. Over the years, many
researchers have been trying to construct unified field theories that geometrize all the
fundamental forces of nature. The geometrization of gravity by the general theory of
relativity (GR) motivated scientists to propose a higher-dimensional theory that can unify
gravitation and electromagnetism [4,5]. Essentially, it has been considered that gravity
and electromagnetism are coupled via an additional dimension in the higher-dimensional
models in general relativity.

In their interesting work, Chodos and Detweiler [6] showed the evolution of a 5d
vacuum universe into a cogent four-dimensional one. Alvarez and Gavela [7] discussed the
cosmological scenario in which the dynamical compactification of the higher dimensions
produces an abundance of entropy in the universe. Further, they pointed out the possibility
of solving the flatness and horizon problems in this scenario.

Using the Kaluza—Klein (KK) theory [4,5], later on, Marciano [8] investigated the
mechanism of the evolution of the fundamental constants throughout cosmic time. For this
purpose, he derived unique relationships between the low-energy couplings, as well as
the masses and propounded that a time variation in any of these parameters can render
the proof of higher dimensions. He also reviewed available experimental bounds and,
therefore, urged the requirement of new measurements. On the other hand, Gegenberg
and Das [9] constructed 5d cosmological models with a real massless non-self interacting
scalar field source and pointed out that non-trivial solutions to the field equations occur
only when the homogeneous and isotropic three-space has non-positive constant curvature.
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It is also interesting to note that Lorenz-Petzold [10] obtained exact solutions to the higher-
dimensional field equations in a vacuum, as well as the perfect fluid case along with a
non-vanishing cosmological constant.

Wesson [11] considered the higher-dimensional spacetimes with a new challenge by
pointing out that “the space part of its metric varies with time in the same way as the de
Sitter solution of the conventional four-dimensional theory” and formulated his so-called
five-dimensional gravitational theory. Under this theory, Gren [12] successfully obtained
vacuum, radiation, and matter-dominated cosmological models. These models describe an
inflationary universe in the variable rest-mass theory as was proposed by Wesson (vide the
proposition and application of five-dimensional cosmological principle by Wesson in the
Book [13]).

Several authors [14-16] have discussed the KK extension of the FRW cosmological
models. In higher dimensions, anisotropic generalizations of these models are available
in the literature [17-19], whereas inhomogeneous cosmologies in 54 have been studied
by other authors [20-22]. A few exact solutions to the Einstein field equations in KK
spacetime were obtained by various authors and showed that those reproduce, as well
as extend the known solutions of the four dimensions [23-25]. The exact solution to the
Einstein field equations, which is Ricci and Riemannian flat in 5, was obtained by Liko and
Wesson [26]. Interestingly, this solution in 4d represents a cosmological model for the early
vacuum-dominated universe. Some noteworthy works where variable G and A have been
studied [27,28] have immense consequences in KK cosmology and higher-dimensional
geometry, e.g., Pahwa [29] constructed a homogeneous, anisotropic 4 + d cosmological
model and, hence, studied the late-time acceleration of the universe.

Higher-dimensional cosmology in various alternative theories of gravity can also be
found in the literature, which originated due to a few drawbacks of Einstein’s general
relativity (specifically, GR has failed to explain the late-time cosmic acceleration phenomena)
and, hence, to comply with the observational evidence. Therefore, one possible technique
to justify the observational data [30-37] is the modification of GR. Harko et al. [38] obtained
the gravitational field equations in the metric formalism and the equations of motion for
the test particles. This theory is called the f(R, T) theory of gravity, where the Lagrangian is
an arbitrary function of R and T being the Ricci scalar and trace of the energy-momentum,
respectively. Under f(R, T) gravity, various authors have studied different mathematical
aspects, as well as physical applications of the theory [39-63].

We design the present article as follows: We provide the basic equations, as well as
the Einstein field equations under the cosmological system in Section 2. In Section 3, we
have the exact solutions sets under three specific cases, whereas in Section 4, the behavior
of the models is presented and analyzed. The results and their discussion are presented in
Section 5 to provide some concluding remarks along with salient features. In the current
work, units are expressed using the natural system with G =c =% = 1.

2. Modified Einstein Field Equations

In their theory, Harko et al. [38] considered three explicit functional forms of f(R, T),
which is an arbitrary function of the Ricci scalar R and of the trace of the stress—energy
tensor T, as follows:

R+2£(T),
f(R,T) =1 fi(R)+ fo(T), 1
fi(R) + f2(R) f3(T).

One can therefore obtain several theoretical models for each choice of f(R, T). How-
ever, in the present work, we consider the second and third case, i.e., f(R,T) = f1(R) +
f2(T)and f(R,T) = f1(R) + f2(R) f3(T), for constructing cosmological models through
the 5d locally rotationally symmetric (LRS) Bianchi type-I spacetime metric in the form

ds? = dt*> — A(t)%dx? — B(t)*(dy? + dz?) — F(t)%dn?, )
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where A, B, and F are functions of the time coordinate only and the extra dimension # is
the space like coordinate.
Now, the gravitational field equations can be provided as [38]

1
frR(R, T)R;j — Egijf(R/ T) + (80— ViVj) fr(R, T) =
87’[T1‘]‘ — fT(R, T) Tij — fT(R, T)@ij/ (3)

where fr(R,T) = I (RT) (R D and fr(R,T) = IRT) (R D) are the partial derivative with respect to
Rand T, respectlvely, D ViV, V; denotes covariant derivatives, and ©;; = —2T}; — g;;P.

Various authors have studied the choice of Lagrangian density for matter, i.e., £, = P
[64-66], and have addressed the problem of Lagrangian density for perfect fluids where P
is the pressure. In this case, we assume that the entire universe is filled with a perfect fluid.
The choice for the matter Lagrangian density is thus made to be £, = —P [67].

Here, we consider the source of gravitation as the perfect fluid. Therefore, the energy—
momentum tensor is taken as

Tij = (P + p)uiuj — Pgij, @)
together with the comoving coordinates
gijuiuj =1 ®)

In the above equations, p and u; are the energy density and five-velocity vector of the
cosmic fluid distribution, respectively.

3. Solutions to the Field Equations
3.1 f(R,T) = uR+ uT
Let us consider here the second case, i.e., f(R, T) = f1(R) + fo(T) with f;(R) = uR,
f2(T) = uT, where
2Ay  4AiBy  2AF, 4By  4ABF  2B?  2Fy

R==*=a "ar "8 "3F "B T’

T = p(t) —4P(t), and p is an arbitrary constant.
Now, Equation (3) becomes

87+

Gij = [ :| Ti]‘ + l:P + §:|gij- 6)

Here, Gij = Rjj— % gijR1is the Einstein tensor. For the line element (2), the explicit form
of the field Equation (6) using (4) and (5) can be obtained as

. 2‘11AtBt . ‘MAtFt ZthFt ]/lBt

AB ~ AF  BF B M- ”P_snpzo’ @
Ztht 2thFt ]lB “MFtt _ 1 .
5 T opr Tt p —WP-87P+ =0, ®)
A AB AF B BF F
ﬂtt+ﬂtt+ﬂtt+ﬂtt+ﬂtt+ﬂtt 2;41’ 87TP+2;4p—0 )

A AB AF B BF F

pAiw | 2pABr  2uBy uBY 1
1 T ag T g T p WP —87PHSup=0. (10)

Here and in what follows, the suffix “t” after a field variable represents an ordinary
differentiation with respect to the time “t”.
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In order to derive the exact solution of the field Equations (7)—(10), we take the
following scale transformations [68]:

Aty = ), (11)
B(t) = 7,

F(t) = M)

dt = AB’Fdrt.

Now, the field Equations (7)—(10) using (11) reduce to
2uP — 3+ 16m)p + e 2@ ) oA (a +29) —2u7 (22 +9)] =0 (12)

(o — 20202 NN (0 4 29)) 4420 +9) 29" = AT —4(u+4m)P =0 (13)
A2 N o — 4+ 4m)P) 4+ 2ufa — ' 27 + A+ =7 (Y +20)+ A" =0, (14)
(o —2e 202N 0" L A (0 +29) + 9 (20 +9) = 29")] — 4 +4m)P =0, (15)

where the prime stands for %.

It is to be noted that there are five unknowns &, ¥, A, P, and p involved in the above
four equations. Therefore, for obtaining exact solutions of Equations (12)-(15), we need to
consider some interplaying relationships between any two parameters, such as [69-71]

A =my, (16)

where m # 0 is a parameter, the value of which can be chosen suitably depending on the
physical situation.
Now, solving Equations (12)-(15), we obtain the solutions as

(1) = kT +ka, (17)
AMT) =m(kyT + ko), (18)
a(T) = kst + kg, (19)
_ 2u(Bu+ 87)(c1e~272)
P = T 8m) (5 + 167) 20

Ap(p 4 (cre2T2)

P= ,
(u+87)(5u + 167)

(21)

where ky, ky, k3, and k4 are the integration constant and ¢; = kq[2kym + k1 + k3(m + 2)]
and ¢y = ki (m + 2) + k. Without loss of generality, we take ky = ky = 0.

32. f(R,T) = R+ uR? + uT
In this case, we consider f;(R) = R+ uR? and f,(T) = uT. Therefore, Equation (3)
becomes

1 T
Gi]' + Z}IRRij — E;I/legi]' + 2}1(gi]'D — VZ'V]')R = (87‘[ + ,‘l/l)Tl']' + (P + 2) U8ij- (22)
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For (2), the field equations in f(R, T') theory using (11) and (22) become

—2(y )2(8u(7a +129" + 71" — 12(A’)2) +e2(“+27+A)) +
16p(a )2 (27 +A) + 420 (@) +29® 4 A®) 4 (8" 429" +2")2 -
20232 + 67" +21")) + 49 (4p(a® + 2703 +26)) -

A (dp(8a” +157" +71") + 2@ H20+)) L gu(A')) +

apu(a)?(—2(2¢" + 67" +371") +529 A’ +48(ry’)2 + 11(/\/)2) +

20 (4p(a® — A" (72" + 169" +77") +

29 (=72 —15¢" — 81" +13(A)2) + 29 4+ 59(7 )22 +
30(7)% + AB) +2(A')%) — @210 (29 £ A")) 4 240u( PN +

76u(vy )t + 20+ (340 4+ 2uP — 16p7) = 0, (23)

—2(y' ) (4p (3404” +54y" + 351" = 38(A')2) 4 2t 21N
48#( Py +A) 4y (4u(5a(3> +97 (3) 1 510)
(72yuc + o2(at2y+A) +136pt’y +60y/\ )—|—16y( ’)3
4p(a 234y +A)(8y +77") —2(6a” +11(sz +1A"))
ap(—2(a® + 290 £ A1) 420" (56 11040 + 41 )
12“”(27”+7\") 8(A)2(20" +49" +1") +3(a" )2 +287"A" +
24(7" )2 +5(A")2) + 24 (4pu(56®) — A" (174" + 449" +170") +
7 (~34 —787”—44)L”+46(A’)2)+127<3>+103( ')ZA’+
54(7 )3 + 6AB) 4 4(A)3) — 22700 (2 4 A')) 220204 (24" 12 ¢
400p(7 )N +132p(7 )* + 21N (up — 4P + drr)) =

+

)
) -
)+
)+
)

(24)

!

22020 (" " A" —2(7)2 (4 (410" + 639 + 414" —42(A)?) +
At2HA)) 32;1( ’)3(27’ +A) + 4y (27,1(1104( )+ 207<3 +11A6
A (82ua” + @27+ 144uq" + 64ud") + 16u(A)°
4p(a )2 (=8(a" + 47" +271") + 889 A +84(y )2 +17(7)?
ap(=2(a® 4298 L AWy 22 (51x<3) + 107 ) 4 470)
20" (137" +70") = 8(A)2(2¢" + 49" + ") +5(a" )2 + 267”/\”
20(7")2 +5(A")?) + 20’ (4p(4a® — A" (150" + 379" +151") +
v (=322" — 729" — 410" + 44(A)?) +109® +105(1 )21 +
60(7)> + 54 +4(N)?) — 2N (29 1 1)) +
480p(y )3 A + 164p (7 )* + 227N (o — 4P(u + 471)) = 0, (25)

)
)~
)+
)+
)+
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26202740 (0" 424" ) = 2(7)2 (4 (350" + 547" + 341" — 48(1)?) + 2l t2HA)
32;4( By +14)+ 47’(4;1(5“( )+ 9%3 +510)
A (88pa” 4 2 t2rHA) 4 156;{7 +68uA") +24p(A)°
apu(a )2 (=8(a" + 47" +21") +929'A" +76(7)? +21( A2

Ap(—2(a® +29® 4 A@) 121" (6a® 4 129) - 516
40" (79" +31") = 2(A")? (110c + 227 +6)
5)2 4387 A" +8(7" )2+ (A")?) +2a (4 (4a® — X' (174" + 449" +17A’
v (=300" — 687" —36A" +54(A")2) + 1093 4+103(7)?A’

50(7')? +5A) 4+ 6(1)%) — 20T+ (29 4 1)) +

432p (7 PN +132u(y ) 4 e*@ 274 (o — 4P(u 4+ 47)) = 0 (26)

+

)
) =
)
)
)
)
)

4
4
N
N
+
N

where the powers (3) and (4) denote the third- and fourth-order derivative w.r.t. T.

We note that, in this case, the field Equations (23)—(26) yield the same solution (17)—
(19), where k1 = £k3 and m = £1. However, the other two physical parameters become
P=p=0.

3.3. f(R,T) = Ry + RTu?
We consider here the third case, ie., f(R,T) = f1(R) + f2(R)f3(T), where f1(R) =
f2(R) = pRand f5(T) = pT.

Now, Equation (3) becomes

PRo:: T 2R+87‘(
Gij+ﬂz(gijD*ViVj)T_y s, Tyl )

 uT+1 u(uT+1) 27)

Therefore, for Equation (2), the field equations in f(R, T) theory using Equations (11)
and (27) are
) (4 1607) —2(p(2p(P+0) = 1) + 1)@ +29" + A7) +
20/ (29 +A')(u(po + 6P —2) +1) + 49 A" (u(pp + 6pP —2) +1) +
2(7)? (u(pp + 6uP —2) +1) =0, (28)

2 +27" + A" —u(@ +u@dP —p)(27" + A7) +
& (27 +A) (AP — p) = 1) + 29 A (43 (4P — p) — 1) +

(7 )2 (U2 (4P — p) — 1)) + 227N (4 — 16P7) = 0, (29)
2" +29" + A"+ (=7 — p(@P —p)(&" +9" + A7) +
o (29 + ) (24P —p) — 1) +29' A (24P — p) — 1) +

(7)2 (2 (4P — p) — 1)) + 2+27 ) (4 — 16P7) = 0, (30)

2= DA +2(12(4P — p) — 1) (—a +a' (27 +A") =29 +29'A" + (4)?) +
W20+ (3 —16P7) = 0. (31)

In this case also, the field Equations (28)—(31) admit the same solutions set (17)—(19) as
obtained in Section 3.1; however, the rest of the parameters are

1k (201K (4 — 5)p? + €227 (5% — 16pm + 87) ) — 4pmet2”
N 10c1 k1 p? (c1ky p? — 4me?e2T) + 64m2edeaT

, (32)

. C1k1 (Clkl‘lzl3 — 47T€2C2T) + 2}47‘(@462‘(
5ok p2(crkqp? — 4meeeT) 4 3272407

(33)
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The expression for the ratio of the pressure and density (i.e., the EOS parameter w) is

2(crky (crkyp® — 4me?e2T) 4 2pumreteT)

= c1ky(2c1kq (4 — 5) 2 + €227 (53 — 16pm + 871)) — 4pmetea™’

(34)

In the above-mentioned three subsections we have shown variations of different model
parameters in Figures 1-4 which are satisfactory as far as physical features are concerned.

0.0000¢

~0.0005F
-0.0010F /
~0.0015"
-0.0020F
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-0.0025F
-0.0030}

-0.0035F

Time (1)
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0.01-

0.00+

P

Time (1)

Figure 1. Variation of the pressure and density w.r.t. time (Case 3.1). Here, we considered the

following parametric values: k; = 0.13, k3 = 0.1, and m = 0.5, which will also be followed in all other

plots.
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Figure 3. Variation of the pressure and density w.r.t.

Time (1)

time (Case 3.3).
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Figure 4. Variation of (a) p — P, (b) p + P, and (c) p + 3P w.r.t. time (Case 3.3).

Hence, the five-dimensional cosmological model in the f(R,T) theory of gravity
corresponding to the solutions of Sections 3.1-3.3 can be uniquely presented as

dS? = dr? — e?sTdX? — PT(dY? 4+ dZ?) — T AN2, (35)

4. Some Physical and Geometrical Properties

In this section, we study some physical and geometrical properties of the models
obtained in the preceding subsections under the five-dimensional cosmological model in
the f(R, T) theory of gravity.

4.1. Status of the Model

The spatial volume (V), scalar expansion (6), Hubble parameter (H), shear scalar
(02), and redshift (z) for the model are given by

V = /g = AB?F = &7, (36)

6= % + 2% + % = cpe™ T, (37)

(e §) o
R CIC R R o

. %e*kﬂ(k%(m 3m — 4) +4) — 2kiks(m +2) + 3k3), (39)

S S U (40)

V' AB2F VeerT
o2 K2(m(3m —4) +4) — 2kiks(m + 2) + 3k3 "
ﬁ - 8C2 ' ( )

From the above solution set, we notice thatat 7 =0,V = 1land,as 7 — oo, V — 0.
Therefore, it can be inferred that our model is free from the initial singularity. We also note
that the pressure and density are finite at T = 0, which decrease as T increases and tend to
zero when T — oo. This means at infinite time that our model leads to a vacuum model.
Further, as g—; # 0, so our model is anisotropic throughout the evolution. Equation (40)
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exhibits the expansion of the spacetime in the universe, when T — oo; however, in the
present model,

2 2 2 2
A A B F, A B 2(B F, F
4( tt }L( t ZBt Ft) ( t2) ZBH ( é) I—tj ( t) )

2

which means that the universe is in a decelerating phase.
In Case 3.2, the model degenerates to a pure vacuum model in the f(R, T) theory of
gravity. We have shown different features of the model in Table 1.

Table 1. Features of the model.

For Case 3.2 k1=k3,m=1 k1=k3,m=—1 k1=—k3,m=1 k1= —k3,m=—1

\% expanding expanding decreasing constant
0 decreasing decreasing negative 0
q 3 3 3 undefined
z decreasing decreasing increasing 0
‘g—; 0 % % undefined

4.2. Stability of the Model

The stability of the model is obtained by considering the ratio Z—Z, which can be shown
as equivalent to C2. If C2 is positive, then the model is stable, whereas if C? is negative,

the model is unstable. In our case, Z—z =1- ﬁ. From this relation, we notice that Cs2 is
positive for 4 > —47 and, thus, provides a stable model under this restrictive condition
for Case 3.1. Under the same condition, the model for Case 3.3 (Figure 5) exhibits a stable

model throughout the evolution.

dp/dp

0 2 4 6 8 10 12 14
Time (1)

Figure 5. ‘;—5 of Case 3.3.

4.3. EOS Parameter (w)

In the present model, the EOS parameter is governed by the parameter . In Figure 6,
one can note that different values of the parameter lead to a different model in f(R, T)
gravity. Caldwell and coworkers [72,73] pointed out that w < —1 is a better fit for the
observed astrophysical data.
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Figure 6. w of (a) Case 3.1 and (b) Case 3.3.

5. Discussion and Conclusions

In the present work, our motivation was to obtain exact solutions to the Einstein
field equations for 5d locally rotationally symmetric (LRS) Bianchi type-I spacetime in
the f(R, T) theory of gravity. We presented cosmological models under the following
three specifications: (i) f(R,T) = u(R + T), (ii) f(R, T) = Ry + RTu?, and (iii) f(R, T) =
R+ uR? + uT.

The solution set under these models, via the graphical plots (Figure 6), exhibits that
the EOS parameter w is completely governed by u. Fine-tuning of the parameter u provides
the effect of phantom cosmology. Moreover, we were able to obtain a stable model of the
universe by imposing restrictions upon this parameter.

In this connection, we also would like to mention here that Figures 1-5 are self-
explanatory, which in a similar way, depict various physical properties of the model, e.g.,
in Figure 1, we exhibit the variation of the pressure and density w.r.t. time for different
parametric values (say k1 = 0.13, k3 = 0.1, and m = 0.5).

We can explore various energy conditions, i.e., the null energy condition (NEC),
o + P > 0, dominant energy condition (DEC), p — P > 0, weak energy condition (WEC)
p > 0, and strong energy condition (SEC) p + 3P > 0 from Figures 1-4. Here, the NEC
represents the attractive nature of gravity, which is true in Case 3.1, whereas it is violated in
Case 3.3. According to the DEC, in Cases 3.1 and 3.3, the mass—-energy parameter cannot be
seen moving faster than light. The WEC is true in Case 3.1 and Case 3.3, which show that
that the matter density observed by the respective observers is always positive. In Case 3.1,
the SEC is satisfied, while t is violated in Case 3.3.

Some other salient and characteristics features of the cosmological models are as
follows:

(1) We notice that the model is free from the initial singularity and, hence, physically
viable. This feature is obvious, as for T = 0, we obtain V = 1, and for T — o0, one can
obtain V' — co.

(2) The cosmic distribution has a finite fluid pressure and matter density at T = 0. The
physical quantities decrease as T increases and tend to zero when T — co. Thus, our
presented model leads to a vacuum cosmological solution at infinite time.

3 As g—; # 0, so the model is anisotropic throughout the evolution. Again, T —
oo exhibits the expanding universe. However, 4 = 3 dictates that the universe is
decelerating.

(4) The stability of the model is obtained by considering the ratio g—;’, which is positive
for u > —4m, to yield a stable model.

(5) The EOS parameter is governed by the parameter y, and its value can be found as
u < —3.27. This is related to w < —1, which behaves like a phantom-energy-inspired
cosmology. This type of phantom cosmology allows us to account for the dynamics
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and matter content of the universe, tracing back the evolution to the inflationary
epoch [74]. In this connection, we would also like to point out that while the depen-
dence of u is explicit across all cases, this is not overall true, as this situation is solely
visible in the results from Case 3.1. One can note that Case 3.3 shows a clear time
dependence (and therefore, very dependent on the magnitude of cy).

(6) The anisotropic/isotropic behavior of the models for different choices of the parame-
ters are given in Table 1 in connection with Case 3.2.

Thus, an obvious issue is here: how to incorporate an accelerating phase of the
universe, which is the present cosmological scenario, along with the decelerating phase in
our phantom-type dark energy model. However, following Capozziello et al. [75], one can
make an endeavor to obtain a transition from the deceleration to the acceleration phase of
the universe. Therefore, this issue can be addressed in a future project.
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