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Abstract: The main purpose of this research is to propose a new methodology to observe a class of
time-fractional generalized fifth-order Korteweg-de Vries equations. Laplace transform along with
a homotopy perturbation algorithm is utilized for the solution and analysis purpose in the current
study. This extended technique provides improved and convergent series solutions through symbolic
computation. The proposed methodology is applied to time-fractional Sawada—Kotera, Ito, Lax’s,
and Kaup-Kupershmidt models, which are induced from a generalized fifth-order KdV equation.
For validity purposes, obtained and existing results at integral orders are compared. Convergence
analysis was also performed by computing solutions and errors at different values in a fractional
domain. Dynamic behavior of the fractional parameter is also studied graphically. Simulations affirm
the dominance of the proposed algorithm in terms of accuracy and fewer computations as compared
to other available schemes for fractional KdVs. Hence, the projected algorithm can be utilized for
more advanced fractional models in physics and engineering.

Keywords: fractional partial differential equations; Korteweg-de Vries equations; time-fractional
Sawada-Kotera equation; time-fractional Ito equation; time-fractional Lax’s equation; time-fractional
Kaup-Kupershmidt equation; Laplace transform; homotopy perturbation

1. Introduction

Modeling and analysis of physical phenomena is an essential step in scientific work.
There are many important mathematical models for capturing different situations in vari-
ous fields. Among many, Korteweg—de Vries models are essential due to their ability of
capturing physical situations, such as the motion of long waves in shallow water with weak
non-linearities. Initially, this model was derived as 1D small amplitude and long surface
gravity waves. Flood analysis and ocean flow analysis are a few uses of shallow water
equations. Scott Russell in 1834 [1], Boussinesq and Rayleigh in 1870 [2—4], and Korteweg
and De Vries in 1895 [5] played a major role in the discovery of the KdV model. These
models have many uses in collision-free hydromagnetic waves, stratified internal waves,
shock wave formation [6], fluid and quantum mechanics [7], and in biology [8].

A generalized fifth-order time-fractional KdV equation is usually in the following
form of non-linear partial differential equation(PDE):

] 1R K ) B |

6 aaz—l—]——i-g 0, 1)
where J is the wave function with ¢ and t as the space and time variables, respectively.
In addition, § represents the fractional order parameter. The model in Equation (1) has
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various physical applications in acoustic magnetic propagation in plasma, incompressible
and inviscid fluids, gravitational field, etc. It typically consists of one linear dispersive
term and three non-linear terms. The linear dispersive term has a momentous role in the
balancing of non-linearity and dispersion effects of soliton behavior [9]; 4, b, and ¢ in Equa-
tion (1) are real constant parameters. Different values of these parameters give different
versions of time-fractional KdV equations. For instance, a =45, b =15, and ¢ = 15 give a
time-fractional, Sawada—Kotera equation [10]. Fixing 4, b, and c as 2, 6, and 3, respectively,
leads to a time-fractional Ito equation [11]. In addition, when a = 30, b = 20, and ¢ = 10, it
gives a time-fractional Lax’s KdV equation [12,13]. Similarly, a =45, b = —15,and ¢ = —15
leads to a time-fractional Kaup—Kupershmidt equation [14]. Many researchers tried to find
exact solutions of these equations in [15-18].

Since fractional calculus deals with the calculation of non-integer order derivatives
and integrals, it appeals to a wide range of audiences while dealing with fractional ordinary
and partial differential equations. Different numerical and analytical methods, including
the homotopy analysis method [19], the residual power series method [20], the variation
iteration method [21], the Adomian decomposition method [22], the Bernstein polynomials
method [23], homotopy perturbation method [24], etc., are used in the literature while deal-
ing with fractional problems. Many modifications of existing techniques are also applied to
fractional KdV equations [25-27].

The homotopy perturbation method (HPM), introduced by He [28], provides a conve-
nient technique to find analytical solutions of linear and non-linear differential equations
in both fractional and integer form. To reduce errors and increase its reliability, many
modifications of HPM [29-32] have been adapted in the literature. The Laplace homotopy
perturbation method (LHPM), which combines HPM with Laplace transform, is an efficient
and convenient modification of HPM for solving fractional and integral differential equa-
tions [33]. Results obtained from LHPM are highly accurate and straightforward without
imposing any restrictions on the concerned model. In this paper, we have extended LHPM
to generalized fifth-order highly non-linear time-fractional KdV models. In the rest of the
manuscript, Sections 2 and 3 consist of preliminaries and the general concept of LHPM for
fractional KdV equations. Convergence and error estimation are presented in Section 4.
Applications and solutions of different KdV models are explained in Section 5. Discussion
and conclusion are presented in Sections 6 and 7, respectively.

2. Preliminaries
Definition 1 ([34]). The Laplace transform £ of the Riemann—Liouville time-fractional integral
Jtﬁ on a function J (v,t) is described as:

217 T (0,0] =s7P2[T (v,1)), f-1<B<f @

Definition 2 ([35]). The Laplace transform 2 of Caputo’s time-fractional derivative .@tﬁ ona
function J (v,t) is described as:

f=r
LI T (0,0 =L 21T (0, 8)] = ¥ FT 1T (0,0),  f-1<p<f. ()
j=0
where J ) (v,0) represents the initial conditions.

Lemma 1 ([36]). Let J be a function, then for a positive constant c, the stability result states

1 Tw)=T@) [<cllu-ol, u,v e R". 4)
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3. Fundamental Concept of the Laplace Homotopy Perturbation Method for
Fifth-Order Time-Fractional KdV Models

Let us consider a general non-linear, fifth-order, time-fractional KdV equation as:

I t) | o 0IEt) | 9J(xt) P (xt) PJ(r,t) | I t)
T T T T )
e, t>0, f-1<B<S,
with initial conditions
] (x,0) = 7/, f=01,2,..., 6)

where J(r,t) is an unknown function with g—i as its fractional derivative; a, b, and ¢
are constant parameters that give distant versions of time fractional KdV equations for
different values.

The first step of the Laplace transform algorithm is applied on both sides of (5),
which gives

0PI (x, )
oth

0] (x, 1)
or°

I (z, 1)

A A P Y
o3

= or or or2

+ aJ?(r, 1) +cJ(x,t) + }=0, @)

Using (3) gives

f-r
g[](;/ {)] _ (;B) Z S’Si]il](f) (F/ 0) + (;ﬁ)g{aJZ(L f) a](?/t) + baJ(F/ t) azl(;/ t)

4 ) d 2
- a:( ) 351; ) " ?
J(& t J(x t

Now, we can construct a homotopy

f=r
H= (1= P20} Tl )+ p(206 50} - (5) T 10 @0+

j=0 €)
1 I (x, t A (z,t) %J(x, 1) 3y (r,t)  J(xt
(Sﬁ>${alz(x,t> (ai)+b §;;> aii +JJ (Y aii, + ai{-, )})

where Jo(z, t) is the initial guess, and it satisfies the given conditions.
Expanding J(x, t) in Taylor series with regard to p gives:

Jetp) =Y p"Im (10)
m=1

Substituting (10) into (9) and then comparing the coefficients of p, we have distinct
order problems.
The problem at the first order is:

=
L)} +TJo(wt) — (;ﬁ) ;}Sﬁ—J—lj(f)(;lo) " (sl,g)f{alé(x,t) alogi,t)
]:

Yo (z, t

(11)
?Jo(x, t)
or3

o (x,t) ?*Jo(x, t)

+b0 e

=+ CJO(?/ t) +




Universe 2022, 8, 563 40f 18

Employing inverse Laplace transform gives

neo =2 g0+ (5 )2#]1 w0} -2 ()2 { e

(12)
Mo t)  ,olxt) 3Jolx, 1) PJo(r, ) |, 3°Jolrt)
o +b o a;z + cJo (g, t) 8;3 + 8;5 ,
The the problem at the kth order is:
1 Mp—1(rt) |, k1 (mt) Tioa (xt
200} + (5 )2 {6y Do) 4 it S fn )
(13)
a3Jk71 (F, t) a5]k71 (?/ t) _
By taking Inverse Laplace transform, we have
_ 1 M1 (mt) | 0Jk_1(x,t) *Tp_q(x t
Nt =21 - (L) 2dap w0 Je-1(z,t) Lk 1(x,t) 07Jk 12(ZC )
P or or or (14)
P16, t) | Tea(x,t)
+cJi-1 (F! t) ax3 + 8;5 } }’
The approximate solution of the general fifth-order KdV equation is
J=TJo®t) +J1(x,0) +J2(, ) +J3(r, ) + ..., (15)

Residual error is observed by substituting (15) in a given time fractional KdV
Equation (5) as:
_ J 32]

zaJ

a3J 9°J

83+8 (16)

4. Convergence and Error Estimation of LHPM for Fractional KdV Equation
4.1. Convergence

Theorem 1. Consider a Banach space (B[0,T],|| . ||) and suppose J,,(x, t) and J(z, t) are defined in
it. Then, for a constant { where 0 < { < 1, the series solution in (15) converges to the solution of
fractional KdV (5).

Proof. Let {a,} be the sequence of partial sums of (15). We have to prove that a,(z, t) is a
Cauchy sequence in (B[0,T],| . ||). Consider

| ani1(et) —an(e,t) [| = Juga (e t) ||
< T Tulxt) |
<T@y |
<< Tolw o) Il

Now, for partial sums a, and a,, where n,m € N and n > m, using triangle inequality,
we obtain

(17)

| an —am =l (an(x,t) — an-1(x, 1)) + (@n-1(2,t) — an-2(x, 1))
o (A (@) — am( 1)) ||

<l an(xt) —an—a(xt) [| + [l an—1(xt) — an—2(x,t) ||

ot a1 (® ) —am(e v |,

(18)
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Using (17), we have

I an—am | <" 1 Tolet) [ 42" [ Jo@ O |+ + 2" [ o v) |
<@+ | Tolnt) |l
<N 2 40+ 1) [ Jo(m ) |

it (120
<o (25 I

Since 0 < ¢ < 1, therefore, 1 — "™ < 1. Thus, we have

m+1
I an = o 1< §—maxliols, ], veelo 7],

Since J is bounded, so

Lim || a,(x,t) — am(z,t) [|=0.

n,m—00

(19)

(20)

(21)

Hence, we have proved that a, (x, t) is a Cauchy sequence in Banach space (B[0,T],|| . ||).

Thus, the series solution in (15) converges to the solution of (5). [

4.2. Error Estimation

Theorem 2. Consider the time fractional KdV Equation (5), then the maximum absolute truncation

error of its solution (15) is

m—+1

160~ 3 3e0)] < S 1o 11
j=0

Proof. From (19) we have,

H J(?;f) —dy HS Cm+1 (1157’;”

Since 0 < { < 1, therefore 1 — {"~™ < 1. Thus we have

) 130(e ) [,

m—+1

1 To(xt) I -

< .
J(x,t)—];)lj(x,t)’ <&

O
5. Solutions of Time-Fractional KdV Models Using Laplace Homotopy
Perturbation Method
Example 1. Consider the time fractional, Sawada—Kotera equation
aJ 0%J

)]
2Y%) IV
5% Bgae 1

o A
od o’

Iy _ —45]

— 0<B<1t>0,
oth p=

associated with initial condition
J(x,0) = 2k2sech2(k;),
where k # 0. The exact solution of (25) is:

J(x,t) = 2k?sech?(k(x — 16k*t)).

(22)

(23)

(24)

(25)

(26)

(27)
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Solution: Taking Laplace transform of (25) and then by using (3), we have

_ aJ 9] 02J %] 9%
sP2[J (¢, t)] — sP~12k?sech? (kr) — Z{_45128; — 155;@ — 15]$ — a;S} =0, (28)

Using (9), homotopy can be constructed as follows:
"= (1= L0} = Tole )+ p( 20000} - (§ ) 2secti i) -

1 »0] 0] 0%J 5 I |
C@f{4ﬂa“aw“%ﬁw}>

(29)

where Jo(x, ) is the initial guess which satisfies the initial condition (26). For the current
problem, the following initial guess is taken

Jo(r, t) = 2k%sech? (kr), (30)

Expanding J(r, t) in Taylor’s series with regard to p, and then comparing the coeffi-
cients of identical powers of p, we have.
First-order problem:

1N\ 2 .9 1 29Jo 3Jo 9*Jo
L@} +TJot) — (S>2k sech”(ky) — (sﬁ)«f{ _451087 - 15@@

PJo o (31)
IR -5 =0
J1(x,0) =0,
Taking inverse Laplace transform leads to a solution at the first order:
J1(x,t) = tk7 (64sech® (rk) tanh(xk) + 128sech®(rk) tanh®(rk) + 64sech?(xk) tanh®(zk)), (32)
Second-order problem:
1 29J1 dJ1 0%J; ) N1\
I R L

JZ(I/O) - 0/

Second-order solution:
Jo(x,t) = —51282k2sech?(x, t) (sech?(x, t) — 2 tanh? (g, t) ) (sech?(x, t) + tanh? (¢, £))*, (34)

Third-order problem:

1 2 32 0%J> Pl I }
L)) — [ = )L —45)3=2 —15=2—22 — 15— — —— » =0,
ate,0) — (5 ) 2{ ~a e -2 TR Sl - 5L -
J5(x,0) =0,
Third order-solution:
32768 3,17, 12 2 2 2
J3(x, t) = —Tt k" sech”(r, t) tanh (g, t) (2sech”(r, t) — tanh“(z, t) ) (sech”(z, t) 36)

+ tanh?(r, t))°,
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Fourth-order problem:

2 3 5
3{14(1@’&)}—(1).2{ 45]28]3 15%%_ 13813_813}:0,

sP dr ox o (37)
Ja(x,0) =0,
Fourth-order solution:
Ja(x, t) = 1310 TP sech® (¢, t) (sech?(x, t) 4 tanh? (g, t) )8 (2sech? (x, t) (38)

—11sech? (g, t) tanh?(x, t) + 2 tanh* (g, t)),

The rest of values for J;(z,t) with i > 5 can be computed in a similar way. The
approximate solution of (25) can be captured by

4
J =YLy (39)

Residual error is obtained by substituting (39) in (25) as follows:

) ) B L B |
2 g ]
5% Caae T 1950 T 5

0FJ

Res] = o 5 + 451 (40)

Example 2. Consider the following time-fractional Ito model

o) _ 0] PP
5= D5 6592 I35~ 55

0<B<1 t>0, 41

along with the initial condition
J(x,0) = 20k? — 30k? tanh? (kr), (42)
where k # 0. The exact solution of (41) is
J(z,t) = 20k? — 30k? tanh? (k(x — 96k*t)). (43)
Solution: Applying the Laplace transform on (41) and using (3) give the following;:

_ ] 9Jo? 5 B |
sP2[)(x, )] — sP~120k? — 30k tanh? (k) — { 2]27 — 667? — 3]$ — a;S} =0, (44)

Utilizing (9) homotopy for the given problem is

H= (1= p)(Z 00}~ oo ) + p( L0000} - (§ ) 208 - 308 tanke (k)
1 9] 0] 9% 3] 97
()75 a5 a8 )

Jo(x,t) = 20k? — 30k? tanh? (k), (46)

(45)

where

By replacing (10) in (41) and then comparing coefficients of like power of p, leads to
the following:
First-order problem:
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XUNL0}+E&Q—(ﬁ)mﬁ—3%4mﬁwg—<;>g{_aﬁ§?_

0%Jo
e

Second-order problem:

2
2o} - ()2 - B e -6 3 0 -
Third-order problem:
1 2
Z{Ja(xrt)} — (sﬁ)g{ _ZJZET; - 687;87;2 —3J

Fourth-order problem:

1
L{Js(t,t)} — (Sﬁ)«iﬂ{ *leafg 7687;87;2 =3]

(M
or or?
0°Jo
-]
J1(x,0) =0,

LA

JZ(?;O) =0,

P PRl _,

J3(z,0) =0,

(47)

(48)

(49)

(50)

Continuing this way, higher order problems and solutions can be formulated. The

approximate solution of (41) is

j = JO(Z:/t) +]l(xrt) +]2(Prt) +J3(;/t) +]4(Lt) + ..

(51)

Residual error is derived by substituting the obtained approximate solution in (41)

L L T s e

0°J

Res] = == +2]° = + 6> +3J =5 + ==

otp dr ' oror? or3

o’

Example 3. Consider the following time-fractional Lax’s KdV model

0P
——= =-30
oth J

2 3 5
2ﬂ _ zoﬂﬂ _ 10]ﬂ _ ﬂ,
or or or? o3 o’

with initial condition
J(x,0) = 2k*(2 — 3tanh? (kr)),
where k # 0 is an arbitrary constant. The exact solution of (53) is
J(x,t) = 2k*(2 — 3tanh? (k(x — 56k*t))).

Solution:

0<p<1,t>0,

Following the similar steps mapped out in Section 3, we have

First-order problem:

(52)

(53)

(54)

(55)
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1 1 d 3o
L@ +To(xt) — <S>2k2(2 — 3tanh?(ky)) — (Sﬂ)g{ - 3012£ _ zoai;)%
Jl(?lo) 0/
Second-order problem:
1 3] aJ 32] a J 9]
J2(x,0) =0,

Third-order problem:
(L Zaﬁ_ aﬁ@_ an ),
Z{Js(x )} <sﬁ>‘${ 3073 0552 ~Wegs —5e [ =0
J3(x,0) =0,

Fourth-order problem:
(L 23]3 Ws s 5p s PTs | _
2060} - (5 ) 2{ ~208 % - 0P8R 10t - TRl o
Ja(x,0) =0,

(56)

(57)

(58)

(59)

The inverse Laplace transform leads to the approximate solution J(z, t). The residual

error of the current problem is

0FJ
ot

aJ aJ &J 83] BSj
2
o T 1U5a o

Res] = + 30] + 20—

Results related to Example 3 are in Tables 1 and 2 and Figures 1-3.

(60)

Table 1. Comparison of LHPM errors with FCRPSA and mADM errors in Example 3 when 8 =1 and

k =0.01.

t r Exact Solution LHPM Solution LHPM Error FCRPSA Error [14] mADM Error [13]
2 0.00039976 0.00039976 542 x 1020 134 x 107V 230 x 10713
4 0.00039904 0.00039904 0 1.30 x 10~V 460 x 10°13

0.8 6 0.00039784 0.00039784 0 127 x 10~V 6.19 x 10~13
8 0.00039617 0.00039617 0 121 x 107V 921 x 10713
10 0.00039404 0.00039404 0 1.14 x 107V 1.15 x 10712
2 0.00039976 0.00039976 542 x 1020 517 x 10°16 142 x 10712
4 0.00039904 0.00039904 542 x 1020 5.08 x 1016 2.84 x 10712

5 6 0.00039784 0.00039784 542 x 1020 494 x 10716 426 x 10712
8 0.00039617 0.00039617 542 x 1020 473 x 10716 568 x 10712
10 0.00039404 0.00039404 0 449 x 10716 7.10 x 10712
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Table 2. Error analysis of LHPM in fractional domain for time-fractional Lax’s KdV model (Example 3)
when k=0.14 and ¢ = 4.

t B =02 B =04 B=0.6 B =08

0.1 315 x 1078 135 x 10~° 343 x 1071 487 x 10713

0.3 9.45 x 1078 122 x 108 9.27 x 10710 394 x 1011

0.5 157 x 1077 339 x 1078 429 x 1079 3.04 x 10710

0.7 220 x 1077 6.65 x 1078 1.17 x 108 1.16 x 10~

0.9 2.83 x 1077 1.10 x 1077 250 x 1078 319 x 107°
t 0

10 '/"1""r"'v"' -

=
=)
\

e T 10712 ‘
Lo.0s! 2.x10712 ‘
3 t |
S E Error o |
0.00} —2.x10_12E { J
L -4.x10712 |
x R —
(@) (b)
Figure 1. 3D graphical illustration of LHPM solution (a) and error (b) in Example 3 when =1 and
k=0.15.
0.005220 -
0.005215 -
<
$
5 0.005210 -
o
[72]
0.005205 |
0.005200 [

0.0 0.2 0.4 0.6 0.8 1.0
t

Figure 2. Effect of fractional parameter 8 on time-fractional Lax’s KdV equation (Example 3) when
k=0.1and ¢ =10.

4x10"%
— £=0.35

* £=0.57

2x1015 —— £=0.70
—— =10
< ﬂ
5
=1 e Y
5 o
2

N

-2x1018

i
<

-4x1015

Figure 3. 2D surface formation at different values of B in Example 3 whenk =1, t = 3.
Example 4. Consider the following time-fractional Kaup—Kupershmidt model

9] 02J
or 0r2

a3J )
o>’

Iy _ —45]2 o)

- F H 1505 50 + 15055

0<B<1t>0, (61)
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associated with initial condition
_ 1 20 2 WAL w?A?
J(£,0) = 2@ A”sech”( 5 )+ o (62)
where A and w # 0 are arbitrary constants. The exact solution of (61) is:
1o —wOAMP (=8 2+ 162 + M) wAr, | w?A?
J(z,t) = i A”sech”( 28 7 )+ T (63)
Solution:
Using basic steps given in Section 3, we obtain the following
First-order problem:
(222 (PN WA (1 _ a5 %0
LU0} + o) - (3) eRatsect() + U - (5 ) 2] - se5 Y,
9o &Jo FJo PJo| _ (64)
_HSPGTC P +15]J Tl d 0,
Ji(x,0) =0,
Second-order problem:
1 29)1 191 FJ N _
L{Ja2(r, v} <s/5)${ 45J7 o +15p o a2 + 15J4 P =0, (65)
J2(x,0) =0,
Third-order problem:
1 29)2 32 92 Pl I
— (= — 45222 4 15p 227 02 | 15,2 o2 =
Z{J3(x 1)} <55>${ i T10P5 52 t1hys — 55 [ =0 (©6)
J5(x,0) =0,
Fourth-order problem:
1 29J3 33 s FJ; s
- (= — 45228 4 15p° 378 4 522 2B L
3{14(@{)} (Sﬁ>${ 5J3 or + 150 or apz +15]3 8?3 axS 0, (67)
Ja(x,0) =0,

The inverse Laplace transform leads to the approximate solution J(, t). The residual
error of the concerned problem is

0P

oth

»9J g ] 9
5 a0 555+ o5 (68)

Pes] = or or op? o°

+ 45§

6. Discussion

In this manuscript, the Laplace transform with homotopy perturbation method is
proposed for the solution of generalized fifth-order time-fractional KdV models. The
proposed method is tested against different time-fractional KdV models, including Sawada-
Kotera, Ito, Lax, and Kaup-Kupershmidt KdV equations. These equations belong to the
prominent form of fractional KdV family hierarchy. The main focus of this paper is to
propose a new method for the solution and analysis of KdV equations in a fractional
environment. Graphical and numerical comparisons of the obtained results were also made
to provide strong evidence for the usage of the proposed technique. Obtained results are
compared with existing ones from the literature.
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The proposed method is firstly applied to the Sawada—Kotera model in Example 1,
and the results are shown in Tables 3 and 4. Table 3 presents a comparison of LHPM
with exact and fractional conformable residual power series algorithm (FCRPSA) results.
These results showed the efficiency of LHPM over FCRPSA. In Table 4, error analysis has
been performed in the fractional domain by finding residual errors at different values of
B. The results are consistent through out the fractional domain. It is also observed that
increasing the value of the fractional parameter decreases the error. Figure 4 illustrates the
three-dimensional plot of approximate solutions and errors at 8 = 1. The 3D solution curve
(part a) depicts that at r and t = 0, the crest of the wave is highest, and as the distance and
time increased, the altitude of the wave started to decrease. Figure 5 represents the effect of
fractional parameter 8 on the water waves at ¢ = 10. It is observed that for the time range
between 0 and 1, increasing § decreases the water wave profile. Elevation and motion of
the surface of water waves in two-dimensional form at a fixed time for various  can be
seen in Figure 6. Near ¢ = 0, the altitude of the wave was highest, but it started to smoothen
out as the distance increased.

Table 3. Comparison of LHPM and FCRPSA errors in Example 1 when g =1 and k = 0.01.

t r Exact Solution = LHPM Solution LHPM Error  FCRPSA Error [14]
2 0.00019992 0.00019992 1.38 x 10720 346 x 10718
4 0.00019968 0.00019968 3.13 x 1072 346 x 10718
01 6 0.00019928 0.00019928 257 x 10720 1.04 x 107V
8 0.00019872 0.00019872 1.38 x 10720 1.38 x 10717
10 0.00019801 0.00019801 448 x 10720 1.73 x 10717
2 0.00019992 0.00019992 6.59 x 10720 2.70 x 10716
4 0.00019968 0.00019968 3.86 x 10720 822 x 10716
05 6 0.00019928 0.00019928 2.05 x 10~ 1.35 x 10715
8 0.00019872 0.00019872 1.18 x 10720 1.88 x 10715
10 0.00019801 0.00019801 6.15 x 10720 239 x 10715
2 0.00019992 0.00019992 371 x 10720 159 x 10715
4 0.00019968 0.00019968 2.63 x 10720 475 x 10715
09 6 0.00019928 0.00019928 154 x 10720 7.90 x 10715
8 0.00019872 0.00019872 439 x 1072 1.09 x 10714
10 0.00019801 0.00019801 510 x 1020 1.40 x 10714

Table 4. Error analysis of LHPM in fractional domain for time-fractional Sawada—Kotera model
(Example 1) when k=0.15and ¢ = 1.

t B =02 B=04 B =0.6 B =08

0.1 9.50 x 1077 4.09 x 10710 1.03 x 10711 147 x 10713
0.3 2.85 x 1078 3.68 x 107° 2.79 x 10710 119 x 10711
0.5 475 x 1078 1.02 x 108 1.29 x 10~ 9.19 x 1071
0.7 6.65 x 10°8 2.00 x 1078 355 x 107° 353 x 10710
0.9 855 x 1078 331 x 1078 7.55 x 10~ 9.64 x 10710
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Figure 4. 3D graphical illustration of LHPM solution (a) and error (b) in Example 1 when § =1 and
k=0.15.

0.0084015 -

0.0084010 -

Solution

0.0084005 -

0.0084000 -

0.0083995 I

0.0 0.2 0.4 0.6 0.8 1.0
t

Figure 5. Effect of fractional parameter  on time-fractional Sawada—Kotera equation (Example 1)
when k =0.1 and ¢ = 10.
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Figure 6. 2D surface formation at different values of B in Example 1 whenk =1, t=3.

For the time-fractional Ito equation in Example 2, Table 5 is the comparison of LHPM
with the modified Adomian decomposition method (mADM) and FCRPSA error at § =1
and k = 0.01, whereas Table 6 displays the residual errors at different values of B. In both
tables, it can be seen that LHPM is a reliable and powerful technique. Figure 7 is the LHPM
solution and error graphs in 3D form, which displays the decrease in wave altitude with
the increase of distance and time. The effect of different values of fractional parameter
on the water waves surface at distance ¢ = 10 can be seen in Figure 8, which shows that
increasing  decreases the water wave level for the interval 0 < t < 1. A 2D plot to evaluate
the motion of the wave surface is displayed in Figure 9 for k=1, t=3,and $ =0.2,0.4, 0.8,
and 1.0. It can be seen that nearby r = 0, the wave is at its peak but starts declining as the
distance becomes larger.
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Solution

Figure 7. 3D graphical illustration of LHPM solution (a) and error (b) in Example 2 when =1 and

k=0.15.
0.02620 [ ' ' ' ' \
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Figure 8. Effect of fractional parameter § on a time-fractional Ito equation (Example 2) when k = 0.1
and ¢ = 10.
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Figure 9. 2D surface formation at different values of B in Example 2 when k = 1,t = 3.
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Table 5. Comparison of LHPM errors with FCRPSA and mADM in Example 2 when = 1 and

k =0.01.
t b3 Exact Solution LHPM Solution LHPM Error FCRPSA Error [14] mADM Error [13]
2 0.0019988 0.0019988 211 x 10722 2.77 x 10717 141 x 1016
4 0.0019952 0.0019952 847 x 10722 3.88 x 10716 5.63 x 10716
0.2 6 0.0019892 0.0019892 5.08 x 10721 413 x 10716 126 x 10715
8 0.0019808 0.0019808 3.38 x 1072 1.04 x 10715 225 x 10715
10 0.0019702 0.0019702 0 231 x 10715 352 x 10715
2 0.0019988 0.0019988 0 0 1.41 x 10716
4 0.0019952 0.0019952 847 x 1022 3.60 x 10716 564 x 10716
0.6 6 0.0019892 0.0019892 5.08 x 10721 4.05 x 10716 127 x 1071
8 0.0019808 0.0019808 3.38 x 1072 990 x 10716 225 x 10715
10 0.0019702 0.0019702 338 x 10721 220 x 10715 352 x 10715
2 0.0019988 0.0019988 0 2.77 x 10717 141 x 1016
4 0.0019952 0.0019952 1.69 x 10~21 3.33 x 10716 5.66 x 10716
1.0 6 0.0019892 0.0019892 1.69 x 10~21 394 x 10716 127 x 1071
8 0.0019808 0.0019808 3.38 x 1072 899 x 10716 226 x 10715
10 0.0019702 0.0019702 3.38 x 1072 200 x 1071 353 x 1071

Table 6. Error analysis of LHPM in a fractional domain for a time-fractional Ito model (Example 2)
whenk=0.14andr = 1.

t B =02 B=04 B=0.6 B=08

0.1 2.16 x 1077 9.34 x 107° 2.36 x 10710 335 x 10712
0.3 6.50 x 1077 841 x 1078 6.38 x 10~ 2.71 x 10710
0.5 1.08 x 10°° 2.33 x 1077 295 x 1078 2.09 x 1079
0.7 151 x 107 458 x 1077 8.11 x 1078 8.05 x 1077
0.9 1.95 x 10 757 x 1077 1.72 x 1077 220 x 1078

In Example 3, a time-fractional Lax’s KdV equation is solved numerically and analyti-
cally by LHPM. A comparison of FCRPSA, mADM, and LHPM absolute errors at f =1 in
Table 1 shows that LHPM is more productive than mADM and FCRPSA. Residual errors
for various B values are also shown in Table 2. A 3D LHPM solution plot and an error plot
(Figure 1) are also displayed. From Figure 2 at k = 0.1 and ¢ = 10, it is observed that increas-
ing the value of the fractional parameter for the fifth-order Lax’s KdV model decreases the
waves level. The effect of various p values on surface waves for fixed t = 3 is shown in
2D form in Figure 3. Analysis reveals that the behaviour of escalation of a wave is similar
to that of Example 2. Tables 7-9 provide a comparison of LHPM errors with the optical
optimal homotopy asymptotic method (OHAM) errors of the Kaup—Kupershmidt equation
(Example 4) for B = 0.5, 0.75, and 1, respectively. Observation showed that LHPM is more
reliable than OHAM. A 3D solution graph and error graph of the Kaup-Kupershmidt
equation can be seen in Figure 10. For different B values, surface waves level in a 2D form
for t = 3 is displayed in Figure 11 which depicts a sinusoidal cycle between ¢ = —0.3 and 0.3.
Moreover, wave level is declining at a greater value of r.
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Table 7. Comparison of LHPM and OHAM errors in the Kaup-Kupershmidt model (Example 4) at
different t when f=0.5,A=0.1,w=1,p=25and u =0.

r t=0.3 t=0.5 t=10.8

OHAM [37] LHPM OHAM [37] LHPM OHAM [37] LHPM
02 723 x 107% 422 x 1072 721 x 107® 541 x 1072 718 x 107°® 6.78 x 10~?
04 579 x 1075 855 x 1072 578 x 1075 1.10 x 1078 578 x 107° 1.38 x 108
0.6 153 x 107% 128 x 1078 153 x 107* 165 x 1078 153 x 107% 2.08 x 108
0.8 286 x 107* 171 x 1078 2.86 x 107* 220 x 1078 2.85 x 107* 278 x 108

Table 8. Comparison of LHPM and OHAM errors in the Kaup-Kupershmidt equation (Example 4) at
different t when =0.75,A=0.1,w=1,p=25and u = 0.

T t=10.3 t=0.5 t=10.8

OHAM [37] LHPM OHAM [37] LHPM OHAM [37] LHPM
02 722 x107°% 305 x 1072 717 x 107° 444 x 1072 712 x 107® 6.26 x 10~?
04 579 x 1075 614 x 1072 578 x 1075 898 x 1072 576 x 1075 1.27 x 108
0.6 153 x 107% 921 x 1072 153 x 107% 134 x 1078 152 x 107* 191 x 108
0.8 286 x 107% 122 x 1078 285 x 107% 179 x 1078 2.85 x 107* 255 x 108

Table 9. Comparison of LHPM and OHAM errors in the Kaup-Kupershmidt model (Example 4) at

different twhen f=1,A1=0.1,w=1,p=25and u =0.

r t=0.3 t=10.5 t=0.8

OHAM [37] LHPM OHAM [37] LHPM OHAM [37] LHPM
02 721 x 107® 209 x 1072 714 x 10°® 346 x 1072 7.03 x 10°® 5.05 x 1072
04 579 x 107° 419 x 1072 577 x 107° 697 x 1072 574 x 107> 1.11 x 10°8
0.6 153 x 107* 628 x 1072 152 x 107* 1.04 x 1078 152 x 107* 1.66 x 10~8
0.8 286 x 107* 836 x 1072 285 x 107% 139 x 1078 2.85 x 107* 222 x 108

Solution

50

(b)

Figure 10. 3D graphical illustration of LHPM solution (a) and error (b) in Example 4 when g =1,
A=01,w=1p=25and u=0.
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Figure 11. 2D surface formation at different values of § in Example 4 whenA =1, w=1,p=25,u=1
and t = 3.
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7. Conclusions

This paper is focused on the analysis of generalized fifth-order time-fractional KdV
models through the Laplace transform along with homotopy perturbation. For checking
the validity and efficiency of the proposed method, it is applied to the Sawada—Kotera,
Ito, Lax, and Kaup—-Kupershmidt KdV models in fractional sense, and residual errors are
computed for different values of fractional parameter in the fractional domain. LHPM
solutions are obtained without the imposition of any restrictions on the structure of models.
The obtained approximate solutions and errors are illustrated in three-dimensional plots for
reader convenience. Plots against different values of fractional parameter on water surface
level are also displayed to provide better understanding of the models. A comparison of
proposed and existing techniques affirm the efficiency and accuracy of LHPM over other
methods. Hence, LHPM is helpful in managing complex non-linear, fractional, higher order
KdV equations with improved accuracy.
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