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Abstract: In this paper, we present an analysis of a chiral cosmological scenario from the perspective
of K-essence formalism. In this setup, several scalar fields interact within the kinetic and potential
sectors. However, we only consider a flat Friedmann-Robertson-Lamaitre-Walker universe coupled
minimally to two quintom fields: one quintessence and one phantom. We examine a classical
cosmological framework, where analytical solutions are obtained. Indeed, we present an explanation
of the “big-bang” singularity by means of a “big-bounce”. Moreover, having a barotropic fluid
description and for a particular set of parameters, the phantom line is in fact crossed. Additionally, for
the quantum counterpart, the Wheeler-DeWitt equation is analytically solved for various instances,
where the factor-ordering problem has been taken into account (measured by the factor Q). Hence,
this approach allows us to compute the probability density of the previous two classical subcases. It
turns out that its behavior is in effect damped as the scale factor and the scalar fields evolve. It also
tends towards the phantom sector when the factor ordering constant Q < 0.

Keywords: chiral cosmology; quintom fields; K-essence; exact solutions; bounce cosmology

1. Introduction

Over the past decades, various cosmological surveys have suggested that two stages
of accelerated expansion have occurred during the evolution of the universe [1-6]. The first
of these epochs, the so-called inflation [5,6], would have happened in a very early stage
of the expansion of the cosmos, whilst the second one would be taking place at late times.
Additionally, the consensus is that this accelerated expansion is caused by dark energy
(DE) [7-9]. To account for these phenomena, several cosmological frameworks incorporate
scalar fields into their prescriptions and, in fact, they play a preponderant role. Moreover,
one of the most studied scenarios in the literature is the quintessence model, which is a
fluctuating, homogeneous scalar field that rolls down its scalar potential [10-17]. Different
avenues have been explored, broadening the spectrum of scalar field models. For instance,
the relevant proposals are the phantom [18-20], quintom [21-26], and Chiral fields [27-34],
and there are many more [35-41].

However, despite many efforts [7,42—47], the nature of dark energy has not yet been
deciphered, except for its negative pressure. Accordingly, the main characteristic of DE
is given by its equation of state (EoS), defined by the ratio of the pressure-to -energy
density, that is, wpg = Ppg/ppg. This definition allows us to classify the cosmological
models mentioned above, according to the behavior of the EoS, namely, quintessence
wg > —1[11,48]; phantom wp < —1 [49,50]; and quintom [51], where the latter is able
to evolve across the cosmological constant boundary. In [21], the authors have shown

Universe 2022, 8, 548. https:/ /doi.org/10.3390 /universe8100548

https:/ /www.mdpi.com/journal/universe


https://doi.org/10.3390/universe8100548
https://doi.org/10.3390/universe8100548
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/universe
https://www.mdpi.com
https://orcid.org/0000-0002-9103-7874
https://orcid.org/0000-0001-9838-3422
https://orcid.org/0000-0002-2740-9610
https://orcid.org/0000-0002-0448-2727
https://orcid.org/0000-0002-4642-8382
https://doi.org/10.3390/universe8100548
https://www.mdpi.com/journal/universe
https://www.mdpi.com/article/10.3390/universe8100548?type=check_update&version=1

Universe 2022, 8, 548

2 of 20

that a single scalar field model does not reproduce the quintom scenario, thus opening a
window to new paradigms where additional degrees of freedom can be considered (for non
conventional approaches into this matter, we refer the reader to [52,53]).

Our aim is to study a quintom cosmological model. The most basic construction of a
quintom model can be achieved by considering a pair of scalar fields, namely, a canonical
one and a phantom one, endowed with their respective scalar potentials; within this line of
research, different schemes have been considered [21-26]. These multi-scalar components
bring us additional degrees of freedom; thus, various physical phenomena can be addressed
such as primordial, hybrid [54-58], or assisted inflation [59,60], as well as perturbations
analysis [61,62].

In this work, we present an analysis of a chiral cosmological scenario from the perspec-
tive of K-essence formalism (following the scheme presented in [63]). In this prescription,
scalar fields interact within the kinetic and potential sectors. We consider a Friedmann—
Robertson-Lamaitre-Walker (FRLW) universe coupled minimally to two quintom fields: a
quintessence and a phantom. We examine a classical cosmological framework, where exact
solutions are obtained. In fact, some of them may indicate that the cosmological singularity
is resolved via a “big-bounce”. Moreover, we show that the phantom line is crossed. Lastly,
for the quantum counterpart, the Wheeler-DeWitt (WDW) equation is obtained, where
the factor-ordering problem takes into account the introduction of the parameter Q, and
analytical solutions are presented employing the same relevant cases that appear in the
classical scheme. We show that the probability density is in fact damped as the scale factor
and the scalar fields evolve.

The paper is laid out as follows. Section 2 is devoted to the analysis of the classical
multi-scalar field cosmological model, and analytical solutions are obtained considering
different cases. In Section 3, the quantum counterpart is addressed; in this formalism,
different cases are analyzed and their corresponding solutions are presented. Section 4 is
devoted to the final remarks.

2. Classical Approach

We start by considering the action of the chiral cosmological model from the K-essence
perspective, which reads

5= [ V=8[R=M"(9)G (&) +Clge)] d*x, M)

where R is the Ricci scalar; M (¢.) is a matrix related to the kinetic energy mixed terms;
C(¢c) is the scalar potential, which depends on k scalar fields (c = 1,2, - - - , k); and G[Z.5 (¢c)]
is a functional in terms of the chiral kinetic energy & (¢c, §") = — 18"V .0V p. Note
that we are working with the reduced Planck units since 871G = 1, so this eliminates the
87t G term from the expression (1). An action similar to (1) also appears in modified theories
of gravity [64], and more recently in [65]. Making the variation of the action (1) with respect
to the fields (g"", ¢.), we obtain

55 = [6[/=gR]d*x+ [ 6/=8[~M"($)G(Ew) + C(¢)|d'x
+ [ V7B[-M™ (016 Ew) — M (900G (E) +3C(90) | x,
= [ V=aGuig s — [ =gy [-M(9 <¢ab>+C<¢c>]gAeég”d4x+
+/\ﬁ[ M ( ¢C) G(Ca) 5 52 + L 9C(@e)

IMEPe) G () — M7 () 2 Cat) Spe|dix, (2

9Cab o
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where Gyg = Rjyg — Rgap/2, Ry, and g,y are the Einstein, Ricci, and metric tensors,
respectively. The variation of the functional G(¢,) is

1 1 1
5€ab(4)€) = _Evuq)ﬂvl/‘i)bég’w - ngvﬂ%vv% - ig;wvygbavv&,bb/
1 1 1
= _Evy‘Pavv%‘ng + Evy (8" Vup|oga + Evv 8"V a0y
1 1
+ Vy |:25¢angv¢b:| +Vy [25¢bg’wvv(f7u} :

Thus, finally we have

d
38 = / \/jg{Gyv + %Mﬂb@’c) [Vﬂﬁt’avv% %gzb) +gwg(§ﬂb)]

1
—58mwC(¢c) }5g””d4x,

and since S vanishes (0S = 0) for arbitrary variations 6g"", we are led to the field equations

1 1
Guu = — 5 M () [vmvm a(;“h) +gunG (Cab)] +58mC(9e).- @)
Then, the energy-momentum tensor in this setup becomes
T ( )—+1M“b( V00 Vo 29 ) g _ L c 4
w(Pe) = 5 $e) | Viupa Vo FTn + &G (Cap) >8uv (¢e)- (4)
Moreover, we consider the energy-momentum tensor of a barotropic perfect fluid
Tap(¢c) = (0 + Plua(pc)up(¢pc) + Pgup (where the four-velocity is given by

ugg = VadaVpdy/2¢). Hence, the pressure P and the energy density p of the scalar
fields take the following form:

1
P = M0~ 3C(0), plpe) = 3MP |2~ G|+ 5C(p). O)
ab
Additionally, the barotropic parameter w¢,, becomes

wp, = P(¢e) . M™(g)G—Clpe)
voope) meb|ag, 28— gl +Clge)

(6)

On the other hand, taking the variation of the action (1) with respect to the scalar field
¢c, we obtain

ab
ss= | \f{ M) G g — 21 (9 T ) g vy,

oPc 9Cap
1 ac ag(éab) v ac((PC) 4
_EM (‘Pc) FYn Vi Vi, + M}&Pcd X,

where a Klein-Gordon-like equation can be written as follows:

IM (¢ )

ag(gah) v aC(gbc) _
5. VoV, — ~0. @)

G (Can) = M(0) =56 = ac
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Note that Equations (2)—(7) represent the general framework; however, we will partic-
ularize to the case G = ¢, therefore obtaining the standard chiral Einstein field equations

1 1 1
G = _EMab(%) Vupa Vi — ngnga%vﬂ% + Egyvc((l’C)- (8)

Now, if we consider that M? is a constant matrix, we obtain

MV, VY, — ag;i’“) =0. )

All of the aforementioned results can be employed to consider a two-field cosmological
model: a quintessence and a phantom field, with their corresponding scalar potentials.
Setting M (¢.) = m" as a constant matrix, in (1), we obtain

L= \/T8<R - %8yvmubvy¢uVV¢b + V(‘Plr‘PZ)) , (10)

where C(¢.) = V(¢1, ¢2) is the combined scalar field potential; ¢; and ¢, are the quintessence
and phantom fields, respectively; and m™ is a 2 x 2 constant matrix of the form

1 m12
ab __

Thus, the Einstein—Klein—Gordon field Equations (8) and (9) are
1 1 - 1
Gup = _Em VaaVppp — Egaﬁg VupaVudy | + Eg"‘ﬁ V(g1 ¢2), (11)

cb v aC((pc) _
m VVV (Pb_T%—O, (12)

where a,b,¢ = 1,2. From (11), the energy-momentum tensor of the scalar fields (¢1, ¢») is
given by

1 1 1
87GTup(¢1, ) = —5m™ (Va%vﬁ% - Zgocﬁngy%vv%) + 58 V(P 42), (13)
then, using (6), the barotropic index wy, ¢, is given by

—%mahvy¢uvy¢b - C((PC)
_%mﬂhVI‘q)Hvy(pb + C(47c) ‘

(,Uq)a op = (14)

In our analysis, the background spacetime to be considered is a spatially flat FRLW
with line element

ds? = —N(1)2d2 + 220 dr? 4 (6% + sin*0dg?)) (15)

where N represents the lapse function, A(t) = ) is the scale factor in the Misner
parametrization, and ) is a scalar function whose interval is (—oo,00). Choosing

C(¢pe) = Vi(p1) + Va(da) = Vore MP1 + Ve 292, the mixed Einstein field equations are
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where represents a time derivative. By plugging the line element (15) into the energy-
momentum tensor of the scalar fields (13), the energy density, and the pressure, the follow-
ing form is taken:

11, ., [ 1., . mt? .
81GPg g, = 3 {24’1 +N Vl((l’l)} +t3 {—z‘i’z +N Vz(¢2)] + g2, (20)

mi2 ¢
+ —

Ny @

z|&
z[&

—Eﬁ - VZ(G”Z)

1(1 ¢?
87GPyg, = 5 l“’lz —Vi(¢n)

having these two quantities at hand, the barotropic parameter will be written as

{%ﬁz - V1(4>1)} + {_%ﬁz - Vz(fl’z)} +m2 4%
Wiy = = . A . (22)
L, {%4)% + N2V, (¢1)} T [—%4% i N2V2(¢2)] + 12, ¢

Now we are in position to construct the corresponding Lagrangian and Hamiltonian
densities for this cosmological model. Using Hamilton’s approach, classical solutions to
EKG (16)—(19) can be found; additionally, the quantum counterpart can be established and
solved. Taking these ideas into consideration, putting back the metric (15) into (10), the
Lagrangian density reads

L£=e (63 - % + % - %’Wz + NVpre M9 4 NVoze_Az‘PZ) : (23)

The resulting momenta are given by

ESQ . . Ne*?’Q
P 0= T,
o = 12550, 5o
e ) . Ne—30 12
My = -7 (61 +m2%2),  $1=-—x (114, +m'T1y, ), (24)

Iy, = —% (mnd’l - 452) RS sz (munrm - H¢z) ,

where A = 1+ (m12)2. In order to obtain a Hamiltonian density, we write (23) in a
canonical form, i.e., Lean = I1,9 — N'H; then, we perform the variation with respect to the
lapse function N, dL.4, /0N = 0, yielding the Hamiltonian constraint % = 0, that is,

e—30 12 12_, m!?

H=— |1 — 110G, + 111G, — 24= Ty, Ty, — 24V3e™ Mon — 24V2e_’\2‘f’2+60} : (25)
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The fact that H = 0 guarantees us that its solutions are unique and well defined.
Putting forward the following canonical transformation on the variables (Q, ¢1,¢2) <
(&1, &, &) and fixing the gauge N = 24¢3?, we obtain

o ath+td
1 =60 —A1¢q, 2(;‘1—?—6 .
— <61 2 3
¢r =60 — )\2(]52 , +— P = T ’ (26)
Ga = 60+ i1 + Aagr, 61 —20+C3
2=
leading us to obtain a new set of conjugate momenta (P;, P,, P3)
Il = 6P + 6P, +6P3,
H¢1 = /\1(—131 +P3)r
g, = Ao(=P2+ P3), (27)
therefore, the Hamiltonian density can be written as
H =12(3 — A)P? +12(3 4+ Ap)P? +12(3 — 2A1p + Ay — A1) P2
+24[(83+ A1+ A12)P1 + (34 A1p — Ay) P, ] Ps
+M@—A@ﬂ&—%@@ﬁ+wﬁ), (28)

where A = A%/A, Ay = /\%/A, and A1y = m2 A1Ay/ /. In the end, even if the Hamil-
tonian density (28) exhibits an intricate form, this configuration will indeed allow us to
compute various relevant scenarios. Thus, the Hamilton equations become

& =24(3—A1)P +24(3 — A1p)Pr +24(3+ Ay + App)Ps,

=243+ A2)Pr +24(3— A1p)Py +24(3 — Ay + A12)Ps,
53 = 24(3 + Al + A12)P1 + 24(3 — Ny + Alz)P2 + 24(3 + Ay — A — 2A12)P3 ’

Py = 24V;e%, (29)
Py = 24V5e2,
P3=0.

Right away, we can see that P3 = p3 = constant. Moreover, the end game of this
analysis is to find solutions to the variables (C), ¢1, ¢;) . Hence, we simplify our expression.
First, we drop the mixed momenta Py and P, from & and & (Equation (29)) by setting
their coefficients to zero: 3 — A1y = 0. Therefore, we can obtain one relation among the
parameters (m'2, A1 \,), where the matrix element m'2 satisfies the constraint

MA 6 \?
12 _ M2 o
m'? = 222 141 (MM) . (30)

Additionally, we set the second term inside the square root of (30) to be a real number
and consider A; > 0, A > 0, thus yielding the relation AjAy > 6, ensuring that ml2 is
always positive.
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2.1. Classical Exact Solutions

In this section, we will calculate the exact solutions of ((), ¢1, ¢,), where different cases
will appear due to the parameters (A1, A;). Recall the master Hamiltonian density

H =12 Pf 4+ 1212P5 +12(=9 + 111 + 12) p3 + 24[(9 — 1) Py + (9 — 112) Pa] p3
— 24(V1e51 + VZeCZ) ) (31)

with 1 =3 — Aj and 7, = 3 + Ay. Then, Hamilton equations for these new coordinates ¢;
are

&1 = 24mP+24(9—m)ps,
& = 24P +24(9 —12)ps, (32)
& = 24(9—m)P1+24(9 — 2)Pa +24(=9 + 1 + 12) p3,

and equations for P; and P; are still given by (29). In the following sections, we will obtain
analytical solutions for differents values of A; and A;.

2.1.1. Case: A\ = Ay = V6

For these particular values, we have A1 = Ay = 3 with #; = 0 and 1, = 6; then, the
Hamilton equations are reduced to

&1 = 2l6ps,
& = 144P, +72p3, (33)
& = 216P, +72P, — 72p;.

From the last set of equations, we can see that the solution for ¢ will be given by
&1 =y +216pst, (34)

where a; is an integration constant. Then, taking the time derivative of &, results in
& = 34565 ef2, whose solution is

2
& =1Ln (17;% V2> +Ln {Cschz(zxz t— ﬁz)} . (35)

Now we know the functional form of ¢, we can compute the remaining momenta,
yielding

Pl(t) = n + 9Vpl3 ea1+216p3 t’
14
Pz(t) = p2— 7; COtl’l((Xz t— ,Bz) . (36)

Plugging back P; and P,, given by (36), into the Hamiltonian constraint # = 0,
we found that pp = —p3/2 and 3888p3 — 15,552p1p3 — a3 = 0; solving for p3 gives
p3 = 2p1 %+ Y31 /03 + 15,552 p2.

With these results, the variable ¢3 becomes

& = a3 + (216p; — 108p3)t + Vi jai2n6pst | Ln[Csch(ayt — B2)]. (37)

9p3
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where a3 is an integration constant. Having found ¢;, ¢», and ¢3 and then applying the
inverse transformation (26), we can present the solutions in the original variables

Q="

(el
18 24\/3V,
+Ln [Csch% (apt — ,Bz)} + (12p1 + 6p3)t +

Vi em1+216p3t (38)
162p3

1
—2ay + a3 o« M
i S
P1(t) 3 '1<1728v§>

1
A
(=150, 2
P20t = =33 1728V,
1
+ — | (72p1 + 36p3)t +
Ay

Recalling that the scale factor is given by A(t) = e

ay+ag 1%
Alt) =e B | ———
(®) [24\/3x5

1
5
] Csch%(az t—PBo) Exp

UMVJ%mﬁ+£%ﬂﬁmW+LMQMMﬂ—&ﬂ, (39)

_2
) 31,

3

Viioa216pst :
—— M Pst + Ln[Sinh(ay t — , 40
27;7% + [ ( 2 .BZH ( )
Qt) we have
V1 o H216pst | (1201 +6p3)t (41
162p3

In Figure 1, we present the behaviour of the scale factor A = A(t), the Hubble
parameter H = H(t), and the barotropic parameter wgy, 9, = Wy, ¢, (t). From the upper left
graph, we can see that A grows very rapidly as time goes by; it can also be seen that this
solution avoids the singularity by means of a bounce, where H does cross the horizontal
axis. In the panel at the bottom, the barotropic parameter wy, ¢, is presented, and it can be
seen that the EoS parameter crosses the “—1” boundary, which is in fact a characteristic of

the quintom models.

Figure 1. This figure shows the time (0.3 < t < 1.0) evolution of the scale factor A(t), the Hub-

ble parameter H(t), and the barotropic parameter wgy,¢,(t).

We use arbitrary units, namely,

Vi =60,V =01,ap =3.0,a; = —6.548,a3 = —2.0, and p; = 0.001. Recall that A; = A, = V6;
the remaining constants can be obtained from the aforementioned values. Note that time is measured

in reduced Planck units since 871G = 1.
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2.1.2. Case: A{Ar =6

Now, we have m'2 = 1, and for A, = /6 we obtain the previous case; therefore, we

devote this section to carrying out an analysis of values A, # v/6 and explore whether
the phantom or quintessence scheme prevails under the domain of the scalar potential.
On the one hand, when A, < A1 the phantom sector dominates. On the other hand, when
Az > A4, the quintessence counterpart becomes the relevant scenario. Then, we consider
the Hamilton Equations (32) and take the time derivative of ¢;, which reads

& = 5761 Viebt, (42)

where we also resort to the equation for P;. Solutions of (42) strongly depend on A;, which
has the form

& 2 { Sech?(rit —q1) A1 > /6 corresponding at 77 < 0 (43)

~ 288[i1| Vi | Csch®(rqt — q1) M < /6 corresponding at 771 > 0

From (32), we can see that both ¢ and & have the same functional structure when
771 > 0, and since 77, > 0 for all values of A;, the solution of ¢; is

eb2 Cschz(rzt —q2), (44)

_ 2
- 288, Vs

where in (43) and (44), r; and ¢q; (with i = 1,2) are integration constants. In the next
segments, we will examine the two cases: A1 > V6and Ay < V6.

2.1.3. Phantom Domination: A; > \@ and Ay < NG

Considering this setup, we start by reinserting the solutions for A; > /6 (571 < 0) and
for A, < /6 into the Hamilton equations for the momenta, obtaining

"

P = + Tanh(rit — , 45

1 P1 2] (rit —q1) (45)
r

P = P2 — Tjh COth(?’zf — q?_) , (46)

where p; and p; are integration constants. Now, with the aid of Equations (45) and (46),
the Hamiltonian is identically zero when

7] +9 2 —9 1 1t — ||
= y = ’ :—'—7 . 47
T e A T e T

Consequently, the solutions of ¢; become

&1=1Ln (288|11’1%1|V1> +Ln {Sechz(rl t— qﬂ} , (48)
2
& =1Ln <2881122V2> +Ln [Cschz(rz t— qz)] , (49)
&y — ay+ eag 2 =3lml +3m O+, [Coshz(ﬁ [ ql)]
72 ml
+ HLn [Sinhz(rz t— qz)] , (50)

M2



Universe 2022, 8, 548

10 of 20

where a3 is an integration constant. To arrive at the solutions in terms of the original variables

(Q), ¢1, ¢2), we apply the inverse canonical transformation (26), obtaining the following:

Q = Op+Ln {Cosh*81 (r1t —q1)CschP? (ry t — qz)}
L3l 2 =3l + 3 nat,
Imln2
2(\r]1\+3) 6
$p1 = ¢io+ Ln|Cosh Minl (r1t —gq)Csch™M2 (ryt — qp)
116l =3m| +3n
Av [l
6 2(1p-3)
¢2 = oo+ Ln|Cosh*2ml(ryt —qy)Sinh 212 (ryt — qp)
1l 72 = 3|1 | + 312
+216 t,
Nlnln 7

where 81 = 1/|11], B2 = 1/12, and the constants Qy, 19 and ¢y are given by

1
9

0 In| nr B
0 = =
_288\/|171|772V1 Vz 18
_ 2
1232 [ [Vi | a3
$0 = Ln|—F5—F——— T
r2\/mVa 3\
_ 2
12\61’1172‘/2 2 as
4720 = Ln S o T .
L "2V IV 3A2

For this case, the scale factor becomes

At) = . nhrn
288/ |m|m2V1Va

% Exp [36 1112 =3[ | + 3172 Pst} '
1l 72

e CoshP1 (r1t —q1)CschP2 (12t — qp)

(51)

(52)

(53)

(54)

(55)

In Figure 2, we can appreciate the evolution of the scale factor, the Hubble parameter,
and the barotropic parameter, with respect to time. First, we can once again observe a
bouncing A, which consolidates our previous outcome. In fact, this behavior was claimed
recently in [66], using a dynamical system approach. Additionally, in the upper right
plot, H crosses the horizontal axis (at the bounce of A). Then, in the panel at the bottom,
once again wy, ¢, traverses the phantom divide line “—1”, an upshot consistent with the

quintom description .
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25

20

0.5 1.0 1.5 2.0 25 0.2 0.4 0.6 0.8 1.0

0.20 0.25 0.30 0.35 0.40 0.45 0.50

t

Figure 2. Phantom domination. This figure shows the time (0.1 < t < 2.5) evolution of the scale
factor A(t), the Hubble parameter H(t), and the barotropic parameter wg, ¢, (t). We use arbitrary
units, namely, Vi = V, = 1.0,7; = 1.5, = 0.9,491 = g2 = 0.1,a3 = —6.0, Ay = v/2,and A = 6/A,.
The remaining constants can be obtained from the aforementioned values. Note that time is measured
in reduced Planck units since 877G = 1.

2.1.4. Quintessence Domination: Ay < \@ and Ay > \/3

We reinsert the solutions of A\; < /6 (mp > 0) and Ay > v/6 into the Hamilton
equations for the momenta, leading to

,

P = p1— ﬁ COth(i’lt — fh) p (56)
T

P = p2- g5, Cothlrat —2), (57)

where p; and p; are integration constants. We use (56) and (57) to obtain a null Hamilto-
nian when

m—9 2 —9 1 1213 + 1113
=Ny, = , —+— . (58
P " P3 p2 . P3 p3 36\ 337 + 370 — ) (58)
As a consequence, the solutions of §; take the following form:
—L M\ 4 rafcser®(m (59
&1 =1Ln W n[ sch”(r ql)} , )
ér=1Ln i +Ln [Cschz(r t— )} (60)
27 1 2881, V3 2t a2)]
G —as —oag 2T I A =9y [ink?(ry t —q1)]
112 1
+ L_gLn {Sinhz(rz t— qz)} , (61)
12
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with an integration constant a3. Then, we apply the inverse transformation (26) to arrive at
the solutions in terms of the original variables, which read

O=1n __nh

288\/171172V1V2

_ 3t 3 i Dt
nim2

+ % + Ln [Cschﬁ1 (r1 t = q1)Cschf(ry t — qZ)}

7

2(Jyq1+3) 6

¢1 = 10+ Ln Cosh Ml (71 t— ql)CSchW(rzt— qz) +216|171| M2 — 3|771| + 312 pat,
At il 72
6 2(12-3)
(Pz = (PZO -+ Ln | Cosh2Iml (7’1 t— ql)Slnh A2 (”2 t— ‘72)
71l 72 = 3l | + 3172
+ 216 £,
Az |l P

where 1 = 1/11, B2 = 1/12, and the constants (), ¢10, and ¢ are those in (54). With these
solutions, we can write the scale factor in the following form:

Aty = |— 112
288/ 171172V1 Vz

63171 + 311 — 1112
1M1 12

9
et CschPi (r1t—q1)CschP?(rot — qo)

x Exp {—3 p3t] . (62)

Immediately, one can observe that to obtain an increasing scale factor with respect to
time, the constant p3 must be negative. However, none of the parameters considered in
this scenario lead to p3 < 0; therefore, this solution is not physically relevant.

3. Quantum Formalism

To present the quantum mechanical version of the classical model, in (25) we promote
the classical momenta to operators making the replacement Il;» = —ihid,u, obtaining the
following Hamiltonian density:

H = II§ + Qifllg — 12115 + 12A11T5, — 24AgT1y, Ty, — 24Vie 1191160 2410~ Aaf2t60, (63)

To obtain Equation (63), we have substituted e 3T12 — e 3 [T12, + Qihl1q] since one has
to take into account the factor-ordering problem between the ¢~ and its momentum Ilq;
hence, Q is a number that measures such ambiguity. In order to have a more manageable
functional form of (63), we take the constraint of the matrix element m'? (Equation (30));
then, we apply the canonical transformation on variables (Q), ¢1, ) <> (&1, 82, ¢3) (Equa-
tions (26) and (27)), as well as the gauge N = 24¢3?, Therefore, we obtain

H = 1251 P? +1212P% +12(=9 + 11 + 112) P?
+24P5[(9 — 111) Py + (9 — 112) Po] + 6Qif(Py + Py + P3)  — 24(V1e51 + Vze@), (64)

with 73 = 3 — A; and 72 = 3 4+ Ay. Recall that the Hamiltonian density is identically
zero H = 0; hence, the quantum counterpart of (64) is obtained by applying the same
prescription used to obtain (63). Having this at hand, we can write down the Wheeler—
DeWitt (WDW) equation, which reads
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%Y ok 4 ok 4
(&) = —121 i 1207 — — 1205 (=9+ 111 + 1) =
B‘P oY oY *Y *Y
+6 h2< ++)—h224[9 9
O\ 56 T ae T aE O=mseas T O a5
— 24(V1e51 4 VzeCZ)\If —0. (65)

In order to solve the WDW equation, we propose the following solution for the wave
function ¥ (&, &, &3) = eP3BG(&y, &) with p3 = constant. Additionally, we take as an
ansatz G({1,82) = G1(&1)Ga(&2); upon substitution in (65), we obtain the following.

2G, 3G
—1231Gy—— +6(Q — 4p3(9 — Gy—
171G 5c2 (Q—4p3(9—m)) 23,

1%
+3 {Ps(Q =2p3(9 = +m2)) — 8h§e¢1] GG+

%G, G,
—1211,G1 —= + 6(Q — 4p3(9 — Gy—=
112G 02 (Q—4p3(9—1m2)) 136,
V-
+3 {p3(Q—2p3(9—171+772)) —8?15662] G1G, =0, (66)

finally, we factorize G;Gy. Thus, two ordinary differential equations for the functions G;
and G, emerge

26,

1205 +6Q =4O ) g

1 9G,
Gy 081

3 {Ps(Q —2p3(9—m+m2)) — 8;/;631] —12=0, (67)

12 a G2 1 an
-12= +6 4p3(9 — —
G, o8 [Q —4ps( 172)]G2 2%,
V:
+3 {p3(Q —2p3(9—m +1m2)) — 8h§e§2] +12=0, (68)
where 12 is an arbitrary constant. These last two equations can be written as y” + ay’ +

(be™* 4 c)y = 0, and their solutions are of the form [67]
2Vh
Y(x) =Exp(——=)Z,| — 9
(x) = Exp( == )p<Ke> (69)

here, Z, are the generic Bessel functions with the order p = va? — 4c/x. If Vb is real, Zy
becomes the ordinary Bessel function; otherwise, the solutions will be given in terms of the
modified Bessel functions. In the next sections, we will show quantum solutions separated
into two classes, according to 77; and AjA; = 6.
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3.1. Quantum Solution for y; > 0and Ay < V6
First, we identify the following expressions for Equation (67):
x = 1, a=_27%0-m)
2in
— _ 2
p o= 2V e _plRQ-2psO—mtm)] | v 70)
mh 4m 1211
and for (68)
x = 1, a—_27%0-m)
2172
_ _ 2
b 2Vl2 = pR-2pO—mtm)] v 71)
1noh 412 1212

Note that in both cases, V/b is real; then, the solutions are written in terms of the
ordinary Bessel functions Z,, = J,,. Thus, the wave function becomes the following;:

2 2V & 2 [2Vs &
Boyp, = Bo Jo, [h\/mlez ]pz[h\/ﬂ;“

- Q—4p3(9—m1) Q —4p3(9 —12)
o 4111 Cl + 4712

and B is an integration constant. Additionally, the order of the two Bessel functions are

¢,

where
0

¢,

2
o1 = \/(_Q—4ps(9—f71)) L pQ=2psO—m+m)) v 72)

2im m 3’

— 4p3(9 — 2 —2pa(9 — 2
pZZ\/(Q pal 772)) L@

217 2 317

Hence, the wave function ¥ in the original variables becomes

2 |2V —A 2 |2V A
Yoo = Yo A Explag Ay + 2o Aao] ], [h’ / 711A3 e%lpl} Jos [h ]722/\33_22%} , (74)
where ¥ is a normalization constant, and
_QUr+m) psO@—m) ps(O—1m) n
= P3,
112 m 2
—4p3(9 — —4p3(9 —

n = ——Q r:f( ) +p3, ax= ——Q Zs( 12) + p3. (75)

Uil 2

By analyzing solution (74), we could not find any set of parameter values for which
the probability density function (defined by the wave function (74)) is bounded. This
unwanted behavior prevents us from directly implementing the standard interpretation
of quantum mechanics in order to draw meaningful physical conclusions. This setback is
tempered by the fact that the corresponding classical solution (given essentially by (62)) is
not of physical relevance, and so no further analysis will be performed regarding this case.
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3.2. Quantum Solution When n1 < 0 and Ay > V6
We set up the corresponding parameters for Equation (67)
N e S CRa )]
2|
_ 2
_ 2Vz2 oo PlQ=2psO+ |m[+m)] v / 76)
I |h 4[| 12 |
and for (68)
e = 1 a-_ Q=40 -n)
2172
_ 2
p 2V12’ co _P[Q=2pO+ |ml+m)] v , 77)
12k 4np 121,

note that we have inverted the sign of the previous formulas. Hereby, we introduce |71 |.
Then, the first case (76) yields an imaginary v/b; therefore, its solution must be in terms
of the modified Bessel function Z,, = K,, (contrary to the second case, where the proper
function is Z,, = Jp,). Hence, we have

B 2 ovi o] [2 2vs 2] 4
BPlPZ - BOKpl 7 |171|e2 ]Pz |j’l n ez|es, (78)
here 4p3(9 4p3(9
_ + _ _
0, = _Q p3< Mll)§1+ Q PS( ;72)62/ (79)

4/ | 412

and the order of both Bessel functions are

2
plz\/<Q—4P3(9+|’71|> _p3(Q=2p30+Iml+m2)) | 2 D)

2| | 3lml|”
_4 _ 2 _9 2
pzz\/<_Q p3(9 172) +Ps(Q P3(9+\771|+772))+V7' (81)
21 b 312

Finally, the wave function in the original variables is given by

2 2V; M 2 2V A
= 68 g el P I e
Yoo, = YA Explag A1 + az Aagh] K, H |’Il|A e :|]Pz {h n Ae } , (82)
where
Q. —Iml) | psO+Iml)  ps(9—1m2)
= — + — +p3, (83)
AT ] n TP
—4ps(9+ —4py(9—
= Q=4O Fm) o Qo4pO=m) (84)
{1 21,

and a normalization constant ¥¢. The behaviour of the probability density can be seen in
Figure 3. Observe that in all panels, the probability density dies away as the scale factor
and scalar field evolve, an expected outcome already reported in [68-70]. On the other
hand, we vary the factor ordering constant Q, in order to show how |¥|? behaves. We can
see that whilst Q < 0, the probability density tends to the phantom sector. In [68], the
authors showed that the parameter Q acts a retarder of the wave function and compresses
the length on the axis where the field evolves; however, they analysed the case of two
quintessence fields.
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Figure 3. Phantom scenario. These figures show the probability density of the wave function (82) for
the values of Q = 2 and Q = 0 (top panels from left to right, respectivley), and Q = —2and Q = —4
(bottom panels from left to right, respectively). We use arbitrary units, namely, v = 10, A; = 10.5,
Ay =6/A1, V; =01,V =10"5,r; =49,r, =1.5,a3 = —2.3, and p3 = 0.326878, and the bounce in
the quintessence field ¢; = 1.455. The remaining constants can be obtained from the aforementioned
values. Additionally, for Q = 2,0 we take Yo = 103,102 respectively; then, for Q = -2, —4 we
chose ¥y = 10~1,1/+/10 respectively. Note that the probability density tends toward the phantom
sector when the factor ordering constant Q < 0.

3.3. Quantum Solution When A1 = Ay = v/6, Thereforey; = 0and 1, = 6

In this final case, we take A; = A, = V/6; therefore, 71 = 0and 1 = 6. Hence, the
Equations (67) and (68) can be reduced to

1 9G; { Vi g] 2
6(Q —36p3)——+3 —30 —8—=e"| —ve =0, 85
(Q p3)G1 2% p3(Q —30p3) - (85)
72 0°G, 1 9G; V2
_ 202 L 6[Q — 12ps] — 222 43 —30p;) — 8-2e2| +12=0. (86
G, o2 +6[Q — 12p3] G ot [Ps(Q p3) vl ]+V (86)

The solution of (85) is given by

G1 = GOExp [% _ pS(Q _ 30p3) (: 4V1 )€§1‘| ’ (87)

2(Q — 36p3) h2(Q — 36p3
where Gy in an integration constant. Then, for G, we have the following ordinary Bessel

function:
Q—12p3 VW &
T e

Gy = Exp[ (88)

here, the order is

— 2 2
02 = \/<—Q 1;2”3> + % [% +p3(Q- 30173)] - (89)
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Remarkably for this case, we can obtain a parameter space of Q, v, and p3 where the order
can be real or imaginary. Hence, we have

3
B =By, [\/;2622} o (90)
with "
v
7 —p3(Q—30p3) .  Q—12p; 4V
6 = 3 + + el
’ 2(Q - 36ps) ! 21 215200 sep)
Finally, in the original variables the wave function is
¥ = A, [\/,?A?’e‘@m} e, 1)
where AV
01 = 51— AP M g iy + ap Aaga, (92)
7(Q — 36p3)
and
_ 5 —pa(Q-30ps)  Q-12ps
= +ps
2(Q — 36p3) 24
1/2
_ 5 —pa(Q—30p3) _ Q—12p;
wy = 200 — 36p3) tps, =" tps, (93)

and a normalization constant yy. For completeness of the above classical solutions, we
include this case; however, once more the probability density function is not bounded since
|'¥|? does not fade as the scale factor and scalar field evolve. We recall that the standard
interpretation of quantum mechanics becomes troublesome to realize due to this nuisance
behavior. Therefore, the wave function (91) is not physically relevant.

4. Final Remarks

In this work, we have studied a chiral cosmological model from the point of view of
a K-essence formalism. The background geometry was a flat FLRW universe minimally
coupled to quintom fields: one quintessence and one phantom. In this approach, the scalar
fields interact within the kinetic and potential sectors.

In the classical framework, we established the Hamiltonian density (31), which in
turn allows one to find exact solutions for different sets of values of the free parameters.
We highlight two cases: the first when Ay = Ay = V6, and the second where phantom
domination is the relevant factor, namely, A; > V6 and A, < V6. In the two scenarios,
the scale factor grows very rapidly and the big-bang singularity is avoided via a bounce.
We call it the “big bounce”. In fact, this claim is also supported by the behavior of both
the scale factor and the Hubble parameter. Finally, we show that the barotropic parameter
is capable of transiting from a quintessence phase to a phantom one, i.e., it crosses the
phantom divide line. In Figures 1 and 2, we show the behavior of these quantities as a
function of time.

On the other hand, using the canonical quantization procedure, we were able to
establish the quantum counterpart of the classical model and compute the Wheeler-DeWitt
equation. Once again, we solve it for various scenarios given by different sets of values
of the free parameters. In particular, we found exact solutions for three distinct cases:
m >0and Ay < V6,177 < 0and Ay > /6, and Ay = Ay = V/6; therefore, 71 = 0 and
172 = 6. Figure 3 shows the behavior of the probability density as a function of the scale
factor and scalar field, for the phantom case, i.e., 771 < 0 and A; > v/6. The probability
density exhibits a damped behavior as the scale factor and scalar fields evolve. An expected
result has already been reported in [68-70]. Lastly, we note that by varying Q, specifically
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when Q < 0, the probability density evolves towards the phantom sector. This outcome
contrasts with that reported in [68], where the authors showed that the parameter Q delays
the evolution of the wave function and compresses the length on the axis where the field
evolves; however, they analyzed the case of two quintessence fields.
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