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Abstract: Following the interpretation of matter source that the energy-momentum tensor of anisotropic
fluid can be dealt with effectively as the energy-momentum tensor of perfect fluid plus linear (Maxwell)
electromagnetic field, we obtain the regular higher-dimensional Reissner—-Nordstrom (Tangherlini—
RN) solution by starting with the noncommutative geometry-inspired Schwarzschild solution. Using
the boundary conditions that connect the noncommutative Schwarzschild solution in the interior
of the charged perfect fluid sphere to the Tangherlini—-RN solution in the exterior of the sphere, we
find that the interior structure can be reflected by an exterior parameter, the charge-to-mass ratio.
Moreover, we investigate the stability of the boundary under mass perturbation and indicate that the
new interpretation imposes a rigid restriction upon the charge-to-mass ratio. This restriction, in turn,
permits a stable noncommutative black hole only in the 4-dimensional spacetime.

Keywords: regular black hole in higher dimensions; dimensions; linear electrodynamics; stability

1. Introduction

The singularity puzzle appeared just after the general relativity was born, where
the singularities of spacetime are most bewildering at the end of stars’ collapsing and
at the beginning of universe. It was believed that the singularities were the result of
high symmetry; for instance, the collapsing stars’ singularity originates from the spherical
symmetry. On the other hand, the Hawking-Penrose singularity theorem proved [1,2]
that the spacetime where gravity is strong enough would result in singularities under the
causality condition and energy condition regardless of the local non-uniformity. Though the
theorem is fabulous and convincing, as well, it might not be the final answer to the
puzzle. First of all, quantum theories are indispensable for space at microscales where the
singularity lies, and a complete quantum theory of gravity is still lacking which may depict
a different picture. Second of all, though the causality condition must be obeyed, the ways
to avoid singularities have been found in different energy conditions.

The singularity could be replaced [3,4] by a de Sitter core when the matter with high
density would make a phase transition into some false vacuum state in the late time of
collapsing. One further advance was the first construction of a nonsingular black hole
(regular black hole or black hole with singularities free) by Bardeen [5]. This model is
asymptotically approaching a de Sitter phase at the center and asymptotically flat at infinity,
and its energy-momentum tensor satisfies the weak energy condition (WEC) rather than the
strong energy condition (SEC). Since then, a great deal of research has been carried out on
this issue, among which one of the valuable attempts is the interpretation of matter source.
That is to say, the source originates [6] from either anisotropic fluids or nonlinear magnetic
monopoles in the Bardeen’s model. For those models [7-9] based on anisotropic fluids,
the noncommutative geometry-inspired Schwarzschild black hole [10,11] is of particular
interest, where the anisotropic fluid appears naturally when the Gaussian distribution is
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taken as the black hole mass density due to the noncommutativity of spacetime. In this
way, its metric resembles that of the Schwarzschild black hole but has a regular center.
A nonsingular charged black hole solution was also found [12] when both the mass and
charge take the Gaussian distribution. As to nonsingularity realized by coupling gravi-
tational field with nonlinear electrodynamic field, the solutions have been found [13,14]
satisfying the WEC and behaving asymptotically as the Reissner-Nordstrom (RN) black
hole. In addition, the other regular black hole solutions have also been obtained [15-17] in
terms of boundary soldering of two spacetimes. Along this way, the de Sitter spacetime
was connected [18] with the RN spacetime through a charged spherical shell inside the RN
inner horizon, and this junction technique was further developed [19] to form a massive
thin layer.

In recent years, a new interpretation of matter source was suggested [20] for con-
structing the regular RN black hole solution, where the linear electrodynamics instead of
nonlinear one was adopted. To be specific, the regular solution can be interpreted as an
exact solution of the Einstein equation coupled to linear electrodynamics if the components
of the energy-momentum tensor satisfy the dominant energy condition (DEC). In other
words, the energy-momentum tensor of anisotropic fluids can be dealt with effectively as
the energy-momentum tensor of the perfect fluid plus linear electromagnetic field. As an
application, the nonsingular RN black hole solution was constructed in the 4-dimensional
spacetime [20], where the singularity at the RN center was replaced by a charged perfect
fluid sphere' located inside the RN inner horizon when a fixed range of charge-to-mass
ratio was taken.

Moreover, the higher-dimensional spacetimes have particular interest to physicists
due to some specific reasons:

e  String theory [21], the candidate to unify all fundamental interactions, is established
in higher-dimensional spacetimes.

*  The AdS/CFT correspondence [22] relates quantum gravity theories in the #n-dimensional
spacetime to gauge field theories in the (n — 1)-dimensional spacetime, which is the
most successful realization of the holographic principle.

¢ Large extra dimensions might provide [23] a possibility to detect non-perturbative
gravitational objects, such as black holes and branes in TeV scale, in the future colliders.

The combination of the new interpretation [20] and higher dimensions leads to our
motivation, i.e., our idea is to extend this interpretation related to linear electrodynamics to
higher-dimensional spacetimes. It is of interest to study whether higher dimensions impose
specific constraints upon the charge-to-mass ratio for the formation of a black hole and to
analyze the stability of the formed black hole from the hole’s shell that connects two space-
times. The model we begin with is the noncommutative geometry-inspired Schwarzschild
black hole with the Gaussian source [24] in higher-dimensional spacetimes. On one hand,
noncommutative black holes are a remaining candidate to be expected to test [25] TeV-scale
gravity at the LHC; and, on the other hand, the well-motivated model and its extensions
have been widely investigated from the interpretation of anisotropic fluid [12,26,27] and
can, thus, provide us direct comparisons between different interpretations.

The present paper is organized as follows. In Section 2, we decompose the energy-
momentum tensor of a general higher-dimensional metric of anisotropic fluids into the
energy-momentum tensor of the perfect fluid plus linear electromagnetic field, and derive
the boundary conditions that relate the parameters of exterior solutions with the interior
source distribution. In Section 3, we construct the regular Tangherlini-RN solution in the
exterior of the charged perfect fluid sphere by choosing the noncommutative geometry-
inspired Schwarzschild solution in the interior of the sphere, find out constraints on
the charge-to-mass ratio under the hoop conjecture, and then discuss the stability of the
boundary. Finally, we give a brief summary in Section 4.

We adopt the following units throughout the paper: ¢ = 1 and pg = 1/€g = 47, where
¢, o, and €p are the speed of light, the permeability of vacuum, and the permittivity of
vacuum, respectively.
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2. General Formulation
2.1. General Higher-Dimensional Nonsingular Metrics

A general static and spherically symmetric metric in n dimensions (n > 4) reads
1
f(r)

where dQ),,_ is the line element of an (n — 2)-dimensional unit sphere. In General Rela-
tivity, the singularity under the metric often manifests as curvature infiniteness at r = 0.
Accordingly, being free of curvature singularities requires that the invariants associated
with the Riemann curvature tensor are regular everywhere. Under this metric, these
invariants can be expressed as follows:

ds? = —f(r)dt* + ——dr’ +7r°dQ; ,, 1)

R=—p'()+ E=2= 0 g,
! 2 _
Rk = 2| () + 2O 22 gy gy o0 @
/ 2 _ _
RyunaRH10 = [£(1)] 4 200 —2) DL 20220230y g2

Moreover, the energy-momentum tensor that depicts the matter source with the
spherical symmetry can be written as

THV = d1ag(—p, pr, PJJ PL/ Tty PL)/ (3)
N———
n—2

where p is the density, p, the radial pressure, and p, the angular pressure. Such a source is
usually regarded as an anisotropic fluid. By solving the Einstein equation,

1
Guv =Ry — igva = xn Ty, 4)

where «,, is Einstein’s constant in the #n-dimensional spacetime, we obtain the components
of the energy-momentum tensor,

p= 3z {(n=3)1 = FO))) -/ (1)}, ®
n—2 y

pr= —3—z{n=3)1—F)] = ()}, ©

1 2 ¢l /
Pr= 5o (P 0) — (0 =3)[(n =)~ f() ~2f ()] |, @)

and further find the relations between the components,

p=—pr ®)
pL=—p— nrf 5 =prt nrﬁrz, )

where a prime denotes the derivative with respect to r. We summarize the following three
properties that the general higher-dimensional nonsingular black hole has:

(i)  The curvature invariants are regular everywhere due to the regularity of the metric,
as in Equations (1) and (2), from which we can deduce that the functions, (1 —
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f(r))/r%, f'(r)/r, and f"(r), behave regularly everywhere and that leads to the
regular components of the energy-momentum tensor in Equations (5)—(7).

(i) pr # po (except at r = 0), which gives [28] the reason for the “anisotropic fluid”
interpretation, and p = —p, >~ —p near the center, indicating that the source is
exactly in a de Sitter vacuum state.

(iii) p > 0and p’ < 0, as most of the regular black hole models meet, lead to the

satisfaction of WEC but usually local violation of SEC.?

2.2. New Interpretation of Matter Source Associated with Linear Electrodynamics

The energy-momentum tensor (Equation (3)) that is compatible with the nonsingular
metric (Equations (1) and (2)) in a charged black hole model was usually interpreted [13,14]
by the nonlinear electromagnetic field. Nonetheless, it can also be obtained [20] within
the linear electrodynamic framework in the 4-dimensional spacetime based on the mul-
ticomponent fluid combination [28]. The key point is the decomposition of Equation (3)
into the energy-momentum tensor of the perfect fluid plus Maxwell electromagnetic field.
Under such a decomposition, the boundary of source forms, on which the density of the
charged perfect fluid sphere vanishes; thus, it naturally connects the interior spacetime to
the exterior one. Next, we follow the procedure suggested in ref. [20] and develop it to the
higher-dimensional case.

We begin with decomposing the energy-momentum tensor (Equation (3)) into two parts:

Ty = Tuw + v, (10)

where T, is the energy-momentum tensor of the perfect fluid, and ¢, the energy-momentum
tensor of the electromagnetic tensor. The two tensors can be written as follows, under our
specific units mentioned at the end of Section 1:

T = (Om + Pty + P8uv, (11)
1 1
Sy = i (Fy)\Fvag)w - 4g;n/F/\aF/\U)/ (12)

where u s Pms and p represent the velocity, density, and isotropic pressure of the perfect fluid,
respectively, and F,, is the electromagnetic field strength defined via the electromagnetic
potential Ay,

Fyw =V, A, —V,Ay (13)
Moreover, the field strength satisfies the Maxwell equation,
VFE, = —4n],, (14)
where ], is the current density defined with the electric charge density p, as follows:
]]4 = Pelly. (15)

For a comoving observer, the velocity takes a simpler form,
uy = —\/ f(r)3y, (16)

where ¢ is the Kronecker symbol, and A, takes the following form:

A= Audxt = —¢(r)dt. (17)
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Namely, there exists only the electrostatic field ¢(r) but no magnetic field. As a result,
we obtain the nonvanishing components of F;, and ¢, as follows:

Fg=—Fy =—¢'(r) =E, (18)
E2f(r) E? E%y? .
£00 87’ f1 8rf(r) ii 8’ 1=230 1, (19)

and further reduce the energy-momentum tensor of Equation (10) to a concise form,

", = diag(—pm —W,p =W, p+W,p+W,--- ,p+ W), (20)

n—2

where W = E2/(87) is the energy density of the electrostatic field. This quantity is also
called the effective energy-momentum tensor, i.e., a kind of effectively treated formulations
from Equation (3).

Now, the energy-momentum tensor presents two different formulations: one from
the viewpoint of anisotropic fluid, as in Equation (3), and the other from the viewpoint
of perfect fluid plus Maxwell electromagnetic field, as in Equation (20). By combining
the two formulations, we establish the relation between the two different points of view,
i.e., the components of the energy-momentum tensor based on the latter viewpoint can
be written in terms of the components of the energy-momentum tensor based on the
former one,

1
pm=—p=5(=pi) (21)
W=3So+p0), (22)

Because the perfect fluid and the electromagnetic field satisfy the weak energy con-
dition separately, we deduce p — p; > Oand p + p; > 0. That is, the energy-momentum
tensor (Equation (3)) naturally meets the dominant energy condition (DEC).’ It is notable
that the radius at p = p; marks the boundary of the charged perfect fluid sphere, since
the density and pressure of the perfect fluid vanish there (cf. Equation (21)). Therefore,
under the new interpretation of matter source that was proposed in four dimensions [20],
we can obtain the general nonsingular metric Equation (1) by solving the Einstein equation
coupled to linear electrodynamics in n dimensions, and then express the mass density,
the isotropic pressure, and the energy density of the charged perfect fluid in terms of the
metric function f(r) as follows:

o = =P = gz [201= 3 = 20n =3P F(1) — Gu =87 () = PF'(1],  23)
W= ﬁ [2(” —3) =2(n—=3)f(r)+ (n—4)rf'(r) + rzf”(r)}. (24)

Further, we give the charge through solving Equation (14),

r n—2
1) = Anz [ —ErZdr = 4,27 (25)

V(1) ar
where A,,_, stands for the volume of an (n — 2)-dimensional unit sphere. In addition, we
reduce the conservation equation V, T#" = 0 to

, f(r) __ Epe
Zp + f(i’) (Pm +P) =2 f(?’), (26)




Universe 2022, 8, 43

6 of 19

Ep.
fn)’
of pressure is balanced by the electrostatic force as pointed out in the 4-dimensional
spacetime [20].

or, more explicitly, to p’ = by considering p;; + p = 0, manifesting that the gradient

2.3. Boundary Conditions

As mentioned above, we have p,,(rs) = —p(rs) = 0 at the boundary r = r;, where 7
can be solved from Equation (23) for a specific distribution f(r). The boundary connects
the internal spacetime of the charged perfect fluid sphere to the external one, where the
internal solution is the Schwarzschild’s with the Gaussian distribution of matter source and
the external solution is the Tangherlini—-RN form. For the convenience in the next section,
we give the boundary conditions.

The Tangherlini-RN metric reads [29]

1

2 _ ) d#2
ds® = fRN( )dt +fRN(r)

dr? +12d02 ,, (27)

with

2% M 4y Q?
= 1 — 7
frn(r) (1= 2)A, 23 (n—2)(n—3)A2_, y2(n=3)

(28)

where M and Q, the total mass and charge, respectively, are determined by the matter
inside the charged perfect fluid sphere. Specifically, two connecting conditions are required
at the boundary r; in order to fix M and Q, i.e., both the metric function and the electric
field need to be continuous at r;,

f(rs) = fRN(rs) = fs/ E(”s) = ERN(”S) = E;. (29)

Using Equations (24) and (28), we work out

2y M 47110, Q?
fo=1 (n—2)Au—2rl™3 - (n—=2)(n—=3)A;_, 2n=3)’ (30)
21 167> Q7
7 |20 =3) =20 = 3)fs o (1 = ) (1) + (1) | = 2w O

Again considering the equation of boundary position 7, i.e., 0 (7s) = 0 (cf. Equation (23)),
we simplify Equation (31) to the continuity of the first-order derivative of the metric function
at the boundary, f'(rs) = fry(7s) = fi. As aresult, the parameters M and Q can be expressed
in terms of f; and f{ as follows:

_ (n—=2)A, o1 rsfd
M= o {1 —fs— 2(71_3)}/ (32)
, (n=2)(n— 3)A%72r§(”73) rsf1
Q= 4rticy, (1_fs_n—3>' (33)

3. Regular Tangherlini—-RN Black Holes under the New Interpretation of Matter Source

The noncommutative geometry-inspired Schwarzschild black hole [10,11] with the
Gaussian-distributed density is singularity free at the center and asymptotically
Schwarzschild-like at large distances (1 >> \V0; see Equation (34)). However, from the
point of view of the casual structure and thermodynamics, it has two horizons and a
maximum temperature, behaving more as a Reissner-Nordstrom black hole [30,31]. In this
section, we construct the regular Tangherlini—-RN black hole under the new interpretation
of matter source. By starting with the noncommutative geometry-inspired Schwarzschild
solution in n dimensions, we find that the energy-momentum tensor with the Gaussian
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distribution can also be regarded as the linear combination of the perfect fluid’s and electro-
magnetic field’s energy-momentum tensors when the charge-to-mass ratio takes a special
range in order to guarantee the formation of Tangherlini-RN black holes. In addition, we
investigate the stability of the boundary under mass perturbation and indicate that the new
interpretation imposes a rigid restriction upon the charge-to-mass ratio. In particular, we
observe that such a constraint leads to an interesting corollary that noncommutative black
holes are only stable in the 4-dimensional spacetime.

3.1. Tangherlini—RN Solutions with Electromagnetic Field

For the noncommutative Schwarzschild black hole in the n-dimensional spacetime,
the metric function of Equation (1) takes the following form:

2k, m 7(%1' g)
EEEE ey

f(T) =1- ’ (34)

where (s, x) = [; ##le~!dt is the lower incomplete gamma function; v/0 is the scale pa-

rameter which represents a minimal length, and m the mass parameter.* From the interpre-
tation of the anisotropic fluid, we deduce the density and pressure from Equations (5)—(9),

m 7’2
p=—p, = _ ex <—>, (35)
T 2T, () T\ W
o 7,0/ [ 1,2
Pr=-, n—z_[ 1+2(n—2)6]p' (36)

where the Gaussian distribution presented by the density is the result of the noncommu-
tativity of spacetime [10]. In accordance with the new interpretation of matter source
demonstrated in Section 2, i.e., effectively from the interpretation of perfect fluid plus
electromagnetic field, we compute the mass density, the isotropic pressure and the energy
density of electrostatic field from Equations (23) and (24),

_ _4(71—2)9—1’2
b ="P= "4t —2)8
2

(37)

r

W= 2"

(38)
which reveals that the DEC holds within the charged perfect fluid sphere. Moreover,
the boundary of the charged sphere that satisfies p,, = 0 is located at

rs =1/40(n —2), (39)

which is of the same order as the scale parameter and grows large when the dimension increases.

Outside the charged perfect fluid sphere, the metric of the electromagnetic vacuum
takes the Reissner-Nordstrom form, as in Equation (28), where the total mass M and charge
Q can be calculated from Equations (32) and (33),

M= , (40)

2" 3(n— 2)”_2mAn,29n74
T C

Equations (40) and (41) show that the exterior parameters M and Q are expressed by
the interior parameters m and 6 through the boundary. As a result, the boundary r, that

Q? (41)



Universe 2022, 8, 43

8of 19

links the internal spacetime with the external, can reciprocally be expressed by M and Q,
or M and the charge-to-mass ratio, « = Q/ M, as follows:

7'([2(71 —2)% +(n—3)(n —2)%e”_2'y(%,n —2)]

3 = a?M ;
(Tl - 3)(” - 2)7An—2

(42)

Further using Equation (42), together with Equations (40) and (41), we reduce the
interior metric Equation (34) and the exterior metric Equation (28) to the following forms:

2ky (n—3)2(n— 2)%611—2 «Y("Tfll (n— 2)x2)
to? n 1 -~ 2 =3 ’ (43)
201 =2 +(n = 3)(n ~ D)2y (51 n —2) |
and
2k (n—3)(n—2)5" 1
—1—
fRN(x) Ta? {Z(n — 2)% + (71 — 3)(71 _ 2)%311—2,),(%’” _ 2) x"—3
2(n=3)(n—2)"1 1 }
- — @9
[Z(n —2)2 4+ (n—3)(n— 2)%5””_27(%/” B 2)}2 22(n-3)

where x, the reduced radius, is defined by x = r/r;. It is obvious that, on the boundary,
i.e, atx =1, f(x) equals naturally to fry(x). The two metrics are illustrated in Figure 1
for a specific dimension and charge-to-mass ratio. Equation (43) indicates that the exterior
parameters (M and «) can reflect the interior structure, so we next analyze how the value
of w affects the geometrical characters in both the interior and the exterior of the charged
perfect fluid sphere.

—800

1.0

0.5

Figure 1. Plot of the relation of —ggo with respect to the reduced radius x for n = 4 and a2 /k, = 0.032.
The purple and cyan dashed curves correspond to f(x) and fry(x), respectively, and they intersect
at x = 1, where the black dot-dashed line lies. The red curve describes f(x) for x < 1 and fry(x) for
x> 1

Before our discussions, we have to mention the prerequisite that a system with certain
mass and charge forms a black hole. A hypothesis proposed by Thorne [32] states that
a black hole forms only when the spherical radius of the system is not larger than its
Schwarzschild radius, known as the hoop conjecture. Similarly, the hoop conjecture of
the charged case was put forward [33], meaning that a physical system of mass M and
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electric charge Q forms a black hole if its circumference radius 7. is not larger than the
corresponding RN black hole radius,” rry = M + /M2 — Q2. Based on this conjecture,
one has to distinguish [34] the two basic categories: a black hole with horizons and a
massive charged “droplet”, both of which have a finite-sized charged perfect fluid sphere of
the radius 7s. Now, we study the geometrical characters in both the interior and the exterior
of the charged perfect fluid sphere in detail by considering the following three cases.

3.1.1. Case I
Setting frn(7) of Equation (28) to be zero, we locate the horizons of the RN black
hole at
_ knM 4m(n —2)
n—-3 _ n 2
= —F— |1+ /1 - —F——F= 4
£ (n—2>An2< \/ ka(n—3)" ) )
under the condition
a? 1 (n-3
= —<B1=— 4
b=t <h=5(353) ey

where 8 denotes a reduced charge-to-mass ratio squared. On the contrary, if 8 > B, then
no real roots of frn(r) = 0 exist, meaning that no horizons exist to the RN metric and
further indicating that no black holes form according to the hoop conjecture. So, B is the
upper bound for the existence of a black hole, whose possible values are listed in the first
line of Table 1 for various dimensions.

3.1.2. Case II

If horizons exist in the RN metric, i.e.,, < By is satisfied, the position of boundary
relative to the RN horizons needs to be fixed, which generally leads to the three subcases of
the hoop conjecture: rs <r_,r_ <rs <riy,andrs =r_orrs = ry0
* s < r_ shows that the boundary is hidden behind the inner horizon

Using Equation (45), we rewrite this condition to be

_ _ kyM 4r(n —2)
n—3 n—3 _ n _ - —
ST T A, (1 R ﬁ)’ @)
which gives equivalently the following constraint to f:
B2 < B < B3, (48)

where the newly introduced parameters are defined by

2 7

2(n —3)%(n— 2)%6”_270—’1 n— 2)
B2 = (49)

B3 = (50)

e”*zfy("T_l,n — 2)] .

We list 87 and B3 in the second and third rows of Table 1, respectively, for various
dimensions. From the data, we can see that the two conditions, B < 1 and f, < B < B3,
can be held simultaneously only in the 4-dimensional spacetime, where the first condition
guarantees the formation of the black hole, and the second keeps the interior of the black
hole, i.e., the charged perfect fluid sphere, hidden behind the inner horizon. For illustration,
see Figure 2.
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Table 1. The restrictions on the reduced charge-to-mass ratio squared, p = «2/k,,, in various

dimensions.
Dimensions of Spacetime
Restrictions
4 5 6 7 8 9 10 11
B1 0.03979 0.05305 0.05968 0.06366 0.06631 0.06820 0.06963 0.07074
B2 0.03955 0.04882 0.04574 0.03980 0.03369 0.02818 0.02345 0.01947
B3 0.04290 0.03807 0.03084 0.02469 0.01980 0.01596 0.01292 0.01052
Ba 0.03955 0.05458 0.07090 0.09662 0.1384 0.2065 0.3187 0.5053

0.5 1

—800
0.04 -

(b)
0.03

0.02

0.01

-0.01

Figure 2. An example of B < By and By < B < B3: n = 4, B = 0.0397, where (b) is the magnified
image of (a) within the range x € [0.9,1.3]. This case is characterized by rs < r— and f(x) > 0 for
x € [0,1].

* r_ <rs <ry shows that the boundary is not hidden behind the inner horizon but the event

horizon”

The inequality r— < rs < ry leadsto B < B,. Moreover, it should be noted that 7 _ < 7
does not mean that the inner horizon of RN metric hides behind the boundary. In fact,
the whole interior of the charged perfect fluid sphere is described by the metric function
f(r), not by frn(r) that refers to the exterior of the charged sphere. Thus, B < B, together
with B < B1, describes the situation that the boundary lies behind the event horizon, but not
the inner horizon. This situation is possible since B < f; is tenable for all dimensions; see
Figure 3, for instance.
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Figure 3. An example of B < By and B < Bo: n = 5, B = 0.04. This case is characterized by
r— < rs < r4 and one f(r)-horizon.

® 1y =r_0rrs = r4 shows that the boundary coincides with one of the fry(r) horizons

Our calculations show that s = r_ requires the constraints § = B, and < B3,
and that s = r4 requires B = 7 and f > B3. From the data in Table 1, we can deduce that
B = B2 represents the case that the boundary rs coincides either with the inner horizon r_
for n = 4, or with the event horizon r, for n > 5.

At the end of Case II, we clarify the meaning of s > r_. This inequality corresponds to
the constraints, § > B and B > B3. As we have explained above for r_ < 7;, the situation
s > r4 does not imply that the event horizon of RN metric hides behind the boundary.
It depicts a finite-sized charged perfect fluid sphere with no RN horizons outside the
boundary, as was mentioned above by the second category—a massive charged “droplet”.
For illustration, see Figure 4.

—800
1.2+

1.0

0.8

0.6

0.4

0.2

Figure 4. An example of B < By, B > B and B > B3: n =5, f = 0.052. This case is characterized by
s > 14,

3.1.3. Case III

Here, we revisit r; < r on how f(r) (or f(x)) determines the structure of the interior
of the charged perfect fluid sphere and how it affects the characters of the black hole. To be
specific, if the restriction f(x) > 0 is obeyed within x € [0, 1], no horizons can be formed
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by f(r). f(r) horizons appear if and only if f(r) = 0. We compute the roots of f/(x,) =0
from n = 4 to 11 dimensions,

xx = 1.06859, 0.77315, 0.62760, 0.53874, 0.47797, 0.43331, 0.39885, 0.37128. (51)

The data show that there is only one minimum for f(x). So, f(x) > 0, for all x € [0, 1]
corresponding to no f(r) horizons, is equivalent to

f(1) >0, forn=4; f(xs) >0, forn=>5to1l, (52)
which gives B the constraint,

B > Pa, (53)

with the definition of 4 as follows:

4v2e%y(3,2

By = f67(2 ) 5 for n = 4;
7'[[8+ ﬁe27(%,2)}
(54)
20y )it 2 (22, (n —2)x2
,845g (n=3)°(n 21)26 5 (2 —= >,forn:5t011.
n[Z(n—2)%-1-(11—3)(;1—2)73"*27(%,71—2)} o

The values of 34 are listed in the fourth row of Table 1 for various dimensions. From the
data, we can see that the two conditions, 8 > B4 and B < 1, which guarantee a black hole
with no f(r) horizons, are only compatible in the 4-dimensional spacetime. For illustration,
see Figure 2, that reflects the feature: f(r) > 0, x € [0,1].

On the contrary, if B < B4, f(r) horizons would possibly form due to the existence of
the roots of f(x) = 0 within x € [0,1]. As mentioned before, only one minimum exists for
f(x), so there are, at most, two roots for f(x) = 0. Moreover, the number of roots within
x € [0,1] depends on the sign of the metric function at the boundary, i.e., Equation (43)
at x = 1. That is, there is one root of f(x) = 0 for f(1) < 0, and there are two roots for

f(1) > 0.

Referring to Equation (43), we obtain that the inequality f(1) < 0, i.e.,

=1l—-— 7
f=1-7 [z<n_z>3+<n—3><n—2>56"‘27("21'”‘2)]27( 2

An—m><0 (55)

gives exactly the constraint B < B, (cf. Equation (49)). As B < B, corresponds to the second
subcase of Case II, r— < rs < r, the only root of f(x) = 0 within x € [0, 1] is the reduced
radius of the f(r) horizon. See Figure 3, for instance.

In contrast, the inequality f(1) > 0leads to f > B,. Although there are two roots of
f(x) = 0 within x € [0,1], the condition B, < B < B4 implies the satisfaction of § > B, and
B > B3 for n > 5 from the data in Table 1, which conforms to the situation r; > r. that fails
to form a black hole. For illustration, see Figure 4.

Particularly, B = B, is obtained from solving f(1) = 0, which is consistent with the
third subcase of Case Il, ¥s = r_ or rs = r4. So, we can infer that, for § = f, and n = 4,
rs = r_ is the radius of the only horizon formed by f(r) as a result of By = B4, and that,
for B = B and n > 5, in addition to rs = r4, there exists another f(r) horizon inside the
sphere due to By < B4.

With all factors taken into account, we categorize the black hole solutions with a
finite-sized charged perfect fluid sphere as the matter source by the following situations:

(i) The charged perfect fluid with positive metric function f(r) is hidden inside the
inner horizon of the RN metric when the inequality, f2 < B < B4, is satisfied in the
4-dimensional spacetime.
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(i)  The charged perfect fluid with one root of f(r) = 0 within r € [0, r5] and negative
boundary metric function f(rs) is hidden inside the event horizon but not the inner
horizon of the RN metric when the inequality, 8 < B, is satisfied in all dimensions.

(iii) The charged perfect fluid takes a vanishing boundary metric function f(r;) = 0
when B = B, is satisfied, specifically, the boundary coincides with the inner horizon
of the RN metric at n = 4 as the only root of f(rs) = 0, and with the event horizon
in the other dimensions as the second root.

3.2. Stability of the Boundary

The possible regular black hole solutions have been obtained in all dimensions if the
hoop conjecture is considered. However, from the point of view of stability, the stable
configuration for the noncommutative model in dimensions higher than 4 (n > 5) would
be a massive charged “droplet” rather than a regular black hole since the outer layers of
the black hole with negative metric function f(r) could not stay in a static equilibrium [20].
As a result, only the 4-dimensional spacetime seemingly admits stable regular black holes
with a static interior spacetime structure for f; < B < B; due to the positivity of the
internal metric function f(r). Nonetheless, the stability of the boundary still remains to be
analyzed since the discontinuities and non-smoothness of the boundary possibly happen.

As we have known, from Section 2.3, the boundary conditions (Equation (29)) are
equivalent to the continuity of the metric function and its first-order derivative; thus, they
guarantee the continuity of the extrinsic curvature and satisfy Israel’s condition [35] about
two spacetimes’ soldering,

Kap |+: Kap |_/ (56)

where K, is the extrinsic curvature defined with the induced metric ki, and the normal
vector n? of the boundary hypersurface X as follows:

Koy := bV eny. (57)

Kgp |7 and Kyp, |~ denote the limit of K, on the boundary X from the exterior spacetime
(V1) and the interior spacetime (V ), respectively. Nevertheless, in the specific case,
B2 < B < B1 and n = 4, the boundary coincides with (8 = p») or hides behind
(B2 < B < B1) the inner horizon of the RN metric marked with the “mass inflation”
phenomenon [36], i.e., the inner horizon becomes unstable under perturbations. As a result,
we exclude the light-like boundary for 8 = B, from consideration, and adopt an easier way
to check whether the time-like boundary for 8, < f < B; keeps stable or not under mass
perturbations [19,37].

For the convenience in the following discussions, we start with rewriting the interior
and the exterior metrics of the black hole, as in Equations (34) and (28), in the following
unified form:

ds? = —h(r)dt* + h(lr)dr2 +r2d02_,, (58)
with
12
() { h(r) = £(r) =1~ 34— ety ("7 ), forr <K, 59
r) = 2
he(r) = frn(r) =1— (n_g)%ri\g + (H*Z)El:fg)f\f,,z 728,3), for r > R,

where we re-label the boundary that separates two spacetimes with R to distinguish it
from s in the non-perturbative case. Then, the induced metric on the boundary X can be
written as

(ds?)y = —dt? 4 R%(1)dQ2_,, (60)
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where 7 is the proper time and R(7) represents the evolution of the boundary. Under the
precondition that we discuss the influence of a mass perturbation on the time-like boundary,
the energy-momentum tensor of matter on X (or of the massive shell) is assumed to take
the following form:

Sub = O’(T)qub, (61)

where 0 (7) is the surface energy density, and v* the normalized velocity of the comoving
observer on .. We use the normalized velocity in its following form:

e (3N o\ /8"
= () i(5) ~*GR) )

where the dot denotes the derivative with respect to 7, and # can be expressed in terms of
h(R) and R from g,,v"0" = —1 as follows:

) h(R) + R2
f= TRR) (63)

Further, we derive the normal vector n? from n?v, = 0 and nn, = 1 to be
a\"* 9\’ R [9)* o[ 9\’
a_ tf 2 r{ 2 — - R R2( — 4
m=n <8t> o <8R> h(R)(Bt) YRR+ R GR ) (64)
where the direction of n? is set to point from V™ to V.
Applying the energy conversation law to S, [37], i.e., ""1V*S;, = 0, with "1V,
denoting the covariant derivative on the (n — 1)-dimensional hypersurface, we obtain

d(R"20)

FEY (65)

which indicates that we can define a proper mass of the shell that is independent of time 7,
Ms = A,_HoR" 2. (66)

Moreover, as a result of the existence of S;;, the extrinsic curvature undergoes a jump
on the boundary and satisfies [35]

[Kab] — hap [K] = —KnSab, (67)
where K = h,,K? is the trace, and the brackets denote the difference between the limits

of quantity on X from V' to V—, e.g., [Kyp] = Ky |7 —Kyp |~ and [K] = K [T =K |~
For convenience, we write Equation (67) in another form,

1
[Kap] = —*n <Sab - n—2h”b5)’ (68)

where S = hS,, = —¢. From Equation (57), we derive one of the nonvanishing

components,
Kgg = Rn" = R\/h(R) + R2. (69)

Further using Equation (69) together with Equations (66) and (68), we obtain

. . kn ans
[Koo] = R<\/he(R) TR \/hi<R) " R2> T n- ZURZ T (n—2)A, R 70)
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which links the jump of the metric function on the boundary X with the shell mass M;.
Using Equation (59), we can see that Equation (70) is in fact the equation of motion of the
massive shell [19],

R>+V(R) = -1, (71)
where
V(R)__< 2nQ® M- m(R) kaMs )2_ 2kum(R) 7
(n —3)An_oR"3M, M, 2(n—2)A, 2R"3) ~ (n—2)Ay_oR"3
can be regarded as the potential function, and m(R) = 7 ,’1"%1 ) (A, ff—;). Based on that, the

time-like boundary only exists in the 4-dimensional spacetime, and M; is a perturbation
(Ms — 0); we now focus on Equation (72) for n = 4,

[Q* —2MR +2m(R)R]*>  2m(R)

V(R) = — PR - (73)

Then, a stable stationary solution of motion would reasonably satisfy

R=0 & V(R)=-1 (74)
dV(R) _[Q*—2m'(R)R?|[Q* —2MR +2m(R)] 2m'(R)R—2m(R) _ 0 -
dR 2M2R3 ; R? =0
A?V(R)  [Q*—2m'(R)R?* +2[Q? — 2MR + 2m(R)R][m" (R)R® + Q2|
drR2 2M2R4
2m" (R)R? — 4m'(R)R + 4m(R
_ 2 (RRE — i (RR + 4n(R) 76

Similarly, applying the setting M; — 0 to Equations (73) and (75), we derive

Q% —2MR +2m(R)R = O(Ms), (77)
Q* —2m'(R)R* = O(Ms), (78)

which keep V(R) and V'(R) finite. Henceforth, the parameters Q and M in the outer RN
metric are related to the interior parameters, m and 6, and the shell mass M; as

mR* exp —%; R2
Q :$ 19(3 ) - AeXp<89)Ms +O(M?), (79)
71202
3 R?
om (3 R2\ MR eXP(—m) i
M=—9(=,-—= — <~ +B M, + O(M?), 80
7'[%’)/(2 49) 27‘[%0% 71:%()% ° ( S) (80)

where A and B are two coefficients to be determined. If we take M; = 0, Q and M
spontaneously go back to Equations (41) and (40) for n = 4, respectively. Combining
Equations (79) and (80) with Equations (74) and (75), the parameters A and B can be

determined by
R 2 4 R?
11/”1 <1SA+B) =1- 1m ,)/(3,5), (81)
7207 \ 92 miR, \2 40
2
mR3 exp & 2
2 <RfA2—|—AB) - — <3 @) _ 4"117(3,1{5> : (82)
26 \ 62 R3S m202 2 \2 40
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where R; is the radius of the stationary solution in the limit of Ms; — 0, i.e., Rs = rs. Now,
d?V(R)

we know from the above relevant equations that is approximately equal to

dR?
R2
2V(R)  MRs(R2=20)exp(—45) /R,
iRz 13 1| TATB) (83)
22602 M, 1202 \ 92

Substituting the solution R = Rs into Equation (70), we have

\/hg(Rs) + RS — \/hi(Rs) + RS

4m 3 R2 1 m R 4m 3 R2
= j1- ,5) (SA+B)M — - (S)

ans
(n—2) A, oREY

We infer that (| & A + B ) takes the positive root of Equation (81) and further obtain
02
the second-order derivative of V(R) (Equation (83)) as

2V(R) NmRS (R2 —20) exp(—z—g) \/1 — Am 'y(%, %{%)

712 Ry

~ , 85

dR? 277363 M )

which is positive for a physical perturbation Mg > 0 since R = rs = v/80 and f(Rs) =

1-— 41m 0% (%, {:—g) > 0. Therefore, we can conclude that the time-like boundary is stable
T2 Ry

under a positive mass perturbation. Table 2, for instance, gives some data which coincide

8

with the conclusion.

Table 2. The values of physical quantities varied with m: Qg and My at Ms = 0, and the deviations

Q — Qp and M — M), and the second-order derivative dz;;Q(ZR ) at M, =10-5.

mVE Qv MiVE  (Q-Q0)VE  (M—M)VE VR

1.905 3.051 3.053 —2.960 x 105 —1.955 x 107> 3.464 x 10°

1.908 3.054 3.057 —3.549 x 105 —2.392 x 107> 2.895 x 10°

1.911 3.056 3.062 —4.728 x 1075 —3251 x 1075 2.179 x 103

1.914 3.058 3.067 —9.899 x 107> —6.941 x 107> 1.043 x 103
4. Summary

In this paper, we generalize the formulation that a regular RN black hole can be
sourced from charged perfect fluid in the 4-dimensional spacetime to higher-dimensional
spacetimes through decomposing the energy-momentum tensor of an anisotropic fluid
effectively into the energy-momentum tensor of a perfect fluid plus linear electromagnetic
field. Under this new interpretation of matter source, the dominant energy condition is
guaranteed as in the spacial case of the 4-dimensional spacetime [20]. In addition, the matter
source has a natural boundary rs, where the density and pressure of the perfect fluid vanish,
so they no longer occupy the entire spacetime.” Consequently, the interior of the black
hole naturally connects to the exterior electrovacuum through the boundary. As a result,
the interior structure is revealed by the parameters of the black hole—the mass and the
charge, by means of the boundary conditions.

We investigate the model with the noncommutative geometry-inspired Schwarzschild
solution as the interior solution under the new interpretation of matter source. The interior
structure is analyzed at three different levels:



Universe 2022, 8, 43

17 of 19

(1) If the hoop conjecture is satisfied (rs < ry), such a distribution would form a black
hole.

(i) The boundary hides behind or lies at the inner horizon only if r; < r_, or else the
inner horizon does not exist.

(i) No horizons are formed by f(r) if the interior metric function f(r) > 0 stands within
the whole region of r < rs; otherwise, f(r) horizons would exist.

The classification is characterized by the value of the charge-to-mass ratio « (or the
reduced parameter f). In this specific model, the possible interior structure of black hole
solutions can be summarized as:

(i) The matter source with positive metric function f(r) hides inside the inner horizon,
and no f(r) horizons form in the 4-dimensional spacetime.

(i)  The matter source with negative f(r) at the boundary hides inside the event horizon,
but not inside the inner horizon, and one f () horizon forms in all the dimensional
spacetimes.

(iii)  The matter source with a vanishing f(r) at the boundary has only one f(r) horizon
that coincides with the inner horizon in the 4-dimensional spacetime, and it has two
£ (r) horizons, of which the second one coincides with the event horizon in the other
dimensional spacetimes.

When the stability of boundary is taken into consideration, we focus on the black
hole solution in the 4-dimensional spacetime, whose boundary that connects two different
spacetimes is a time-like hypersurface. By investigating the equation of motion of the
shell, we show that this shell is stationary and stable under a mass perturbation. Thus,
the noncommutative model permits stable black hole solutions only in the 4-dimensional
spacetime under the new interpretation, which gives a novel restriction on dimensions that
was not mentioned in a previous work [27].

Furthermore, though the classification of black holes based on the range of charge-
to-mass ratio is model-dependent, we can estimate a wide limit of the parameter a (or )
for a stable configuration with a time-like boundary. From Equations (5), (32), and (33),
we obtain

Ts 2 2
[ Aot = — 2% (36)
0 (n—1)A,_or¥
Ts 2 2
[ Ao 2oty = M- 2 (87)
0 (n—3)A,_or!
which leads to
_ 2
r?73 > 4r(n —2) Q (88)

(n=1)(n—3)Ay2 M

when the weak energy condition is considered, i.e., p > 0 and p’(r) < 0; see Section 2.1 for
the details of analyses. As a result, in order to keep the charged sphere inside the inner
horizon (rs < r—), Equation (88), together with Equation (47), provides the range of the
reduced parameter j3,

1 (n—1)(n—3)? 1 (n—-3)
B S S < " Y
4t (n—2)3 <Ps< 4 (n—2) ®9)
This inequality manifests that B is lower bounded, which agrees with [20] the 4-
dimensional case, and, more importantly, that the range of  grows narrow as the dimension
becomes large.
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Notes

1

As was denoted in ref. [20], the charged perfect fluid sphere, or a charged perfect fluid in short, means the perfect fluid together
with the electromagnetic field.

For the energy-momentum tensor in Equation (3), the weak energy condition (WEC) requiresp > 0,0+ pr > 0,andp+p; > 0;
the strong energy condition (SEC) requires p + p, + (1 —2)p, > 0,0+ p, > 0,and p +p; > 0.

For the energy-momentum tensor Equation (3), the dominant energy condition requires p > |p,| and p > |p_ |, where the former
inequality is satisfied due to Equation (8), and the latter due to the WEC.

4 For the noncommutative Schwarzschild black hole, the mass distribution is Gaussian; see Equation (35). The total amount of this
mass parameter is givenby m = A,_» fooo pr"~2dr, and the condition that the black hole can be formed is that the average radius
of the mass distribution should not be less than the horizon of the hole.

5 In the 4-dimensional spacetime, k; = 87 has been considered.

6 In the particular situation of the extremal black hole at f = 1, the classification is still effective as long as the additional condition
r— = ry is considered in the subcases.

7 To avoid ambiguities, the inner horizon and event horizon specially refer to the two roots of frn(7) in the present paper, r— and
4. As to the roots of f(r), we call them the “f(r)-horizons” that are not larger than .

8 In Section 3.1, we have obtained the range of 8 for the 4-dimensional black hole with time-like boundary, 8 € (0.03955,0.03979).
It is actually equivalent to the range of the interior parameter, % € (1.90318,1.91489).

? The density and pressure occupy the entire spacetime in the interpretations associated with anisotropic fluid [12,27].
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