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Abstract: We present a review on some of the basic aspects concerning quantum cosmology in the
presence of cut-off physics as it has emerged in the literature during the last fifteen years. We first
analyze how the Wheeler–DeWitt equation describes the quantum Universe dynamics, when a pure
metric approach is concerned, showing how, in general, the primordial singularity is not removed by
the quantum effects. We then analyze the main implications of applying the loop quantum gravity
prescriptions to the minisuperspace model, i.e., we discuss the basic features of the so-called loop
quantum cosmology. For the isotropic Universe dynamics, we compare the original approach, dubbed
the µ0 scheme, and the most commonly accepted formulation for which the area gap is taken as
physically scaled, i.e., the so-called µ̄ scheme. Furthermore, some fundamental results concerning the
Bianchi Universes are discussed, especially with respect to the morphology of the Bianchi IX model.
Finally, we consider some relevant criticisms developed over the last ten years about the real link
existing between the full theory of loop quantum gravity and its minisuperspace implementation,
especially with respect to the preservation of the internal SU(2) symmetry. In the second part
of the review, we consider the dynamics of the isotropic Universe and of the Bianchi models in
the framework of polymer quantum mechanics. Throughout the paper, we focus on the effective
semiclassical dynamics and study the full quantum theory only in some cases, such as the FLRW
model and the Bianchi I model in the Ashtekar variables. We first address the polymerization in terms
of the Ashtekar–Barbero–Immirzi connection and show how the resulting dynamics is isomorphic to
the µ0 scheme of loop quantum cosmology with a critical energy density of the Universe that depends
on the initial conditions of the dynamics. The following step is to analyze the polymerization of
volume-like variables, both for the isotropic and Bianchi I models, and we see that if the Universe
volume (the cubed scale factor) is one of the configurational variables, then the resulting dynamics
is isomorphic to that one emerging in loop quantum cosmology for the µ̄ scheme, with the critical
energy density value being fixed only by fundamental constants and the Immirzi parameter. Finally,
we consider the polymer quantum dynamics of the homogeneous and inhomogeneous Mixmaster
model by means of a metric approach. In particular, we compare the results obtained by using the
volume variable, which leads to the emergence of a singularity- and chaos-free cosmology, to the use
of the standard Misner variable. In the latter case, we deal with the surprising result of a cosmology
that is still singular, and its chaotic properties depend on the ratio between the lattice steps for the
isotropic and anisotropic variables. We conclude the review with some considerations of the problem
of changing variables in the polymer representation of the minisuperspace dynamics. In particular,
on a semiclassical level, we consider how the dynamics can be properly mapped in two different sets
of variables (at the price of having to deal with a coordinate dependent lattice step), and we infer
some possible implications on the equivalence of the µ0 and µ̄ scheme of loop quantum cosmology.
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1. Introduction

Despite the fact that no self-consistent theory has been developed in quantum gravity
(for the most interesting approaches, see [1–13]), along the years, the arena of primordial
cosmology has constituted a valuable test to estimate the predictivity of the proposed
theories on the birth of the Universe and quantum evolution [14].

The most significant change in the point of view on how to approach the quantization
of the gravitational degrees of freedom took place with the formulation of the so-called
loop quantum gravity (LQG) [11], especially because this formulation was able to construct
a kinematical Hilbert space and to justify spontaneously the emergence of discrete area and
volume spectra. LQG relies on the possibility to reduce the gravitational phase space to
that of a SU(2) non-Abelian theory [6–9], and then the quantization scheme is performed
by using “smeared” (non-local) variables, such as the holonomy and flux variables, as
suggested by the original Wilson loop formulation and by non-Abelian gauge theories
on a lattice. Indeed, when adopting Astekar–Barbero–Immirzi (first order) variables,
the invariance of the gravitational action under the local rotation of the triad adapted to
the spacetime foliation is expressed in the form of a Gauss constraint.

The implementation of this new approach to the cosmological setting leads to de-
fine, in a rather rigorous, mathematical way, the concept of a primordial Big Bounce,
already hypothesized in the seventies. However, the cosmological implementation of LQG,
commonly dubbed loop quantum cosmology (LQC), has the intrinsic limitation that the
basic SU(2)-symmetry underlying the LQG formulation is unavoidably lost [15,16] when
the minisuperspace dynamics is addressed. This is due to the fact that the homogeneity
constraint reduces the cosmological problem to a finite number of degrees of freedom;
in particular, it becomes impossible to perform the local rotation and preserve the structure
constants of the Lie algebra associated to the specific isometry group. In this respect,
we could say that LQC requires a sort of gauge fixing of the full SU(2) invariance; see the
analysis in [17], where this question is explicitly addressed. In addition, the problem
of translating the quantum constraints from the full to the reduced level remains still
open [11].

Despite these limitations, LQC remains an interesting attempt to regularize the cosmo-
logical singularity, opening a new perspective on the origin and evolution of the Universe.
Furthermore, the so-called “effective formulation” of LQC is isomorphic to the implemen-
tation of polymer quantum mechanics (PQM) [18–21] to the minisuperspace variables,
typically the Universe scale factors. This correspondence allows to investigate some fea-
tures of the LQC formulation by applying simplified formalisms to more complicated
models, thus making them viable [22–45].

Here, we provide a review of basic well-established results of LQC and more recent
analyses in polymer quantum cosmology, with the purpose of better outlining the reli-
able achievements and the open questions in this sector of the quantum cosmological
problem formulation. In order to better compare it with LQC, when presenting the cos-
mological implementation of PQM, we mainly focus on its effective dynamics, except
for the less involved models, where a full quantum analysis is possible. In particular,
two recent studies [44,45] applied the polymer framework to the formulation of the flat
Friedmann–Lemaître-Robertson–Walker (FLRW) and Bianchi I models, respectively. The
peculiarities of these two analyses lie in the comparison between the polymer quantum dy-
namics in terms of the Ashtekar–Barbero–Immirzi connections and in terms of volume-like
configurational variables.

In this review, we highlight how the evolution of the quantum Universe is sensitive to
the considered set of configurational variables: when real connections are polymerized, the
resulting picture resembles that which is commonly dubbed the µ0 scheme of LQC [46–48];
on the other hand, the use of volume coordinates can be associated to the so-called µ̄
scenario [49–51]. In LQC, the difference in these two schemes is due to the cosmological
implementation of the area element as a kinematical or a dynamical quantity (in the µ̄
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scenario the area gap is rescaled for the momentum variable, i.e., the squared cosmic
scale factor).

Actually, the µ0 and µ̄ schemes lead to very different pictures of the primordial
quantum Universe: both correspond to a Big Bounce, but, while in the µ̄ scheme the critical
energy density is fixed by fundamental constants and the Immirzi parameter only, in the µ0
dynamics it depends on the initial conditions for the wave packets. The fact that these two
very different representations of the early Universe are associated with the polymerization
of the two different sets of variables cited above offers an intriguing perspective to better
interpret the real physics of the two scenarios and shows how PQM could shed light on the
possible shortcomings of the LQC formalism.

We will also provide an interesting comparison of the cosmological implementation
of the PQM in the metric representation. In particular, we will compare the analyses
in [34,38,42], where the homogeneous and inhomogeneous Mixmaster dynamics is studied
through the polymerization of the standard Misner isotropic variable α and of the Universe
volume, respectively: the difference is only in using or not using a logarithm in the
definition of the isotropic variable, but the implication is very deep since only the volume
representation ensures a bouncing cosmology. Furthermore, questions concerning the
chaotic or non-chaotic nature of the semiclassical Bianchi IX dynamics are addressed in
some detail.

Then, we will further present a coherent and detailed discussion of the relations
existing between LQC and polymer quantum cosmology, also discussing some of the most
relevant open questions, especially concerning the equivalence or non-equivalence of the
resulting dynamics in different sets of configurational variables.

We would like to stress that in this work, we will not consider the basic problem of
the implementation of the Copenhagen School interpretation to the Universe quantum
dynamics, common to all quantum cosmological formulations. We will briefly present
this issue because we think that it is important to keep in mind such difficulties since they
could perhaps drive the investigation toward a fully consistent theory of quantum gravity
and, hence, quantum cosmology. However, our presentation will escape this puzzling basic
interpretative question, as is often implicitly done in the literature. We must remark that
there are many other approaches of a different nature that are able to replace the singularity
with a Bounce, such as, for example, the Ekpyrotic scenario, massive gravity, and other
modified gravity theories; for general reviews of these models, see [52,53].

The paper is organized as follows. In Section 2, we introduce general features of
the cosmological dynamics. We present the difficulties in implementing the Copenhagen
interpretation to cosmology, then we describe the classical dynamics of homogeneous
models (both isotropic and anisotropic) with some attention to the problem of time and
to the definition of a cosmological clock. In Section 3, we present LQC: first, we briefly
summarize the features of LQG that are relevant for its cosmological implementation;
then, we discuss in detail the two formulations of isotropic LQC that are the µ0 and µ̄
schemes, and also the implementation of the latter to the anisotropic sector; and finally, we
conclude with a summary of critics and shortcomings that show the need for a different
quantum mechanical approach to cosmology. In Section 4, we present polymer cosmology:
we first introduce the formalism of polymer quantum mechanics, and then we focus on
its implementation to both the isotropic Universe and the anisotropic Bianchi models in
different sets of variables (namely, the Ashtekar variables, the volume-like variables and
the Misner-like ones). We conclude this section with a discussion on the results obtained
with different sets and also present a possible way to recover an equivalence between them.
Finally, in Section 5 we summarize the review and provide some final remarks. Throughout
all the paper, we use the natural units 8πG = c = } = 1.

2. Cosmological Quantum Dynamics

The first attempt to implement the canonical quantum gravity approach developed
in [1–3] to the cosmological setting was due to the analysis proposed in [54], where the
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Bianchi IX Universe was studied within certain approximations, and the most relevant
properties of its quantum dynamics were elucidated (for extensions of this approach to
generic inhomogeneous models, see [55–62], and for a refined numerical study of the
Bianchi IX quantization, see [63]).

Before entering some technical aspects of canonical quantum cosmology in the metric
formulation, it is mandatory to fix our attention to some intrinsic conceptual difficulties
that we meet on the interpretative level, even if we could assume the construction of a
Hilbert space and the determination of a suitable time variable to describe the quantum
dynamics as solved.

The standard interpretation of canonical quantum mechanics is due to the so-called
Copenhagen school, which postulated some general prescriptions, validated by the analysis
of atomic and molecular spectra and was never contradicted by experiments in modern rel-
ativistic particle physics. We briefly summarize here the Copenhagen school interpretation
via its main statements (very difficult to implement in quantum cosmology).

• The concept of probability to find a physical system into a given state is the “large num-
bers” limit of the frequency by which that state is registered in repeated experiments.

• The “measure” operation on a given quantum system must be performed by a classical
(or better, quasi-classical) observer, who induces a “collapse” of the wave function
into a specific eigenstate by physically interacting with the quantum environment.

When referred to the cosmological setting, both the statements above have a very
critical implementation. In fact, on one hand, we observe only one realization of the
Universe, and no frequency approximating the probability can be determined; on the
other hand, in a quantum Universe, it appears impossible (or at least ambiguous) to
speak of a quasi-classical observer. The possibility to recover both the concepts postulated
above would require that at least a portion of the Universe be in a quasi-classical state,
so that the interaction of these degrees of freedom with the fully quantum ones offers
an arena to recover the basic notion of the Copenhagen school interpretation (see, in this
respect, the Universe wave function interpretation provided in [64], where such a picture
is investigated).

We conclude by observing that the classical portion of the Universe mentioned above
cannot be identified with the present classical Universe thought of as an “observer” of the
primordial quantum phases. This claim is supported by the following two considerations.

• The information we receive from the quantum Universe in the Planck regime (medi-
ated by the physics of the cosmic microwave background radiation (CMB)) is already
a single classical determination of the quantum system, among all the possible ones.

• That information cannot be induced by a direct measurement on the primordial
Universe, simply because it lives in our past light cone, and no physical interaction
between our classical apparatus and the Planckian Universe can take place (even if
we were able to detect photons directly emitted in the quantum phase).

Thus, in what follows, we will think of the Universe wave function as if it were associ-
ated to physical notions in principle, according to the Copenhagen school interpretation,
without entering further into how it can be really demonstrated, or which alternative
interpretation could be addressed.

2.1. The Isotropic Universe

The Robertson–Walker (RW) geometry describing the isotropic Universe is a very
simple model, which has only one dynamical degree of freedom due to the high level
of symmetry. If on a classical level its employment is well justified by a large number
of phenomenological evidences (above all, the isotropy of the CMB temperature), on a
quantum level, it appears very close to be just a “toy model” deprived of many basic
features that more general cosmological models outline. We elucidate the reliability of this
apparently strong claim in this subsection and in the following one.
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The main failure of the canonical quantum cosmology as depicted by the Wheeler–
DeWitt (WDW) equation in the metric approach is that no removal of the initial singularity
emerges in general when the nature of the Universe wave function is elucidated. Let us now
develop some simple technical considerations for the isotropic Universe (for a pioneering
analysis, see [65]), limiting our attention to the spatially flat model and adopting as a
configurational variable the cubed cosmic scale factor v(t) = a3(t) (for example, the
Universe volume).

In the Arnowitt–Deser–Misner (ADM) formulation [66], the RW line element reads
as follows:

ds2 = N2dt2 − v
2
3

(
dx2 + dy2 + dz2

)
, (1)

where we set the speed of light equal to one, and N = N(t) denotes the so-called lapse
function. The action describing the Hamiltonian dynamics of the isotropic FLRW model
takes the following form:

SFLRW =
∫

dt(Pv v̇−NCFLRW) , (2)

where we have set the space integration on a fiducial volume to unity, Pv is the conjugate
momentum to v, and the super-Hamiltonian CFLRW reads as follows:

CFLRW ≡ −
9
4

v P2
v +

1
3

vρ(v) . (3)

When the equation of state for the cosmological fluid takes the form P = wρ (with
P being the pressure and w a constant parameter), the matter energy density ρ reads
as follows:

ρ(v) =
ρ
(w)
0

v1+w , (4)

with ρ
(w)
0 > 0. Clearly, varying the action with respect to N, we obtain the constraint

CFLRW = 0, which reduces to the Friedmann equation for the isotropic Universe, using
the Hamilton equation v̇ = −9vPv/2 to express the momentum Pv. The existence of a
Hamiltonian constraint reflects the possibility to freely choose the time variable (i.e., the
form of the lapse function) to describe the system dynamics, according to the general
relativity principle.

The Dirac prescription for the canonical quantization of a constrained theory consists
of implementing the phase space variables to canonical operators [67], leading to the
following WDW equation for the isotropic Universe (3):

∂2
vψ(v) +

4
27

ρ(v)ψ(v) = 0 , (5)

in which we adopt the natural operator ordering, where momenta are always at the right
of coordinate variables. This equation clearly resembles a time-independent Schrödinger
equation in the space-like coordinate v, and no evolution emerges for the Universe wave
function ψ(v).

If we instead adopt the symmetric operator ordering of [68], i.e., vP2
v → P̂v v P̂v,

and introduce the variable ξ ≡ ln v, we arrive to an equation of the following form:

∂2
ξ ψ = − 4

27
ρ
(w)
0 e−(w−1)ξ ψ . (6)
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For the relevant cosmological case of a “stiff matter”, corresponding to w = 1 and de
facto mimicking a massless free scalar field (the kinetic component of an inflaton field), we
obtain the simple solutions as follows:

ψ(v) ∝ exp

± i

√
4ρ

(1)
0

27
ln v

 . (7)

Indeed, the potential term of many inflationary models can be neglected at the high
temperatures of the Planckian regime [69,70] (we recall that the transition phase responsible
for inflation takes place in a classical Universe). The stiff matter is the most rapidly
increasing contribution allowed by a causal fluid when the zero volume limit is approached,
and it is therefore expected to dominate during the Planckian era. However, we stress that
the singularity is also present for all natural values of the parameter w [14,70].

The classical Universe has a singular behavior for v → 0 (the Big Bang singularity),
and it regularly expands indefinitely for v → ∞; here, we see that the Universe wave
function singles out a qualitatively similar behavior in these two different regimes. Thus,
no indications emerge from the WDW equation about the singularity removal, and this
turns out to be a general feature of the canonical metric approach.

2.2. Internal Clock

It is clear that it is not possible to construct a Hilbert space for the isotropic Universe
discussed above, and therefore, any precise notion of probability density is forbidden in
the absence of a well-defined time variable.

In general, any component of a gravitational system could be identified as a time
variable for the classical dynamics, as soon as a specific time gauge is assigned. Such a
concept can be retained also at the quantum level in a fully covariant form. Indeed, in the
WDW equation, it is possible to identify a given internal degree of freedom as a “relational
time”, by promoting it to the role of a physical clock for the quantum evolution of the
remaining gravitational or matter degrees of freedom. The most natural relational time for
the isotropic Universe dynamics, and in general for quantum cosmology, is a free massless
scalar field φ = φ(v), which is expected to be present in the primordial phases of the
Universe because of the inflationary paradigm; its energy density increases as∼v−2 toward
the singularity, which is the fastest growth allowed before the fluid acquires a superluminal
sound speed.

If we replace the stiff matter in Equation (6) with the energy density of φ, i.e.,

ρφ =
P2

φ

2v2 (8)

(Pφ being the conjugate momentum to φ), then we arrive to the following 1 + 1 Klein–
Gordon-like equation: (

∂2
ξ −

2
27

∂2
φ

)
ψ(ξ, φ) = 0 . (9)

The general solution of this equation reads as follows:

ψ =
∫

dkξ A(kξ) exp

{
ikξ

(
ξ ±

√
27
2

φ

)}
. (10)

Now, it is possible to adopt φ as a physical clock for the Universe dynamics, so
we can construct localized wave packets of the form (10), for instance with a Gaussian
weight function A(kξ). If we compare the peak of the Klein–Gordon probability density
i(ψ∗∂φψ− ψ∂φψ∗) with the classical trajectory v = v(φ), it is easy to check that there is a
very good correspondence, leading to the fact that the singularity is not removed by the
canonical quantization of the model.
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Thus, the introduction of the concept of a relational internal matter clock provides a
good solution to the problem of time since the zero-eigenvalue Schrödinger equation can be
interpreted as a Klein–Gordon-like operator in the configurational space. The similarities of
the relativistic case and the present WDW equation allow to define a conserved probability
density, which retains its positive nature when it is possible to perform the frequency
separation (violated when a non-zero potential for the scalar field φ is present).

We also observe that there exists a clear correspondence between the quantity ρ1
0 in

Equation (6) and the quantum number kξ , namely, the following:

ρ1
0 ≡

27
4

k2
ξ . (11)

We conclude by observing that the considerations above regarding the absence of a
singularity removal when comparing the classical and quantum evolution are particularly
reliable in the present case, in view of the linearity of the dispersion relation for the 1 + 1
Klein–Gordon-like equation. Such a property allows to construct localized non-spreading
wave packets up to the initial singularity. It is immediate to realize (see below) that a linear
dispersion relation is a feature that clearly does not survive when a higher dimensional
problem is faced.

2.3. The Bianchi Universes

A better understanding of the minisuperspace formulation of canonical quantum
gravity in the metric approach is provided by the investigation of the Bianchi Universes.
These models generalize the isotropic Universe by preserving the homogeneity constraint
and allowing for three different independent scale factors along the three spatial directions.

The ADM line element of the Bianchi Universes reads as follows:

ds2 = N2dt2 − e2α
(

e2β
)

ab
σaσb , (12)

where the variable α is related to the Universe volume v by the relation α = (1/3) ln v,
the matrix β parametrizes the anisotropies and has the diagonal form β = diag(β+ +√

3 β− , β+ −
√

3 β− , −2β−), while σa and σb are the 1-forms describing the specific
isometry group under which that Bianchi model is invariant. The variables (α, β±) are
known as Misner variables, and their usefulness lies in the fact that they make the kinetic
term in the Hamiltonian diagonal.

The homogeneity of the space allows to deal with the functions N, α, β+ and β− as
depending on time only. The isotropic limit is recovered for β+ ≡ β− ≡ 0, and it is possible
only for the three Bianchi models of type I, type V and type IX, corresponding to the flat,
negatively and positively curved FLRW model respectively.

The action of the Bianchi Universes in vacuum reads as follows:

SB =
∫

dt
(

Pαα̇ + P+ β̇+ + P− β̇− −NCB
)

, (13)

with

CB ≡
e−3α

3(8π)2

[
− P2

α + P2
+ + P2

− + 3(4π)4e4α UB(β+, β−)
]

. (14)

Above, we set to unity the space integral on the fiducial volume and denoted the
conjugate momenta to the corresponding variables α, β+ and β− with Pα, P+ and P−
respectively. The potential UB is provided by the spatial curvature of the specific model,
and it is identically zero for the Bianchi I model only. It is immediate to recognize that the
WDW equation for the Bianchi Universes takes the following form:[

∂2
α − ∂2

β+
− ∂2

β−

]
ψ + 3(4π)4e4α UB(β+, β−)ψ = 0 , (15)
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with ψ = ψ(α, β+, β−). In this case, there is no need to add a free massless scalar field to
identify an internal time variable since the variable α (related to the three-metric determi-
nant) has a different signature with respect to the two anisotropy degrees of freedom β+

and β−. This is a very general feature of the WDW equation, first investigated in [1–3].
It is worth noting that the same signature of α and the same wave equation could

be found by using the Universe volume v = e3α and adopting the symmetric operator
ordering, as done above in Equation (6). Hence, we can realize how misleading it was
to use the volume of the Universe as a space-like coordinate in the isotropic Universe.
This interpretation is clearly possible, but as far as we introduce β+ and β− (the real
physical degrees of freedom of the cosmological gravitational field), we are naturally led
to consider v or α as the most natural internal time variables to describe the quantum
Universe evolution.

The first classical Hamilton equation α̇ = −2NPαe−3α shows that we must require
that Pα < 0 in order to deal with the expanding Universe (α̇ > 0). On the contrary, for the
collapsing Universe, i.e., α̇ < 0, we need Pα > 0. However, we note that Pα is a constant
of motion only when the potential term is negligible or when it is exactly zero, as in the
Bianchi I model.

If we set UB ≡ 0 in the WDW Equation (15), we can easily perform the frequency
separation, and we obtain the following general solutions:

ψ±(α, β±) =
∫

dk+dk− A(k+, k−) ei(k+β++k−β−∓
√

k2
++k2

− α) , (16)

where the suffixes (+) and (−) refer to positive and negative frequency wave functions,
respectively.

Since the mean value of the operator P̂α is negative for the positive frequency solution
and positive for the negative one (see the sign of its eigenvalues), we are led to identify
the expanding Universe with the positive frequency wave packet and vice-versa for the
collapsing one.

Actually, if we consider Gaussian weight A(k+, k−), it is possible to construct localized
wave packets, both representing the expanding (ψ+) or collapsing (ψ−) dynamics of the
Universe. The localized states follow the classical trajectories β+(α) and β−(α), so we
are naturally led to claim that the initial singularity is not removed by the canonical
quantization of the system also for a Bianchi I model. However, now the dispersion relation
contains a square root; therefore, it is no longer linear as it was for the isotropic Universe.
As a result, the wave packet spreads toward the singularity (for α→ −∞), and the localized
state cannot be extrapolated asymptotically. This fact prevents a definitive word on what
the initial singularity resembles in such a non-localized picture of the Universe. However,
we can surely claim that in the Planckian era, the Universe unavoidably becomes a fully
quantum system.

The Bianchi IX Model

The peculiarity of the Bianchi IX model lies in the chaotic dynamics near the singular-
ity; this has earned it the nickname of the Mixmaster model.

The explicit form of the potential UBIX(β±) is the following:

UBIX(β±) = 2e4β+
(

cosh
(

4
√

3β−
)
− 1
)
− 4e−2β+ cosh

(
2
√

3β−
)
+ e−8β+ . (17)

The potential walls are steeply exponential and define a closed domain with the
symmetry of an equilateral triangle [71]. These walls move outwards while approaching
the cosmological singularity due to the term e4α in front of the potential in (14) that increases
for α→ −∞.

The implementation of the ADM reduction allows to describe the Mixmaster dynam-
ics by means of the motion of a pinpoint particle, named the point-Universe, moving in
the triangular potential well. So, we solve the constraint (14) with respect to the momen-
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tum conjugate to the chosen time coordinate, here α, and then we obtain the reduced
ADM Hamiltonian:

CADM
BIX := −Pα =

√
P2
+ + P2

− + e4α3(4π)4UBIX(β±) . (18)

Because of the steepness of the walls, we can consider the point-Universe as a free
particle for most of its motion, except when a rebound against one of the three walls occurs.
So, by using the free particle approximation UBIX(β±) ∼ 0, we can derive the velocity of
the point-Universe as follows:

β′ ≡
√

β′+
2 + β′−

2 = 1 . (19)

where in this picture, the anisotropies have the role of the coordinates of the point-Universe.
On the other hand, it can be shown that the potential walls move outwards with velocity
|β′wall| =

1
2 , so a rebound is always possible. In particular, every rebound occurs according

to the following reflection law:

1
2

sin
(

θi + θ f
)
= sin θi − sin θ f , (20)

where θi and θ f are the incidence angle and the reflection one to the potential wall normal,
respectively. The maximum incidence angle results to be the following:

θmax ≡ arccos
(

1
2

)
=

π

3
, (21)

so the point-Universe always experiences a rebound against one of the three potential
walls, thanks to the triangular symmetry of the system.

In conclusion, the ADM reduction procedure in the Misner parametrization maps the
dynamics of the Mixmaster Universe into the motion of a pinpoint particle inside a closed
two-dimensional domain. The particle undergoes an infinite series of rebounds against the
potential walls while approaching the singularity, and the motion between two subsequent
rebounds is a uniform rectilinear one. Once the particle is reflected off one of the walls,
the values assumed by the constants of motion change, as well as, thus, the direction of
the particle. This way, the trajectory of the point-Universe assumes all possible directions
regardless of the initial conditions, giving rise to the chaotic behavior of the Bianchi IX
dynamics near the singularity.

3. Loop Quantum Cosmology

The name loop quantum cosmology refers to a specific quantum cosmological model, i.e.,
the quantization of the FLRW spacetime, according to the methods of LQG [46–51,72–74].
More in general, it is often also used to indicate all cosmological models that are quantized
through LQG procedures [75–86]. Note, however, that this implies that LQC is not the
cosmological sector of LQG: the internal symmetries of the formalism used to derive the
Loop quantization of general relativity do not allow the usual reduction of the Wheeler
Superspace to the cosmological minisuperspaces. However, it is possible to implement the
quantization procedure of LQG to a spacetime that is already reduced to a minisuperspace
model; this is, indeed, the scope of LQC.

In this section, we briefly introduce the formalism of kinematical LQG and show in
detail its implementation to the isotropic Universe in both the old (“standard”) and new
(“improved”) prescriptions of LQC; we also present the work that was done on the Loop
quantization of anisotropic models and then conclude with a short description of critiques
and shortcomings.
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3.1. Loop Quantum Gravity

LQG was developed in the 1990s [6–8,87–91] and remains today the best attempt at
a background-independent quantization of general relativity (GR) (for recent, more com-
prehensive reviews, see [92,93]). The requirement of background independence calls
for a reformulation of GR through new formalisms that allow this quantization process:
the formalisms of geometrodynamics and of Gauge theories.

GR was reformulated as a SU(2) Gauge theory by Ashtekar [5,94] by performing a
3 + 1 splitting of spacetime and using as fundamental conjugate variables a connection
Ai

a and an electric field Ea
i , which take values in the Lie algebra su(2) of SU(2). The

symmetry group is generated by the local SU(2) gauge transformations that leave points
of the manifold invariant, and the theory is covariant with respect to diffeomorphisms.
The constraints represent the simplest covariant functions that contain (Ai

a, Ea
i ) at most,

quadratically, and that do not reference any background quantity:

Gi = DaEa
i = 0, DaEa

i = ∂aEa
i + εk

ij A
j
aEa

k , (22a)

CLQC
a = Eb

i Fi
ab = 0, Fi

ab = 2∂[a Ai
b] + εi

jk Aj
a Ak

b, (22b)

CLQC = ε
ij
k Ea

i Eb
j Fk

ab = 0, (22c)

which are respectively the Gauss constraint (generator of the SU(2) rotations), the diffeo-
morphism constraint (generator of spatial diffeomorphisms) and the scalar Hamiltonian
constraint (generator of time evolution).

Before moving on to quantization, the canonical fields (Ai
a, Ea

i ) must be appropriately
smeared, also because it is not possible to construct an operator corresponding to the
connection [87]. This smearing is achieved, defining holonomies of the connections along
an edge ` and fluxes of the electric field across a bidimensional surface S:

h`[A] = P exp
(∫

`
Ai

aτid`a
)

, ΦS[E] =
∫

S
Ea

i τidSa, (23)

where τi are the SU(2) generators. Note that the holonomies have a one-dimensional
support; their trace for a closed edge results in the so-called Wilson loop that gives the
theory its name.

Now, the quantum kinematics is obtained by promoting these objects to operators and
defining their commutator; a very important consequence of the requirement of background
independence, i.e., of diffeomorphism invariance, is that the holonomy-flux algebra results
in having a unique representation and, therefore, a unique Hilbert space Hkin. This is
called a spin network space, defined as a graph Γ, made of a finite number L of edges (each
with a half-integer spin-quantum number jL) and a finite number n of nodes (each with
an intertwiner in). The basis vectors of this Hilbert space are, therefore, spin network states
denoted as |S〉 = |Γ, jL, in〉; wave functions on the spin network are cylindrical functionals
ΨΓ[A] = ψ(h`1 [A], h`2 [A], . . . , h`L [A]), which depend on the connections only through
holonomies and are square-integrable with respect to the Haar measure.

A key result of the kinematical framework of LQG is the quantization of the geomet-
rical operators of area and volume. For example, the area operator and its action on a
functional can be defined through the flux operator (23), and the eigenvalues result in
being dependent on how many edges of Γ intersect the considered surface. In particular,
the smallest non-zero eigenvalue of the area operator is a constant quantity depending on
fundamental constants and on the Immirzi parameter only; it is called the area gap ∆, and is
a key parameter of the theory. Note that this result is purely kinematical [7,8,90].

The dynamics is derived through the implementation of the operators corresponding
to the constraints (22); in order to do this, they must first be expressed in terms of the
fundamental variables, i.e., holonomies and fluxes, and then quantized, usually through
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the Dirac procedure [67]. We will not implement the dynamics here, but will show the
procedure directly in the cosmological sector of the following sections.

3.2. Standard Loop Quantum Cosmology

We now introduce the “old” procedure to implement the quantization methods of LQG
on the homogeneous and isotropic FLRW model [46–48]. Note that the Gauss constraint
(22a) and the diffeomorphism one (22b) are automatically satisfied by the symmetries of
the model; therefore, we have to deal only with the scalar constraint (22c) which will be
given the suffix “grav” to distinguish it from the matter Hamiltonian Cφ.

3.2.1. Classical Phase Space

The standard classical procedure in a flat, isotropic, open model is to introduce an
elementary cell V and restrict all integrations to its volume V0 calculated with respect to
a fiducial metric 0qab. Given the symmetries of the model, the gravitational phase space
variables (Ai

a, Ea
i ) can be expressed as follows:

Ai
a = c V−

1
3

0
0ωi

a, Ea
i = p V−

2
3

0

√
det(0qab)

0ea
i , (24)

where (0ωi
a,0 ea

i ) are a set of orthonormal co-triads and triads adapted to V and compatible
with 0qab. Therefore, the gravitational phase space becomes two-dimensional with funda-
mental variables (c, p), defined to be insensitive to (positive) rescaling transformations of
the fiducial metric and whose physical meaning is obtained through their relation with the
cosmic scale factor a(t): c ∝ ȧ, |p| ∝ a2. The fundamental Poisson brackets are independent
on the fiducial volume V0 and are given by the following:

{c, p} = γ

3
. (25)

This is the classical cosmological phase space that constitutes the starting point of LQC.

3.2.2. Kinematics

The quantum theory is constructed, following Dirac, by firstly giving a kinematical
description through the identification of elementary observables that have unambiguous
operator analogs. LQC can be constructed following the procedure of the full theory:
the elementary variables of LQG are holonomies of the connections and fluxes of the fields,
and their natural equivalent in this setting are holonomies hλ along straight edges (λ 0ea

k)
and the momentum p itself. Since the holonomy along the ith edge is given by

hλ
i (c) = cos

λc
2

I+ 2 sin
λc
2

τi, (26)

where I is the identity matrix, the elementary configurational variables can be taken to be
the almost periodic functions Nλ(c) = ei λc

2 and the momentum p.
The Hilbert space Hkin

grav is the space L2(RB, dµH) of square integrable functions on
the Bohr compactification of the real line endowed with the Haar measure. It is convenient
to work in the p-representation, in which eigenstates of p̂ are kets |µ〉 labeled by a real
number and are orthonormal; the fundamental variables are promoted to operators acting
as follows:

N̂λ(c)|µ〉 = êi λc
2 |µ〉 = |µ + λ〉, (27a)

p̂|µ〉 = γ

6
µ |µ〉. (27b)

3.2.3. Dynamics

The dynamics is defined by the introduction of an operator onHkin
grav corresponding

to the Hamiltonian constraint CLQC
grav shown in (22c). Given the absence of the operator ĉ,
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this must be done by returning to the integral expression of the constraint and express-
ing it as function of our fundamental variables before quantization. The gravitational
Hamiltonian constraint of GR in the flat case becomes the following:

CLQC
grav = − 1

γ2

∫
V

d3x N ε
jk
i Fi

ab e−1 Ea
j Eb

k , (28)

where e =
√
|det E|, Ni = 0 due to isotropy, and N does not depend on spatial coordinates

so it can be set to 1 without loss of generality. Using the Thiemann strategy [95], the term
ε

jk
i e−1 Ea

j Eb
k can be written as follows:

∑
k

4sgn(p)

γλV
1
3

0

0εabc 0ωk
c Tr

(
hλ

k

{
(hλ

k )
−1, V

}
τi

)
, (29)

where V = |p|
3
2 is the volume function on the phase space; for the field strength Fi

ab we

follow the standard strategy used in gauge theory of considering a square of side λ V
1
3

0 in
the ij plane spanned by two of the triad vectors and defining the curvature component
as follows:

Fk
ab = −2 lim

λ→0
Tr

hλ
ij − 1

λ2 V
2
3

0

 τk 0ωi
a

0ω
j
b, (30)

where the holonomy around the square is simply the product of the holonomies along its
sides: hλ

ij = hλ
i hλ

j (h
λ
i )
−1(hλ

j )
−1.

Given these expressions, the gravitational constraint can be written as the limit of
a λ-dependent constraint that is now expressed entirely in terms of holonomies and p,
and can therefore be now promoted to the operator as follows:

CLQC
grav = lim

λ→0
Cλ

grav, (31)

Cλ
grav = −4 sgn(p)

γ3λ3 ∑
ijk

εijk Tr
(

hλ
ij

{
(hλ

k )
−1, V

})
, (32)

Ĉλ
grav =

24i sgn(p)
γ3λ3 sin2(λc) Ô(λ), (33)

Ô(λ) = sin
λc
2

V̂ cos
λc
2
− cos

λc
2

V̂ sin
λc
2

, (34)

where the action of the volume operator (acting simply as |̂p|
3
2 ), of the holonomy operators

and of sine and cosine functions can be easily derived from (27). Note that in the promotion
of the Hamiltonian constraint to a quantum operator, a specific discretization choice is
made among many possibilities. This is a delicate point for the derivation of LQC, and as
explained in later sections, it is addressed in [16,96].

Now, in LQC, the limit λ→ 0 does not exist by construction. This can be interpreted
as a reminder of the underlying quantum geometry, where the area operator has a discrete
spectrum with a smallest non-zero eigenvalue corresponding to the area gap ∆. It is,
therefore, incorrect to let λ go to zero because in full LQG, the area of the ij square
cannot be zero; as a consequence, λ must be set to a fixed positive value µ0 that can be
appropriately related to the area gap by considering that the holonomies are eigenstates of
the area operator Â = |̂p| and demanding that the eigenvalue be exactly equal to ∆:

Â hµ0
ij (c) =

γµ0

6
hµ0

ij (c) = ∆ hµ0
ij (c). (35)

The operator corresponding to the Hamiltonian constraint can be now defined as the
λ-dependent operator (33) with λ = µ0:
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ĈLQC
grav = Ĉµ0

grav. (36)

The final step is to make this operator self-adjointed by either taking its self-adjoint
part or by symmetrically redistributing the sine operator as follows:

ĈLQC(1)
grav =

1
2

(
ĈLQC

grav + (ĈLQC
grav )

†
)

, (37a)

ĈLQC(2)
grav =

24i sgn(p)
γ3µ3

0
sin(µ0c) Ô(µ0) sin(µ0c). (37b)

The Ashtekar school uses the second one, but both are equivalent and yield similar results.
Now we can introduce matter in the form of a massless scalar field φ obeying an

Hamiltonian constraint of the following form:

Ĉφ =
̂
|p|−

3
2 P̂2

φ, (38)

where Pφ is the momentum conjugate to φ. Physical states Ψ(µ, φ) are the solutions of the
total constraint as follows:

(ĈLQC
grav + Ĉφ)Ψ(µ, φ) = 0. (39)

In the classical theory, the field does not appear in the matter part of the Hamiltonian;
this leads to its conjugate momentum Pφ being a constant of motion and to φ being
able to play the role of emergent internal time. In quantum cosmology in general, this
choice of relational time is the most natural one because near the classical singularity, a
monotonic behavior of φ as a function of the isotropic scale factor a(t) always appears.
The constraint (39) can then be considered an evolution equation with respect to this
internal time φ and can be recast in a Klein–Gordon-like form, thus allowing for the
usual separation into positive and negative frequency subspaces. Once that is done, the
procedure to extract physics from the model is: to introduce an inner product on the
space of solutions of the constraint to obtain the physical Hilbert space Hphy; to isolate
classical Dirac observables to be promoted to a self-adjoint operator onHphy; to use them to
construct wave packets that are semiclassical at late times; and to evolve them backwards
in time using the constraint itself.

After the internal time procedure, the constraint (39) takes the following form:

∂2Ψ
∂φ2 =

1
B

(
C+(µ)Ψ(µ + 4µ0, φ) + C0(µ)Ψ(µ, φ) + C−(µ)Ψ(µ− 4µ0, φ)

)
= −Θ(µ)Ψ(µ, φ), (40)

C+(µ) = 1

72|µ0|3
∣∣∣|µ + 3µ0|

3
2 − |µ + µ0|

3
2

∣∣∣, (41a)

C−(µ) = C+(µ− 4µ0), (41b)

C0(µ) = −C+(µ)− C−(µ), (41c)

where B = B(µ) is the eigeinvalue of the inverse volume operator appearing in the matter
constraint (38):

̂
|p|−

3
2 Ψ(µ, φ) =

(
6
γ

) 3
2

B(µ), (42a)

B(µ) =
(

2
3µ0

)6(
|µ + µ0|

3
4 − |µ− µ0|

3
4
)6

. (42b)

The operator Θ(µ) on the right-hand side of (40) is a difference operator, as opposed
to the differential character of the operator that appears in the equivalent equation of the
WDW theory [1–3]. This allows for the space of physical states to be naturally superselected
into different sectors that can be analyzed separately.
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In the choice of observables, classical considerations are helpful: it is possible to choose
the conjugate momentum to the field since it is a constant of motion, and the value of p at a
fixed instant φ0. The set (Pφ, p|φ0) uniquely determines a classical trajectory; therefore, it
constitutes a complete set of Dirac observables in the quantum theory. The operators act
as follows:

|̂p|φ0
Ψ(µ, φ) = ei

√
Θ(µ) (φ−φ0) |µ|Ψ(µ, φ0), (43a)

P̂φΨ(µ, φ) = −i
∂Ψ(µ, φ)

∂φ
, (43b)

where Ψ(µ, φ0) is the initial configuration, i.e., the wave function calculated at a fixed initial
time φ0 and the absolute value |µ| is due to the fact that states are symmetric under the
action of the parity operator Π̂.

The evolution of wave packets is then carried out numerically. In the following, we
briefly summarize the results that are relevant for the resolution of the singularity. For a
more detailed analysis of all resulting properties, see [47,48].

• Singularity resolution: an initially semiclassical state remains sharply peaked around
the classical trajectories and the expectation values of the Dirac observables are in good
agreement with their classical counterparts for most of the evolution when coherent
states are considered. However, when the matter density approaches a critical value,
the state bounces from the expanding branch to a contracting one with the same value
of
〈

P̂φ

〉
, as shown in Figure 1. This occurs in every sector and for any choice of Pφ � 1,

universally solving the singularity by replacing the Big Bang with a Big Bounce.
• Critical density: the critical value of the matter density results in being inversely

proportional to the expectation value
〈

P̂φ

〉
and can, therefore, be made arbitrarily

small by choosing a sufficiently large value for Pφ. This fact, besides being physically
unreasonable because it could imply departures from the classical trajectories well
away from the Planck regime, becomes even more problematic in the case of a closed
model: the point of maximum expansion depends on Pφ as well. In order to have a
bounce density comparable with that of Planck, a very small value is needed, but in
that case, the Universe would never become big enough to be considered classical; on
the other hand, a closed Universe that grows to become classical needs a large value
of Pφ but would have a bounce density comparable with, for example, that of water.

This framework, although it successfully solves the singularity, has, therefore, a very
important drawback and needs to be substantially improved.

Figure 1. Expectation values and dispersion of |µ| (red horizontal bars) in terms of µ0 as function of
time ϕ for a coherent state, compared with classical trajectories (green dashed lines). Image from [48].
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3.3. Improved Loop Quantum Cosmology

In this section, we present the new scheme introduced by the Ashtekar school in [49,50]
that improves on the standard LQG procedure.

The idea is that the quantization of the area operator must refer to physical geometries.
Therefore, when performing the limit (31) needed to construct the gravitational constraint,
we should shrink the ij square until its area reaches ∆ as measured with respect to the
physical metric instead of the fiducial one. The area of the faces of the elementary cell is
simply |p|, and each side of the square is λ times the edge of the cell; with this consideration,
the parameter λ now becomes a function µ̄(p) given by the following:

µ̄2 |p| = ∆. (44)

This means that the curvature operator now depends both on the connection and the
geometry, whereas with the previous µ0 scheme, it depended on the connection only. As a
consequence, more care is needed in the definition of the exponential operator because
now, ei µ̄c

2 depends also on p.
By using geometric considerations, we can make a comparison with the Schrödinger

representation and set the following:

êi µ̄c
2 Ψ(µ) = eµ̄ d

dµ Ψ(µ), (45)

i.e., the exponential operator translates the state by a unit affine parameter distance along
the integral curve of the vector field µ̄ d

dµ . The affine parameter along this vector field is
given by the following:

ν = K sgn(µ) |µ|
3
2 , (46)

with K = 2
√

2
3
√

3
√

3
. Since ν(µ) is an invertible and smooth function of µ, the action of the

exponential operator is well-defined; however, its expression in the µ-representation is
very complicated because the variable µ is not well-adapted to the vector field µ̄ d

dµ . It is
therefore useful to change the basis from |µ〉 to |ν〉; in this representation, the action of the
exponential operator takes the following extremely simple form:

êi µ̄c
2 Ψ(ν) = Ψ(ν + 1). (47)

The kets |ν〉 still constitute an orthonormal basis onHkin
grav and are eigenvectors of the

volume operator:

V̂|ν〉 =
(γ

6

) 3
2 |ν|

K
|ν〉. (48)

The gravitational constraint can now be constructed in the same way as before.
The matter constraint has the same form (38) of the standard case; therefore, it is

sufficient to express the inverse volume eigenvalues (42b) in terms of ν:

B(ν) =
(

3
2

)3
K |ν|

∣∣∣|ν + 1|
1
3 − |ν− 1|

1
3

∣∣∣3. (49)

Repeating the same steps of the standard case, the total constraint can again be
expressed as a difference operator but this time in terms of ν:

∂2Ψ
∂φ2 =

1
B

(
C+(ν)Ψ(ν+ 4, φ)+ C0(ν)Ψ(ν, φ)+ C−(ν)Ψ(ν− 4, φ)

)
= −Θ(ν)Ψ(ν, φ), (50)

C+(ν) = 3K
64
|ν + 2|

∣∣∣|ν + 1| − |ν + 3|
∣∣∣, (51a)
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C−(ν) = C+(ν− 4), (51b)

C0(ν) = −C+(ν)− C−(ν). (51c)

The old operator Θ(µ) in (40) involves steps that are constant in the eigenvalues of
p̂, while the new one Θ(ν), called improved constraint, involves steps that are constant in
eigenvalues of the volume operator V̂. In the |µ〉 basis, these steps vary, becoming larger
for smaller µ and diverging for ν = 0; however the constraint is well-defined since the
operators acting on the state |ν = 0〉 are well-defined as well.

Regarding the Dirac observables, it is sufficient to substitute p|φ0 with the volume
ν|φ0 , and the set (Pφ, ν|φ0) is again complete. Therefore, the action of the correspondent
operators is

|̂ν|φ0
Ψ(ν, φ) = ei

√
Θ(ν) (φ−φ0) |ν|Ψ(ν, φ0), (52a)

P̂φΨ(ν, φ) = −i
∂Ψ(ν, φ)

∂φ
. (52b)

After numerical calculations, the improved framework yields the following results.

• Singularity resolution: also in this case, the states remain sharply peaked throughout
all the evolution, and the expectation values of the Dirac observables calculated on
coherent states follow the classical trajectory up to a critical value of the energy density;
when that value is approached, the states jump to a contracting branch and undergo
a quantum bounce instead of following the classical trajectory into the singularity,
as shown in Figure 2.

• Critical density: the real improvement of the new scheme is that the numerical value
of the bounce density is independent of

〈
P̂φ

〉
and is the same in all simulations, given

by ρcrit ≈ 0.82ρP. The behavior of the energy density was also studied independently
from the evolution of wave packets by analyzing the evolution of the density operator
defined as follows:

ρ̂φ =

(̂
P2

φ

2V2

)
, (53)

and it was found that in all quantum solutions, the expectation value
〈
ρ̂φ

〉
is bounded

from above by the same value ρcrit.

Figure 2. Expectation values and dispersion of v as function of time ϕ (horizontal bars) for a coherent
state, compared with the classical trajectories (dashed lines). Image from [49].
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It is shown that the absolute value of the critical density is not modified even when a
non-zero cosmological constant is included in the model [49]. The physical understanding
of this phenomenon is given by an effective description obtained through a semiclassi-
cal limit.

The improved scheme is able to overcome the main weakness of old standard LQC
through a physically motivated modification in the construction procedure of the quantum
gravitational constraint. This is the model currently referred to when talking about LQC
and on which all subsequent literature is based. Indeed, this model has allowed for a series
of phenomenological predictions; they are not part of the aim of this paper, but we present
some examples below.

The µ̄ scheme made it possible to perform thermodynamical analyses where the Loop-
quantized FLRW model is considered a thermodynamical system, and the energy density
and pressure are given a precise thermodynamical meaning [97,98]; the computations for
the duration of the inflationary de Sitter phase give results consistent with the minimum
amount of e-folds necessary to solve the paradoxes (although slightly higher, depending
on some parameters, such as the shear at the Bounce in anisotropic models), predict a
phase of deflation in the contracting branch and also allow the extension of the standard
inflationary paradigm from the Planck scale up to the onset of slow roll inflation, yielding
novel effects, such as non-Gaussianities [99–104]. Most importantly, the improved scheme
allows for a computation of the primordial power spectrum through two main methods:
in the first, the implementation of holonomy corrections as a deformed algebra yields a
slightly blue-tilted scale invariant spectrum followed by oscillations and an exponential
behavior in the ultraviolet [105,106]; in the other, a test field approximation is used such
that the evolution of tensor modes on any background quantum geometry is completely
equivalent to that of the same modes propagating on a smooth but quantum-corrected
metric called “dressed metric”, and it is able to recover the red-titled ultraviolet power
spectrum of classical cosmology [99,107]. For a more detailed comparison between the two
methods, see [108–110].

3.4. Effective Dynamics

The semiclassical limit of LQC, i.e., the inclusion of quantum corrections in the clas-
sical dynamics, can be obtained through a geometric formulation of quantum mechanics
where the Hilbert space is treated as an infinite-dimensional phase space [21]. In simpler
cases with coherent states that are preserved by the full quantum dynamics, the resulting
Hamiltonian coincides with the classical one; however, in more general systems it is possi-
ble to choose suitable semiclassical states that are preserved up to a desired accuracy (e.g.,
in a h̄ expansion), and the corresponding effective Hamiltonian preserving this evolution is
generally different from the classical one [111].

3.4.1. Effective µ0 Scheme

In our model with a massless scalar field, the leading order quantum corrections yield
an effective Hamiltonian constraint for the µ0 scheme in the following form:

Cµ0
eff
2

= − 3
γ2µ2

0
|p|

1
2 sin2(µ0c) +

1
2

B(µ)P2
φ, (54)

where B(µ) is given by (42b) and for µ� µ0 can be approximated as follows:

B(µ) =
(

6
γ

) 3
2
|µ|−

3
2

(
1 +

5
96

µ2
0

µ2 + O
(µ4

0
µ4

))
. (55)
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Since quantum corrections are significant only in the quantum region near µ = 0, we
can ignore them and, through Hamilton equations, obtain a modified Friedmann equation:

H2 =

(
ṗ

2p

)2
=

1
3

ρ

(
1− ρ

ρcrit

)
, (56a)

ρ
µ0
crit =

(
3

γ2µ2
0

) 3
2 √2

Pφ
. (56b)

As in the full quantum dynamics, the critical density at the bounce is inversely
proportional to the value of the constant of motion Pφ.

3.4.2. Effective µ̄ Scheme

Applying the same procedure to the µ̄ scheme, the improved effective Hamiltonian
reads as follows:

C µ̄
eff
2

= − 3
γ2µ̄2 |p|

1
2 sin2(µ̄c) +

1
2

B(ν)P2
φ, (57)

where B(ν) is the eigenvalue of the inverse volume operator expressed in terms of ν as
given by (49). Again, for |ν| � 1, B(ν) quickly approaches its classical value:

B(ν) =
(

6
γ

)3/2 K
|ν|

(
1 +

5
9

1

|ν|2
+ O

( 1

|ν|4
))

. (58)

Neglecting the higher order quantum corrections as before and given that the Poisson
bracket between ν and c is easily derived from (25), the modified Friedmann equation in
this case is as follows:

H2 =

(
ν̇

3ν

)2
=

ρ

3

(
1− ρ

ρcrit

)
, (59a)

ρ
µ̄
crit =

4
√

3
γ3 . (59b)

The critical density does not depend on Pφ anymore, and that is the main reason for
which the improved model is much more appealing than the standard one.

3.5. Loop Quantization of the Anisotropic Sector

Let us now show the work that was done on the implementation of the LQG quanti-
zation procedures to the anisotropic sector of cosmology, i.e., to the Bianchi models. The
classical phase space in this case is six-dimensional since there are three spatial directions
that evolve independently (i.e., three different scale factors a1(t), a2(t), a3(t)); therefore,
in the Hamiltonian formulation, the fundamental variables will be (ci, pi) with i = 1, 2, 3
where the momenta ci are dependent on the velocities ȧi while the variables pi are propor-
tional to the (comoving) areas perpendicular to the direction i: |pi| ∝ ajak with i 6= j 6= k.
We will briefly present the results obtained by Ashtekar and Wilson-Ewing on the improved
method of Loop quantization of the Bianchi type I, II and IX models [79–81]; their work
simplifies and improves the previous analyses on the Loop quantum homogeneous models
by Bojowald [75–78].

3.5.1. Bianchi Type I

The Bianchi type I model corresponds to the simplest anisotropic model; its classical
Hamiltonian constraint in the Ashtekar variables reads as follows:

CBI = −
1

γ2V ∑
i 6=j

ci picj pj, (60)



Universe 2021, 7, 327 19 of 55

where V = a1a2a3 =
√
|p1 p2 p3| is the Universe volume. The Hamiltonian equations yield

a system of six coupled differential equations that can be easily solved by recognizing
that the quantities Ki = ci pi are constants of motion. The solution in the void case is
the famous Kasner solution where ai(t) ∝ tki , where ki are the constant Kasner indices
that obey ∑i ki = ∑i k2

i = 1 [112]; usually, these indices are parametrized through a
variable u ∈ (1,+∞). Repeating the procedure of the isotropic sector, we introduce matter
in the form of a scalar field φ obeying a Hamiltonian similar to (38) and playing the
role of relational time; then, we quantize the system according to the Dirac procedure,
following [79].

Now, when implementing the µ̄ scheme, we are naturally induced to use three different
parameters µ̄i relating to the three different directions. An analogous reasoning to the
previous section yields the following:

µ̄iµ̄j =
∆
|pk|

=⇒ µ̄i =

√
∆
|pi|∣∣pj pk

∣∣ (61)

with i 6= j 6= k. This implies that, when constructing the holonomies and extracting the

operators corresponding to the quasi-periodic functions
̂
ei µ̄i ci

2 , their action would depend
on all the pj and be unmanageable. A solution can be obtained using a generalization

of (44), i.e., µ̄i =
√

∆
|pi |

so that it could be possible to define volume-like variables νi ∝ |pi|
3
2

and implement the operators as in (47):
̂
ei µ̄i ci

2 Ψ(νi, νj, νk) = Ψ(νi + 1, νj, νk). This process
allows to find the quantum dynamics of the three spatial directions separately, and each
results to be a copy of the isotropic model; however, the description of the evolution of the
whole model is not viable in this framework.

In order to keep the correct expression (61) of the parameters µ̄i, a new representation
was developed through the introduction of dimensionless variables qi ∝ sgn(pi)

√
|pi|;

this allows for the definition of a new basis in Hkin
grav comprised of vectors that are still

eigenvectors of the operators pi, and the action of the exponential operators depend on
these variables:

̂
ei µ̄i ci

2 Ψ(qi, qj, qk) = Ψ(qi +
sgn(qi)

qjqk
, qj, qk). (62)

Note how the shift along the qi direction depends on qj and qk. In order to make this
more manageable, there is a further possible substitution: to define a volume variable
ν ∝ q1q2q3 and use a basis |q1, q2, ν〉 (note that it is possible substitute any of the qi with ν
and obtain the same results). This way, after some calculations, it is possible to write the
action of the Hamiltonian gravitational constraint as dependent only on the volume: it will
give a combination of shifted wave functionals of the following form:

Ψ( f1(ν)q1, f2(ν)q2, ν± 4) (63)

where f1(ν), f2(ν) are simple rescaling functions of ν. This is more easily comparable with
the dynamics of the isotropic model; indeed, it is possible to construct a projection that
maps the anisotropic wave functional Ψ(q1, q2, ν) into the isotropic state Ψ(ν) of previous
sections, as well as making the gravitational constraints become the same.

Finally, let us address the issue of singularity resolution. It is possible to decompose
the Hilbert space in the two subspaces Hgrav

singular and Hgrav
regular, where the first contains all

states with support on points with ν = 0, and the second contains the states without;
since all terms in the gravitational constraint contain a factor proportional to a power of
ν (depending on the chosen factor ordering), the two subspaces are invariant under time
evolution and remain decoupled. Therefore, a state that starts as regular will remain regular
throughout all its evolution; in this sense, the singularity is avoided. This behavior is again
captured by the effective dynamics that predicts the classical Kasner solution away from
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the singularity and a Bounce in the Planck regime that jumps to the contracting branch in a
similar way to the isotropic model. However, in this case, we need to keep track also of the
three Hubble functions Hi that undergo different Bounces separately; still, for conclusive
evidence that this effective evolution correctly reproduces the exact quantum dynamics,
one would need numerical simulations of the exact quantum model.

3.5.2. Bianchi Type II

The Bianchi type II model augments the Bianchi I with a curvature term (coming from
the full expression of the connection) and the introduction of a potential along only one
direction (here the direction 1). Its classical Hamiltonian constraint is as follows:

CBII = CBI + Ccurv
BII + UBII, (64a)

Ccurv
BII = − 1

γ2V
ε p2 p3c1, (64b)

UBII =
1 + γ2V

γ2
p2

2 p2
3

4p2
1

, (64c)

where ε = ±1 is an internal pseudoscalar parametrizing the orientation of the triad.
The classical dynamics is comprised of two different Kasner epochs bridged by a transition
that changes the value of the Kasner indices [112]; in terms of the variable u introduced
before, the second Kasner epoch is parametrized by u2 = u1 − 1, where u1 is the value of
the first epoch.

When implementing the quantization procedure, it is possible to follow the same steps
of Bianchi I, but more care is needed for the new terms that appear in the constraint [80].
In particular, after the implementation of the µ̄ scheme through (61) and the definition of

the variables qi, the term Ccurv
BII contains a power |p1|−

1
2 , that usually becomes |p1|−

1
4 after

a symmetric factor ordering; this is handled through a variation of the Thiemann inverse
triad identities [95], that in the qi representation yield the following:

̂
|p1|−

1
4 |q1, q2, q3〉 ∝ sgn(q1)

√
|q2q3| g(ν, q2, q3) |q1, q2, q3〉, (65a)

g(ν, q2, q3) =
√

ν + sgn(q2q3) −
√

ν− sgn(q2q3). (65b)

On the other hand, the term UBII contains only a power |̂p1|−2 whose action can be
simply defined as the eighth power of the operator (65). This form suggests that, in this
case, the simplest representation is to substitute ν to q1 and use the basis |ν, q2, q3〉.

The quantum dynamics of the Bianchi II model is analogous to that of Bianchi I (and
therefore of FLRW) because the regular and singular Hilbert spaces decouple in this model
as well, and a state that starts away from ν = 0 will never reach it. Far from the singularity,
the classical dynamics of the two bridged Kasner-like solutions is recovered, while near the
Planck regime, there is a Bounce that joins with the contracting branch.

3.5.3. Bianchi Type IX

The Bianchi type IX is the most complex homogeneous model (together with type
VIII). The Hamiltonian is as follows:

CBIX = CBI + Ccurv
BIX + UBIX, (66a)

Ccurv
BIX = − ε

γ2V
(c1 p2 p3 + c2 p3 p1 + c3 p1 p2), (66b)

UBIX =
1

γ2V

(
p2

2 p2
3

4p2
1
+

p2
1 p2

3
4p2

2
+

p2
1 p2

2
4p2

3
−

p2
1 + p2

2 + p2
3

2

)
; (66c)
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the classical dynamics is a chaotic evolution from one Kasner solution to the next, each chang-
ing the Kasner indices and each closer in time to the next, until the singularity is reached.
In terms of u, each transition from one Kasner epoch (with a specific value of u) to an-
other one lowers the previous value by 1, until a value u1final < 1 is reached that puts
an end to the first Kasner era; at that point, the following epoch starts a second era with
u2init = u−1

1final
and again each transition lowers the previous value of u by 1. The cycle

continues indefinitely toward the singularity, giving rise to the same chaotic evolution that
appears in the point-Universe description outlined in Section 2.3. However, chaos is tamed
when introducing matter in the form of a massless scalar field φ (which is exactly what is
done in order to implement the quantization procedure): the Friedmann equation becomes
asymptotically velocity-term dominated (AVTD), so that a standard Kasner-like dynamics
is recovered, and the singularity is approached through a single, stable Kasner epoch.

The quantization procedure is the same as the other models. The scalar field plays
the role of relational time. The µ̄i are defined as in (61), and we introduce the variables
(q1, q2, q3) and then change to (q1, q2, ν) so that the action of the gravitational constraint
involves constant shifts in ν and rescalings of qi dependent only on ν (note that in this
model the symmetries are in place again, so any qi could be substituted with ν); the singular
and regular Hilbert spaces decouple and the singularity is still solved.

We must now address the issue of chaoticity. It can be shown that already for the
classical dynamics, the presence of the scalar field tames the chaos [113]; this is true
also in the quantum model, as long as the AVTD regime is reached before the quantum
gravitational effects become relevant, but if the value of the momentum conjugate to the
scalar field is too small, this will not happen. However one could argue that the quantum
gravity effects giving rise to the Bounce make it so that the model evolves away from the
high curvature region toward the classical contracting branch, and there is not a sufficient
number of Kasner epochs for chaos to appear before the AVTD regime is unavoidably
reached, even if this happens after the Bounce. Further arguments for the removal of
chaos in the Loop quantum Bianchi type IX model are given in [76–78]. Still, numerical
simulations of the complete quantum system are needed in order to give a definitive word
on the chaoticity of these models.

3.6. Criticisms and Shortcomings of LQC

Over the years, many criticisms have been made on the LQC framework, mainly about
the following points: whether the Bounce can be regarded as a semiclassical phenomenon
or must be considered a purely quantum effect; the fact that the quantum dynamics is not
derived by a symmetry reduction of the full LQG theory, but by quantizing cosmological
models that are reduced before quantization; the use of the area gap as a parameter to
construct the dynamics of the reduced theory and its effective description. In this section,
we briefly summarize these issues.

As already mentioned, LQC is not the cosmological sector of LQG, but rather the
implementation of the latter’s quantization procedures on a cosmological spacetime; a good
symmetry reduction of full LQG would require that some degrees of freedom be frozen out,
but this procedure conflicts with the quantum character of the SU(2) variables. The spatial
geometry of a cosmological spacetime is fixed, and during the quantization on invariant
variables, any kind of spatial structure, such as the possibility to perform local SU(2)
transformations, is lost. Furthermore, as it is well known, in LQG the implementation of
the scalar constraint is not yet a viable task [11], and it is worth noting how this problem is
somehow bypassed in LQC, where the dynamics for the cosmological models is constructed;
however, this procedure is far from being completely clear. Another way to see the problem
of the SU(2) symmetry is that the resulting algebra on the reduced model is different
from the holonomy-flux algebra of the full theory; therefore, LQC is not equivalent to
LQG [15]. Taking this a step further, in [16], it is claimed that the resulting algebra of LQC
has several different representations, among which the Ashtekar school implicitly chooses
the one that favors bouncing solutions, while in [96], it is argued that the mechanism for
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the resolution of the singularity lies in the regularization of the constraint rather than in
the quantization procedure itself (and indeed the singularity in LQC is avoided already at
a semiclassical level). Alternatively, in [17] an SU(2)-invariant gauge fixing is considered,
which yields a modified holonomy-flux algebra that reproduces the original one of LQG
only when holonomies are evaluated along the triad vectors; the quantization procedure
is then performed according to the full theory, and the resulting model is a quantum
cosmology that manages to better preserve the SU(2) structure. A different approach
to derive a consistent description of the Loop quantum cosmological sector is provided
in [114], where through the introduction of local patches, it is possible to define local
cosmological variables that properly take into account the presence and the properties in
full LQG of both holonomy corrections and inverse-volume operators. Another interesting
and more developed approach that tries to solve this problem is that of quantum reduced
loop gravity (QRLG). In this approach, inspired by the criticisms in [15,17], some gauge-
fixing conditions are implemented on the kinematical Hilbert space of LQG that restrict
the full gravitational model to a diagonal metric tensor and to diagonal triads; then, the
cosmological reduction is performed by considering only that part of the scalar constraint
that generates the evolution of the homogeneous part of the metric. Finally, the dynamics
is obtained by performing a cubation (instead of a triangulation) on the reduced spin-foam
graphs. This way, QRLG gives a quantum description of the Universe in terms of a cuboidal
graph and it provides a framework for deriving the cosmological setting from full LQG.
For a more detailed presentation, see [115–120]. In this context, also the formalism of group
field theory (GFT) for quantum gravity contributes to clarify the link between the effective
cosmological equations and LQC when applied to the cosmological sector. In this approach,
the effective cosmological dynamics emerges as an hydrodynamic-like approximation of
the multi-condensate quantum states, i.e., the fundamental quantum gravitational degrees
of freedom. In particular, a second order quantization and the basis to the idea of lattice
refinement are provided, showing the dependence of the effective cosmological connection
on the number of spin network vertices (a quantity of a purely quantum origin) and thus,
on the scale factor. For more details regarding the GFT cosmology and the emergent
bouncing dynamics, see [121–125].

Another problem that is often raised, linked to the previous one, is that an external
parameter fixing the discretization scale must be introduced from the full theory by hand
because LQC is derived independently from LQG; this leads to some issues. For example,
in [16] it is stated that an effective description will have a scale of validity (given by the
area gap itself), while the Ashtekar school uses the same effective equations across very
different regimes (namely, it follows the evolution of a wave packet from the classical
regime up to the Planck region near the singularity; this is connected also to the issue about
the nature of the Bounce.

LQG and LQC attempt to provide a promising framework for a quantum mechanical
description of general relativity and of cosmological models, but as outlined in this section,
both—the latter in particular—need to be substantially improved.

A good achievement toward this goal is the formulation of polymer quantum mechan-
ics (PQM), a new quantum mechanical framework that is able to reproduce LQC effects but
can be derived independently from LQG and is much more versatile and easily applicable
to any Hamiltonian system. Its implementation on the cosmological minisuperspaces is
the focus of the next sections.

4. Polymer Cosmology

The power of the polymer formulation stands in its capability of introducing regu-
larization effects typical of the LQG quantum gravity approach by means of a simpler
mathematical framework with respect to the LQC theory. Therefore, its employment in
the cosmological sector has great relevance in trying to overcome the singularity issue
of GR and making also a comparison with the LQC main results regarding the presence
of an initial Big Bounce and its properties. In this sense, the principal feature of the
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polymer approach is making clear that the properties of the cosmological dynamics are
strongly dependent on the set of variables on which the polymer quantization is imple-
mented [27,34,38,42,44,45].

In this section, we focus on the main applications of the polymer formulation to the
FLRW [44], Bianchi I [45] and Bianchi IX models [38,42] that represent the main cosmo-
logical scenarios on which the polymer-modified dynamics of the primordial Universe
are tested. We will start with a discussion on the main results obtained by treating the
polymer quantization of these models in the Ashtekar variables, that constitute the setting
more connected to the original LQC formulation from which the polymer formulation
is derived. Indeed, as originally affirmed by Ashtekar in [126], at the Planck scale, the
implementation of LQG shows that quantum geometry has a close similarity with polymers
and that the continuum picture arises only upon a coarse-graining procedure by means of
suitable semiclassical states. Then, we will proceed by applying the polymer quantization
to the volume-like variables, obtained after doing a canonical transformation from the
Ashtekar connections to new generalized coordinates. In particular, we will implement
both a semiclassical and a quantum treatment for the FLRW and the Bianchi I models,
i.e., the homogeneous and isotropic model and its simplest anisotropic generalization.
Finally, we will apply the semiclassical polymer framework in the Misner-like variables
(the isotropic variable α or the Universe volume V plus the anisotropies) to the Bianchi IX
model that represent the most general candidate for the primordial Universe from which
even the properties of the general cosmological solution can be extrapolated.

4.1. Polymer Quantum Mechanics

In this section, we introduce PQM as described in the main paper written by Corichi
in 2007 [18], where a complete mathematical framework is developed. PQM is an alterna-
tive representation of the canonical commutation relations non-unitarily connected to the
ordinary Schrödinger one. In fact, it can be introduced as a limit of the Fock representation,
where the continuity hypothesis of the Stone–Von Neumann theorem is violated. How-
ever, PQM can also be derived without recurring to its connection with the Schrödinger
representation as follows.

4.1.1. Polymer Kinematics

In order to introduce the polymer representation without any reference to the
Schrödinger one, let us consider the abstract kets |b〉 labeled by the real parameter b ∈ R
and taken from the Hilbert spaceHpoly.

A generic cylindrical state can be defined through the finite linear combination as follows:

|ψ〉 =
N

∑
i=1

ni|bi〉, (67)

where bi ∈ R, i = 1, . . . , N ∈ N. We choose the inner product so that the fundamental kets
are orthonormal as follows: 〈

bi
∣∣bj
〉
= δij . (68)

From this choice, it follows that the inner product between two cylindrical states
|ψ〉 = ∑i ni|bi〉 and |φ〉 = ∑j mj

∣∣bj
〉

is as follows:

〈φ|ψ〉 = ∑
i,j

m∗i njδij = ∑
i

m∗i ni. (69)

It can be demonstrated that the Hilbert spaceHpoly is the Cauchy completion of the
finite linear combination of the form (67) with respect to the inner product (68) and that it
results to be non-separable.
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Two fundamental operators can be defined on this Hilbert space: the symmetric label
operator ε̂ and the shift operator ŝ(ζ) with ζ ∈ R. They act on the kets |b〉 as follows:

ε̂|b〉 := b |b〉 , ŝ(ζ)|b〉 := |b + ζ〉 . (70)

The shift operator defines a one-parameter family of unitary operators on Hpoly.
However, since the kets |b〉 and |b + ζ〉 are orthogonal for any ζ 6= 0, the shift operator ŝ(ζ) is
discontinuous in ζ, and there is no Hermitian operator that can generate it by exponentiation.

Now, the abstract structure of the Hilbert space is described, so we can proceed
by defining the physical states and operators. In the following, we will consider a one-
dimensional system identified by the phase-space coordinates (Q, P), and we will separate
the discussion into two cases referred to the two possible polarizations for the wave func-
tion. We suppose also that the configurational coordinate Q has a discrete character, due to
the relation that it often possess with geometrical quantities. This is a way to investigate the
physical effects of discreteness at a certain scale, for example, when introducing quantum
gravity effects on the cosmological dynamics.

P-Polarization

In the momentum polarization, the wave function is written as follows:

ψ(P) := 〈P|ψ〉 (71)

where
ψb(P) := 〈P|b〉 = eibP. (72)

The shift operator ŝ(ζ) is identified with the multiplicative exponential operator T̂(ζ):

T̂(ζ)ψb(P) = eiζPeibP = ei(b+ζ)P = ψb+ζ(P); (73)

T̂(ζ) is discontinuous by definition and as a result, the momentum P cannot be promoted
to a well-defined operator. On the other hand, Q̂ corresponds to the label operator ε̂ and in
this polarization acts differentially:

Q̂ψb(P) = −i
∂

∂P
ψb(P) = bψb(P). (74)

Additionally, it has to be considered as a discrete operator since ψb(P) are orthonormal
for all b, even though b belongs to a continuous set.

By means of the C∗-algebra it can be seen thatHpoly is isomorphic to the following:

Hpoly,P := L2(RB, dµH) (75)

where RB is the Bohr compactification of the real line, i.e., the dual group of the real
line equipped by the discrete topology, and dµH the Haar measure. Moreover, the wave
functions are quasi-periodic with the inner product as follows:〈

ψbi

∣∣∣ψbj

〉
:=
∫
RB

dµH ψ†
bi
(P)ψbj

(P) = lim
L→∞

1
2L

∫ L

−L
dP ψ†

bi
(P)ψbj

(P) = δij. (76)

Q-Polarization

In the position polarization, the wave functions depend on the configurational variable
Q and a generic state, written as follows:

ψ(Q) := 〈Q|ψ〉 (77)

where the basis functions can be derived using a Fourier-like transform as follows:

ψ̃b(Q) := 〈Q|b〉 = 〈Q|
∫
RB

dµH |P〉〈P|b〉 = 〈Q|
∫
RB

dµH |P〉ψb(P) =
∫
RB

dµHe−iQPeibP = δQb (78)
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through which we can easily see that the P̂ operator does not exist since the derivative
of the Kronecker delta is not well defined. However, for the operator T̂(ζ) we have the
following:

T̂(ζ)ψ(Q) = ψ(Q + ζ). (79)

As in the previous case, the Q̂ operator corresponds to ε̂, but in this polarization, it
acts in a multiplicative way, i.e., the following:

Q̂ψ̃b(Q) := bψ̃b(Q). (80)

The Hilbert space has analogous features as before:

Hpoly,Q := L2(Rd, dµc) (81)

where Rd is the real line equipped with the discrete topology and dµc is the counting
measure. The inner product is as follows:〈

ψ̃bi
(Q), ψ̃bj

(Q)
〉
= δij (82)

so, it is clear how the Q̂ operator is discrete also in this polarization.

4.1.2. Polymer Dynamics

In the previous section, the polymer kinematic Hilbert space was introduced. In
particular, the discussion above has highlighted that it is not possible to well define the
Q̂ and P̂ operators simultaneously in the polymer framework. So, it is necessary to
understand how to implement the dynamics in order to apply the polymer framework to a
physical system.

Let us consider a one-dimensional system described by the Hamiltonian as follows:

C = P2

2m
+ U(Q) (83)

in the P-polarization. If we assume that Q̂ is a discrete operator, we have to find an
approximate form for P̂. For this reason, the required regularization procedure consists of
introducing a lattice with a constant spacing b0:

γb0 = {Q ∈ R : Q = Nb0, ∀ N ∈ Z} . (84)

In order to remain in the lattice, the only states permitted are as follows:

|ψ〉 = ∑
N

nN |bN〉 ∈ Hγb0
(85)

where bN = Nb0 andHγb0
is a subspace ofHpoly that contains all the functions ψ so that

∑N |bN |2 < ∞.
Now, we have to find an approximate form for P̂ in order to have a well-defined

Hamiltonian operator through which implement the dynamics in both the polarizations.
We notice that the operator êiζP is well defined and acts as the shift operator on the kets
|b〉. In particular, its action is restricted to the lattice only if ζ is a multiple of b0 and the
simplest choice corresponds to ζ = b0, so that its actions reads as follows:

T̂(b0)|bN〉 := |bN + b0〉 = |bN+1〉. (86)

Therefore, it is possible to use the shift operator to introduce the following approximation:

P ∼ 1
b0

sin(b0P) =
1

2ib0
(eib0P − e−ib0P), (87)
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valid in the limit b0P� 1, so that the regularized P̂ operator acts as follows:

P̂b0 |bN〉 =
1

2ib0
[T̂(b0)− T̂(−b0)]|bN〉 =

1
2ib0

(|bN+1〉 − |bN−1〉). (88)

It is possible to introduce also an approximate version of P̂2 as follows:

P̂2
b0
|bN〉 ≡ P̂b0 · P̂b0 |bN〉 =

1
4b2

0
[−|bN−2〉+ 2|bN〉 − |bN+2〉] =

1
b2

0
sin2(b0 p)|bN〉 . (89)

We remind that Q̂ is a well-defined operator, so the regularized version of the Hamil-
tonian is written as follows:

Ĉpoly :=
1

2m
P̂2

b0
+ Û(Q) (90)

that represents a symmetric and well-defined operator onHγb0
.

We notice that this Hamiltonian provides an effective description at the given scale
b0. More specifically, the question about the consistency between the effective theories at
different scales and the existence of the continuum limit is deeply investigated in [127].
In particular, it is demonstrated that the continuum Hamiltonian can be represented in a
Hilbert space unitarily equivalent to the ordinary L2 space of the Schrödinger theory by
means of a renormalization procedure that involves coarse graining as well as rescaling,
following Wilson’s renormalization group ideas.

When implementing PQM on the cosmological minisuperspaces, the geometrical
variables (namely, the areas p, pi in the Ashtekar variables, the scale factor α and the
anisotropies βi in the Misner variables, and both the volumes v, vi and the lengths qi in
the volume-like variables) will be discretized and therefore will play the same role as the
position Q; therefore, all the conjugate variables, i.e., c, c̃, ci, ηi, Pα, Pv, P±, will play the same
role as the momentum P and will be subjected to the polymer substitution (87).

4.2. Polymer Cosmology in the Ashtekar Variables

In this section, we present the main results about the polymer semiclassical quan-
tization of the FLRW and Bianchi I models in the Ashtekar variables, following [44,45].
In particular, the emergence of a Big Bounce regularizing the initial singularity is a solid
prediction in the polymer framework, but the physical properties of the dynamics result in
being dependent on the initial conditions on the motion.

4.2.1. The FLRW Universe in the Ashtekar Variables

In this subsection, we treat the semiclassical and quantum polymer dynamics of
the FLRW model [44]. Additionally, some analogies with the original LQC scheme are
highlighted.

The classical Hamiltonian constraint for this configuration is as follows:

CFLRW = − 3
γ2
√

p c2 +
P2

φ

2|p|
3
2
= 0 , (91)

where a massless scalar field is included so that φ can be chosen as the internal clock for
the dynamics.

On a semiclassical level, the polymer paradigm is implemented by considering the
variable p as discrete in view of its geometrical character (i.e., it has the dimension of
an area) and so a regularized version for the momentum c in the form c → sin(b0c)

b0
is

introduced, obtaining the following:

Cpoly
FLRW = − 3

γ2b2
0

√
p sin2(b0c) +

P2
φ

2|p|
3
2
= 0 , (92)
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in which for the square of the momentum c, we have used the semiclassical version of (89).
Given the Poisson brackets {c, p} = γ

3 , we can obtain the equations of motion for p
and c as follows:

ṗ = − 2N
γb0

√
|p| sin(b0c)cos(b0c), (93a)

ċ =
N
3

( 3
γb2

0

1
2
√

p
sin2(b0c) +

3γ

4

P2
φ

|p|5/2

)
. (93b)

The analytical expression of the Friedmann equation can be derived as follows:

H2 =
( ȧ

a

)2
=
( ṗ

2p

)2
=

1
γ2b2

0

1
|p| sin2(b0c)

(
1− sin2(b0c)

)
; (94)

then, by using (92), we obtain the following:

H2 =
( ṗ

2p

)2
=

ρ

3

(
1− ρ

ρcrit

)
, (95)

where
ρcrit =

3
γ2b2

0|p|
. (96)

Let us now consider the scalar field φ as the internal time for the dynamics, by requir-
ing the lapse function to be as follows:

1 = φ̇ = N
∂Cpoly

FLRW
∂Pφ

= N
Pφ

p
3
2

, N =
|p|

3
2

Pφ
=

1√
2ρ

; (97)

therefore, the effective Friedmann equation in the (p, φ) plane reads as follows:

( 1
|p|

dp
dφ

)2
=

2
3

(
1−

γ2b2
0

6

P2
φ

|p|2
)

, (98)

and it is analytically solvable after rewriting it in a dimensionless form. The expression of
p(φ) can be written as follows:

p(φ) =

√
γ2b2

0
6

Pφ cosh

(√
2
3

φ

)
. (99)

As shown in Figure 3 the polymer trajectory follows the classical one until it reaches
a purely quantum era where the effects of quantum geometry become dominant and the
resulting dynamics is that of a bouncing Universe replacing the classical Big Bang.

However, the critical energy density depends on the initial conditions on the momen-
tum conjugate to the scalar field, as we can see in the following expression:

ρcrit =
( 3

γ2b2
0

) 3
2
√

2
Pφ

, (100)

obtained by putting together the Equations (96) and (99). The non-universal character of
the bouncing dynamics in this set of variables has the following consequence:

ρcrit −→ ∞ for Pφ −→ 0 , (101)

Thus, the initial singularity can be asymptotically approached, and the quantum
corrections become irrelevant (see Figure 4). Thus, in the Ashtekar variables, the non-
diverging behavior of the energy density at the Bounce ensures the regularization of the
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singularity, due to its scalar nature, but it can assume arbitrarily large values and is not a
fixed feature of the dynamics. This result is very similar to the µ0 scheme of LQC presented
in Section 3.2.
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3.0
p(ϕ)

Figure 3. The polymer trajectory (red continuous line) is compared to the classical ones for the flat
FLRW model. The Big Bang solution is the blue dotted line and the Big Crunch solution is the green
dashed line.
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ρcrit

Figure 4. Dependence of the critical energy density on the momentum of the scalar field. For Pφ → 0
the Bounce approaches the singularity.

Now we want to extend the semiclassical results obtained above to a full quantum
level. In order to implement the Dirac quantization method [67], we have to promote
variables to quantum operators, i.e., the following:

p̂ = − iγ
3

d
dc

, ĉ =
1
b0

sin(b0c), P̂φ = −i
d

dφ
; (102)

Thus, the Hamiltonian constraint operator in the momentum representation is as follows:

Ĉpoly
FLRW =

[
− 2

3b2
0

d2

dc2 sin2(b0c) +
d2

dφ2

]
= 0. (103)
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In particular, the Hamiltonian constraint selects the physical states by annihilation,
giving rise to the following WDW equation:

[
− 2

3b2
0

(
sin(b0c)

d
dc

)2
+

d2

dφ2

]
Ψ(c, φ) = 0, (104)

where we have used a mixed factor ordering that will lead us to a solvable differential
equation through the following substitution:

x =

√
3
2

ln
[

tan
( b0c

2

)]
+ x̄. (105)

Thus, (104) assumes the form of a massless Klein–Gordon-like equation:

d2

dx2 Ψ(x, φ) =
d2

dφ2 Ψ(x, φ), (106)

where Ψ is the wave function of the Universe. The solution can be written as follows:

Ψ(x, φ) =
∫ ∞

0
dkφ

e−
|kφ−kφ|2

2σ2

√
4πσ2

kφ eikφxe−ikφφ, (107)

where we have considered only positive energy-like eigenvalues kφ and have used a
Gaussian-like weighing function peaked on the initial value kφ.

Now, in order to investigate the non-singular behaviour of the model, we can evaluate
the expectation value of the energy density operator as follows:

ρ̂ =
P̂2

φ

2| p̂|3
(108)

using the basic operators (102) and the substitution (105) to compute the Klein–Gordon
scalar product:

〈Ψ|Ô|Ψ〉 =
∫ ∞

−∞
dx i

(
Ψ∗ ∂φ(ÔΨ)− (ÔΨ) ∂φΨ∗

)
, (109)

where we consider Ψ to be normalized.
In Figure 5, we show the time dependence of 〈ρ̂(φ)〉 for a fixed value of kφ, while the

maximum 〈ρ̂(φB)〉, i.e., the expectation value of the density at the Bounce is presented
in Figure 6 from which we can appreciate the inversely proportional relation with kφ

in accordance with the semiclassical critical density given in (100). The points representing
the quantum expectation values are obtained through numerical integration and are fitted
with the continuous lines; they are in good accordance with the semiclassical trajectories
when taking into account numerical effects and quantum fluctuations.

The quantum analysis performed here has highlighted the non-diverging nature (al-
though strongly dependent on the initial conditions) of the energy density expectation
value at the Bounce. This result ensures the existence of a minimum non-zero volume in
view of the scalar and physical nature of the energy density, thus confirming the replace-
ment of the singularity with a Big Bounce also at a quantum level. Clearly, a more precise
assessment of the nature of the Bounce would require a non-trivial calculation of the expec-
tation value of the Universe volume operator and also a careful analysis of the variance of
the energy density operator on the Universe wave function (see for instance [128]).
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Figure 5. The expectation value of the energy density as function of time (blue dots), fitted with a
function in accordance with the semiclassical evolution (continuous red line).
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Figure 6. The expectation value of the energy density at the time φB of the Bounce as function of kφ

(blue dots), fitted with a function in accordance with the semiclassical evolution (continuous red line).

4.2.2. The Bianchi I Universe in the Ashtekar Variables

In this section, we extend all the results obtained for the FLRW model by considering
its simplest anisotropic generalization, i.e., the Bianchi I model, as done in [45]. Firstly,
we develop the polymer semiclassical analysis of the model in the Ashtekar variables, and
then we study the dynamics of the Universe wave packet at a quantum level.

We proceed by discretizing the areas pi and imposing in (60) the polymer substitution
for the connections ci:

ci →
1
bi

sin(bici), (110)

where bi (i = 1, 2, 3) refer to the three independent polymer lattices and {ci, pj} = γδij.
Then, the polymer Hamiltonian takes the following form:

Cpoly
BI =− 1

γ2V ∑
i 6=j

sin(bici)pi sin
(
bjcj
)

pj

bibj
+

P2
φ

2V
= 0, (111)



Universe 2021, 7, 327 31 of 55

where i, j = 1, 2, 3 and V =
√

p1 p2 p3.
We derive the dynamics after choosing φ as the internal time, i.e., imposing the gauge

N =
√

p1 p2 p3
Pφ

, so the equations of motion take the following form:

dpi
dφ

= − pi cos(bici)

γPφ

[ pj

bj
sin
(
bjcj
)
+

pk
bk

sin(bkck)
]
, (112a)

dci
dφ

=
sin(bici)

γbiPφ

[ pj

bj
sin
(
bjcj
)
+

pk
bk

sin(bkck)
]
, (112b)

for i, j, k = 1, 2, 3, i 6= j 6= k. It is possible to solve this system by establishing the initial
conditions on the variables (ci, pi), which also satisfy the Hamiltonian constraint (111).
In this respect, we make the following choice:

c1(0) =c2(0) = c3(0) =
π

2b0
,

p1(0) = p̄1, p2(0) = p̄2,

p3(0) = p̄3 =
P2

φγ2b0 − 2p̄1 p̄2

2( p̄1 + p̄2)
,

(113)

where b1 = b2 = b3 = b0 without loss of generality. Moreover, it can be easily seen
that the momentum conjugate to the scalar field is a first integral since the variable φ is
cyclic in (111). Other constants of motion can be obtained by combining the Hamilton
Equation (112), so we obtain the following:

pi sin(b0ci)

b0
= Ki, Pφ = Kφ , (114)

where the considered values of Kφ and Ki depend on the initial conditions. Identifying
these first integrals allows to transform the six-equations system shown in (112) in three
closed systems along the three spatial directions as follows:

dpi
dφ

= − pi cos(b0ci)

γPφ

[
Kj +Kk

]
, (115a)

dci
dφ

=
sin(b0ci)

γb0Pφ

[
Kj +Kk

]
, (115b)

where i 6= j 6= k.
Thanks to this procedure, the equations of motion can be solved analytically, leading

to the following solutions:

p1(φ) = p̄1 cosh
[ (γ2P2

φb2
0 + 2p̄2

2)φ

2γPφb0( p̄1 + p̄2)

]
,

p2(φ) = p̄2 cosh
[ (γ2P2

φb2
0 + 2p̄2

1)φ

2γPφb0( p̄1 + p̄2)

]
,

p3(φ) = p̄3 cosh
[ ( p̄1 + p̄2)φ

γPφb0

]
.

(116)

We have reported only the explicit expression of the variables pi as functions of φ
since we are interested in the Universe volume behavior V(φ) =

√
p1(φ)p2(φ)p3(φ) that

is shown in Figure 7. The resulting trajectory highlights that a quantum Big Bounce
replaces the classical Big Bang thanks to the polymer effects, which are expected to become
dominant near the Planckian region.
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Figure 7. Polymer trajectory of the Universe volume V =
√

p1 p2 p3 as function of φ: the Big Bounce
replaces the classical singularity of the Bianchi I model.

Now, we focus our attention on the analysis of the critical energy density of matter at
the Bounce:

ρ
φ
crit =

P2
φ

2V(φ)2

∣∣∣∣∣
φB

=
P2

φ

2p̄1 p̄2 p̄3
=

P2
φ( p̄1 + p̄2)

p̄1 p̄2(γ2P2
φb2

0 − 2p̄1 p̄2)
, (117)

i.e., the energy density of the matter scalar field in correspondence of the minimum Uni-
verse volume at the time of the Bounce φB = 0. As we can see from (117), ρ

φ
crit clearly de-

pends on the initial conditions on the motion. Moreover, in the simplest caseK1 = K2 = K3
it reduces to the following:

ρ
φ
crit =

( 3
γ2b2

0

) 3
2
√

2
Pφ

, (118)

reproducing a consistent behavior with that one obtained in the FLRW model in the same
variables; see (100). Indeed, it is possible to see that for Pφ � 1 the critical matter energy
density increases until it diverges, while on the other hand, it approaches zero when
Pφ � 1, highlighting that in the Ashtekar formulation of the Bianchi I model, the Big
Bounce has no universal features.

Let us now study this model on a quantum level by implementing the Dirac quan-
tization. In the momentum representation of the polymer formulation, the fundamental
operators act as follows:

p̂i := −iγ
d

dci
, ĉi :=

sin(bici)

bi
, P̂φ := −i

d
dφ

. (119)

Before quantization, we rewrite the WDW equation in the form of a Schrödinger one in
the attempt of defining a positive and conserved probability density. Therefore, we recall the
semiclassical scalar constraint and perform an ADM reduction of the variational principle:

P2
φ −Θ = 0, (120)

where

Θ =
2

γ2

[ sin(b1c1)p1 sin(b2c2)p2

b1b2
+

sin(b1c1)p1 sin(b3c3)p3

b1b3
+

sin(b2c2)p2 sin(b3c3)p3

b2b3

]
. (121)
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After choosing the scalar field φ as the temporal parameter, we derive the ADM
Hamiltonian by solving the scalar constraint (120) with respect to the momentum associated
to the scalar field:

Pφ ≡ CADM-poly
BI =

√
Θ. (122)

where we choose the positive root in order to guarantee the positive character of the lapse
function. Thanks to this procedure, the WDW equation can be rewritten in the form of a
Schrödinger one by promoting the ADM Hamiltonian to a quantum operator:

− i∂φΨ =
√

Θ̂ Ψ, (123)

where the operator
√

Θ̂, that we assume well-defined, can be written as follows:√
Θ̂ =

[ 2
γ2

(
∂x1 ∂x2 + ∂x1 ∂x3 + ∂x2 ∂x3

)]1/2
, (124)

where the new variables xi are defined from the connections ci as follows:

xi = ln
[

tan
(

µci
2

)]
+ x̄i. (125)

Now, we are allowed to introduce the probability density as follows:

P(~x, φ) = Ψ∗(~x, φ)Ψ(~x, φ), (126)

where

Ψ(~x, φ) =
∫ ∞

−∞
dk1 dk2 dk3 A(k1, k2, k3) ei(k1x1+k2x2+k3x3+

√
2|k1k2+k1k3+k2k3| φ), (127)

A(k1, k2, k3) = exp

(
3

∑
i=1
− (ki − ki)

2

2σ2
ki

)
. (128)

This quantity is positive everywhere by definition, and its spatial integral remains
constant through time.

Hence, we have discarded the covariant formulation of the WDW equation in favor
of a Schrödinger-like one in order to define a probability density through which we
analyze the quantum dynamics of the Bianchi I wave packet presented in (127). This way,
we have avoided all the issues regarding the sign of the probability density that would be
encountered in the interpretation of the WDW formulation as a Klein–Gordon-like theory.

In Figure 8, some different sections of the probability density P are shown at different
times in order to verify how its shape and its maximum evolve. The present sections
were obtained by fixing two of the three coordinates through the values that they assume
in the semiclassical trajectories1. As we can see from Figure 8, the normalized quantum
distributions of x1, x2, x3 are shown in sequence, and their spreading behavior over time is
evident. Additionally, in Figure 9, the position of the peaks of P is represented by the red
dots that are fitted by means of a linear interpolation and compared with the semiclassical
trajectories. We can affirm that there is a good correspondence between the quantum
behavior of the wave packet and the solutions of the semiclassical dynamics since all the
three slopes of the functions resulting from the fit of the red dots are consistent with the
semiclassical ones with a confidence level of 3 standard deviations (we have supposed
a relative error of 10%, accounting for quantum fluctuations and numerical integration
errors). Moreover, we want to highlight that this quantum analysis based on the sections of
P is justified by the semiclassical decoupling of the equations of motion. In conclusion,
we remark that this feature of our analysis in the Ashtekar variables suggests the presence
of a bouncing dynamics with non-universal properties also at a quantum level.
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Figure 8. The normalized sections P(xi, φ) are shown in sequence for i = 1, 2, 3 respectively at different times. Their
spreading behavior over time is evident together with the Gaussian-like shape.
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Figure 9. The three pictures show the position of the peaks of P(xi, φ) for i = 1, 2, 3 respectively in function of time φ (red
dots). The resulting fitting functions (red dashed straight lines) overlap the semiclassical trajectories (continuous lines) with
a confidence level of the order of 3 standard deviations.

4.3. Polymer Cosmology in the Volume-like Variables

In this section, we describe the FLRW dynamics in the polymer framework when the
polymer lattice is implemented on the Universe volume v. Then, we generalize the analysis
by taking under consideration the Bianchi I model, which admits two different sets of
volume-like variables thanks to its anisotropic structure. In particular, when the Universe
volume itself is considered to be one of the configurational variables, it is possible to derive
a polymer modified Friedmann equation for the Bianchi I model. We will see that the total
critical energy density has universal features, as demonstrated in [37] for the isotropic case.

4.3.1. The FLRW Universe in the Volume Variables

Following [44], we outline the semiclassical dynamics of the model and then we
perform a full quantum analysis by analyzing the properties of the Universe wave packet.
In order to apply the polymer semiclassical framework to the flat FLRW model in the
volume variables, we introduce the Hamiltonian constraint as follows:

CFLRW = − 27
4γ2 v c̃2 +

P2
φ

2v
, (129)

where the phase space variables c̃, v are linked to the Ashtekar variables c, p through the
following canonical transformation:

v = |p|
3
2 = a3, c̃ =

2
3

c√
|p|

∝
ȧ
a

(130)

that preserves the Poisson brackets {c̃, v} = γ
3 . Additionally, a massless scalar field has

been added to the dynamics with the role of a relational time. Thus, the modified polymer
Hamiltonian is as follows:

Cpoly
FLRW = − 27

4γ2b2
0

v sin2(b0 c̃) +
P2

φ

2v
= 0, (131)
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where the variable v is defined as discrete and so the semiclassical polymer substitution (87)
c̃→ sin(b0 c̃)

b0
is used for the generalized coordinate c̃.

The equations of motion for these variables are as follows:

v̇ = − 9N
2γb0

v sin(b0 c̃)cos(b0 c̃), (132a)

˙̃c =
N
3

( 27
4γb2

0
sin2(b0 c̃) + γ

P2
φ

2v2

)
. (132b)

As expected in the polymer framework, a modified Friedmann equation appears;
in particular, we can obtain its analytical expression by using (132a) and the vanishing
Hamiltonian constraint (131):

H2 =
( v̇

3v

)2
=

ρ

3

(
1− ρ

ρcrit

)
, ρcrit =

27
4γ2b2

0
. (133)

The presence of a bouncing point for the Hubble parameter represents the mechanism
through which the initial singularity is regularized. In addition, the critical energy density
at which the Big Bounce occurs is fixed by the spacing b0 associated to the polymer
lattice, giving the dynamics a universal character. This result is in strong contact with the
analogous considerations made in the context of the µ̄ approach in the LQC formulation in
Section 3.3.

Considering now the scalar field φ as the internal time of the dynamics, we fix the
time gauge, i.e.,

1 = φ̇ = N
∂Cpoly

FLRW
∂Pφ

= N
Pφ

v
, N =

v
Pφ

=
1√
2ρ

; (134)

thus the effective Friedmann equation in the (v, φ) plane reads as follows:

(1
v

dv
dφ

)2
=

3
2

(
1−

4γ2b2
0

54

P2
φ

v2

)
, (135)

whose analytical solution is as follows:

v(φ) =

√
4γ2b2

0
54

Pφ cosh

(√
3
2

φ

)
. (136)

As shown in Figure 10 the Bounce is clearly visible since the Universe possesses a
minimum volume.

Now, we promote the system to a full quantum level by applying the Dirac proce-
dure [67]. In particular, the Hamiltonian operator annihilates and selects the physical wave
functions when applied to the generic quantum states, yielding the WDW equation:

Ĉpoly
FLRW |Ψ〉 = 0. (137)

If we promote the classical variables to a quantum level in the momentum representa-
tion, we obtain the following:

v̂ = − iγ
3

d
dc̃

, ˆ̃c =
1
b0

sin(b0 c̃), P̂φ = −i
d

dφ
, (138)
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recalling that v is discrete and therefore c̃ must be regularized. So, the quantum version of
the Hamiltonian constraint (131) is as follows:[

− 3
2b2

0

(
sin
(

b0 c̃
) d

dc̃

)2
+

d2

dφ2

]
Ψ(c̃, φ) = 0; (139)

Using again a mixed factor ordering and the substitution

x̃ =

√
2
3

ln
[

tan
( b0 c̃

2

)]
+ ˜̄x, (140)

we can recast recast the expression (139) in the form of a massless Klein–Gordon-like
equation:

d2

dx̃2 Ψ(x̃, φ) =
d2

dφ2 Ψ(x̃, φ). (141)

This way, the wave packet representing the wave function of the Universe can be
written as follows:

Ψ(x̃, φ) =
∫ ∞

0
dkφ

e−
|kφ−kφ|2

2σ2

√
4πσ2

kφ eikφ x̃e−ikφφ (142)

in the x̃-representation. We have constructed a superposition of plane waves in φ by
means of Gaussian-like coefficients and we have restricted the analysis only to the positive
energy-like eigenvalues kφ.
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Figure 10. The polymer trajectory of the volume in (v, c̃) for the flat FLRW Universe. The volume
presents a minimum, showing that a Big Bounce takes place.

In this case, to study the bouncing behavior of the model, we can evaluate the expecta-
tion values of both the volume and the energy density operators:

V̂ = v̂, ρ̂ =
P̂2

φ

2v̂2 . (143)
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In what follows, we express all the quantities as functions of the new variable x̃
using (140), so that we can calculate the expectation values through the Klein–Gordon
scalar product as follows:

〈Ψ|Ô|Ψ〉 =
∫ ∞

−∞
dx̃ i

(
Ψ∗ ∂φ(ÔΨ)− (ÔΨ) ∂φΨ∗

)
, (144)

where we assume normalized wave functions. The action of the operators (143) is derived
from the basic operators shown in (138). In Figures 11 and 12, we show, respectively,
the expectation values 〈V̂(φ)〉 and 〈ρ̂(φ)〉 as functions of time. In Figure 13, the value〈
V̂(φB)

〉
of the volume at the Bounce is shown as a function of the initial value kφ; it is clear

how the minimum volume scales linearly with the energy-like eigenvalue, in accordance
with (136). Then, in Figure 14, we show the Bounce density 〈ρ̂(φB)〉 for different values of
kφ. In accordance with the semiclassical critical density (133), choosing the volume itself
as the configurational variable for the quantization of the system makes the density at
the Bounce independent from the initial conditions on the quantum solution (142). This
quantum analysis allows a direct comparison with the µ̄ scheme of LQC, and it shows
how polymer quantum cosmology is unable to reproduce the inverse triad corrections. We
notice that in Figures 11–14, the numerically integrated points are fitted with the continuous
lines to check for consistency with the semiclassical solutions.
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Figure 11. The expectation value of the Universe volume as a function of time (blue dots), fitted with
a function in accordance with the semiclassical evolution (continuous red line).
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Figure 12. The expectation value of the energy density as a function of time (blue dots), fitted with a
function in accordance with the semiclassical evolution (continuous red line).
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Figure 13. The expectation value of the Universe volume at the time φB of the Bounce as a function
of kφ (blue dots), fitted with a function in accordance with the semiclassical evolution (continuous
red line).
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Figure 14. The expectation value of the energy density at the time φB of the Bounce as a function
of kφ (blue dots), fitted with a function in accordance with the semiclassical evolution (continuous
red line).

4.3.2. The Bianchi I Model in the Anisotropic Volume Variables: (v1, v2, v3)

In this subsection, we study the polymer semiclassical dynamics of the Bianchi I
model in complete analogy with the analysis performed for the FLRW model in the volume
variables, as presented in [45]. More specifically, the anisotropic character of the Bianchi
I model leads to the possibility of taking into account two different sets of volume-like
variables that coincide in the case of the isotropic model. The first that we take under
consideration consists of three equivalent generalized coordinates (see [129]):

vi = sgn(pi)|pi|
3
2 , ηi =

ci√
|pi|

(145)

for i = 1, 2, 3, where ηi are the conjugate momenta and the new symplectic structure for
the system is characterized by the following Poisson brackets:

{ηi, vj} =
3
2

γδij. (146)

In this case, we are not promoting one of the configurational variables to represent
the Universe volume. On the contrary, we are imposing that the three independent coor-
dinates are isomorphic to the isotropic volume for each direction so that V = (v1v2v3)

1
3 .

In particular, each coordinate vi reduces to the Universe volume in the isotropic limit.
The Hamiltonian constraint for this framework in the polymer representation reads

as follows:

Cpoly
BI = − 1

4γ2V ∑
i 6=j

vi sin(biηi)vj sin
(
bjηj

)
bibj

+
P2

φ

2V
= 0, (147)

where i, j = 1, 2, 3 and the substitution ηi →
sin(biηi)

bi
is performed.

If we fix the gauge through the choice N = V
Pφ

, the Hamilton equations will describe
the dynamics of the model with respect to φ playing the role of the time variable:

dvi
dφ

= −vi cos(biηi)

4γPφ

[vj

bj
sin
(
bjηj

)
+

vk
bk

sin(bkηk)

]
(148a)

dηi
dφ

=
sin(biηi)

4γbiPφ

[vj

bj
sin
(
bjηj

)
+

vk
bk

sin(bkηk)

]
(148b)
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for i, j, k = 1, 2, 3 and i 6= j 6= k. In analogy with the previous treatment, we can identity
the following constants of motion:

vi sin(b0ηi)

b0
= Ki, Pφ = Kφ (149)

where b1 = b2 = b3 = b0. Taking general initial conditions that satisfy the constraint (147),
the analytical solutions for the anisotropic volume coordinates read as follows:

v1(φ) = v̄1 cosh
[ (2γ2P2

φb2
0 + v̄2

2)φ

4γPφb0(v̄1 + v̄2)

]
,

v2(φ) = v̄2 cosh
[ (2γ2P2

φb2
0 + v̄2

1)φ

4γPφb0(v̄1 + v̄2)

]
,

v3(φ) = v̄3 cosh
[ (v̄1 + v̄2)φ

4γPφb0

]
,

(150)

where
v1(0) = v̄1, v2(0) = v̄2,

v3(0) =v̄3 =
(2γ2b2

0P2
φ − v̄1v̄2)

(v̄1 + v̄2)
.

(151)

By combining the solutions (150), we can find the Universe volume behavior in
function of φ as V(φ) = (v1(φ)v2(φ)v3(φ))

1/3. As shown in Figure 15, the Big Bounce
appears as a polymer regularization effect in place of the classical Big Bang. Analogously, it
is possible to investigate the properties of the critical energy density of matter by computing
the energy density of the scalar field in correspondence of the minimum volume at the time
φB = 0 of the Bounce, i.e., the following:

ρ
φ
crit =

P2
φ

2V(φ)2

∣∣∣∣∣
φB

=
P2

φ

2(v̄1v̄2v̄3)2/3 =
P2

φ(v̄1 + v̄2)
2/3

2[v̄1v̄2(2γ2P2
φb2

0 − v̄1v̄2)]2/3
; (152)

this results to be dependent on the initial conditions also in this set of anisotropic volume
variables. In the next section, we implement directly the Universe volume as a generalized
coordinate, trying to overcome this issue.
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Figure 15. Bouncing trajectory of the Universe volume V = (v1v2v3)
1/3 as function of φ in the

semiclassical polymer framework.
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4.3.3. The Bianchi I Model in the Volume Variables: (v, q1, q2)

Now, we consider the set of volume variables introduced in [45]:

qi = sgn(pi)
√
|pi| , v = q1q2q3 (153)

where ηi (with i = 1, 2, 3) are the conjugate momenta and v represents the Universe volume.
The Poisson brackets are as follows:

{ηi, qj} = γδij. (154)

and the Hamiltonian takes the following form:

CBI = −
1

4γ2V
(q1η1q2η2 + q1η1vη3 + q2η2vη3) +

P2
φ

2V
= 0. (155)

When we rewrite this expression using the polymer substitution ηi →
sin(biηi)

bi
, we

obtain the following:

Cpoly
BI = − 1

4γ2V

(
∑

i=1,2

qi sin(biηi)v sin(b3η3)

bib3
+

q1 sin(b1η1)q2 sin(b2η2)

b1b2

)
+

P2
φ

2V
= 0. (156)

In order to derive the dynamics of the model in function of the relational time φ,
we impose the following:

φ̇ := N
∂Cpoly

BI
∂Pφ

= 1, N =
V
Pφ

, (157)

so the Hamilton equations for the couple (v, η3) take the following expressions:

dv
dφ

= −v cos(b3η3)

4γPφ

[
q1

b1
sin(b1η1) +

q2

b2
sin(b2η2)

]
, (158a)

dη3

dφ
=

sin(b3η3)

4γb3Pφ

[
q1

b1
sin(b1η1) +

q2

b2
sin(b2η2)

]
, (158b)

while for the conjugate variables (q1, η1), (q2, η2) we have the following:

dqi
dφ

= − qi cos(biηi)

4γPφ

[
v
b3

sin(b3η3) +
qj

bj
sin
(
bjηj

)]
, (159a)

dηi
dφ

=
sin(biηi)

4γbiPφ

[
v
b3

sin(b3η3) +
qj

bj
sin
(
bjηj

)]
, (159b)

for i, j = 1, 2 and i 6= j.
Once fixed the initial conditions on the variables (q1, η1), (q2, η2), (v, η3) according

to (156), we can solve this system analytically since the 3D motion is decoupled in three
one-dimensional trajectories, thanks to the use of the constants of motion as follows:

qi sin(b0ηi)

b0
= Ki, Pφ = Kφ (160)
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where i = 1, 2, 3 and b1 = b2 = b3 = b0. Differently from the previous analyses, we fix the
constants of motion as follows:

K1 =

√
2γ2P2

φ +K2

3
+K,

K2 =

√
2γ2P2

φ +K2

3
−K,

K3 =

√
2γ2P2

φ +K2

3
,

(161)

where K is an arbitrary constant. As we will see below, this choice allows to write a
convenient form for the Friedmann equation in order to develop a more rigorous analysis
of the bouncing behavior of the model. Indeed, the existence of a non-trivial solution to
the equation H2 = 0 identifies the expression of the critical energy density for which the
scale factor velocity becomes null. More precisely, this information allows to identify also
the anisotropy contribution to the total critical energy density added to the standard one
associated to the matter fields. This way, it is possible to rigorously analyze the physical
properties of the critical point.

In this set of volume variables, the Hubble parameter can be written as follows:

H2 =
( 1

3v
dv
dt

)2
=

(K1 +K2)
2

144γ2v2 cos2(b0η3) =

=
(K1 +K2)

2

144γ2v2 [1− sin2(b0η3)] =
(K1 +K2)

2

144γ2v2 (1−
b2

0
v2K

2
3)

(162)

where we restored the synchronous time-gauge N = 1 in the equation for the volume
written in (158a). Now, if we substitute the conditions expressed above in (161), we obtain
the following:

H2 =
P2

φ + K̄2

54v2

[
1−

4γ2b2
0

3

(P2
φ + K̄2

2v2

)]
, K̄ =

K√
2γ2

. (163)

This expression represents the polymer modified Friedmann equation for the Bianchi I
model in the volume variables that, written in this convenient form, allows to derive the to-
tal critical energy density of the model. In particular, the additional term K̄2/2v2 reasonably
mimics the anisotropic contribution ρaniso, so that we can compute ρtot

crit as follows:

ρtot
crit = ρ

φ
crit + ρaniso

crit , (164)

where the term regarding the matter scalar field takes the usual expression P2
φ/(2v2).

Moreover, from (163) the total critical energy density results to be as follows:

ρtot
crit =

3
4γ2b2

0
. (165)

The solution for the Universe volume v(φ) when the initial conditions on the motion
satisfy (161) is as follows:

v(φ) =

√
2γ2P2

φ +K2

3
b0 cosh


√

2γ2P2
φ +K2 φ

2
√

3 γPφ

 , (166)

clearly resembling a bouncing behavior as shown in Figure 16.
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Figure 16. Semiclassical polymer trajectory of the Universe volume v(φ).

Now, we can verify whether the total critical energy density computed as (164) ac-
quires the expression (165). In particular, we have the following:

ρtot
crit =

P2
φ

2v(φ)2

∣∣∣∣∣
φB

+
K̄2

2v(φ)2

∣∣∣∣∣
φB

=
3P2

φ

2b2
0(2γ2P2

φ +K2)
+

3K2

4γ2b2
0(2γ2P2

φ +K2)
, (167)

which clearly reduces to (165); therefore, the total critical density computed from the laws
of motion for the Universe volume is consistent with the expression derived from the
Friedmann Equation (163). Imposing a cut-off on the volume variables makes the critical
energy density independent from the initial conditions on the scalar field, and therefore,
produces a Big Bounce with universal properties. This result shows that taking the Universe
volume itself as a configurational variable makes the Big Bounce acquire universal physical
properties, in agreement with the behavior obtained for the set (v, c̃) in the FLRW model.

We notice that, even if the polymer-modified Friedmann equation in this convenient
form is derived by considering the particular choice (161) for the constants of motion, the
physical properties of the bouncing behavior of our model as derived from (163) have a
general meaning since they are independent from the value assigned to the constant K.

4.4. Polymer Cosmology in the Misner-like Variables

In this section, we treat the semiclassical polymer dynamics of the most general
anisotropic Universe, i.e., the Bianchi IX model. First, we implement the polymer paradigm
in the Misner variables [42], and then we generalize the analysis by considering a inhomo-
geneous extension of the model in Misner-like variables, i.e., the anisotropies together with
the Universe volume v ∝ e3α [38].

4.4.1. The Bianchi IX Model in the Misner Variables

The aim of this section is to discuss the main features of the Mixmaster semiclassical
dynamics in the polymer representation [42]. We choose to define the Misner variables
(α, β±) as discrete, so we perform the following formal substitutions:

P2
± →

1
b2 sin2(bP±) , (168a)

P2
α →

1
b2

α
sin2(bαPα) , (168b)
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where b is the polymer parameter for the anisotropies, while bα is that one related to the
isotropic variable α.

The super Hamiltonian constraint (14) becomes the following:

Cpoly
BIX =

N
3(8π)2 e−3α

[
− 1

b2
α

sin2(bαPα) +
1
b2 sin2(bP+) +

1
b2 sin2(bP−) +

UBIX(β±)

b2
α

]
= 0 , (169)

while the ADM Hamiltonian has the following expression:

CADM-poly
BIX =

arcsin
√

b2
α

b2 [sin2(bP+) + sin2(bP−)] + UBIX

bα
, (170)

with the condition 0 ≤ b2
α

b2 [sin2(bP+) + sin2(bP−)] + UBIX(β±) ≤ 1, due to the presence
of the inverse sine function. In both (169) and (170), we have performed the substitution
UBIX(β±) = b2

α3(4π)4e4αUBIX(β±).
The dynamics of the model is described by the following Hamilton equations:

β′± =
∂CADM-poly

BIX
∂P±

=
bα

b
sin(2bP±)

sin
(

2bαCADM-poly
BIX

) , (171a)

P′± = −
∂CADM-poly

BIX
∂β±

= − 3bα(4π)4e4α

sin
(

2bαCADM-poly
BIX

) ∂U(β±)

∂β±
, (171b)

(
CADM-poly

BIX
)′

= 4e4α−8β+
3bα(4π)4

sin
(

2bαCADM-poly
BIX

) , (171c)

where the symbol ′ denotes the derivative with respect to α.
Due to the steepness of the potential walls, we initially study the dynamics in the

regime U ∼ 0. Under this condition, it can be demonstrated that there is a logarithmic
relation between the time variable t and the isotropic one α, so we have that α ∼ ln(t)→
−∞ for t→ 0, even if α is described in the polymer formulation. This result points out that
the discrete nature of the isotropic variable α does not prevent the Universe volume from
vanishing, so the cosmological singularity is still present. We remark that the hypothesis
U ∼ 0 becomes more reliable near the singularity because for α → −∞, the walls move
outwards, and the region where the approximation is valid asymptotically covers the
whole (β+, β−) plane.

Regarding the study of the chaotic features in the polymer modified picture, we have
to analyze the relative motion between the particle-Universe and the potential walls, whose
velocity is still |β′wall| =

1
2 since the polymer representation leaves the potential unchanged.

On the other hand, if we study the anisotropy velocity of the particle while varying the
values of the polymer parameters, we can see that the following holds:

β′(bα, b, P±) ≥ 1 ∀ P± ∈ R⇔ bα

b
≥ 1 , (172)

where

β′ ≡
√

β′2+ + β′2− =

√√√√ sin2(bP+) cos2(bP+) + sin2(bP−) cos2(bP−)

r2(bP+, bP−)
[
1− b2

α
b2 r2(bP+, bP−)

] , (173)

and r(x, y) =
√

sin2(x) + sin2(y). We notice that (P+, P−) (and consequently

CADM-poly
BIX ) are constants of motion in the free particle regime. In addition, it is easy

to verify that the relation (19) is recovered for b, bα → 0.
The figures represented in Figure 17 show that the anisotropy velocity represented on

the vertical axis is always greater than 1 only if we choose the ratio bα/b to be greater than
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or equal to one. Therefore, the dynamics of the Mixmaster model is expected to be still
chaotic because of the existence of the singularity and the presence of a never-ending series
of rebounds against the potential walls. Instead, if we choose the polymer parameters
such that bα/b < 1 (Figure 18), the series of rebounds occurs until the particle velocity
becomes smaller than the velocity of the potential walls; then, the point-Universe reaches
the singularity with no other rebound.

Figure 17. The 3D-profiles of the anisotropy velocity (173) with bα/b = 1 (left panel) and bα/b = 1.5
(right panel).

Figure 18. The 3D-profile of the anisotropy velocity (173) with bα/b = 0.1.

Moreover, it can be demonstrated that for bα/b < 1, we have θmax
poly < π

3 , and this
implies the absence of rebounds, even if the particle moves towards a specific wall. On
the other hand, if bα/b ≥ 1, we have π

3 ≤ θmax
poly < π

2 ; this means that a rebound is always
possible, given the triangular symmetry of the system.

Regarding the polymer modified reflection law, by using analogous constants of
motion with respect to the standard Misner case, we are able to derive the following law:

1
4b

[
arcsin

(
cos θ f sin θi

sin θ f r(2bPi
+, 2bPi

−)

)
+ arcsin

(
cos θi r(2bPi

+, 2bPi
−)

)]
=

=
1
bα

[
arcsin

(
bα

b
r(bP f

+, bP f
−)

)
− arcsin

(
bα

b
r(bPi

+, bPi
−)

)]
,

(174)

where r(x, y) =
√

sin2(x) + sin2(y).
In order to make a comparison with the standard case (20), an expansion up to the

second order for b and bα is required:

sin
(

θi + θ f
)

2
= sin θi(1 + Π2

f )(1 + R f )− sin θ f (1 + Π2
i )(1 + Ri) (175)
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where
Π2 =

1
6

b2
α(P2

+ + P2
−), (176a)

R =
2
3

b2 (P+)4 + (P−)4

(P+)2 + (P−)2 , (176b)

and it is easy to show that in the limit b, bα → 0, we find the standard reflection law (20)
obtained by Misner.

Recovering this limit leads us to infer that the map above still admits stochastic
properties; therefore, when bα < b, sooner or later the parameter region where no rebound
takes place is reached, as in [27].

Given the results of this analysis and that of previous sections, we can infer that not
only the physical nature of the Big Bounce, but also its very existence depends on the
geometrical dimension of the variable chosen as discrete: we have seen here that using a
logarithmic variable does not indeed avoid the singularity. Therefore, in the last model
that we present in the next subsection, we choose to use a mixed representation involving
the anisotropies as they are defined by Misner, together with an isotropic volume variable
instead of α ∝ ln v.

4.4.2. The Inhomogeneous Mixmaster Model in the Volume Variable

In [38], the semiclassical polymer dynamics of the inhomogeneous Mixmaster model
is analyzed by choosing the cubed scale factor (i.e., the Universe volume) alone as the
discretized configurational variable. In addition, a massless scalar field and a cosmological
constant are included in the dynamics, accounting respectively for a quasi-isotropization
and inflationary-like mechanisms. The resulting dynamics is a singularity-free Kasner-
like phase that is linked with a homogeneous and isotropic de Sitter evolution. More-
over, the chaotic character of the Mixmaster dynamics is absent in this framework. Thus,
the study presented in [38] demonstrates that the generic cosmological solution is
singularity-free and non-chaotic once the polymer discretization of the Universe volume
variable is performed at a semiclassical level. This result is alike to that achieved also in
LQC, as presented in Section 3.5.

In order to summarize more in detail all the main results presented in [38], let us
start by characterizing the generic cosmological problem and its relationship with the
homogeneous Mixmaster model. The most general line element can be written as follows:

ds2 = N2dt2 − hab(dxa + Nadt)(dxb + Nbdt) , (177)

where Na,b(t,~x) is the shift vector and the following holds:

hab(t,~x) = em1(t,~x)l1
a l1

b + em2(t,~x)l2
a l2

b + em3(t,~x)l3
a l3

b , (178)

with a, b = 1, 2, 3. Rigorously, this is not the most general picture since we are not consider-
ing the rotation of the Kasner vectors l1,2,3

a,b (t,~x). Differently from the homogeneous Bianchi
line element (12), the lapse function N(t,~x) depends explicitly on the spatial coordinates,
as well as the Misner-like variables, that in their generalized version are defined as follows:

ma(t,~x) =
2
3

ln[v(t,~x)] + 2βa(t,~x) , (179)

where a = 1, 2, 3 and βa = (β+ +
√

3 β−, β+ −
√

3 β−,−2β+). Here, we are considering
v as the isotropic variable proportional to the spatial volume of the Universe (instead of
α as in the proper Misner variables), while β+, β− are the anisotropies. Let us include a
massless, self-interacting scalar field φ in the dynamics, taking into account the slow-roll
condition φ̇2 � U(φ) as well as the following hypothesis:

|∇φ|2 � U[φ(t,~x)] ∼ Λ(~x) , (180)
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both typical of the inflationary paradigm.
The action in the inhomogeneous case reads as follows:

Sinhom
B =

∫
d3x dt

(
Pvv̇ + ∑

j
Pj β̇ j −NC inhom

B −NiCi

)
, (181)

where j = +,−, φ and βφ ≡ φ. The super Hamiltonian constraint is as follows:

C inhom
B =

3
4

[
− vP2

v + ∑
j

P2
j

9v2 +
v1/3

3
Uinhom

B + vΛ(~x)
]

, (182)

while Ci represents the supermomentum one. We remark how the self-interacting scalar
field, under the slow-roll condition, is equivalent to a free scalar field plus a cosmological
constant Λ(~x).

The potential term is due to the three-dimensional scalar curvature and can be split as
Uinhom = W + Uinhom

B , where the contribution due to the spatial gradients of the config-
urational variables is encoded in W, and the term Uinhom

B represents the inhomogeneous
generalization of the Bianchi model’s potential (the Bianchi VIII and Bianchi IX models
are the most general choices). By using the Belinskii–Khalatnikov–Lifshitz (BKL) conjec-
ture [130], the term W is considered to be negligible and so the super Hamiltonian (182)
reduces to that one of the Bianchi IX model, where the spatial coordinates appear only
as parameters. The reliability of this assumption can be verified by explicitly evaluating
the term W by means of the supermomentum constraint. Moreover, by means of the
gauge choice Ni = 0, each point of space evolves independently and can be described,
using a homogeneous Bianchi IX model. This way, point by point, the inhomogeneous
cosmological evolution is approximated by a Mixmaster-like one. We notice that the cor-
responding solutions of the dynamics must satisfy also the supermomentum constraint,
which identically vanishes for a homogeneous spacetime. In addition, with the hypothesis
that the physical scale of the inhomogeneities is much bigger than the average Hubble
horizon, each causal connected region verifies a Mixmaster-like evolution, instead of each
point of space [131].

Let us now analyze the semiclassical polymer dynamics of the model. Using the sub-
stitution (89) for the momentum conjugate to the variable v, i.e., Pv → sin(b0Pv)

b0
, the Hamil-

tonian constraint becomes the following:

Cpoly
BIX =

3
4

[
− v

sin2(b0Pv)

b2
0

+ ∑
j

P2
j

9v2 +
v1/3

3
UBIX + vΛ

]
, (183)

where the spatial gradients are neglected and the potential term is that one of the Bianchi
IX model. Firstly, we can notice that the following condition is imposed by the form of the
Hamiltonian when the potential term is negligible:

sin2(b0Pv) = b2
0

(∑j P2
j

9v2 + Λ
)

. (184)

As a consequence, the right-hand side of (184) must be smaller than 1, and therefore,
the Universe volume acquires a lower bound:

v > vB ≡
b0

3

√√√√∑j P2
j

b2
0Λ

, (185)

with the condition b2
0Λ < 1, which is physically reasonable in the Planck units. So,

in the polymer semiclassical dynamics, the initial singularity is replaced by a Big Bounce.
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We notice that the minimum value of the Universe volume depends not only on the
polymer scale b0, but also on the cosmological constant Λ and on the conjugate momenta
Pj, which are constants of motion when the potential term is negligible. This feature is in
accordance with the results obtained in LQC [49]. The absence of singularity thanks to the
semiclassical polymer formalism can be shown more in general by solving the Hamilton
equation for the Universe volume, from which we obtain the following:

v(t) =

√√√√∑j P2
j
[

cosh
(

3
√

Λ
√

1− b2
0Λt

)
− 1 + 2b2

0Λ
]

18Λ(1− b2
0Λ)

. (186)

In particular, as shown in Figure 19 the Bounce occurs when the volume reaches its
minimum, which is given by Equation (185).

Figure 19. Semiclassical polymer trajectory of the Universe volume v in the synchronous time t.
Image from [38].

Moreover, by performing the ADM reduction and choosing v as the relational time,
the Hamilton equations for the anisotropies and the scalar field can be solved, showing
that the former do not diverge approaching the Big Bounce, as it happens in the standard
case. Additionally, far from the Bounce, the anisotropies tend to a constant value that can
be absorbed by an appropriate and local rescaling of the coordinate system. In this sense,
the quasi-isotropization mechanism described in [62,131] results to be preserved under the
polymer modification.

In conclusion, the semiclassical polymer dynamics is well described by a bridge
solution connecting an initial non-singular, inhomogeneous and anisotropic Kasner-like
regime with a later homogeneous and isotropic de Sitter phase. We notice that this result
is local, i.e., valid in a nearly homogeneous region. Nonetheless, with the hypothesis of
having an inhomogeneity scale much larger than the average Hubble horizon, each causal
connected region undergoes such an isotropization phase and can be expanded by the
inflationary mechanism on a scale much larger than the Hubble radius. Thus, if the
inflationary phase is long enough, it is possible to obtain a homogeneous and isotropic
region larger than the Hubble horizon today.

Finally, in [38], it is also demonstrated that the chaotic properties of the dynamics are
suppressed when the polymer representation is implemented at a semiclassical level. This
property is a consequence of the following considerations. As we have seen in Section 2.3,
the chaoticity of the Bianchi IX model is derived by analyzing the relative velocity between
the point-Universe and the potential walls. It is possible to verify that, similar to the
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analysis in Section 4.4.1, in this model, the velocity of the walls is finite at the Bounce, while
that of the point-Universe diverges in the polymer framework. So, rebounds always occur,
even in the presence of a scalar field, even though in the classical framework, its presence is
able to remove the chaos [113]. However, due to the polymer modifications, the following
condition holds:

∑
j

P2
j + 9Λv2 > max

(
3v4/3UBIX

)
. (187)

Therefore, there are two possible scenarios for the removal of chaos, similar to the case
of the Loop quantized homogeneous Bianchi IX model described in Section 3.5: either the
condition (187) is satisfied before the Bounce, resulting in a final stable Kasner-like epoch
(similarly to the AVTD regime reached classically when a scalar field is present), or chaos
is removed by the fact that the presence of a Big Bounce makes the number of rebounds on
the potential walls finite.

4.5. The Link between Polymer Quantum Mechanics and Loop Quantum Cosmology:
Canonical Equivalence

In Sections 4.2–4.4, we have presented the main results gained thanks to the applica-
tion of the polymer representation at the level of the semiclassical dynamics, with some
extensions to the full quantum regime in Sections 4.2 and 4.3. Along the presentation,
we have proceeded by considering more and more general cosmological models, start-
ing from the FLRW one and then extending the analysis to the Bianchi I and IX models
afterwards. For each model, we have compared the obtained results in different sets of
variables, always performing the canonical transformation between the phase space vari-
ables before implementing the polymer approximation for the variables conjugate to those
represented as discrete on the polymer lattices. If, on one hand, the polymer formulation
permits to successfully overcome the GR shortcoming of the initial singularity, on the
other hand, it reproduces different physical pictures for the same cosmological model
when represented in different sets of variables canonically linked in the classical regime.
In this respect, the polymer behavior of the Bianchi IX cosmological model in the standard
Misner variables is of particular relevance since it shows a singular dynamics in contrast
with the bouncing cosmology and the chaos removal ensured by the use of a volume-like
variable (note that in the Misner variables the presence of chaos depends on the ratio of the
different discretization parameters associated to the isotropic variable and the anisotropy
coordinates β± [42]).

This fact raises an issue about what it really means to do a canonical transformation
in the polymer framework. For a proposal about recovering the equivalence between
different sets of variables after the polymer is implemented on the Hamiltonian constraint,
see [44]. In this work, it is demonstrated how, by fixing the preferred system of generalized
coordinates and assigning a constant lattice step (actually in the considered case, there
is only the scale factor, but a generalization of the analysis can be easily inferred), the
dynamical features of the model remain the same in any other set of coordinates, at the price
of considering the discretization step as a function of the adopted variables. For example,
starting from the volume coordinates and then changing to the Ashtekar connections
maintains the canonical equivalence between the dynamics thanks to the dependence of
the polymer parameter on p. Therefore, the dynamics is ruled by the set of variables in
which the polymer spacing results in being constant. We note that this study was performed
only at a semiclassical level since the implementation of a translational operator depending
on the coordinates is not trivial, so the equivalence in the full quantum theory is still an
open question.

Nevertheless, this result achieved in [44] about the recovery of an equivalence class
of configurational variables could have relevant implications for the µ̄ scheme of LQC.
In particular, in the µ̄ scheme of LQC the translational operator acting on the physical
states acquires a parameter depending on the momentum variable (due to the physical
rescaling of the area element) that, in the polymer framework, plays exactly the role of p.
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This analogy suggests that a change of coordinates is at the basis of the improved LQC
approach [49–51] in a way that a translational operator of constant step is restored and the
theory is made technically viable.

However, such a change of variables opens a possible criticism about the quantization
procedure, which is no longer referred to the natural SU(2) connection so that LQC would
be departing from full LQG. While on a quantum level, this question is somewhat an open
issue, on the level of an effective LQC theory, the result mentioned above can somewhat
support the validity of the change in variables in view of the link between PQM and
LQC. Indeed, since the physical picture of the model is dictated by the scheme with a
constant polymerization parameter, we can conclude that the semiclassical dynamics of the
µ̄ formulation is the same of that obtained in the Ashtekar variables if the lattice parameter
is canonically transformed so that no ambiguity arises about the universal character of the
Big Bounce, i.e., about its independence on the initial conditions.

5. Concluding Remarks

In this review, we analyzed basic aspects of LQC and presented polymer quantum cos-
mology in depth in order to trace some solid implications on the early Universe evolution
precisely regarding the regularization of the singularity.

In this respect, we can firmly say that a bouncing cosmology always emerges in LQC
and in polymer quantum cosmology, when the Universe volume is considered one of the
configurational variables. Furthermore, the Big Bounce has also the features of a universal
cut-off since the critical energy density of the Universe takes a maximum value depending
only on fundamental constants and the Immirzi parameter. This result is obtained in the
improved scheme of LQC as shown in Section 3.3 and also demonstrated in the context of
PQM for the isotropic model in [37]. Moreover, similar results to those obtained in the µ̄
scheme are outlined in [44,45] when PQM is implemented on volume-like variables.

The situation is slightly different when we polymerize different sets of generalized
variables in PQM. In particular, when we consider the polymerization of the Ashtekar–
Barbero–Immirzi connections, the Big Bounce still emerges in the semiclassical dynamics,
but the critical energy density now depends on the initial conditions on the motion, or equiv-
alently on the wave packets when the full quantum approach is implemented (see [44,45]).
In these analyses, the polymerization of the natural connection seems to reproduce a
physical picture very similar to the µ0 scheme of LQC presented in Section 3.2.

The importance of the choice of the adopted variable for the polymer quantization of
the Universe is outlined by observing that the polymerization of the Bianchi IX model (both
in the homogeneous and inhomogeneous cases) expressed in the standard Misner variables
yields a model that is still singular [34,42], while discretizing the Universe volume in the
metric formulation does avoid the singularity [38]. This result highlights the link between
the dimensionality of the discretized variable and the regularization of the singularity
in PQM; also, it opens the non-trivial question about which equivalence class among all
possible choices of canonically related coordinates leads to the same physical picture.

An interesting result toward the solution of this puzzling question is elucidated from
the analysis in [44]. We have discussed how the equivalence is ensured for the isotropic
model on a semiclassical level by the possibility to restate the problem in terms of a new
polymerization step dependent on the configurational coordinates. This result can have
positive implications in stating the equivalence of the effective dynamics in the µ0 and µ̄
schemes of LQC [20,50], as discussed in Section 4.5, at least on a semiclassical level.

On the base of the results illustrated here, we can conclude that, if on one hand,
some basic features of cut-off quantum cosmology are well traced, many other detailed
points must be addressed. For instance, it is necessary to better characterize the physical
properties of the Big Bounce, both by providing a pure quantum description instead of just a
semiclassical one, and by further investigating the thermodynamical nature of the quantum
cosmological fluid. Moreover, it is crucial to understand how a collapsing Universe before
our expanding branch is generated and how it can influence the morphology of the present



Universe 2021, 7, 327 51 of 55

Universe (see some pioneering works [37,39,132–138]). A typical example of this issue
affecting bouncing cosmologies is provided in [37], where it is argued that the flatness
paradox is still present, even though the horizon paradox is naturally solved, thanks to
the pre-existing collapsing Universe. These kinds of physical questions become even more
meaningful if we postulate that the Universe dynamics is associated to a cyclical evolution
between a Big Bounce and a later classical turning point [139,140]: in this context, the
behavior of the Universe entropy becomes a delicate feature to be addressed.
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