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Abstract: We investigate the possibility of gravitationally generated particle production via the
mechanism of nonminimal torsion–matter coupling. An intriguing feature of this theory is that
the divergence of the matter energy–momentum tensor does not vanish identically. We explore the
physical and cosmological implications of the nonconservation of the energy–momentum tensor
by using the formalism of irreversible thermodynamics of open systems in the presence of matter
creation/annihilation. The particle creation rates, pressure, and the expression of the comoving
entropy are obtained in a covariant formulation and discussed in detail. Applied together with
the gravitational field equations, the thermodynamics of open systems lead to a generalization of
the standard ΛCDM cosmological paradigm, in which the particle creation rates and pressures
are effectively considered as components of the cosmological fluid energy–momentum tensor. We
consider specific models, and we show that cosmology with a torsion–matter coupling can almost
perfectly reproduce the ΛCDM scenario, while it additionally gives rise to particle creation rates,
creation pressures, and entropy generation through gravitational matter production in both low and
high redshift limits.

Keywords: particle production; irreversible thermodynamics; nonminimal torsion–matter coupling;
modified theories of gravity

1. Introduction

General Relativity has been established as the theory of gravitational interactions
for over a century, being consistent with all experiments and being able to describe a
huge set of observational results. Nevertheless, there are two justified motivations that
lead to the construction of its modifications and extensions. The first motivation is based
on cosmological grounds and aims to offer a successful description of the two phases
of accelerated expansions, without facing the cosmological constant problem or without
the need to introduce extra fields/fluids, such as the inflaton and/or the dark energy
sectors [1–3]. Moreover, one hopes to alleviate the two possible tensions that recently
puzzle ΛCDM cosmology, namely the H0 [4] and the σ8 [5] tensions. The second motivation
arises from theoretical considerations and considers general relativity as the low-energy
limit of a richer and more fundamental theory that would be renormalizable and closer to
the full quantum gravitational one [6–8].
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In order to construct modified gravity theories, one starts from the Einstein–Hilbert
Lagrangian and extends it in all possible ways [9]. However, one can equally, as well, start
from the equivalent gravitational description in terms of torsion, namely from the telepar-
allel equivalent of general relativity [10–13], and extend the corresponding Lagrangian,
given by the torsion scalar T. In this way, we can obtain f (T) gravity [14,15], f (T, TG)
gravity [16], scalar-torsion theories [17], f (T, B) gravity [18], etc. Along these lines, one
can further extend the torsional formulation in theories with nontrivial couplings between

gravity and the matter sector, such as in f (T,
em
T ) (where

em
T is the trace of the matter

energy–momentum tensor) [19], or in theories with a nonminimal coupling between the
torsion scalar and the matter Lagrangian [20]. These theories prove to have interesting
cosmological applications [20–24]. One important feature of these classes of theory is that
the matter and effective dark energy sectors are not separately conserved, since there exists
an effective interaction between torsional geometry and matter.

On the other hand, irreversible thermodynamics and thermodynamics of open systems
is a widely studied field since it is useful in various applications [25–33]. One of them is
related to the possibility of particle creation and matter production on cosmological scales,
due to the appearance of a “heat”-type term which corresponds to the internal energy of
the system. This matter production can be equivalently described through the addition of
an effective bulk viscous pressure into the energy–momentum tensor of the cosmological
fluid [34–36].

In the present work, we are interested in investigating the possibility of gravitationally
induced particle production through the mechanism of a nonminimal torsion–matter
coupling. In particular, since, in such theories, we naturally obtain the nonconservation
of the ordinary matter energy–momentum tensor, we can interpret it as an irreversible
matter creation process, describing the generation of particles due to torsion. Additionally,
particle production acts as an entropy source, too, which generates an effective entropy
flux. Hence, in the presence of the torsion–matter coupling, the temperature evolution of
the thermodynamic systems is also modified.

The structure of this paper is as follows. In Section 2, we present the theory of
a nonminimal torsion–matter coupling, and we apply it in a cosmological framework,
extracting the relevant equations. In Section 3, we briefly review the thermodynamics of
open systems, focusing on the second law of thermodynamics, the particle generation rates,
and the creation pressure, in addition to relating the particle creation and bulk viscosity.
Then, in Section 4, we investigate the cosmological evolution and particle generation in the
case of nonminimal torsion–matter coupling gravity. Finally, in Section 5 we summarize
the obtained results and conclude.

2. f (T) Gravity with Nonminimal Torsion–Matter Coupling

In this section, we briefly review the f (T) gravity formalism with nonminimal torsion–
matter coupling, with applications in a cosmological framework. As it is usual in torsional
formulation, one is based on the tetrad fields, which form an orthonormal basis on the
tangent space. In a coordinate basis, they are eA = eµ

A∂µ, and the metric is given by

gµν(x) = ηAB eA
µ (x) eB

ν (x), (1)

where xµ is the manifold point, ηAB = diag(1,−1,−1,−1)), and with Greek and Latin
indices denoting coordinate and tangent indices respectively. Additionally, one intro-

duces the Weitzenböck connection, given as
w
Γ

λ

νµ ≡ eλ
A ∂µeA

ν [37], and therefore the torsion
tensor reads

Tλ
µν ≡

w
Γ

λ

νµ −
w
Γ

λ

µν = eλ
A (∂µeA

ν − ∂νeA
µ ). (2)
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Contraction of the torsion tensor gives the torsion scalar as

T ≡ 1
4

TρµνTρµν +
1
2

TρµνTνµρ − T ρ
ρµ Tνµ

ν, (3)

which is used as the Lagrangian of the teleparallel theory. Variation of the teleparallel
action with respect to the tetrads leads to the same equations with general relativity, and
that is the reason that the corresponding theory is denoted as the teleparallel equivalent of
general relativity (TEGR) [13,38,39].

As mentioned in the Introduction, one can construct gravitational modifications by
extending T to T + f (T), writing the action [15]

I =
1

16πG

∫
d4x e[T + f (T) + Lm], (4)

where e = det(eA
µ ) =

√−g and G is the gravitational constant in units where the speed
of light is set to 1. For completeness, in the above action, we have added the total matter
Lagrangian Lm.

One can now proceed to a further extension and allow for a nonminimal coupling
between torsion terms and the matter Lagrangian Lm. Such models have the theoretical
advantage that matter is considered on an equal footing with geometry and prove to lead
to interesting cosmological phenomenology [20]. In this case, the action is written as

S =
1

16πG

∫
d4x e {T + f1(T) + [1 + λ f2(T)] Lm}, (5)

with fi(T) (i = 1, 2) two arbitrary functions T and λ a coupling constant with dimensions
of mass−2. Variation with respect to the tetrad leads to(

1 + f ′1 + λ f ′2Lm
)[

e−1∂µ(eeα
ASα

ρµ)− eα
ATµ

ναSµ
νρ
]
+
(

f ′′1 + λ f ′′2 Lm
)
∂µTeα

ASα
ρµ

+eρ
A

(
f1 + T

4

)
− 1

4
λ f ′2 ∂µTeα

A

em
S α

ρµ + λ f ′2 eα
ASα

ρµ ∂µLm = 4πG(1 + λ f2)eα
A

em
T α

ρ. (6)

In these field equations, primes denote derivatives with respect to T, and
em
T ρ

ν denotes

the total matter energy–momentum tensor. Moreover, we have defined S µν
ρ ≡ 1

2

(
Kµν

ρ +

δ
µ
ρ Tαν

α − δν
ρ Tαµ

α

)
, with Kµν

ρ ≡ − 1
2

(
Tµν

ρ − Tνµ
ρ − T µν

ρ

)
the contorsion tensor, while for

convenience, we have introduced

em
S A

ρµ =
∂Lm

∂∂µeA
ρ

. (7)

In order to apply the above theory in a cosmological framework, we adopt the flat,
homogeneous, and isotropic Friedmann–Lemaître–Robertson–Walker (FLRW) metric:

ds2 = dt2 − a2(t) δijdxidxj, (8)

which is obtained by the tetrad eA
µ = diag(1, a, a, a), where a(t) is the scale factor. Con-

cerning the matter fluid, as usual, we choose
em
T µν = (ρm + pm)uµuν − pmgµν, while for

the Lagrangian density, the natural and also efficient choice is Lm/(16πG) = −ρm [40–42],

which then gives
em
S A

ρµ = 0. Alternative choices for the matter Lagrangian have also
been suggested. For example, in [43], it was shown that the on-shell Lagrangian of a
perfect fluid depends on the microscopic properties of the fluid. Moreover, if the fluid
is comprised of solitons, representing localized concentrations of energy with fixed rest
mass and structure, then the average on-shell Lagrangian of a perfect fluid can be obtained
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as Lm = Tm = −ρm + 3pm, where Tm denotes the trace of the energy–momentum tensor.
However, in the limit of dust, with p << ρ, the matter Lagrangian Lm = Tm reduces to
Lm = −ρm.

Inserting the above considerations into the general field Equation (6), we obtain the
Friedmann equations

H2 =
8πG

3

[
1 + λ

(
f2 + 12H2 f ′2

)]
ρm −

1
6

(
f1 + 12H2 f ′1

)
, (9)

Ḣ = −
4πG(ρm + pm)

[
1 + λ

(
f2 + 12H2 f ′2

)]
1 + f ′1 − 12H2 f ′′1 − 16πGλρm

(
f ′2 − 12H2 f ′′2

) . (10)

As we observe, we obtain extra terms arising from both the torsional modification, as
well as from the nontrivial torsion–matter couplings.

The extended Friedmann equations can be re-expressed as

3H2 = 8πG(ρDE + ρm), (11)

2Ḣ + 3H2 = −8πG(pDE + pm), (12)

in which we have introduced an effective dark energy sector with energy density and
pressure given as

ρDE := − 1
16πG

(
f1 + 12H2 f ′1

)
+ λρm

(
f2 + 12H2 f ′2

)
, (13)

pDE := (ρm + pm)

[
1 + λ

(
f2 + 12H2 f ′2

)
1 + f ′1 − 12H2 f ′′1 − 16πGλρm

(
f ′2 − 12H2 f ′′2

) − 1

]

+
1

16πG

(
f1 + 12H2 f ′1

)
− λρm

(
f2 + 12H2 f ′2

)
. (14)

Using these, we can introduce the equation-of-state parameter for the dark energy
sector through

wDE :=
pDE
ρDE

. (15)

To compare the theoretical predictions with observations, it is advantageous to intro-
duce the deceleration parameter q = d

dt

(
1
H

)
− 1, and thus q < 0 corresponds to acceleration,

while q > 0 to deceleration.
As one can see, the energy densities and pressures satisfy the total conservation equation

ρ̇DE + ρ̇m + 3H(ρDE + ρm + pDE + pm) = 0. (16)

However, the crucial feature is that in such classes of theories, the matter and dark
energy sectors are not separately conserved. This lies in the basis of the present work, as
we will see below.

We close this section by introducing for convenience the notations

Fi = fi + 12H2 f ′i , Gi = f ′i − 12H2 f ′′i , i = 1, 2. (17)

Then, from Equation (11), we obtain the matter density as

ρm =
3H2 + F1/2

8πG(1 + λF2)
. (18)
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By assuming an equation of state of the form pm = (γ− 1)ρm, Equation (10) gives

Ḣ = −
γ(1 + λF2)

(
3H2 + F1/2

)
(1 + G1)(1 + λF2)− 2λ(3H2 + F1/2)G2

. (19)

This is a first order ordinary differential equation, which fully determines the cosmo-
logical evolution of the model once the functions fi (i = 1, 2) are specified. In terms of the
matter and dark energy densities, the deceleration parameter can be written as

q =
1
2
+

pm + pDE
ρm + pDE

. (20)

Finally, to facilitate the testing of the models with the observations, we introduce the
redshift z, defined as 1 + z = 1

a .
Then, we can replace the derivatives with respect to the time with the derivatives with

respect to z according to the rule d
dt = −(1 + z)H(z) d

dz .

3. Irreversible Thermodynamics of Open Systems

In the present section, we briefly review the fundamentals of the thermodynamics
of irreversible processes in the presence of gravitationally induced matter creation. The
main motivation for considering this formalism is related to the possibility of the interpre-
tation of the nonconservation of the standard matter energy–momentum tensor in theories
with torsion–matter coupling, as describing particle creation on a cosmological scale, a
process that would naturally require the use of the irreversible thermodynamics of open
systems [25–30]. Taking into account Equation (16), it turns out that in the presence of a
torsion–matter coupling, the energy–momentum balance equation contains extra terms,
as contrasted with the adiabatic conservation law of standard cosmology. From a cosmo-
logical point of view, these new terms can be interpreted as corresponding to dark energy.
On the other hand, from the point of view of the thermodynamics of open systems, the
same terms can be portrayed as corresponding to an irreversible matter creation process,
describing the generation of particles from torsion. Particle production also acts as an
entropy source, which generates an effective entropy flux. Consequently, in the presence of
the torsion–matter coupling, the temperature evolution of the thermodynamic systems is
also modified.

3.1. Second Law of Thermodynamics, Particle Generation Rates, and the Creation Pressure

In the following, we define open systems as specific thermodynamic systems that
can transfer, via some dissipative processes, both energy and matter to their enclosing.
In the matter–torsion coupling model, due to the nonconservation of the matter energy–
momentum tensor, geometry can transfer matter and energy to the cosmic background.
On the other hand, in a closed thermodynamic system, only exchange of energy (in the
form of heat) occurs, and there is no exchange of matter with its surroundings. A closed
thermodynamic system is surrounded by walls that are immovable and rigid. Therefore,
the walls of a closed system cannot conduct heat or perfectly reflect radiation, and hence
they are impervious to particles and nongravitational forces [44].

As a second fundamental assumption, we adopt the physical idea that the cosmo-
logical evolution is irreversible. In the present context, this implies that torsion–matter
coupling could generate physical particles (such as, for example, photons), but particles
cannot directly generate geometric quantities, except via the gravitational field equations.

For a general relativistic fluid, its thermodynamic state can be characterized by using

as basic macroscopic variables the energy–momentum tensor
em
T µν, the entropy flux vector

sµ, and the particle flux vector Nµ. For open thermodynamical systems, one must also
admit the possibility of the modification of the matter content, due to irreversible particle
production, or decay processes.
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3.1.1. Entropy Evolution in Irreversible Thermodynamics

In the thermodynamical analysis of open systems, one generally assumes that the
entropy variation is the result of two distinct processes: the first is the entropy flow deS,
while the second term gives the entropy creation diS. Hence, in the presence of matter
creation, the total entropy change dS of an open thermodynamic system can be written
as [25,26]

dS = deS + diS, (21)

with the second law of thermodynamics requiring diS > 0. The total differential of the
entropy is obtained as [26],

T d
(

sa3
)
= d

(
ρma3

)
+ pmda3 − µd

(
na3
)

, (22)

where by T we have denoted the temperature of the open thermodynamic system, µ is the
chemical potential, n is the particle number density, while s = S/a3 denotes the entropy
per unit volume, respectively. µ can be obtained from the relation

µn = h̃− T s, (23)

where h̃ = ρm + pm denotes the enthalpy of the system. Thus, both the entropy flow and
the entropy production rate can be obtained from Equation (22), giving the second law of
thermodynamics.

For closed thermodynamic systems, and in the case of adiabatic transformations, we
have dS = 0, and diS = 0, respectively. In any homogeneous and isotropic cosmological
model, the entropy flow term deS identically vanishes, and thus deS = 0.

3.1.2. Particle Production Rates, Creation Pressure, and Temperature Evolution

For open thermodynamical systems, in which irreversible matter creation/decay oc-
curs, the changes of the particle numbers must also be taken into account when considering
the evolution laws. The particle creation processes can be included phenomenologically in
the energy–momentum tensor, which must be written as [25,26]

em
T

µν

= (ρ + p + pc)uµuν − (p + pc)gµν, (24)

where uµ is the four-velocity of the fluid, normalized according to uµuµ = 1, while the
creation pressure pc characterizes matter creation, as well as other possible dissipative
thermodynamic processes (note that this could hold in the case of soft cosmology, too [45]).

The total energy–momentum tensor
em
T µν satisfies the usual covariant conservation law

∇ν

em
T

µν

= 0, (25)

where by ∇ν, we have denoted the covariant derivative with respect to the Riemannian
metric gµν and to the corresponding Levi-Civita connection, respectively.

The particle flux vector Nµ is introduced via the definition Nµ = nuµ, and it obeys
the general balance equation

∇µNµ = Ψ(xµ), (26)

where the function Ψ(xµ) gives the matter production rate. A positive Ψ > 0 indicates a
particle source, while a negative Ψ < 0 corresponds to a particle sink. In standard general
relativistic cosmology, usually the particle production rate Ψ is taken as zero, Ψ ≡ 0. The
entropy flux sµ is given by sµ = nσuµ [27], where σ = s/n denotes the specific entropy per
particle. From the second law of thermodynamics, it follows that ∇µsµ ≥ 0. An important



Universe 2021, 7, 227 7 of 24

thermodynamical relation, the Gibbs equation, is given for an open thermodynamic system
by [27]

nT dσ = dρ− ρ + p
n

dn. (27)

We now derive the energy balance equation in an open thermodynamic system in the
presence of particle creation. To achieve this goal, we multiply both sides of Equation (25)
by uµ, thus obtaining the relation

uµ∇νTµν = uµ(ρ + p + pc)∇ν(uµuν)− uµ∇µ(p + pc) + uµ∇ν(ρ + p + pc)uµuν

= (ρ + p + pc)(uµuν∇νuµ + uµuµ∇νuν) + uν∇ν(ρ + p + pc)− ( ṗ + ṗc)

= ρ̇ + (ρ + p + pc)∇νuν = 0, (28)

where we have denoted ρ̇ = uµ∇µρ, and we have used the mathematical equalities
uµuµ = 1 and uµuν∇νuµ = 0, respectively. Therefore, for open systems in the presence
of particle production, the energy conservation equation can be written in the general
covariant form as

ρ̇ + (ρ + p + pc)∇µuµ = 0. (29)

To obtain the entropy change, we use the relation (29) in the Gibbs Equation (27),
together with Equation (26). Thus, we successively obtain

0 = ρ̇− ρ + p
n

uµ∇µn + T∇µsµ − Tσ∇µNµ, (30)

and

nTuµ∇µσ = −pc∇µuµ −
(

ρ + p
n
− Tσ

)
∇µNµ, (31)

respectively. Hence, for the entropy balance, we find the equation [27]

∇µsµ = − pcΘ
T
− µΨ

T
, (32)

where µ = (ρ + p)/n− Tσ is the chemical potential, while Θ = ∇µuµ denotes the expan-
sion of the fluid.

For cosmological applications, we assume that matter is generated in thermal equilib-
rium with the particles previously existing. This implies that the entropy increases due
to particle generation processes only. As for the creation pressure pc, associated with new
particle formation, in the following, we assume for it the phenomenological ansatz [26,27]

pc = −α(xµ)
Ψ
Θ

, (33)

where the function α(xµ) satisfies the condition α(xµ) > 0, ∀xµ ∈ R. Hence, we obtain the
entropy balance equation as

∇µsµ =
Ψ
T
[α(xµ)− µ] = Ψσ +

[
α(xµ)− ρ + p

n

]
Ψ
T

= Ψσ + nσ̇, (34)

where σ̇ = uµ∇µσ. With the use of Equation (32) for the specific entropy production σ̇, we
find the relation [27]

σ̇ =
Ψ
nT

[
α(xµ)− ρ + p

n

]
. (35)

In the following, we narrow our thermodynamic formalism by setting the restriction
that the specific entropy of the newly produced matter is a constant, σ = constant. Under
this assumption, from Equation (35), we obtain for α(xµ) the relation α(xµ) = (ρ + p)/n.
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Hence, it follows that the creation pressure generated by the irreversible matter production
in open systems has the simple mathematical form [27]

pc = −
ρ + p
nΘ

Ψ. (36)

From the condition of the constancy of σ, it follows that the Gibbs equation can be
reformulated as

ρ̇ = (ρ + p)
ṅ
n

. (37)

3.2. Cosmological Matter Generation

We assume that the geometric properties of the Universe are described by the flat
isotropic and homogeneous FLRW metric, given by (8). In order to study the significance
of particle creation at cosmological scales, we assume that in a volume V, the universe
contains N ordinary baryonic particles. We denote the energy density and the thermo-
dynamic pressure of the matter system by ρm and pm, respectively. The second law of
thermodynamics can be written down for such a system as [26]

d
dt

(
ρma3

)
+ pm

d
dt

a3 =
dQ
dt

+
ρm + pm

n
d
dt

(
na3
)

, (38)

where by dQ, we have denoted the heat received by the system in a finite time dt, and
n = N/V is the particle number density. In the adopted FLRW metric (8), and by taking
into account the cosmological principle, only adiabatic transformations dQ = 0 are pos-
sible. Thus, we can ignore large scale heat transfer processes at the cosmological scale.
However, as can easily be seen from Equation (38), even under the premise of adiabatic
transformations, in the second law of thermodynamics, as given by Equation (38), a term
[(ρm + pm)/n]d

(
na3)/dt is still present. This term takes into account the temporal change

of the cosmological particle number densities.
Therefore, in the formalism of the irreversible thermodynamics description of open

systems, even in the case of adiabatic transformations dQ = 0, a “heat”-type term appears,
which corresponds to the internal energy of the system. This term is due to the time varia-
tion in the particle number n. For adiabatic transformations, dQ/dt = 0, and Equation (38)
takes the form

ρ̇m + 3(ρm + pm)H =
ρm + pm

n
(ṅ + 3Hn). (39)

For the time variation of the particle number density we assume the balance equation

ṅ + 3nH = Ψn, (40)

where Ψ, the particle creation rate, is a non-negative quantity. Therefore, the energy balance
equation can be written in an equivalent form as

ρ̇m + 3(ρm + pm)H = (ρm + pm)Ψ. (41)

For adiabatic transformations, Equation (38) can be reformulated as an effective energy
conservation equation [26],

d
dt

(
ρma3

)
+ (pm + pc)

d
dt

a3 = 0, (42)

or, in an alternative representation, as

ρ̇m + 3(ρm + pm + pc)H = 0, (43)



Universe 2021, 7, 227 9 of 24

where we have introduced the creation pressure pc, given in the cosmological context
by [26]

pc = −ρm + pm

n
d
(
na3)
da3

= −ρm + pm

3nH
(ṅ + 3nH) = −ρm + pm

3
Ψ
H

. (44)

We now introduce the entropy flux four-vector Sµ, specified according to [27]

Sµ = nσuµ, (45)

where σ = S/N denotes, as usual, the specific entropy per particle. Note that the entropy
flux Sµ must satisfy the second law of thermodynamics, which requires the restriction
∇µSµ ≥ 0. The Gibbs relation and the definition of the chemical potential µ provides

∇µSµ = Ψ
n
T

(
h̃
n
− µ

)
= (ṅ + 3nH)σ + nuµ∇µσ

=
1
T (ṅ + 3Hn)

(
h̃
n
− µ

)
, (46)

where we have used the thermodynamic identity

nT σ̇ = ρ̇m −
ρm + pm

n
ṅ = 0, (47)

which is a consequence of Equation (39).
On the other hand, particle production contributes to the total entropy increase. The

time variation of diS is obtained as [26]

T diS
dt

= T dS
dt

=
h̃
n

d
dt

(
na3
)
− µ

d
dt

(
na3
)

= T s
n

d
dt

(
na3
)
≥ 0. (48)

From Equation (48), we now obtain for the temporal change of the newly created
entropy the relation

dS
dt

=
S
n
(ṅ + 3Hn) = ΨS ≥ 0. (49)

A realistic thermodynamic system is described by two basic thermodynamic variables,
the temperature T and the particle number density n, respectively. In thermodynamic
equilibrium, the energy density ρm and the thermodynamic pressure pm of the matter are
obtained generally, in terms of n and T , in a parametric form given by

ρm = ρm(n, T ), pm = pm(n, T ). (50)

Hence, the energy conservation Equation (41) can be formulated as

∂ρm

∂n
ṅ +

∂ρm

∂T Ṫ + 3(ρm + pm)H = Ψn. (51)

From the general thermodynamic relation [27]

∂ρm

∂n
=

h̃
n
− T

n
∂pm

∂T , (52)
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it follows that the temperature variation of the newly created particles can be obtained as

Ṫ
T = c2

s
ṅ
n
= c2

s (Ψ− 3H), (53)

where we have introduced the speed of sound cs in the cosmological matter, defined
according to c2

s = ∂pm/∂ρm.
If the newly created particles satisfy a barotropic equation of state of the form

pm = (γ− 1)ρm, 1 ≤ γ ≤ 2, then it follows that the temperature T evolves according to
the relation

T = T0nγ−1. (54)

3.3. Particle Creation and Bulk Viscosity

An interesting physical interpretation of the matter production processes was initiated
in [34] and further developed in [35,36], respectively. The basic idea of this approach is the
interpretation of the viscosity of the cosmological fluid as corresponding to a phenomeno-
logical characterization of the production of particles in an expanding Universe. Hence, the
matter creation process can be equivalently described through the addition of an effective
bulk viscous type pressure into the energy–momentum tensor of the cosmological matter.
From a physical point of view, the viscous pressure can be interpreted in terms of the
viscosity of the vacuum [34–36]. Moreover, in the general energy balance equation of a
general relativistic fluid, any source term can be reformulated as an effective bulk viscosity
coefficient [46,47].

In the presence of bulk viscosity, assumed to represent the only dissipative process,
for a general relativistic fluid, the energy–momentum tensor can be obtained as [46,47]

em
T µν = (ρm + pm + Π)uµuν − (pm + Π)gµν, (55)

where by Π, we have denoted the bulk viscous pressure. The particle flow vector Nµ is
defined in the usual way as Nµ = nuµ. On the other hand, in the causal formulation of
thermodynamics, the entropy flow vector Sµ is given by [48–50]

Sµ = sNµ − τΠ2

2ξT uµ, (56)

where by τ, we have denoted the relaxation time, and ξ is the bulk viscosity coefficient.
In (56), only small, second-order departures from equilibrium are included. In the FLRW
geometry, for a cosmological fluid in a homogeneous and isotropic Universe in the presence
of bulk viscous dissipative processes, the energy conservation equation is given by

ρ̇m + 3(ρm + pm + Π)H = 0. (57)

A simple comparison between Equation (57), giving the energy conservation equation
for a cosmological fluid in the presence of bulk viscosity, and Equation (43), describing the
creation of particles in the framework of the irreversible thermodynamics of open systems,
shows that the two equations are mathematically equivalent if

pc = Π. (58)

Hence, matter production can also be described phenomenologically by introducing an
effective, bulk viscous-type pressure in the energy–momentum tensor of the cosmological
matter content of the Universe, with the bulk viscous pressure Π assuming the role of a
creation pressure.
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In order to further investigate the relation between bulk viscosity and particle creation,
we assume that the newly generated particles satisfy an equation of state of the form

ρm = ρ0

(
n
n0

)γ

= knγ, (59)

with γ the barotropic index, and where n0 and ρ0 are constants with k = ρ0/nγ
0 . By taking

into account Equation (59), Equation (57) can be interpreted as a particle conservation
equation,

ṅ + 3Hn = Ψn, (60)

where
Ψ = − Π

γH
(61)

is the particle creation rate. Ψ is proportional to the bulk viscous pressure and inversely
proportional to the Hubble function. By using the equation of state (59) in the Gibbs relation
T ds = d(ρm/n) + pmd(1/n), we obtain s = s0 = constant, a relation indicating that matter
is created with a constant entropy density.

However, it is important to point out the existence of a major distinction between
the two considered interpretations of matter creation. The main difference appears in the
expressions of entropy production rates. The entropy production in the thermodynamical
theory of open systems with particle creation is given by [27]

∇µSµ = −3Hpc

T

(
1 +

µΨn
3Hpc

)
≥ 0, (62)

while in the causal thermodynamics, the entropy production rate is [46]

∇µSµ = −Π
T

[
3H +

τ

ξ
Π̇ +

τ

2ξ
Π
(

3H +
τ̇

τ
− ξ̇

ξ
− ṪT

)]
. (63)

As one can see from Equations (62) and (63), in the thermodynamics of open systems,
the entropy generation temporal rate is directly proportional to pc, the creation pressure,
while in the causal thermodynamic description, ∇µSµ is quadratic term in the creation
pressure, ∇µSµ ∝ p2

c /ξT. Moreover, a new dynamical physical quantity, the bulk viscosity
coefficient ξ, appears in the thermodynamic formalism.

4. Cosmological Evolution and Particle Generation with Torsion–Matter Couplings

In the present section, we will investigate, from the point of view of the thermody-
namics of irreversible processes, cosmological models with the nonminimal torsion–matter
coupling, given by Equation (5). Hence, as a starting point, we will interpret the energy
balance Equation (16) as describing a process of particle creation, due to an effective energy
transfer from torsional geometry/gravity to ordinary matter. Consequently, all the physical
parameters describing particle creation also have a geometric origin.

We will also compare the cosmological predictions of the torsion–matter coupling
gravity theory with the similar predictions of the ΛCDM model. To do so, we assume that
the matter constituent of the late Universe is constituted of dust matter only, and thus we
neglect the thermodynamic pressure of the cosmological matter. Then, the matter density
varies according to

ρm =
ρ0

a3 = ρ0(1 + z)3, (64)

where ρ0 is the present day matter density. In the ΛCDM model, the time evolution of the
Hubble function is given by [51]

H(z) = H0

√
(Ωb + ΩDM)(1 + z)3 + ΩΛ, (65)
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where H0 is the present day value of the Hubble function, and Ωb, ΩDM, and ΩΛ represent
the density parameters of the baryonic matter, of the dark matter, and of the dark energy,
respectively. The density parameters satisfy the closure relation Ωb + ΩDM + ΩΛ = 1,
which follows from the flatness of the Universe.

For the matter density parameters, we will use the numerical values ΩDM = 0.259,
Ωb = 0.049, and ΩΛ = 0.691 [52], respectively. The total matter density parameter
Ωm = ΩDM + Ωb is equal to Ωm = 0.3089. The present day value of the deceleration
parameter, as predicted by the ΛCDM model, is q(0) = −0.538.

4.1. Thermodynamic Parameters of Particle Creation

A simple comparison between Equations (16) and (41) gives for the particle creation
rate Ψ the expression

Ψ = − 1
ρm + pm

[ρ̇DE + 3H(ρDE + pDE)]. (66)

By eliminating the time derivative of ρDE with the help of the first Friedmann equation,
we obtain for Ψ the alternative expression

Ψ = − 3H
ρm + pm

[
Ḣ

4πG
− ρ̇m

3
+ ρDE + pDE

]
. (67)

The requirement that the torsion–matter coupling acts as a particle source imposes the
condition Ψ > 0, which gives

ρDE + pDE <
ρ̇

3
− Ḣ

4πG
, (68)

or, equivalently,
(ρm + pm)(1 + λF2)

1 + G1 − 16πGλρmG2
< ρm + pm +

ρ̇

3
− Ḣ

4πG
. (69)

Finally, the creation pressure can be obtained as

pc = −
ρm + pm

3
Ψ
H

=
1

3H
[ρ̇DE + 3H(ρDE + pDE)]. (70)

A positive particle creation rate Ψ > 0 generates a negative creation pressure. By
imposing a linear barotropic equation of state for the cosmological matter pm = (γ− 1)ρm,
Equation (41) can be integrated to give for the variation of the matter energy density the
expression

ρm =
ρm0eγ

∫
Ψ(t′)dt′

a3γ
, (71)

where ρm0 is an arbitrary constant of integration. Similarly, for the temporal change of the
particle number density, we obtain the relation

n =
n0e

∫
Ψ(t′)dt′

a3 , (72)

with n0 as a constant of integration.
Now, with the use of Equation (49), for the entropy generated due to the particle

creation induced by the nonminimal torsion–matter coupling, we obtain the equation

1
S

dS
dt

= − 1
ρm + pm

[ρ̇DE + 3H(ρDE + pDE)]. (73)
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Hence, the entropy increase due to new matter formation can be obtained generally
from the expression

S(t) = S0e
∫ t

0 Ψ(t′)dt′ , (74)

where S0 = S(0) is an integration constant. Additionally, concerning the entropy flux, it
can be computed from the equation

∇µSµ = Ṡ0 + 3HS0 = Ψ
n
T

(
h̃
n
− µ

)
= − n

T (ρm + pm)
[ρ̇DE + 3H(ρDE + pDE)]

(
h̃
n
− µ

)
. (75)

Finally, the temperature change of the particles created from the torsion–matter trans-
fer can be obtained as a function of Ψ, the particle creation rate, from Equation (53), and it
is given by

T = T0
ec2

s
∫ t

0 Ψ(t′)dt′

a3c2
s

. (76)

4.2. Specific Cosmological Models

In the following, we will investigate, from the perspective of the irreversible thermo-
dynamics of open systems, several cosmological models, obtained by fixing the functional
forms of f1 and f2.

4.2.1. The De Sitter Solution

We will first look for a de Sitter-type solution of the basic field Equations (18) and (19),
with H = H0 = constant. Since the Hubble function is a constant, the right hand side of
Equation (19) vanishes if 1 + λF2 = 0 or 3H2 + F1/2 = 0. The conditions 1 + λF2 = 0,
3H2 + F1/2 6= 0, and ∀t ≥ 0 would make the matter energy density (18) infinite for all
times. Thus, the de Sitter type solution corresponds to 3H2 + F1/2 = 0 and 1 + λF2 6= 0,
respectively. However, with this choice, the matter energy-density vanishes identically.
Therefore, a vacuum de Sitter phase in gravitational theories with torsion–matter coupling
can be obtained if the condition

f1(T)|T→−6H2 + 12H2 f ′1(T)
∣∣
T→−6H2 = 0, (77)

is satisfied. As an example, let us consider that f1 has the functional form f1(T) = T0Tn,
with T0 and n constants. Then, the existence of the de Sitter solution imposes the constraint

3H2
0 + T0

(
−6H2

0

)n
+ 12H2

0 nT0

(
−6H2

0

)n−1
= 0, (78)

on the model parameters H0, n, and T0. It is important to mention that in this case, not
only does the energy density of the ordinary matter vanish identically, but so, too, do the
effective dark energy and dark pressure. This also implies that the particle creation rate is
zero, and therefore, no matter is created during the exponential de Sitter inflation.

4.2.2. Models with Fixed Form of the Creation Rate

In the presence of torsion–matter coupling, by assuming that matter creation takes
place, the particle production rate Ψ is fully determined by the matter density, the torsion
scalar, and the coupling functions f1(T) and f2(T) via Equations (66) and (67), respectively.
Hence, in order to obtain the particle creation rate, one must first specify the geometric
characteristics of the model. However, an alternative approach is also possible, in which
we assume from the beginning that the particle creation rate is a fixed function of the
cosmological time. Of course, the consistency of this approach with the general expressions
for the particle creation rate Equation (66) must be checked, and the conditions for the
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applicability of the model must be carefully investigated. As an example of this approach,
we consider the case in which Ψ is a constant, an assumption that holds at least for small
time intervals, Ψ = Ψ0 = constant. Then from Equation (71), it follows that the matter
density evolves in time according to the relation

ρm(t) = ρm0
eγΨ0t

a3γ
. (79)

Once the matter density is known, Equation (18) gives the expression of the Hubble
function, which fully determines the cosmological dynamics. In order to further investigate
the cosmological implications of the model, we consider the simple case with f1 = αT and
f2 = −βT, with α > 0 and β > 0 constants. Then, we have F1 = 6αH2 and F2 = −6βH2,
respectively. Equation (18) becomes

ρm =
3(1 + α)H2

8πG(1− 6βλH2)
, (80)

giving

H2 =
8πGρm

3
1

1 + α + 16πGβλρm
. (81)

With the use of Equation (79), we obtain

H2 =
ȧ2

a2 =
8πGρm0

3
eΨ0t

(1 + α)a3 + 16πGβλρm0eΨ0t , (82)

where we have assumed that the content of the Universe consists of pressureless dust with
γ = 1. In the limit (1+ α)a3 � 16πGβλρm0eΨ0t, that is, when the dynamics of the Universe
is dominated by particle creation, we obtain

H2 =
1

6βλ
= constant, (83)

indicating that matter creation generates a de Sitter type expansion. In the opposite limit
(1 + α)a3 � 16πGβλρm0eΨ0t, we obtain

aȧ2 =
8πGρm0

3(1 + α)
eΨ0t, (84)

giving

a =

[
4πGρm0

(1 + α)Ψ0
eΨ0t + a0

]2/3
, (85)

where a0 is an arbitrary constant of integration. It is interesting to note that even for a0 = 0,
a(0) = [4πGρm0/(1 + α)Ψ0] 6= 0, that is, in the present model the Universe begins its
expansion from a finite value of the scale factor. For a0 = 0, the expansion is again of the de
Sitter type, with a constant Hubble function, and with the deceleration parameter q = −1.

We will consider now the cosmological situations under which the conditions of the
constancy of the particle creation rate may be valid. By taking into account the adopted
simple linear forms of f1 and f2, and considering a dust Universe with pm = 0, we first
obtain

ρDE = −3αH2

8πG
− 6βλH2ρm, (86)

and

pDE = ρm

(
1− 6βH2λ

α + 16πβGλρm + 1
+

3αH2

8πG
+ 6βλH2ρm − 1

)
, (87)
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respectively. Hence for the particle creation rate we obtain the expression

Ψ = −
H
(
1− 6βλH2)
1 + αH2

{
3
(
1 + αH2)

1− 6βλH2

[
9βλH2(1 + αH2)
4πG(1− 6βλH2)

+
3αH2

8πG

+

(
1− 6βλH2)2

1 + α + 6βλ− 6βλH2 − 1

]
−

12βλ
(
1 + αH2)Ḣ

1− 6βλH2 − 2αḢ −
18βλ

(
αH4 + H2)

1− 6βλH2

−3αH2

}
, (88)

where we have also used Equation (80). In the case of the de Sitter type expansion, with
H = H0 = constant, the particle creation rate is a constant, and it can be approximated as

Ψ0(α, β, λ, H0) ≈ 3
[

1 +
4(α + 6βλ)

8πG
H2

0 +
1

α + 6βλ

]
H0, (89)

where we assumed that 6βλH2
0 << 1 and αH2

0 << 1. If the Hubble function is given by
the expression (83), then the particle creation rate becomes

Ψ0(α, β, λ) =

√
3
2

[
1 +

4(α + 6βλ)

48πGβλ
+

1
α + 6βλ

]
1√
βλ

. (90)

This approach can easily be generalized to arbitrary time dependencies of the creation
rate Ψ(t) but implies the consistency check of the considered model.

4.2.3. Models with Quadratic Torsion Dependence

We consider now the case in which the functions f1(T) and f2(T) have a quadratic
dependence on the torsion, and they are given by

f1(T) = −Λ + α1T2, f2(T) = β1T2. (91)

In terms of the Hubble function, f1 and f2 are represented by the expressions [20]

f1(H) = −Λ + αH4, f2(H) = βH4, (92)

where α = 36α1 and β = 36β1, respectively. Moreover, we immediately obtain f ′1(H) =
−αH2/3, f ′2(H) = −βH2/3, f ′′1 (H) = α/18, and f ′′2 (H) = β/18, respectively. Then the
field Equations (18) and (19) take the form

ρm(t) =
3αH4 − 6H2 + Λ

16πG(3βλH4 − 1)
, (93)

and

Ḣ(t) =
(
3αH4 − 6H2 + Λ

)(
3βλH4 − 1

)
4H2(α + βλΛ− 3βλH2)− 4

, (94)

respectively. We now rescale the geometric and physical parameters according to the
transformations

H = H0h, τ = H0t, ρm =
3H2

0
8πG

rm, α =
α̃

H2
0

, β =
β̃

H2
0

, λ =
λ̃

H2
0

, Λ = 3H2
0 Λ̃, (95)

where H0 is the present day value of the Hubble function. Then, for the field equations, we
obtain the dimensionless forms

rm(τ) =
α̃h4 − 2h2 + Λ̃
2
(
3β̃λ̃h4 − 1

) , (96)
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and
dh
dτ

=
3
4

(
α̃h4 − 2h2 + Λ̃

)(
3β̃λ̃h4 − 1

)(
α̃ + 3β̃λ̃Λ̃− 3β̃λ̃h2

)
h2 − 1

, (97)

respectively. In terms of the redshift, Equation (97) becomes

− (1 + z)h
dh
dz

=
3
4

(
α̃h4 − 2h2 + Λ̃

)(
3β̃λ̃h4 − 1

)(
α̃ + 3β̃λ̃Λ̃− 3β̃λ̃h2

)
h2 − 1

, (98)

while for the redshift dependence of the deceleration parameter, we find the expression

q = (1 + z)
1
h

dh
dz
− 1. (99)

The variations with respect to the redshift of the dimensionless Hubble function
h(z), of the matter density r(z), and of the deceleration parameter q(z) are represented in
Figures 1 and 2, respectively. For the sake of comparison, the predictions of the standard
ΛCDM model are also represented.

As one can see from the top panel of Figure 1, presenting the evolution of h(z), for
the adopted set of the model parameters, the quadratic torsion–matter coupling model
can reproduce the ΛCDM model up to a redshift of z ≈ 1. For low redshift values, the
behavior of the h(z) model is almost independent of the numerical values of the coupling
constant λ̃, but at higher redshifts, the evolution of h is influenced by the variations of λ̃,
and significant differences between the ΛCDM and the present models appear. On the
other hand, the matter density evolution, represented in the bottom panel of Figure 1, is
almost identical with the ΛCDM evolution and essentially independent of the variation
of λ̃. However, the behavior of the deceleration parameter q(z), presented in Figure 2,
indicates a strong dependency on the numerical values of λ̃, with important deviations
from the ΛCDM model already appearing at redshifts higher than z = 0.5. Furthermore,
the value of the deceleration parameter at the transition point from the decelerating to
the accelerating phase is also strongly dependent on the model parameters, and hence,
the numerical value of the transition redshift ztr will impose strong constraints on the
gravitational theories with torsion–matter coupling.

Matter Creation in the Early Universe

In the very early universe, the Hubble function takes very large values. Hence, we
can assume that at very large redshifts, the conditions 3βλH4 � 1 and 3αH4 � −6H2 + Λ
are valid. Moreover, we assume that at high redshifts, the Universe can be described as a
radiation fluid, with the matter satisfying the equation of state pm = ρm/3. Then, for the
matter energy-density, we obtain the expression

ρm ≈
α

16πGβλ
= constant. (100)

Hence, from Equation (41), we obtain the following particle creation rate:

Ψ ≈ 3H. (101)
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In the same approximation from Equation (94), we obtain the differential equation

Ḣ = −3
4

αH4, (102)

with the general solution satisfying the initial condition H(t0) = H0 given by

H(t) =
H0[

1 +
(
9αH3

0 /4
)
(t− t0)

]1/3 . (103)

Therefore, the time evolution of the scale factor can then be obtained as

a(t) = exp

 1
6αH2

0

[
1 +

9αH3
0

4
(t− t0)

]2/3
, (104)

while the deceleration parameter becomes

q(t) =
3αH2

0

4
[
1 + 9αH3

0(t− t0)/4
]2/3 − 1. (105)

Note that in this approximation, the dynamics of the early universe is controlled by
the parameter α only. If for t = t0, the condition 3αH2

04 > 1 holds, the Universe begins its
evolution in a decelerating phase. For the particle creation rate we find

Ψ =
3H0[

1 +
(
9αH3

0 /4
)
(t− t0)

]1/3 , (106)

and the creation pressure is given by

pc = −
ρm + pm

3
Ψ
H

= − α

12πGβλ
. (107)

Finally, for the entropy production we obtain

S = S0e
∫

Ψ(t)dt = S0e3
∫

H(t)dt = S0a3, (108)

or

S = S0 exp

 1
2αH2

0

[
1 +

9αH3
0

4
(t− t0)

]2/3
. (109)

Hence, a large amount of comoving entropy is created during this evolutionary phase,
in which particle creation exactly compensates the decrease in the particle number density
due to the expansion of the Universe.
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Figure 1. The evolution of the dimensionless Hubble function h(z) (top panel) and of the dimension-
less matter density r(z) (bottom panel) as a function of the redshift z in the quadratic torsion–matter
coupling model, for α̃ = 0.016, β̃ = 0.01, Λ̃ = 1.38, and different values of the torsion–matter
coupling constant λ̃: λ̃ = 0.10 (dotted curve), λ̃ = 0.18 (short-dashed curve), λ̃ = 0.26 (dashed curve),
λ̃ = 0.32 (long-dashed curve), and λ̃ = 0.38 (ultra-long-dashed curve), respectively. The red solid line
corresponds to the evolution of the Hubble function and of the matter density in the ΛCDM model.
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Figure 2. The evolution of the deceleration parameter q(z) as a function of the redshift z, in the
quadratic torsion–matter coupling model, for α̃ = 0.016, β̃ = 0.01, Λ̃ = 1.38, and different values
of the torsion–matter coupling constant λ̃: λ̃ = 0.10 (dotted curve), λ̃ = 0.18 (short-dashed curve),
λ̃ = 0.26 (dashed curve), λ̃ = 0.32 (long-dashed curve), and λ̃ = 0.38 (ultra-long-dashed curve),
respectively. The red solid line describes evolution of the deceleration parameter in the ΛCDM model,
while the horizontal line at q = 0 is drawn for convenience.
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Particle production in the late Universe

In the late Universe, the matter content can be described as dust with the equation of
state pm = 0. Moreover, H(t) takes much smaller values than in the early Universe. Hence,
during this evolutionary phase, by assuming 3βλH4 � 1 and 3αH4 � −6H2 + Λ, the
matter energy-density (93) can be approximated as

ρm(t) =
3H(t)2

8πG
− Λ

16πG
. (110)

Therefore, for the particle creation rate, we obtain

Ψ =
6HḢ

3H2 −Λ2 + 3H. (111)

In the limit of small H(t), Equation (94) can be approximated as

Ḣ =
1
4

(
αΛ + βλΛ2 − 6

)
H2 +

Λ
4

, (112)

and thus, integrating the above equation with the initial condition H(t0) = H0, we obtain
for H(t) the expression

H(t) = δ tan
[

tan−1
(

H0

δ

)
+

Λ
4δ

(t− t0)

]
, (113)

where we have denoted δ =
√

Λ/[Λ(α + βλΛ)− 6]. Thus, for the particle creation rate,
we obtain

Ψ =
3δ
(
6δ2 + Λ

)
tan3

[
tan−1

(
H0
δ

)
+ Λ(t−t0)

4δ

]
6δ2 tan2

[
tan−1

(
H0
δ

)
+ Λ(t−t0)

4δ

]
−Λ

. (114)

By introducing the dimensionless variables εH0/δ, σ = δ2/Λ, and t = τ/H0, the
particle creation rate takes the form

Ψ(τ) = 3H0
6σ + 1

ε

tan3
(

tan−1 ε + 1
4εσ τ

)
σ tan2

(
tan−1 ε + 1

4εσ τ
)
− 1

. (115)

The variation of the ratio Ψ/3H0 is represented in Figure 3. As one can see from the
Figure, the particle creation rate is a monotonically increasing function of time, and its
numerical values strongly depend on the model parameters ε and σ. For the considered
range of parameters, one can estimate a present day value of the particle creation rate of
the order of Ψ ≈ 60H0 = 1.31× 10−16 s−1.

For the matter energy density we find

ρm(t) =
3δ2

8πG
tan2

[
tan−1

(
H0

δ

)
+

Λ(t− t0)

4δ

]
− Λ

16πG
. (116)

The creation pressure is given by

pc = −

(
6δ2 + Λ

)
tan2

[
tan−1

(
H0
δ

)
+ Λ(t−t0)

4δ

]
16πG

, (117)
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and Equation (74) yields for the entropy creation the expression

S = S0 cos−
2(6δ2+Λ)

Λ

[
tan−1

(
H0

δ

)
+

Λ(t− t0)

4δ

]
×{

−6δ2 +
(

6δ2 + Λ
)

cos
[

2 tan−1
(

H0

δ

)
+

Λ(t− t0)

2δ

]
+ Λ

}
. (118)
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Figure 3. Time dependence of the particle creation rate Ψ/3H0 in the quadratic torsion coupling
model in the late Universe for σ = 0.5 and different values of ε: ε = 1.9 (solid curve), ε = 1.85 (dotted
curve), epsilon = 1.80 (short dashed curve), ε = 1.75 (dashed curve), and ε = 1.70 (long dashed
curve), respectively.

Lastly, for the scale factor and for the deceleration parameter, we have the approximate
representations

a(t) = a0 cos−
4δ2
Λ

[
tan−1

(
H0

δ

)
+

Λ
4δ

(t− t0)

]
, (119)

where a0 is an arbitrary constant of integration to be determined from the initial conditions,
and

q(t) = −
Λ csc2

[
tan−1

(
H0
δ

)
+ Λ(t−t0)

4
√

H1

]
4δ2 − 1, (120)

respectively. Since q < 0 for all t ≥ t0, the Universe is in an accelerated state of expansion,
triggered by the high rate of particle creation.

5. Discussion and Conclusions

The nonconservation of the energy–momentum tensor of the cosmological matter due
to geometry–matter coupling represents an interesting, and at the same time intriguing,
aspect of modified gravity, particularly in theories with a torsion–matter coupling. In
the present work, we have explored the significance of the nonvanishing divergence
of the matter energy–momentum tensor by adopting the theoretical perspective of the
thermodynamics of irreversible processes, as introduced and developed in [25–28]. Our
basic assumption is that in modified gravity theories with a geometry–matter coupling,
there is an effective relocation of energy from gravity (geometry) to matter [53], leading
to a temporal variation in the particle number density at the cosmological level. Thus,
through particle creation, geometry (torsion) also acts as a source of entropy and internal
energy, respectively. Particle production takes place in an expanding Universe, and there is
a strong correlation between the cosmological dynamics and irreversible thermodynamics,
since large levels of particle production could trigger the transition from deceleration
to expansion.
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In this paper, we have investigated, from a thermodynamical perspective, a particular
model of the modified f (T, Lm) gravity theory, with the action given by Equation (5). This
model involves a coupling between an arbitrary function of torsion f2(T) and the matter
Lagrangian. A particularly appealing consequence of the theory is the nonconservation

of
em
T µν. We have interpreted this nonconservation as corresponding to a particle creation

process, the energy source for this process being the spacetime torsion. By using the
theoretical approach of the thermodynamics of open systems, we have obtained the basic
physical quantities (particle creation rate, creation pressure, entropy) in terms of geometric
quantities, which are constructed from the torsion scalar. In particular, the particle creation
rate, given by Equation (66), is determined by the effective dark energy and dark pressure
terms in the generalized Friedmann equations, and hence, ρDE and pDE can be interpreted
thermodynamically as describing particle generation from geometry; thus, they have a
dual cosmological meaning. They also generate an effective creation pressure (70), which is,
from a physical point of view, a direct consequence of the presence of particle production
from torsional geometry.

After developing the general thermodynamical understanding of modified gravity
theories with torsion–matter coupling, we also investigated several particular cosmological
models. The generalized gravitational field equations admit a de Sitter type solution
for a vacuum Universe, with the particle creation fully suppressed. The vacuum state is
not changed during the exponential expansion. Models with a fixed form of the particle
creation rate lead to nonsingular cosmological evolutions, with the scale factor taking an
initial finite value.

We have also analyzed in detail a particular cosmological model, in which the func-
tions f1 and f2 are quadratic in the torsion scalar T, containing a functional dependence of
the form T2. The model gives a very good description of the standard ΛCDM model up to
a redshift z ≈ 1. However, significant differences with respect to ΛCDM appear at higher
redshifts. The thermodynamic description of the model can be studied analytically in the
approximations of large H(t) (large redshifts) and small H(t) (low redshifts), respectively.
These approximations may each be valid for small cosmological time intervals. While in the
high redshift limit, the thermodynamic description is rather simple, with the cosmological
matter density kept constant due to particle creation, and with constant creation pressure,
in the low redshift limit, the evolution of the geometric and thermodynamical parameters
can be expressed in terms of trigonometric functions, leading to an oscillatory long-term
behavior. However, the period of the oscillations is greater than the actual age of the Uni-
verse, and hence, once we restrict our analysis to the time interval (0, 1/H0), the long-term
oscillatory features of the cosmological dynamics are not detectable. In our approach, we
have fixed the numerical values of the model parameters to obtain an equivalence with the
ΛCDM model at a qualitative/semi-quantitative level. In order to better fix the values of
the parameters, and to estimate the range of equivalence with ΛCDM, a detailed fitting of
the observational results is necessary.

In the thermodynamic formalism of open systems, the entropy creation term is defined
via the positive particle creation rate Ψ, so that Ṡ/S = Ψ ≥ 0. Hence, this definition
indicates that in an expanding Universe with matter generation, the entropy of the matter
S will increase forever. However, according to the second law of thermodynamics, all
natural systems must approach a state of thermodynamic equilibrium, so that the entropy
of the equilibrium system never decreases, thus satisfying the condition Ṡ ≥ 0. Moreover,
S must be concave when it approaches the equilibrium state, and thus it should satisfy
the condition S̈ ≤ 0 [31,54]. However, the present model does not automatically satisfy
these requirements. However, as discussed in detail in [31,54], if one considers that the
total entropy of the Universe is the sum of the entropies of the apparent horizon and of
the matter and radiation components inside it, it can be shown that the entropy grows and
is simultaneously concave. Hence, it turns that the second law of thermodynamics may
still be valid in the case of an indefinite cosmological growth in the presence of particle
creation. The conditions Ṡ ≥ 0 and S̈ =

(
Ψ̇ + Ψ2)S ≤ 0 impose some severe restrictions on
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the particle creation rate, which must be taken into account when investigating the late
evolution of the Universe. In particular, the condition S̈ = 0 gives Ψ ∝ 1/t, that is, to a
time decreasing particle creation rate, which becomes zero in the very large cosmological
time limit.

An interesting and important repercussion of particle creation is its implication on
the problem of the arrow of time. The problem of the time arrow consists in finding a
mechanism that generates a linear evolution of time, thus allowing us to differentiate the
past of the Universe from its future. There are two different arrows of time. The first is
the arrow of time generated thermodynamically and fully determined by the direction in
which the entropy of the Universe increases. On the other hand, the cosmological time
arrow is determined by the direction in which the Universe expands. Matter production
introduces an asymmetry in the Universe’s temporal expansion and allows us to institute
a thermodynamical arrow of time, determined by the particle creation processes. In
the cosmological models investigated in the present work, the arrow of time defined
thermodynamically coincides with the cosmological one, defined by the expansion of the
Universe, with both pointing towards an identical arrow of global evolution.

The creation of matter from the cosmological vacuum represents one of the notable
results of the quantum theory of fields in curved spacetimes [34,55–58]. The particle
production processes may play an important role in the approaches based on quantum
field theoretical formalisms to the gravitational interaction, where they emerge naturally.
A crucial conclusion of quantum theory of fields in curved spacetimes is that in the time-
dependent FLRW geometry from the minimally coupled scalar field, quantum particles
are created due to the expansion of the Universe [58]. Hence, particle generation processes
that naturally appear in quantum theories of gravity, or in quantum field theory in curved
spacetimes and in modified gravity theories with torsion–matter coupling, may point
towards the possible existence of a profound connection between these very different
approaches for the description of the gravitational interaction. Moreover, one may suggest
that modified gravity theories with torsion–matter coupling could provide a compelling
phenomenological description of the quantum gravitational processes. As for the nature
of the created particles, the present classical macroscopic formalism considered in the
present work does not give any insights into the problem. One possibility would be particle
creation from geometry in the form of the dark energy particles [59], having masses of
the order of m = h̄H0/c2 ≈ 3.8× 10−66 g, where h̄ is Planck’s constant. Moreover one
can assume some similarities between matter creation from geometry and the process
of particle creation due to quantum fluctuations, leading to random fluctuations of the
physical fields in a small region of the vacuum. Quantum vacuum fluctuations lead to the
formation of virtual particles, always created in the form of particle–antiparticle pairs [58].
Since virtual particles are generated spontaneously without a source of energy, vacuum
fluctuations and the newly created virtual particles breach the fundamental principle of the
conservation of energy. However, this problem may be solvable in geometric theories with
geometry–matter coupling, where the source of the (virtual) particles is geometry, and the
energy nonconservation has a clear physical origin.

In the present work, we have considered a thermodynamic interpretation of the
torsion–matter coupling in the corresponding class of modified gravity theories, and we
have analyzed some of the cosmological implications of this interpretation. The basic tools
developed in this approach may be used to further investigate the physical, geometrical,
and cosmological properties of torsion in the description of gravitational phenomena.
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