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Abstract: The principles of the electromagnetic fluctuation-induced phenomena such as Casimir
forces are well understood. However, recent experimental advances require universal and efficient
methods to compute these forces. While several approaches have been proposed in the literature, their
connection is often not entirely clear, and some of them have been introduced as purely numerical
techniques. Here we present a unifying approach for the Casimir force and free energy that builds
on both the Maxwell stress tensor and path integral quantization. The result is presented in terms
of either bulk or surface operators that describe corresponding current fluctuations. Our surface
approach yields a novel formula for the Casimir free energy. The path integral is presented both within
a Lagrange and Hamiltonian formulation yielding different surface operators and expressions for
the free energy that are equivalent. We compare our approaches to previously developed numerical
methods and the scattering approach. The practical application of our methods is exemplified by the
derivation of the Lifshitz formula.
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org/10.3390/ universe7070225 The interaction induced by quantum and thermal fluctuation of the electromagnetic

field is an everyday phenomenon that acts between all neutral objects, both on atomic
and macroscopic scales [1-5]. For the Casimir interaction between macroscopic bodies,
the last two decades have witnessed unparalleled progress in experimental observations
and the development of novel theoretical approaches [6,7]. In most of the recent theoreti-
cal approaches, the computation of Casimir forces between multiple objects of different
shapes and material composition has been achieved by the use of scattering methods or
the so-called TGTG formula [8-16]. These approaches have the advantage of relatively
low numerical effort; they are rapidly converging and can achieve in principle any desired
precision [17-22]. Another merit of these methods is the exclusion of UV divergencies by
performing the subtraction analytically before any numerical computation. Other efficient
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{ations. approaches that have been developed before the scattering approaches include path inte-
gral quantizations where the boundary conditions at the surfaces are implemented by delta
functions [23]. These approaches are limited to scalar fields with Dirichlet or Neumann

boundary conditions [24], or the electromagnetic field with perfectly conducting boundary

conditions [25], with the exception of a similar approach for dielectric boundaries [26].
However, such analytical (and semi-analytical) methods have been restricted to symmetric
and simple shapes, like spheres, cylinders or ellipsoids [27-31]. Geometries where parts of
distributed under the terms and  the bodies interpenetrate, such as those shown in Figure 1a, cannot be studied with scatter-
conditions of the Creative Commons 1&g approaches. For general shapes and arbitrary geometries, new methods are needed.
Attribution (CC BY) license (https:// ~ Purely numerical methods based on surface current fluctuations have been developed [32],
creativecommons.org/licenses /by / but they rely on a full-scale numerical evaluation of matrices and their determinants, which
40/). complicates these approaches when high precision of the force is required.
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Hence, there is a need to develop methods that predict Casimir interactions between
objects of arbitrary geometries composed of materials with arbitrary frequency-dependent
electromagnetic properties. The Casimir force can be viewed as arising from the interaction
of fluctuating currents distributions. In fact, these effective fluctuating electric and magnetic
currents can be considered to be localized either in the bulk of the bodies or just on their
surfaces. The surface approach relies on the observation that the electromagnetic response
of bodies can be represented entirely in terms of their surfaces, known as the “equivalence
principle”, which is based on the observation that many source distributions outside a
given region can produce the same field inside the region [33]. The surface approach
has been introduced in the literature as a method for a purely numerical computation
of Casimir interactions [32]. There are two different methods to implement the idea of
computing Casimir forces from fluctuating currents. One can either integrate the Maxwell
stress tensor over a closed surface enclosing the body, directly yielding the Casimir force,
or integrate over all electromagnetic gauge field fluctuations in a path integral, yielding
the Casimir free energy. We shall consider both approaches here.

Compared to scattering theory-based approaches, the surface formulation has the
advantage that it does not require the use of eigenfunctions of the vector wave equation
that are specific to the shape of the bodies. Hence, our approach is applicable to general
geometries and shapes, including interpenetrating structures. In fact, the power of the
surface approach has been demonstrated by numerical implementations in Reference [32],
where it was used to compute the Casimir force in complicated geometries.

In this paper, we present both the Maxwell stress tensor and path integral-based
approaches for the Casimir force and free energy in terms of bulk or surface operators. Our
main advancements are

*  Anew, compact and elegant derivation of the Casimir force from the Maxwell stress
tensor within both a T-operator approach and a surface operator approach;

*  Anew surface formula for the Casimir free energy expressed in terms of a surface operator;

* A new path integral-based derivation of a Lagrange and Hamiltonian formulation for
the Casimir free energy.

We also compare the approaches presented here to methods existing in the literature.
For the special case of bodies that can be separated by non-overlapping enclosing surfaces,
along which one of the coordinates in which the wave equation is separable is constant,
our approach is shown to be equivalent to the scattering approach. Our approaches also
show the general equivalence of the use of the Maxwell stress tensor in combination with
the fluctuation-dissipation theorem on one side and the path integral representation of the
Casimir force on the other side. As the most simple application of our approaches, we
re-derive the Lifshitz formula for the Casimir free energy of two dielectric slabs. Other
analytical applications of our approach will be presented elsewhere.

The geometries and shapes to which our approaches can be applied are shown in
Figure 1a. For comparison, in Figure 1b, we display non-penetrating bodies to which
scattering theory-based approaches are limited. In general, we assume a configuration
composed of N bodies with dielectric functions €,(w) and magnetic permeabilities y,(w),
r =1,...,N. The bodies occupy the volumes V, with surfaces X, and outward pointing
surface normal vectors fi,. The space with volume Vj in between the bodies is filled by
matter with dielectric function € (w) and magnetic permeability pg(w).
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Figure 1. Configuration of bodies: (a) general shapes and positions that can be studied with the
approaches presented in this work, (b) non-penetrating configurations that can be studied within the
scattering approach.

2. Stress-Tensor Approach
2.1. Bulk and Surface Expressions for the Force

Consider a collection of N magneto-dielectric bodies in vacuum. In the stress-tensor
approach, the (bare) Casimir force Fi(barelr) on body r is obtained by integrating the expec-
tation value (Tj;) of the Maxwell stress tensor

(1300 = gz { B0} + (R 06)) = 305 {ELCE(0) + (00 )

over any closed surface S, drawn in the vacuum, which surrounds that body (but excludes
all other bodies):

Fi(bare\r) _ 3 dZUﬁj (X) <Tji(x)> , (2)
where i is the unit normal oriented outside S,, and the angular brackets denote the
expectation value taken with respect to quantum and thermal fluctuations. For a system in
thermal equilibrium at temperature T, the (equal-time) expectation values of the products of
field components (at points x and X’ in the vacuum region) are provided by the fluctuation-
dissipation theorem [34,35]:

(Ei(x)ﬁ]’(x’» - ZkBTnoé)/ gi(jEE)(X/X/?ign)/
(X)) = 2kBTn§6’ G (x,x5i8) 3)

where ¢, = 2mtnkgT /I are the Matsubara imaginary frequencies, and the prime in the
summations mean that the n = 0 term is taken with a weight of one half. When the
rh.s of the above equations are plugged into Equation (1), one obtains for (T;;(x)) a

formally divergent expression, since the Green functions G f;‘ﬁ ) (x,x;1&,) are singular in the
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coincidence limit x = x. This divergence can however be easily disposed of by noticing
that the Green’s functions admit the decomposition:

Gy (x,xi8n) = G0 (x = xXien) + T3P (%, X5 ) @
where gi(].”‘ﬁ 0) (x —x;i¢,) is the Green’s function of free space, while 1"5]'?"5 ) (x,x;i¢y) de-
scribes the effect of scattering of electromagnetic fields by the bodies. In the coincidence

(ap; 0)(

decomp051t1on in Equation (4) is used to evaluate the r.h.s. of Equation (1), one finds that
the expectation value of the stress tensor is decomposed in a way analogous to Equation (4):

limit, only Q x —x;1¢,) diverges, while Fl(]fxﬂ ) (x,x';1¢,) attains a finite limit. When the

(T(x) = (T () + 05(x) , (5)

where <T(0)( )) is the divergent expectation value of the stress tensor in empty space, and
O;i(x) is the finite expression

0y = 'y X[ xonizn) T (o wid
1 . .
505 (T (o x:1.80) +F£5H’(x,xu§n>)} ~ (6)

Since the divergent contribution (Tl(]o) (x)) is independent of the presence of the bodies,
one can just neglect it and then one obtains the following finite expression for the Casimir

force on body r due to the presence of the other bodies,

F) = ) P ij(x) ©ji(x) @)

The further development of the theory starts from the observation that the dyadic
(ap) (

Green’s functions I'; i (% x') (for brevity, from now on we shall not display the dependence
of the Green’s functions on the Matsubara frequencies ¢;) can be expressed in two distinct
possible forms.

The first representation is general, since it is valid for arbitrary constitutive equations

of the magneto-dielectric materials constituting the bodies, which can possibly be non-
( ﬁ)(

homogeneous, anisotropic, and non-local. For all points x and x/, it expresses T';; x') in
the form of an integral of the T-operator T (for its definition, see Appendix B 1) over the
volume V occupied by all bodies:

ry? Z/vﬁy/ Py e (x—y) T (r,y)6 ' = x) . )

rr'=1

The above formula has a simple intuitive interpretation, if one recalls that according to
its definition, the T-operator provides the polarization induced in the volume of the bodies
when they are immersed in the electromagnetic field generated by a certain distribution of
external sources.

The second representation is less general than Equation (8) because it applies only to

magneto-dielectric bodies that are (piecewise) homogeneous and isotropic '. It expresses
r(“ﬁ)

i (x,x') in the form of an integral of the surface operator M~! defined in Equation (A44),
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over the union ¥ = (J %, of the surfaces ¥, of the bodies. For two points x and x” both lying

in the vacuum region outside the bodies?, the surface representation of l"f;.xﬁ ) (x, x' ) reads:
) = - ) [y f, £ 2R ) 5(En(y')
rr'=1
;0 _ (pﬂ') ;0
< G x—y) (M) Ty y)g Py =), ©)

where F,(y) = 0 is the equation of the surface X,. This representation also has a simple
intuitive meaning, if one considers that —M~! (see Appendix B.2 for details) is defined as
the operator that provides the fictitious surface polarizations that radiate outside the bodies
the same scattered electromagnetic field as the one radiated by the physically induced
volumic polarization, in response to an external field. The derivations of Equations (8)
and (9) are presented in Appendix B. It is apparent that both representations have the
same mathematical structure, consisting of a two- sided convolution of a certain kernel

IC(“ﬁ )( x") with the free-space Green'’s functions g )(x —x'):

T (x,x') = /Vd3Y/Vd3y/gi(l?p;O) (x=y)kE” (v,y)6,7 (v = x) . (10)

The only difference between the two representations consists in the expression of K,

which in the case of Equation (8) is the three-dimensional kernel Tk(fg) (y,y') supported in
the volume V occupied by the bodies:

K¢ (y,y) = T (y,y), (11)

while in Equation (9) K is the two-dimensional kernel —(M™1!) ](j ?) (y,y’) supported on the
union X of their surfaces:

N

K 0y) == L ar sty ) (M) 5y) 12

In both cases, the above equation can be concisely written using the operator notation
described in Appendix A:

F=¢OKgO. (13)

(«B) (x,

In Appendix C, we prove that the structure of the representation of T, j x') given

in Equation (10), allows to re-express the Casimir force Equation (7) in the following
remarkably simple form:

<L%ﬂ2/fﬁﬁ’@ﬁw»@> W%yy@®.<m

n=0

A crucial role in the derivation of Equation (14) is played by the fact that the kernel X
satisfies a set of reciprocity relations analogous to those satisfied by the Green’s functions:

¥ (y,y) = (1) @@y ), (15)

where s(E) = 0 and s(H) = 1. It is possible to verify that the reciprocity relations satisfied

by G;; (x510) (y—y') and ICI(]{Xﬁ ) (y,y’) ensure vanishing of the “self-force” Fi(self‘r):

R0 = 267 | @y [ dy (zc< Dy, i) o PUMCESE 1@)) =0. (16)
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This implies that in Equation (14) the y’ integral is in fact restricted to V — V;, in
accord with one’s intuition that the force on body 7 is due to the interaction with the other
bodies. It is possible to present Equation (14) in a more compact and symmetric form, by
defining the derivative d/9x, of any kernel A(y,y’), with respect to rigid translations of
the r-th body:

a ! a / ! a !
afxrA(y,y) = wr(y)@fl(y,y )+ ey )afy,fl(y,y ), (17)

where ¢, (y) is the characteristic function of V,: ¢,(y) = 1ify € V;, ¢ (y) = 0ify ¢ V.
Using 9/ 0x,, we can rewrite Equation (14) as

"= ksT 2’/d3y/ i ’< V¥ En) o Gy —y’;ign)). (18)

The expression on the r.h.s. of the above formula can be compactly expressed using
the operator notation and the trace operation described in Appendix A:

()—kBTETr[ 1§n)ai (1671)}' (19)

n=0

Depending on whether we use for the kernel K the T-operator of Equation (8) or
rather the surface operator —M of Equation (9), Equation (19) provides us with two distinct
but formally similar representations of the Casimir force, which is expressed either as an
integral over the volume V occupied by the bodies or as an integral over their surfaces
2. One feature of Equation (19) is worth stressing. Since the force is expressed as a trace,
Equation (19) can be evaluated in an arbitrary basis, leaving one with complete freedom
in the choice of the most convenient basis in a concrete situation. A representation of the
Casimir force in the form of a volume integral equivalent to Equation (19) was derived
in [11], while the surface-integral representation was obtained in [32]. Equation (19) can
be computed numerically for any shapes and dispositions of the bodies, by using discrete
meshes covering the bodies. An efficient numerical scheme based on surface-elements
methods is described in [32], where it was used to compute the Casimir force in complex
geometries, not amenable to analytical techniques.

2.2. Casimir Free Energy
In this section, we compute the Casimir free energy F of the system of bodies, starting

from the force formula Equation (19). We shall see that the T-operator and the surface-operator
approaches lead to two distinct but equivalent representations of the Casimir energy.

2.2.1. T-Operator Approach

Plugging into Equation (19) the expression of the T-operator Equation (A36), we find
that the Casimir force can be expressed in the form:

0 > 1 d 5
Fl) — — = "l —— 2 ($80)
keT ; Tr< (i) 50 (1@)) kBT;JTr[l — 5 (K )] . (@0)
where in the last passage, we made use of the fact that the polarization operator { defined
in Equation (A24) is invariant under a rigid displacement of the body. The r.h.s. of the
above equation can be formally expressed as a gradient:

d

r - __ 2
F ox,

]:bare ’ (21)
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where Fy,ape is the bare free energy:
Foare = kgT Y/ Tr log[1 — £ G(¥] (22)
n=0

Unfortunately, Fp,pe is formally divergent. To obtain the finite Casimir free energy F,

one has to subtract from Fy,,.. the divergent self-energies F. s(erl)f of the individual bodies:
Fi= {kBT Y Tr log[1— £, G (0)}} , (23)
n=0

where %, = §»{¢ is the polarizability operator of body r in isolation. In the case of a
system composed by two bodies, the renormalized Casimir free energy can be recast in the
following TGTG form:

F = ]:bare - ]:s(:l)f - ]:s(jl)f =kgT Z/ Tr log[l - Tl Q(O) TZ Q(O)] ’ (24)
n=0
where

A 1

r= W}(w (25)

is the T-operator of body r in isolation. To prove Equation (24), one notes that for each
Matsubara mode the operator identity holds:

(1-GO)GO TGO (1 - G%) = G0%:1G %2 . (26)
The above identity in turn allows to prove the following chain of identities:
Trlog[l — G0 %1] + Trlog[l — ¢ Ty GO T,] + Trlog[1 — G0 %,]
= Trlog[(1 - G©%1) (1 - GO 1, §OT) (1 - GO %,)]
= Trlog[(1 - G©%1) (1= G0%,) = (1= GV %)GO 1, Oy (1 - GO %,)]
= Trlog[(1—G9%1) (1 = G0 %2) = G016 %) = Triog[(1— G (1 + £2)]
= Trlog[1 — §0%] . 27)
Equating the first line with the last line, we obtain the identity:
Trlog[l — G0%]
= Trlog[1 — V%] + Trlog[1 — GO T, GO T, + Trlog[1 — G0 %,] . (28)

Upon summing the above identity over all Matsubara modes (with weight one half
for the n = 0 term), and then multiplying it by kg T, we find:

FO A FO 4+ F = Foue s (29)

which is equivalent to Equation (24). The energy formula Equation (24) was derived in [13]
using the path-integral method and in [11], using Rytov’s fluctuational electrodynam-
ics [36].

2.2.2. Surface Operator Approach

Now we derive the surface-operator representation of the Casimir energy. To do
that, we start from the surface-operator representation of the force, which is obtained by



Universe 2021, 7, 225

8 of 34

replacing K in Equation (19) with minus the inverse of the surface operator M defined in
Equation (A44):

o0 n a R
(r) _— _ / —1y: 9 5(0) s
F") = kBTnZOTr[M (1§n)aXrg (15;1)] . (30)
This can also be written as:
) =~k YT |16 (1100 i) | o)
n=0

where IT is the tangential projection operator defined in Appendix B.2. Now, one notes
the identity:
9 [ .\ oM
= 0)(j =
- (Mg 1) . (32)

which is a direct consequence of Equation (A44) since

N
9 I, GO 1T, = (33)
X s=1

Plugging Equation (32) into Equation (31), we obtain:

FO) = —kpT Y ' Tr Mfl(ién)gm(ién) , (34)

n=0

The r.h.s. of the above equation can be formally expressed as a gradient:

0 =
F(r) = —aixr ]:bare ’ (35)
where Fp e is the bare free energy:
Frare = kT Y Tr log M(i &) . (36)

n=0

Similarly to what we found in the T-operator approach, the surface formula of the bare-
energy Fpare is formally divergent. The finite Casimir free energy is obtained by subtracting
from Fpape the limit ]:1():2 of the bare energy when the bodies are taken infinitely apart
from each other. From Equation (A44), one sees that in the limit of infinite separations, the
operator M approaches the limit M

N
Moo == Z Mr ’ (37)
r=1
where
Mr = 1A[r (G(r) + Q(O)) rAIr . (38)

Notice that the surface operator M, is localized onto the surface ¥, of the r-th body.
This implies that:
M,Ms;=0, forr+#s. (39)

Using Equation (37), we find that fé;’i is the formally divergent quantity:

FL) Z kTS Tr log Maoi ) = ZkBTE Tr log M, (i) = Y FUL . (40)
n=0 r=1 n=0 r=1
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)

The additive character of ]:"t();e allows to interpret st(él)f as representing the (infinite)
the self-energy of the bodies in the surface approach. Upon subtracting Equation (40) from
Equation (36), we arrive at the following formula for the Casimir energy:

F=kgT)' logdetM . (41)
n=0 Moo (1 gn)
An easy computation shows that
1 . 1 4
—M=1+Y ¢V, (42)
Moo r#s PV

where .

igs) =1L g(O) I . (43)

Substitution of the above formula into Equation (41) results in the following surface
formula for the Casimir energy:

F =kpT ) 'logdet
n=0

1 A(0>]
14y Lgol (44)
r#s M,

In the simple case of two bodies, the above formula reduces to:

3 L s 1 a0
F=kgT Y 'Trlo {1— g9 2 g, (45)
B n;) & M, 12 M, 21

The surface formulas for the Casimir energy given in Equations (44) and (45) were
not known before and are presented here for the first time. Comparison of Equation (45)
with Equation (24) reveals the striking similarity of the T-operator and surface-approach
representations of the Casimir energy. Indeed we see that both formulas can be written in
the form: .
F =kgT Y 'Tr log [1 — K gA<°>l€2gA<°>} ) (46)
n=0

where K, is the kernel, which gives the scattering Green’s function of body r in isolation:
I, =¢"K,¢0. (47)

3. Equivalence of the Surface-Formula with the Scattering Formula for the
Casimir Energy

In the previous sections, we have shown that, both in the T-operator and in the
surface approaches, the Casimir energy F of two bodies can be expressed by the general
Equation (46). This formula is valid for any shape and relative dispositions of the two
bodies, and in particular for two interleaved bodies (see Figure 1a). Now we show that
when the two bodies can be enclosed within two non-overlapping spheres (see Figure 1b),
Equation (46) is the same as the well-known scattering formula [8-12]:

F = kT Y 'trlog [1 — 7Oy T@ @) (48)
n=0

where T() is the scattering matrix of body r (see Equation (A76) for the definition of T(r)),
U("5) are the translation matrices defined in Equation (A82) and tr denotes a trace over
multipole indices.

To prove equivalence of Equation (46) with Equation (48), one starts from the obser-

vation that the trace operation in Equation (46) involves evaluating the Green functions
< (ap;

0
g 8 ,y') at points y and y’, one of which (call it y;) belongs to body 1, while the other
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(call it y») belongs to body 2. For two bodies that can be separated by non-overlapping
spheres, it is warranted that |y; — Xj| < |y2 — X1| and |y2 — Xo| < |y1 — Xz, where X;
and X, are the positions of the centers of the spheres S() and (), respectively, and

d = |Xz — Xj| is their distance. This condition satisfied by y; and y, ensures that it is

—(aB0
legitimate to express G 8y,, ys) (with r # s = 1, 2) by the partial-wave expansion (see

Appendix D):

H(’X ;O) olr u
g (BYrrYS) = A(-1 S(ﬂ Z‘D |eg) - Xy) ®‘D(ﬁ‘f t)(Ys -X;)

pl—m
plm
= A1 Y Yl (y, - X) @ Ul (d) DU (v, — X,), (49)
plm p'l’
where CD;rﬁng/out) (yr — X;) are a basis of regular and outgoing spherical waves with origin at

Xr. When the above expansion is substituted into Equation (46) and the trace is evaluated,
one finds that F can be recast in the form:

F =kgT i'tr log[1 — N7 . (50)
n=0

where N is the matrix of elements:

_ (21) (12)
Nplm;p’l’m’ = Z Z Z upl,p”l”(d) up’"l”’;p””l”” (d)

X/\Z

x AY (-1
Bv

p//l// p///l///m/// p////l////

< (ap)
P [y [ P RE, =XKL 0 - X)
. < (vB) I
/ d3Y2/ d3 qD(]///lule/%/_m/// (yZ - XZ) : ’CZ (Y2, Y’z) CD(!?),;%) (yz XZ) .

Recalling the formula Equation (A79) for the scattering matrices 7 (") of the two bodies,
we see that V' is the matrix:

N =u®)(d) TWy2) (4) 7). (51)

Upon substituting the above expression into the r.h.s. of Equation (50), and using
cyclicity of the trace, we see that Equation (50) indeed coincides with the scattering formula
Equation (48).

4. Path Integral Approach

As in the previous sections, we consider again N dielectric bodies occupying the
volumes V,, r = 1,..., N, bounded by surfaces X,. Their electromagnetic properties are
described by the dielectric functions €") and magnetic permeability 1#("). The bodies are
embedded in a homogeneous medium occupying the outside volume of the bodies, 1,
with dielectric function €(?) and magnetic permeability (%),

In the Euclidean path integral quantization of the electromagnetic field, the Casimir
free energy at finite temperature T can be obtained as

_ - / Z(xn)
F = kBTn;) log 7o) (52)

where the sum runs over the Matsubara momenta x, = 2rtnkpT /fic, with a weight of 1/2
for n = 0. The partition function Z is given by a path integral that we shall derive now.
The partition function Z., describes the configuration of infinitely separated bodies and
subtracts the self-energies of the bodies from the bare free energy. In the following two
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sections, we shall derive both a Lagrangian and a Hamiltonian path integral expression of
the partition function. In both cases, we employ a fluctuating surface current approach. A
path integral approach that is based on bulk currents can be found, e.g., in Reference [10].

4.1. Lagrange Formulation

The action of the electromagnetic field coupled to bound sources Py,q in the absence
of free sources is in general given by

1
Senm = / Px { (exE2 - MB2> Py E] . (53)
X
In the following, we express the action in terms of the gauge field A choosing the
transverse or temporal gauge with Ay = 0. The functional integral will then run over A
only. The electric field is given by E = ikA — —xA and the magnetic field by B =V x A.
Then the action in terms of the induced sources at fixed frequency « is given by

& _ 1 3 2 _ % A -
SIA] = [ {AGK +V(V><A} KZ dxA P, (54)

for fluctuations A of the gauge field, and induced bulk currents P, inside the objects. The
inverse of the kernel of the quadratic part of this action is given by the Green tensor G(x, x’),
which is defined by

&(A4) , <(A4)
VX—VXQ (x,xX')+exx*G  (x,xX)=4m15(x—x). (55)

X

For spatially constant € and p with body 7, this yields the free Green’s tensor

s (AA;r)

—VErfrk|x—x'|
g (x,x') = (1— R

emmzv ® v)

which is symmetric, reflecting reciprocity. From the relation between the gauge field A and
—(AA;r) «(EE;r
the electric field E follows the relation —x2G x,xX)=¢g (x,x"), which allows to

compare the results below to those of the stress-tensor-based derivation.
Next, we define the classical solutions A, of the vector wave equation in each region
V:, obeying
VxVxA, + ererZ.Ar = —xu, P, (57)

We use this definition together with the fact that A has no sources inside V;, i.e.,
obeys above wave equation with vanishing right-hand side, to rewrite the source terms of
Equation (54) as

—K/Vd3xA-P, - /d3xA [ VXV x A + 62 A, (58)
= E rd3 x[A-(VxVxA)—(VxVxA)- A
_ ; [ (T (7% A ) = V(7 5 A) x A
— : [ Pxfn - (V5 A X A) =i (7 A) A
_ yl [ (A (T A)) 4+ (V x A) - (AL
Now we have to consider the electric field E = —xA only on the surfaces X;. However,

the values of the electric field E and its curl V x E are those when the surface is approached
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from the inside, denoted by E_ and (V x E)_. It is important to realize that in the above
surface integral, A and V x A multiply vectors that are tangential to the surface, and hence
only the tangential components of A and V x A contribute to the integral. Hence, we can
use the continuity conditions of the tangential components of E and H,

n xE_=n,xE,, in,><(VxE)_:inrx(VxE)Jr, (59)
Hr Ho

to write the source terms as

v BxAa-pP= L[ Pxla .
K/VrdxA Pr—‘ur Zrdx[A, (n x (VxA))+(VxA)_-(n x A

= d3X|:1A+ . (nr X (V X Ar)) + i(V X A)+ . (I'lr X .Ar) , (60)
pm Hr Ho

where the first form applies to A inside the objects and the second form to A outside the
objects. There is another advantage of having expressed the latter integrals in terms of the
values of A and V x A when the surfaces are approached from either the outside or the
inside of the objects. In the region Vj, the field A = A is fully determined by its values on
the surfaces X, and the dielectric function €y and permeability 19, which are constant across
Wo. When integrating out Ay, in fact, one computes the two-point correlation function of
Ay and (V x A)y on the surfaces X,, and hence the behavior of A inside the regions V;
with r > 0 is irrelevant. Following the same arguments for A = A, inside the objects, the
behavior of A, outside of region V; is irrelevant for computing the correlations of A_ and
(V x A)_ on the surfaces ¥,. Hence, we can replace in the action S[A, {\A,}] the spatially
dependent ex by €y when the coupling of A to the surface fields \A, is represented by the
second line of Equation (60), and similarly replace ex by €, when the coupling of A, to the
surface fields A, is represented by the first line of Equation (60).

That this is justified can also be understood as follows. The field A in region V, can
be expanded in a basis of functions that obey the wave equation with €. The same can be
done for A, in the interior of each object, i.e., A, can be expanded in a basis of functions
that obey the wave equation with €, in V;. For each given set of expansion coefficients in
W there are corresponding coefficients within each region V; that are determined by the
continuity conditions at the surfaces X;. The functional integral over A then corresponds to
integrating over consistent sets of expansion coefficients that are related by the continuity
conditions. The two-point correlations of A1 and (V x A)4 on the surfaces ¥, are then
fully determined by the integral over the expansion coefficients of Ay in Vj only, and
the interior expansion coefficients play no role. Equivalently, the two-point correlations
of A_ and (V x A)_ on the surfaces X, are then fully determined by the integral over
the expansion coefficients of A, in V; only, and now the exterior expansion coefficients
are irrelevant. Hence, in the functional integral, the integration of A can be replaced by
N + 1 integrations over the fields A,, ¥ = 0,..., N, where each A, is allowed to extend
over unbounded space with the action for a free field in a homogeneous space with €, ;.
However, it is important that the correct of the two possible forms of the surface integral in
Equation (60) is used. The multiple counting of degrees of freedom that results from N + 1
functional integrations poses no problem since the (formally infinite) factor in the partition
function cancels when the Casimir energy is computed from Equation (52).

With this representation, we can write the partition function as a functional integral
over A, separately in each region V;, and the surface fields .A; on body r, leading to the
partition function

N . N .
2 =11 | Pa. I1 [ DA exp[-BS[{A} (A)]. (61)
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with the action
& 1 3 (a2, 2 1 2
AL (A)) = 5 1 [ x|+ (7 xA) ©
2 3 VV
+ 2/ d3x { Aq(n, x (VxAr))—F;O(VxAO)(n,xAV)}

L v xa)m, % Ar)}

Ur

+ Z/ d3{ Aoy x (VX A)) +

Now, the fluctuations A can be integrated out easily, noting that the two point cor-
relation function (A,(x)A, (x')) = O0forallr, ¥ = 0,...,N with r # 7/, and for equal-
region correlations

, —(AA;r) ,
(Arj)Ak(xX)) = G (xx) (63)
, —(AAr) ,
(V% 8)0040)) = [vxG | xx) 64
jk
—(AA;r) —(AA;r)
(Aj()(V xA)i(x) = — [g X V} (x,x') = [V x G } (x,x") (65)
Jk jk
, —(AA;r) ,
(VAT ¥ Aulx)) = =[Vx G x 9] ()
]
(—)(AA;T‘)
= {Vxng ] (x,x) (66)
jk
—(AA;r) —(AA;r)
where V always acts on the argument x of G and the notation V x G means
o(AAr) o(AAr)
that V acts column-wise on the tensor G whereas § x V means that V acts
(AA;r)
row-wise on the tensor 8 . We obtain for the partition function
H/D.Ar exp [— <Z /d3 /d3 X Ay (X) Ly (x,X') Ay (X)

N
+ Z /dBX/Ar ) ,r/(X,X/)AT/(X/)>‘|. (67)

rr'=1
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Ly(v,v)

with the kernels

, 1 —(AA;T) , - ;L
Li(x,x) == |V xVxgG (x,x")(ny x7)(n; x7)
' —(AA;T)
+VxG (X)) (n x (Vx7))(m x7)
<—>(AA;V)
+Vxg (x,x)(n, x7)(n] x (V' x7))
—(AA;T)
+ G (x,X')(ny x (V x7))(n] x (V' x7))

1 —(AA0)
Mrr’(x/x/> = VXV xg (x,x/)(nr XT)(H;/ o _")
Ho
1 —(AA0)
o A\ (xX')(ny x (V x7))(n), x7)
0pr

1 H(AA;O) / — ! !/ -
on Vxg (x,x")(ny x“)(n, x (V' x7))
OFr!

1 H(AA;O)
G X (V7)) x (V7)) (68)

+

+

+

—(AA;r)
where G (x,x') is the free Green function of Equation (56), and the arrow over the
placeholder - indicates to which side of the kernel M acts. This notation implies that the
derivatives are taken before the kernel is evaluated with x and x’ on the surfaces %,.

4.2. Hamiltonian Formulation

The representation of the partition function in the previous subsection sums over
all configurations of the surface fields A,, and the action depends both on A, and the
tangential part of its curl, which is functionally dependent on \A,. Hence, the situation is
similar to classical mechanics where the Lagrangian depends on the trajectory q(t) and
its velocity 4(t). The Lagrangian path integral runs then over all of path g(t) with §(t)
determined by the path automatically. To obtain a representation in terms of a space
of functions that are defined strictly on the surfaces X, only, it would be useful to be
able to integrate over A, and its derivatives independently. In classical mechanics, this is
achieved by Lagrange multipliers that lead to a Legendre transformation of the action to
its Hamiltonian form. Here the situation is similar. To see this, it is important to realize
that the bilinear form described by L, is degenerate on the space of functions over which
the functional integral runs, i.e., fzgﬁx fzgg’x’ A(x)L;(x,x').A(x") = 0 for all A(x) that are
regular solutions of the vector wave equation V x V x A + 1,k A = 0 inside region V.

With a basis {Aﬁreg’r) (x)} for this functional space, the elements of L, can be expressed as

/ Bx [ X ,(/reg’r) (x)Ls(x, x')ASeg’r) (x)
I P

2 L [(7 500 (0 AT 30) 4y (0 (¢ (7 5 A8 00) )]

4x [AV,(X) (v XV x ATee") (x)) — A8 (x)(V x V x AV,(x))}

2
(69)
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where we used the relations of Equation (58), and defined
(AA;r)
A, (%) :/Z B {v <G (x X) (m x A5 (X))
5 (AA;r)
+G ) (nfx (V7 x AT (x )))] , (70)

and made use of the fact that .4,/ (x) is also a solution of the vector wave equation inside
V;. This implies that the kernel L, can be ignored in the above functional integral over
regular waves A, inside the objects.

However, the appearance of the kernel L, is important in what follows. Let us consider
the part of the action S[{A,}, {\A,}] which, after functional integration over A,, generates
the kernel L,. It is given by

1
Sr==3 |s d>x {Azeﬂc + r(v x Ay)?
+ ; [ @ [Ar(nx (V% A)) + (V x Ay x A,)]. 71)

The exponential of this action can be written as a functional integral over two new
vector fields K, and K that are defined on the surfaces ¥, and are tangential to the surfaces,

exp(—pSy)

= Zr?{DK,DK exp{ g; /rdS / d3x ’[Kr -V x V x E(AA;r)(x,x’) K (X)
S(AA;r) < (AA;r)

+ Ki(x) - V x g (xx') K (xX) +K;(x) - V x G (xx') - K (X)

—(AA;r)

K-G0 ) ~K;<x’>}
+ ;r/ Px [Ar - ((n, x (VX A)) —K)) + (VXA - ((nr X A, Kr))]} @2)

where Z, is some normalization coefficient, and we have used f DK, DK, to indicate that
the functional integral extends only over vector fields that are tangential to the surface X;.
This representation shows that A, acts as a Lagrange multiplier. Integration over this field
removes the imposed constraints between the dependent tangential fields n, x A;, n, x
(V x A,) by replacing them with the independent tangential fields K, and K}, respectively.

Substituting Equation (72) for each object into the expression for the partition in
Equation (61), we obtain with K, = (K, K} ) the partition function

x) = / DAOIN[l f DK, (73)

x expl—pSerlAo, {K. ] exp[ by L L K 0L X K )

with the kernel from Equation (72),

1 (vv G ) w1 G )
5 x V X X, X X X, X
Lr(xx) = E ( “(AAyr) S(AA) ) g (74)

VXx@G (x,x) G (x,x)
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ir,mn (X, X/)

H

Ho

_ 1<(trrn( ) )(t

and with the effective action
Seft[Ao, {K, }] 2/ & {AOGOK +— o (V x A) ]
+Z/ Px { AK. + V—(V on)Kr}, (75)
0

where we have integrated out A, forr = 1,..., N, constraining the functional integral over
A, to be replaced by the substitutions n, x A, — K, and n, x (V x A,) — K]. Integrating
out Ay, finally yields

N
= H ?{ DK, exp

Bl o
_2<g Zyd?’x/d3x K, (x) L, (x,x')K,(x)

r

SOL [ [ XK 0 x')l@(x’))] : 76)

rr'=1 i

with the additional kernel

V v g(AAO)( ,> v x g(AA o)( y

X X X, X X, X

; _ ¢ 1 #/ ¢

M,(x,x) = | 1 1 olan0) ‘ L ols) (77)
i V x G (x,x) i g (x,x")

It should be noted again that the functional integral in Equation (76) runs over tan-
gential vector fields K, K] defined on the surfaces ¥, only. The kernels I and M can be
combined into the joint kernel

Nrr/ = ii’érr’ + Mwl . (78)

Since N acts in the path integral only on tangential vectors, the projections of N on the
tangent space of the surfaces X, have to be taken. Let t, 1 (x), t, 2(x) be two tangent vector
fields that span the tangent space of ¥, at x. The 4 x 4 matrix kernels then become

Ly (X ) t,n (X)
(X)-V)8r — trm (%) -tr,n (X) Vg1 —(trm(x) X trn(X)).Vgr
—(trm(x) X trn(x')).Vgr T Kz (trm (). V) (trn (X). V) g1 + trm (X) b0 (X) g1
and

Mrr’,mn (x, x’) = trm (X)Mrr’ (x, x,)tr’,n (X/)
1 (tr,m(x).V)(tr n(x').V
- B2 (trm (%) X trn(X'))-Vgo — o (b (%).V) (b0 (X').V) 0 + yuﬁ,tr m (%)t (x') 0

)80 — tr,m(x)-tr,n(xl)vzgo _%(tr,M(x) X trn(x')). VgO )

€opir i, K>

which expresses all kernels in terms of tangential and normal derivatives of the scalar
Green function g,(|x —x'|) = eV erfirkx=x| /|x — x/|. These expressions simplify when an
orthonormal basis t, 1 (x), t2(x), ny(x) = t,1(x) X t,2(x) is used. The Casimir free energy
is then given by

[e9)
F = —kgT )_logdet [N(Kn)N;ol(Kn)} , (79)
n=0
where the determinant runs over all indices, i.e., x, X’ located on the surfaces ¥, and r,
r' =1,...,N. The kernel N is obtained from the kernel N by taking the distance between
all bodies to infinity, i.e, by setting M,,, = 0 for all 7 # 7' In the following we shall again
denote the form of the partition function in Equation (67) as Lagrange representation, and
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the one of Equation (76) as a Hamiltonian representation. By a simple computation, one
can verify that the Hamiltonian representation of the Casimir free energy in Equation (79)
is indeed equivalent to the surface formula Equation (44).

5. Application: Derivation of the Lifshitz Theory

As a simple example to demonstrate the practical application of the surface formula-
tions, we consider two dielectric half-spaces, one covering the region z < z; = 0, with the
surface 2; and dielectric function €; and magnetic permeability y1, and the other covering
the region z > z, = H, with the surface >, and dielectric function €, magnetic permeability
#2. We shall consider both the Lagrange and Hamiltonian representation in the following.

5.1. Lagrange Representation

We compute the matrix elements of the kernels L and M of Equation (68) in the basis
of transverse vector plane waves, given by

My, = Vx (e*"kHXn*Wz) = (—iky, ik, 0)e~KIXI P12 (80)
Nig, = %V X V x (e‘iknxuﬂﬂlzz) = f(—zkxpl, zkypl,kH) e~ KX tp1z (81)
My, = Vx (e*mmnEta) - (—zky,zkx,O)e_lkaH pa(z=H) (82)
Now, = %v X V x (e—iklwxww—Pz(z—H>z) (zkxpz,lkypz,ku) e~ X —P2(z=H) (g3

with p, = | /e + kﬁ and the sign of z is fixed so that the waves are regular inside the

half-spaces. Note that we include here a z dependence to be able to compute the curl on
the surfaces. For the Green tensor, we use the representation

2, 2
—(AA;r) oy 1/(e K2 Erprk” + g% qxqy qxqz
G (x’x/) :/ezq(x x)e;ufczr—i_ilz qyqx er]/HK2+q5 qyq-

d " qzx Gy Erfrk® + 2

— lq(x x') ,uVGT(K q)
/ e+ q2’ (®4)

which yields after the curl operations

0 —i i

(AA;r) - , qz qy

V X 8 (x,x) = / ela(x—x) % iq- 0 —igy
Jq €rprk” +q —iqy  iqy 0

_ [ iaex) _MGr(@) 85

= /q e i (85)
o , P £ e e A
VxVxg (x,x') = / el | 9y %zc + q% ;quzz
1 —qxqz  —qyqz  qx T4y

_ [ igx—x) VrG;/’/(‘])
= /q e S (86)
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We also need the following expressions for the operators that appear in the kernels,
acting on the basis functions, which are tangential to the surfaces. On surface £; we have

ExMyy, = (—iky, —iky,0)e 1INl = w,,pe X (87)
5 1. , —ikyx ~ikyx
2 % Nl/ku = ;(zkypl,—zkxpl,o)e Xl = w,,pe” "IXI (88)
2xVxMy = (ikyp, —ikep1,0)e” MIXI = v, IXI (89)
1 . .
2xV X Nix, = §(ikx€1‘u11<2, ikyellez,O)eﬂkaH = v, e KX (90)

and similarly on surface X,

Ex My = (—iky —iky, 0)e TIXI = upeXIX 91)
2x Ny, = %(—lkypz, ik p2, 0)e” MIXI = w0 IX (92)
2xVxMy = (—ikypa, ikxpa, 0)e X =y e X (93)
ExV XNy, = %(zkxezyzic ikyeapiar?, 0)e IXI = vype HIXI . (94)

It is straightforward to show that the matrix elements of L, in the above basis all
vanish, as the basis functions are regular solutions of the vector wave equation. This
observation is in agreement with the above finding that the kernel L, is degenerate on the
space of those solutions. We proceed with the computation of the elements of kernel M.
We find for the case r = 7/,

Mo (k) ) / q x/rd3 '< )rk” )M,r(x,x')<11\\]/[)r’k(lx’) (95)

dqz uy ~ Uy
=0 +k/H) / Z L‘O ( ) K| G(/)/(kH,qZ) (un> Kk
T, r,— Il
() 009 () e (o) ()
+ o(k k
Holr (Vn - (k92 i ,UO,ur u, " Gol 1-9z) iy

1 Vm) : < ) 0 | N
+ G K, k elqz(z z') ,
l’l% (V'rl I’,kH O H qz r, kH €OIuOK + k” + q% ‘ e

VOkz F‘oprfyrpo 0
(kH +kH) H ( (horer)* 22 2.0

_ €gPr—€rPo
0 €0Ho

= 5(1(H + k/H )Myr(kH)

and for the case r # 1’ we get
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M, k”,kH / d x/ d3x' (M) (x)Mrr/(x,x’)(ll\\I/I> (x) (96)

r,kH V,,k/

I
(] qu 1 u ~ u
, m " m
- é(kH + kH) /—oo E |j¢% (un>rk GO (kH,qZ) (u”’)r/ _kH
u, 1 Uy Vi
w2, o), e )
VOVr( )rk " <un)r’,k Hopy \ tn rK| ! ’ " v K

(1, k <Vm> Ho pi=(~1)H
;llry, ( rkH I /4z) Vi v,k €0V0K2+kﬁ +q2

( . kﬁ (1op1—p1p0) (Hopa—papo) 0 o
— 5(k; +k 1iH2 e PoH
11 2000 0 —(eop1 — €1po) (eop2 — €2p0) 5

(5(1(” + kh)Mrr/ (kH) ,

where the sign in ¢/=(~1)"H determines upon integration over g, the sign of the terms
~ ig,. The vanishing of the off-diagonal elements reflects the fact that the two polarizations
described by the basis functions M and N do not couple for planar surfaces. The total
kernel M can be written as

M(k)) =
1P —#ip} ( )( )
0P1 21 ] 0 HoP1— }4150]4 I;opz H2P0) p—poH 0
. M1 H2
5 Hor 2222 - _
kH 0 __ €0P1=€1R) 0 _ (eop1=e1po)(copa—e2po) ,—poH
_ € €0
2po | (op1=p1po)(Hop2—H2p0) ,—poH 0 1P —15P5
HoH12 (Hor3)
0 _ (eop1—e1po)(€opa—€2p0) ,—poH 0 _&r-8p
€0 €

The Casimir free energy is given by

ka:rZ / kg 1ogdet[MM k)] 97)

K=Kn

in terms of the determinant of the matrix

#2 poP1—11P0 ,—poH
1 0 H1 pop2t+H2Po cop1—e 2 o
0P1—€1P0 ,—po
M_l(k ) _ 0 1 0 €0P2+€2P06
oo #1 HoPa—12po ,—poH 0 1 0
+u
H2 HoP1 Follﬂo S 0 .
€op1te€1po

which has four dimensions due to two sets of basis functions (polarisations) M and N per

surface. This yields the final result
ksT i/ Kl _ (eop1 —€1po)(eopa — GZPO)EZpOH)
n=0 (€op1 + €1po) (€op2 + €2p0)

_ (mop1 — m1po) (Hop2 — #2P0) —2peH
X 1 e .
(Hop1 + H1po) (Hop2 + H2po) Kk

(98)

This result is in agreement with the Lifshitz formula [37].

5.2. Hamiltonian Representation

Now we derive the Lifshitz expression for the free energy of two dielectric half-spaces
in the Hamiltonian representation. Since the kernels L and M of Equations (74) and (77) act
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on vector fields that are tangential to the surfaces, we need to compute the matrix elements
in a basis of tangential vectors t, 1 (x) and t,»(x) that span the tangent space of surface X,
at position x. For a planar surface, one can simply set t, 1(x) = X; and t,»(x) = %Xp. For

a given pair of positions x, X' on the surface and fixed surface indices r, ¥’ we obtain the
following 4 x 4 dimensional matrices

—(AA;r) < (AA)
i N1 (X [VXxVxg (x,x) Vxg (x,x)\ (%
0 x) = 2\ %0 o(Adn) oA )
Vg (x,x") G (x,x)
—~(AA;T) —(AA;T) —(AA;T) —(AAT)
1.VxVxg (x,X)% %.VXxVxg (x,X)% %.VXxG (x,x)% %.Vxg (x,x').%2
—(AA;r) (AA;r) —(AA;) S(AAr)
_ 1 )'\(2.V x V x g (X, X/).)A(l )'\(z‘v x V x g (X,X/).)A(z ﬁz.v X G (X,X/).)Aq ﬁz.v X g (X,X,).)A(z
- <(AA) o(AA) S(AA) S(AA)
%1.V x G (x,x').% %1.Vx G (x,x').% %1.G (x,x').% %1.G (x,x').%2
—(AAT) —(AAT) —(AA;T) —(AAT)
%.Vx G (x,x) %1 %.Vx G (x,x').%2 %.G (x, X)X, %.G x,x').%
0+ 42 —qxdy 0 —ig:
o) |~y AR g 0
— 1 j e . 72 9xqy
#rlapEg? 0 B e S
iq 0 ef;fiz eerKZ
95— pr gy 0 Fpr
) | ~OxTy Tx— P Epr 0
= L1yl T g 9xy
Hr Jq) 2pr 0 +pr 1+ e,y,Kz ey]AyKZ ’
qxq 9
pr 0 ery,iz T+ Er;¢1:K2

where we set x = (x,0) and x = (x|, H) for surfaces 1 and 2, respectively. We determined
the sign of the terms ~ ig, from the g.-integration by the observation that z, z’ have to be
taken to the surface with z — 2’ staying inside the object. The upper (lower) sign of p,
referstor =1 (r = 2).

Analogously, for kernel M we get for the case r = r/

1 o(Aa0) 1 S(AA0)
N (x, %) = % %—%Vxng (x,x") HWng (x,x') %
(X, X)) = %o 1 «(AA0) , 1 (AA)0) , %
Toﬂrva (x,x) EQ x,x)
GHE gy 0 g
1o T Hopr
; _ _ 9xqy q2+q2 iq;
B o A=) e 7,(}% z e 0
= 2 . 2 gz 1 Ix 1 qxqy
T PTE 0 Hokr  py (1 + 60#0K2> 17 €opok?
' 2
19z 1 9xqy 1 Ty
Hopr 0 ‘H% EOHUKZ ]/l% 1 + €0}10K2>
qi_P% _ 9xqy 0 +p0
Mo T Hotr
2"
iq(x—x)) | =l =Py Fro 0
_ [ me TV R o o
q 2po 0 Epo 1 (14 7 1 Gxfy
I Hopr u? €opoK? uz eopok?
70 1 ey (1. %
Hokr 0 17 €opox” 2\ e

and forr £ v/,
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1 +(AA0) , 1 —(AA0) ,
M, (x,x') = ) [V V*9 00X gy V X G X)) (3
AT AR < (AA0) <(AA)0) X
2 Lvxg (x,x') g (x,x) 2
Hor 4 Hriy 4
Gy 0 _ gz
T 2 Hoby
2 2 H
) _ ) +g iqz
iq(x —x,)Fig.H | — 9 Gxt4: 0
/ Voe A2 I z }% I'{% HoMy s
2+ q2 _ 9 1 U 1 Axlly_
1 Po+ 1 0 Hopr  Hrihy (1 eouokz) Hryt €opior?
. 2
1z 0 _1 qxdy_ 1 (1 Ty
Hopir Hriy eopiok? Hrihy €opox?
GPE qxdy 0 Fpo
T yZ Hopy
2 2
; _ Ixqy 9x—Po +po
iq) (=) | =25 o 0
Hoe I y% ]4% HoHyr ) eprH (100)
q ZPO 0 FPo 1 (1 + Ix ) 1 9xqy
I Hoptr Hrphy €opoK2 Hrity €opok?
+po 0 1 Ixqy 1 1 q§
Hoptr Hrity €opior? Hrip €opior?

where again the upper (lower) sign everywhere refers to r = 1 (r = 2). For the kernel M we
determined the sign of the terms ~ iq, from the g,-integration by the observation that z, z’
have to be taken to the surface with z — 2’ staying outside the object. When combining the
kernels L and M into the joint kernel N, = L:6, + M, itis diagonal in q|-space with
the blocks N(q) on the diagonal given by the 8 x 8 matrix shown in Figure 2.

The Casimir free energy is given by

[e) dz
F= kBTn;O’ / : 2:)“2 log det[ NN, (q))] (101)

K=Ky

in terms of the determinant of the above matrix where N is the matrix with H — oo,
i.e., the matrix N with the off-diagonal 4 x 4 blocks ~ e~PH vanishing. This yields the
final result

> dzq (E — € )(e —€ )
F = keT // | lo Kl_ 0P1 — €1po)(€op2 — €2P0 eZP0H>
’ n;O (2m)2 % (€op1 + €1p0) (€0p2 + €2p0)

_ (nop1 — mapo) (Hop2 — H2Po) —2poH
X 1 e ,
(Hop1 + H1po) (Hop2 + H2po)

(102)

which is again identical to the Lifshitz formula. Note that in the Hamiltonian approach
there is no need to express the kernels in a basis for the space of functions that are regular
solutions of the wave equation inside the objects. However, the number of fields per surface
is now doubled compared to the Lagrangian approach, resembling the situation in quantum
mechanics where the Hamiltonian path integrals run over the canonical coordinates g and
p independently.
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N(q)) =

Ho.
2po

2 2
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2u1 2pipa e1p1 k2 2p1p1 €1p1 K2
2
1 0 1 Gaqy 1 1 qa
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2 2
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2pap2 2p242 2p2
9z qy 9z —P> _ 1 0
0 2pap2 2p2p2 2p2 R
0 1 1 1 + [ 1 9z 9y
2p2 2pap2 eapizk? 2papiz €2p12k?
2
_ 1 0 1 9z qy 1 1+ qy
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2 2 2 2
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Figure 2. Matrix N(q) ) forming the diagonal blocks of the matrix N.
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6. Conclusions

To date, analytical and purely numerical approaches to compute Casimir interactions
have been developed independently, and it remained an open question if and how they are
related. Analytical methods build on ideas from scattering theory and hence require an
expansion of the Green function and bulk or surface operators in terms of special functions
that are solutions of the wave equation. Hence, the very existence of such functions and the
convergence of the expansion limit these approaches to sufficiently symmetric problems.
Purely numerical approaches, such as that developed in [32], can be applied to basically
arbitrary geometries but the numerical effort can be extremely high. Hence, it appeared
useful to us to study the relation between these approaches in order to develop methods
that can serve as semi-numerical approaches that combine the versatility of the purely
numerical approaches with the smaller numerical effort of analytical methods. Hence, we
have presented in this work a new compact derivation of formulas for the Casimir force,
which is based both on bulk and surface operators that also enable analytical evaluations.
This we have demonstrated for the simplest case of two dielectric slabs. Further semi-
analytical implementations of our approaches are underway.

Our Hamiltonian path integral representation is equivalent to the one derived by
Johnson et al. as a purely numerical approach using Lagrange multipliers to enforce the
boundary conditions in the path integral. Interestingly, the here-presented derivation of this
representation from a Lagrangian path integral demonstrates the relation of this approach
to the scattering approach when the T-matrix is defined, as originally by Waterman, by
surface integrals of regular solutions of the wave equation over the bodies’ surfaces [38].
This shows the close connection of these approaches, motivating further research in the
direction of new semi-analytical methods to compute Casimir forces.
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Appendix A. Dyadic Green’s Functions and Notations

It is well known [34] that the expectation values of quantum fields in systems in
thermal equilibrium can be expressed, via the Matsubara formalism, in terms of the
analytic continuation to the positive imaginary axis of the appropriate Green’s functions.
Along the imaginary axis, response functions have a simpler behavior than along the
real frequency axis. For example, it can be shown that the electric and the magnetic
permittivities of a magneto-dielectric medium are real-valued and positive definite for
imaginary frequencies [39]. In the same manner, retarded Green’s functions are real-valued
for positive imaginary frequencies. In this Appendix, we briefly review their definitions
and main properties.

To be specific, consider a system consisting of a collection of possibly spatially dis-
persive magneto-dielectric bodies in vacuum, occupying the (non-overlapping) regions of
space Vi, ..., Vy. We let V) be the vacuum region that separates the bodies. The electro-
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magnetic response of the system is described by the following real-valued and positive
definite frequency-dependent electric and magnetic permittivities

eij(x,x;ig) = Zl[)r (xx;i8)y,(x'),

pij(x,x;ig) = le’r VU x,x;i8)p(X), (A1)

where 65]9) (x,x;i¢) = yf}o) (x,x;ig) = Ji]-é(?’) (x —x') is the permittivity of the vacuum.

For local media, €;(x,x;ig) = eij(x)5(3) (x = x'), and pjj(x,x;i¢) = yij(x)(5(3) (x —x).
The principle of microscopic reversibility [40] requires that the permittivities satisfy the
symmetry relations:

eij(x,x/;igf) = eji(x/,x;ié),
wii(xx5ig) = wix,%ig) . (A2)

The imaginary-frequency Maxwell’s Equations are:

~VxE = &(B+47TMex),
VXxH = k(D+4mPey), (A3)

where © = §/c, Pext and Mey; are the external polarization and magnetization, and
Dix) = /R X (XD Ei(X)
3./ 1.y (!
/R3dx uij(x,x;1¢) Hi(X') . (A4)

o
=
)
S~—
I

At the boundary separating media r and s, the tangential components of E and H are
continuous:
ax[EN —E®)]=ax[H" -H®] =0, (A5)

where i is the unit normal to the boundary. The dyadic Green’s functions G i(;xﬁ ) (x —x;i¢n)
are defined such that:

«~(EH)

3 H(EE)
Ex) = [ & [g (,%;i€) - Pewt(X) + G (x,x’;i(’,’)-Mext(x’)},

+(HE) «(HH)
H(x) = /123 a3x [g (x,X;18) - Pext(X') + G (x,x;i&) -Mext(x/)} . (A6)

It can be shown [33] that the Green’s function satisfies the reciprocity relations:

G (x,x518) = (-1 0P G xig) (A7)

where s(E) = 0and s(H) = 1.
In a local medium:
€ij(x,x;i%) = 68 (x —x) €ij(x;ig),
wix;i8) = 68 (x—x) w(xig). (A8)
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(EH)
In a local medium, it is possible to express the three Green’s function 8 (x,x;i¢),
< (HE) . < (HH) o . . <(EE) .
G (x,x’;i¢)and G (x,x’;1&) in terms of the electric Green’s function G (x,x;i),as:
«(HE) ) 1 -1 —  &(EE) .
g (x,x;i¢) = —%I/l (x,i&)VxG (xx;id), (A9)
+(EH) 1 +(EE) — -1
G (x,xX;i¢) = - G (xX;ie)xV'u (¥,i¢), (A10)
+(HH) ;. 1 -1 = ©(EE) .. R
G (x,x;i¢) = pﬂ (x,i&) VxG (x,x;i&) x V* (x',i¢)
-1
— 4np (xi)®(x—x), (A11)

—
where V' denotes derivation w.r.t. X/, acting from right. The electric Green function solves
the differential Equation:

-1 (—)(EE)

- - <(EE)
Vx|t (xif)VxG

(x,x’;ig)} +x2€ (xi&)G  (x,X;if) = —4mK? ?5(3) (x—x) .

In the case of a homogeneous isotropic medium, this Equation can be solved explicitly:

. 1
gi(jEE) (x=xi8) = - (e svan THE 51’1) go(x—x), (Al2)
=7
From Equations (A9)-(A11), one then gets:
1 02
gi(jHH) (x=x5i¢) = - (yax,ax, +ex’ 51’]’) go(x—x'), (A13)
=7
(HE) (\ _ s e e 9 —x
gl.]. (x—x,;ig) = Ke,]kan go(x—x"), (A14)
. 0
GF (x=x3i8) = —xejzro(x—X), (A15)
k
where JeTix—x|
e—K EUIX—X
So(x—x') = x| (A16)

is the Green’s function of the scalar Helmoltz Equation in free space:
(V2 —esz)go(X—x’) = —415®(x-X), (A17)

It is convenient to introduce a compact notation for the fields and the Green’s functions.
We collect the fields and the sources into six-rows column-vectors:

o = (Sn)=(a0):

D

K(Et) X Pexi(x
ot = (K(eﬁ)((x)) ) (i) ) (A19)

Il
VR
9
=
X



Universe 2021, 7, 225

26 of 34

The defining Equations of the Green’s functions Equation (A6) can then be interpreted
as defining the action of the linear operator G onto the vector Kext:

D= G Kext . (A19)

With this notation, the reciprocity relations Equation (A7) are expressed by the opera-
tor Equation:
Gr=38¢8, (A20)

where § is the 6 x 6 diagonal matrix of elements S 1.(;‘5 ) = (—1)3(“)5a55i]‘- The electric and
the magnetic permittivities in Equation (A1) can be both collected into the permittivity
operator €. Equation (A1) becomes:

N
e=Y ¢.e" g, (A21)
r=0
where the operator 1ﬁ, is
= 0 (0X) = bp 669 (x = x) (1) (422)

The constitutive Equations (A4) are expressed as:
D=¢d. (A23)

For later use, it is convenient to define the polarization operator :

(e-1). (A24)

oo 1
X47‘[

Equation (A1) implies that the polarizability x of a collection of bodies is:
N
=Y 1", (A25)
r=1

where £(") is the polarizability of body r. Clearly (") is supported in the volume V;. This
implies:
226 =0, ifr#£s. (A26)

Finally, we define the trace operation Tr of any operator A:
A=Yy /V LyA"(y) . (A27)
Y

Appendix B. Derivation of Equation (10)

In this Appendix, we derive the volumic and surface representations, Equation (8)
({Xﬁ) (

and Equation (9), respectively, for the scattering Green function I'; i (% x').

Appendix B.1. Volumic Representation

Let @yt = g (O)Kext be the external field generated by a certain distribution of external
sources Kext. If one or more magneto-dielectric bodies are exposed to the field ®ey, they
get polarized, and we let Kj,q be the induced polarization field. The polarization field Kj.q
depends linearly on the external field ®Pext:

King = Tq)ext . (A28)
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The above equation defines the T-operator of the system. The definition of the T-
operator implies that the scattered field ®s. produced by the bodies is:

q)sc - G(O)Kind - G(O)Tq)ext = Q(O) Tg(O)Kext . (A29)

However, by definition of I
Do = I' Kext - (A30)

A comparison of the above two equations gives:
[ =¢OT g0 (A31)

which coincides with Equation (8).
Now we show that the T-operator can be expressed in terms of the polarizability
operator X. Indeed, by definition of polarizability it holds:

Kind = chtot ’ (A32)

where the total field @yor = Dext + Djnq is the sum of the external field and of the induced
field ®y,q = GoKing generated by Kj,q. Therefore:

Kinga = X(‘Dext + CIDirlcl) = X(q)ext —+ G Kmd) : (A33)
Using Equation (A28) to eliminate Kj,4 from the previous equation, we find:
T @t = £(1+ GO T) D - (A34)

Since the above equation holds for an arbitrary distribution of sources Keyt, i.€., for an
arbitrary external field ®¢y, it implies the operator identity:

T=31+¢07). (A35)

The above relation constitutes an equation of Lippmann-Schwinger form, which
determines the T-operator. Its formal solution is:

. 1
T=—sg =105 A36
co A=A (A36)

><>>—\

Appendix B.2. Surface Representation

In this section, we derive the surface formula Equation (9) of the scattering Green’s
function . The existence of this representation is a direct consequence of the equivalence
principle [33] of classical electromagnetism. This principle is applicable to bodies con-
stituted by homogeneous and isotropic magneto-dielectric materials whose electric and
magnetic permeabilities are of the form:

e,»]»(x,x/;i(f) = (5 x—x Z‘/’r 15 Pr(x )/

uij(x,x;i8) = (x =% ler NGEE) Y (K) . (A37)

The equivalence principle expresses the scattered field in terms of fictitious equivalent
currents in a homogeneous medium replacing the scatterer. Let ® be the electromagnetic
field that solves the Maxwell Equations (A3), with the constitutive Equation (A4) and
the permittivities € and y as in Equation (A37), subjected to the boundary conditions
Equation (A5) on the surfaces of N bodies in a vacuum. According to the equivalence
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principle, there exist tangential surface polarizations Kg,,s concentrated on the union X of the
surfaces X, of the bodies: such that the field ® can be expressed as

N

o= lﬁO (q>(0+) + surf Z g Kii?ﬁ) ’ (A38)
r _ & . ..
— Yrivsur _
where KSurf P, Kyt is the restriction of the surface current to the surface X, of the r-th

body, G, r =0,1,...N is the Green’s functions of an inf1n1te homogeneous medium
having constant electrlc and magnetic permittivities equal to € N(i¢) and u (i), respec-
tively, and

@) = g ) (A39)
is the external f1eld generated by Kéx)t The Green'’s functions G (") are obtained by replacing

e and u by € (i &) and u") (i &), respectively, in Equations (A12)~(A15). The equivalence
(r)

principle shows [33] that the surface currents K_ .

the field ® on the surface ¥;:

iﬁh( -y ’;) ) =5(Fr<x>>(

surf

¢ coincide with the tangential values of

,'3) 5’

x H(x) _
B ) r=1,...,N (A40)

In concrete applications of the surface current method to scattering problems, the
surface current K¢ is unknown. However, it can be uniquely determined a posteriori
by imposing the requirement that the field ® in Equation (A38) has continuous tangential
components across the boundaries of the N bodies. This requirement leads to the following
set of Equations:

I (@01 + GO Kypg) = T (@0 — g KTy, (A41)

where IT, is the surface operator, which acts on the field ®(x) by projecting it onto the
tangential plane to X, at x:

<~

I, (x,x') = 6@ (x — x') 6(F,(x)) [T —Ax) @A), r=1..,N (A42)

Equation (A41) can be recast in the form:

N
M Keueg = Y T1(@0F) — 004)) (A43)
r=1

where M is the surface operator
A A A A N A -y A
=11gOr+ Y 1,¢"r,, (A44)
r=1

where IT = Zﬁ\]: 1 I, . The operator M is invertible [41]. Equation (A43) then determines
the unique surface current Ky ¢ that solves the boundary-value problem:

Kot = M ZH ot — @(0h) (A45)
r=1

Note that according to its definition, M1 acts on tangential fields defined on the
union X of the surfaces X, of the bodies and returns as a result a tangential polarization
field Ky, defined on X. Suppose now that the external sources Kext are localized in the
vacuum region Vj:

Kext = K\%)

ext *

(A46)
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Since ®("*) = 0, Equation (A45) now gives:

Kot = =M1 @00 = — 171 GO k(Y. (A47)
According to Equation (A38), the scattered field CIDESE) =1 @4 in the vacuum region

VO is:
q)(o g Ksuf = — - G ext (A48)

The above equation shows that when x and x’ belong to Vj, the scattering Green’s
function is:
f=-¢Opn160 (A49)

We thus see that in the vacuum outside the bodies I' has precisely the form of
Equation (13), with

~

K=-M"1. (A50)

Appendix C. Proof of the Force Formula Equation (14)
In this Appendix, we demonstrate the force formula Equation (14). The simple

(oo

proof presented below holds for smooth kernels K} >(y, y'). Unfortunately, the kernels

IC,((f ?) (y,y’) involved in both the volume and the surface representations of the scattering
Green’s functions lack the necessary smoothness. Indeed the T-operator in Equation (8)
is in general discontinuous on the surfaces of the bodies. As to the surface operator M in
Equation (9), it is a singular kernel supported on the surfaces of the bodies. Fortunately,

it is possible to remedy this difficulty by representing the kernel IC,((‘; ?) (y,y’) as the limit

~(40‘7)(

of a one-parameter family of smooth real kernels K,;" (y,y’; A) that are supported on an

arbitrarily small open neighborhood O of the domain of the original kernel IC,(C‘;U) (y,¥):
K5 (v, y') = lim K87 (y,y50) . (A51)

The approximating kernels }C,(j' ?) (y,y'; A) can be so defined as to satisfy the reciprocity

relations Equation (15)*:
RE7(,':0) = (F) O HOREP Y, yi) (452)
where we recall that s(«) is defined such that s(E) = 0 and s(H) = 1. It thus holds:

(]‘Xﬁ)( x') = hm F( P (x,x; 1), (A53)

where we set
P xin) = [ dy [y x—y)ki 5, ying Py —x) . (@ase)

For brevity, below we shall omit writing the parameter A, and we shall consider the
A — 0 limit only at the end. In the first step, we use reciprocity relations satisfied by the
free-space Green function to rewrite Equation (A54) as:

(ap) (x,x) = /O d3y ./O d3ylgi(lfcp;0) (x — Y)’C;(ja) (v, y’)(*1)3(‘7)“(@9}1&7}0) X —v'). (A55)

Next, one notes that, by virtue of the reciprocity relations Equation (A52), the real
kernel (—1)5(@) ’C;(dp 7) (y,y’) is symmetric, and therefore, it can be diagonalized:

(DR 5,5) = D enK ) Ky ) (A56)
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()

where the eigenvalues wy, are non-vanishing real numbers, and the eigenvectors K/ ik (y) are
real smooth fields supported in O. By plugging the above expansion into Equation (A55),
we see that fgxﬁ ) (x,x’) can be expressed as:

P (x,x) = (1)) Y w,d") (x) P (x) (A57)

ij — mli mlj

where & (x) are the real fields:

mli
o) = [ Py (x =y () (A58)

Now one notes that the fields CIJ%)Z (x) are well defined in all space, and by construction

they satisfy the following euclidean-time Maxwell Equations:

~V xEp = x(Hy+47M,y), (A59)
VxH, = «(E,+47Py), (A60)

where we set ®,, = (En,Hy), K = (Py,My,) and « = ¢,/c. When the expansion
4
Equation (A57) is substituted into Equation (6), we find for the dyad @ the following expression:

o 00 H(EE) (—)(HH)
O =2kgT ) ") wpy [@m - O ] , (A61)
n=0 m
where
«(EE) 1 E2 <
g _ M[Em®Em—2’"1], (A62)
«(HH) 1 H?2 <
O = M[Hm®Hm2r'11:|- (A63)

< (HH)
It is worth noticing that the minus sign that multiplies @,,  in Equation (A61)isa

direct consequence of the factor (—1)*() in the r.h.s. of Equation (A57). At this point, we
use the divergence theorem to convert the surface integral in Equation (7), giving the force
F("), into a volume integral. That gives:

«(EE)  «(HH)
} (A64)

F) = / PyV-©=2ksT Y'Y wy / &LyV - {(am -0,
Or n=0 m O,
where O, is the portion of O included within the surface S,. By using standard identities

of vector calculus, and the Maxwell Equations satisfied by the fields (E,,, H;,) one finds:

~(EE)  «(HH)
V- {@m — 0, } = KBy X My — En(V - Pyy) + kHyp X Py + Hy(V - My

= (V x Hp) X My — Ep(V - Ppy) — (V X Epy) X Py + Hy(V - M) (A65)

Upon substituting the r.h.s. of the above equation into the r.h.s. of Equation (A64)
we get

Fl(r) = 2kgT 2/ Zwm /(’) d3y {Pm‘jaiEm‘j — Mml]ale‘]} . (A66)
n=0 m r

If the fields E, and H;, are expressed in terms of the sources P, and M,,, via
Equation (A58) one can recast the r.h.s. of the above equation in the form:

(r _ =y 3y [ By (—15 @K@ (v 0 o@B0) o B (o
F, —2kBTn§);wm /Ordy/ody( DK ()5 -G (y = YK, ()

i
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[ B d 0)

— 2kaT V / B / B /K(/‘5 ; (ap; A67
Bn;ooryoyk]yy)ayg y-v"), (A67)
where in the last passage, we made use of Equation (A56), and restored the dependence of
K on the parameter A. By taking the limit A — 0 of the r.h.s., we see that Equation (A67)

reproduces the formula for force in Equation (14).

Appendix D. Partial Wave Expansion and the Scattering Matrix
< (aB;0)

The Green'’s function G (x,x") admits an expansion in partial waves in any co-
ordinate system in which the vector Helmoltz Equation is separable. When spherical
coordinates are used, the partial-wave expansion takes the form of an infinite series over
spherical multipoles:

< (ap0)
G xx) = () PAY0(x — KRG (x) @ @ (x)
ilm
+ 0(X| = X ) @ @f 0 ()], (A68)
where A = —47tx3,i = M, N and (Im) are, respectively, polarization and multipole indices.

(a\out/reg) ( )

The partial waves ®;, are defined as follows. For the electric field, they are: [10]:

(E|out/reg) - 1 (out/reg)
P = — X, k), A69
Mim () T +1) X P (xx) (A69)
A = LT xS (), (a70)
where ¢, reg/out)( x, k) are the following regular and the outgoing spherical waves:
O (k) = (X)) Vi (%) , (A71)
el RS T NIMOR (A72)

Here, i)(z) = /71/2z111/2(z) is the modified spherical Bessel function of the first
kind, and k;(z) = v/71/2zK;11,2(z) is the modified spherical Bessel function of the third
kind. Notice the relation:

q)g\ﬂ;ut/reg)( ) = V q)g\llfltzut/reg)( ). (A73)

According to Maxwell Equations, the magnetic partial waves @Efnlreg/ out) (x) are ob-
tained by taking a curl of the electric waves:

(I)(H\reg/out)( ) *V @(E‘reg/out)( ) . (A74)

ilm ilm

However, using the two relations Equations (A70) and (A73), one finds:

q)gH\reg/out) (x) = icD(E}reg/OUt) (x) . (A75)

ilm T(i)Im
where T(M) = N, T(N) = M.
Next, we define the scattering matrix 7(") of an isolated object r placed in vacuum.

(@B)
Let ?, (x,x") be the scattering part of the Green'’s function of body r in isolation. The
scattering matrix 7 (") is defined such that at all points (x,x’) lying outside a sphere S(")
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< (ap)
containing the body in its interior and centered at the point X;, ',  (x,x’) has the partial
wave expansion:

B o) = PR T T e x-X0) @ @ ¢ X0) Ty (A6
plm p'l'm’

(aB)
The fact that all Green’s functions ?, (x,x") can be expressed in terms of a single
scattering matrix 7 (") follows from Equation (A74), together with the following identi-

(aB)
ties satisfied by ?, (x,x") at all points in the vacuum outside the body, which in turn

result from the identities of Equations (A9)-(A11) satisfied by the full Green’s functions
(ap)
c (x,x') in the presence of body r:

HE EE
?E )(X,X’;ié) = —%€><?£ )(x,x’;ig’),
EH EE
?5 )(X,X/;ié) = —%?E (x,x;i¢&) x V",
«(HH) ;. 1 - «(EE) ;. —
I, (xx5i¢) = VXTI, (xx;5i¢)xV". (A77)

Now we prove that the scattering matrix is given by the matrix elements of the operator
K, of body r defined in Equation (47), taken between two regular partial waves. To see this,
one notes that for any two points (x,x') outside the sphere S("), it is legitimate to replace
G©) in Equation (47) by its partial wave expansion Equation (A68). This substitution results
in the expansion:

o) = ()R T @l ) @ @b (¢ - )

Im
plm p'l'm’
il () ]
XZ A / d3y/ Py ol (y—X) K, (v,y)- @i (y = X,) . (A78)

A comparison of Equation (A76) with Equation (A78) gives the desired formula:

r) _ 3 3
7;71mp/l/ T 2(_])5(P‘)/\/V d Y/V d Y/
Hv r r
< (pv)
x ol (o) K, (yy) Ul -X), (A79)
which indeed shows that T Pl is the matrix element of the operator K, between two

partial waves. Note that in the T-operator approach, T is expressed by an integral

plm,p'l'm’
of the body’s T-operator T, over the body’s volume V;, while in the surface approach it is
an integral of the surface operator — M, ! over the boundary ., of the body.

Now we define the translation matrices /(%) (d). Consider two points X; and X in

space that differ by a displacement of magnitude d along the z-axis:

X — X, =dz. (A80)
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The translation matrix /(?!) (d) is defined such that at all points x whose distances
from X and Xj are both smaller than d (i.e., |x — X| < d and |x — X;| < d) it holds:

E (E

o) (x—Xg) = Zu (@) DU (x— Xy ), (A81)
E (E

o (x—X1) = Zu (@) @V (x— Xy) (A82)

It can be shown that the relation holds:
U (d) =ud) (A83)

By applying the operator £ = —(i/x) V x to both members of the Equation (A82),
and recalling the definition of the magnetic partial waves Equation (A74) one finds:

u Hire
q>“,f,‘fn,t)( —X) = Zu ?l%)pl )L (x =) (A84)
u Hire
ol (x—X1) = Zl;u’g,lﬁfpl (d) D178 (x — Xy) (A85)
p

which shows that the translation matrices of the magnetic partial waves coincide with
those for the electric partial waves.

Notes

1

This restriction is not so severe in practice, since the vast majority of Casimir experiments use test bodies that can be
modelled in this way.

2 Arepresentation analogous to Equation (9) also exists when one or both points belong to the regions occupied by
bodies, but we shall not display it since the surface integral expressing the force in Equation (7) involves only points
x in the vacuum region.

3 Bodies that are only piecewise homogeneous can also be considered by a slight generalization of the homogeneous
case.

4 Por example, one can set IC,((';W) (y,¥iA) = A7 [, @ [, X f((y —x) /M) f((y — x’)/A)IC,E‘fU)(x,x’), where f(x) is any
rotationally invariant, smooth non-negative function, supported in a ball of unit radius centered in the origin, such
that [ d®xf(x) =
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