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Abstract: The process of resonant high-energy electron–positron pairs production by electrons in
an X-ray pulsar electromagnetic field is studied theoretically. Under the resonance conditions, the
second-order process under consideration effectively reduces into two sequential first-order processes:
X-ray-stimulated Compton effect and X-ray–stimulated Breit–Wheeler process. The kinematics of the
process is studied in detail: the dependencies of the energy of the scattered electron on its outgoing
angle and the energies of the particles of the pair on the outgoing angle of the scattered electron
and the opening angle of the pair are obtained. The analysis of the number of different possible
particles energies values in the entire range of the angles is also carried out, according to which the
energies of the particles of the pair can take up to eight different values at a fixed outgoing angle
of the scattered electron and opening angle of the pair. The estimate of the resonant differential
probability per unit time of the process, which reaches the maximum value of 24 orders of the value
of the non-resonant differential probability per unit time, is obtained. The angular distribution
of the differential probability per unit time of the process is analyzed, particularly for the case of
high-energy positrons presenting in pulsar radiation.

Keywords: external field QED; high-energy particle physics; resonances; Oleinik resonances; trident
pair production; ultrarelativistic particles; electron; positron; kinematics; X-ray pulsar

PACS: 95.30.Cq; 97.10.Ld; 97.80.Jp

1. Introduction

Oleinik resonances [1,2] (see also reviews [3,4]) have been studied for quite a long
time. The peculiarity of the resonant processes of quantum electrodynamics (QED) is the
large value of the differential probability of such processes. However, for the resonant
processes to take place, an additional connection between the 4-momenta of the interacting
particles is necessary, which leads to stricter functional dependencies of the energies of the
outgoing particles on the angles. Since the works of Oleinik, various resonant processes
of quantum electrodynamics in an external electromagnetic field have been considered
from different angles (see, for example, [5–26]). Thus, in the monograph [5], the first-order
external field QED processes into which higher-order processes reduce in resonance are
studied in detail and in the works [6–26], the resonant second-order external field QED
processes are studied.

Recently, anomalous high-energy positron abundance [27] was discovered in cosmic
rays. It has been suggested that the positrons were produced by pulsars [28]. The mecha-
nism is a particle-antiparticle pair production in the electromagnetic field of a pulsar. One
of the purposes of our article is to answer if the explanation suggested in the work [28]
may or may not be implemented in this case. We conclude that the positrons discussed
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may be produced by pulsars, in particular, in the process of resonant electron-positron pair
production in collision of an electron with the electromagnetic field of a pulsar.

The process of electron–positron pairs production in collision of electrons with an elec-
tromagnetic wave (also non-linear trident pair production, NTPP) was studied in [29–34].
In [29], the main attention is paid to the process amplitude, which reduces into the sum of
resonant and non-resonant process amplitudes. The authors also give numerical estimates
of the probability of the process in the intense field of a plane electromagnetic wave. In [30],
authors investigate this process in a pulse field with an arbitrary envelope and obtain
expressions for the probability of the process, including for the interference terms, and also
numerically calculate the probability of the process. In [31], authors also study the NTPP
process in a strong laser field and aim to try to describe the SLAC experiment [32] where
a nonlinear Compton effect was studied. In [33], the NTPP process in a strong laser field
is investigated. Special attention is paid to separation of contributions of resonant and
non-resonant processes. In [34], authors study this process in a constant-crossed field
background. Contributions to the probability of resonant and nonresonant processes are
also investigated. The NTPP process was also studied in [23], but resonant kinematics
of the process was not studied in sufficient detail, and only an estimate of the resonant
differential probability was given.

In contrast to the previous article [23], the resonant kinematics of the process in the X-
ray field is studied in detail, taking into account different energies of initial ultrarelativistic
electrons, as well as different possible energies of electron–positron pairs and scattered
electrons. An estimate for the differential probability per unit time of the process is given
and the angular probability distribution is investigated.

We will model an external electromagnetic field as a plane monochromatic circularly
polarized electromagnetic wave propagating along the z-axis, with a 4-potential

A(ϕ) =
F
ω

(
ex cos ϕ + δey sin ϕ

)
, ϕ = kx = ω(t− z), (1)

where ω and F are the frequency and the electric field strength of the wave, ex and ey
are polarization 4-vectors, δ = ±1, k = (ω, k) is light wave 4-momentum and x = (t, x)
is 4-radius-vector.

In this problem, the main parameter is the classical relativistically invariant parameter

η =
eFλ̄

mc2 , (2)

the physical meaning of which is the ratio of the work of electromagnetic field at its
wavelength to an electron (positron) rest energy. Here e and m are the elementary charge
and the mass of an electron (positron), λ̄ is the reduced wavelength of the field and c is the
speed of light. This paper is devoted to resonant kinematics in a weak circularly polarized
X-ray pulsar field, which corresponds to the value of the parameter η:

η � 1. (3)

In Section 2, we study the amplitude of the process in the field of a weak circularly
polarized electromagnetic wave. In Section 3, the resonant kinematics of the process is
studied in detail: in Section 3.1, we obtain expressions for the energies of the scattered
electron and the particles of the pair as a function of the angle of departure of the scattered
electron and the opening angle of the pair, in Sections 3.2–3.4, the restrictions on the angles
and energies of the particles are studied in detail. In Section 4, the expression is given for the
resonant differential probability per unit time of the process and the angular dependence
of the probability is discussed. The conclusion is made in Section 5.

Further we use relativistic system of units: h̄ = c = 1.
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2. Process Amplitude

The process of resonant electron–positron pairs production in collision of ultrarela-
tivistic electrons with an X-ray pulsar wave in the second order of perturbation theory is
described by two Feynman diagrams (see Figure 1).

Figure 1. Feynman diagrams of the process of electron–positron pairs production when electrons
collide with the field of an X-ray pulsar. The solid lines correspond to the Volkov functions of
the initial and scattered electrons with 4-momenta pi and p f and to the particles of the pair with
4-momenta p±, the wavy lines correspond to the intermediate photons. Channels A and B are

distinguished by replacement of electrons states
(

p f ⇐⇒ p−
)

.

The amplitude of the process is obtained by standard methods [35] and can be reduced
to the form [23]:

S =
∞

∑
l=2

Sl , (4)

where Sl are partial amplitudes corresponding to l photons of external field absorbed in
the process and given by the following expression:

Sl = 16π5α
e−id∗√

EiE f E−E+

Mlδ
(4)
(

pi − p f − p+ − p− + lk
)
−
(

p f ←→ p−
)

,

Ml =
∞

∑
r′=1

[
up−Hµ;−r′v−p+

][
up f H′µ−(l−r′)upi

]
(p+ + p− − r′k)2 ,

(5)

where d∗ is an independent of the summation index phase, pi, f = (Ei, f , pi, f ) are the initial
and scattered electrons 4-momenta, p± = (E±, p±) are the 4-momenta of the particles of
the pair. In Equation (5) upi , up− , up f and v−p+ are free Dirac bispinors, γµ(µ = 0, 1, 2, 3)
are Dirac γ-matricies, hats denote scalar product of a vector and the vector γµ(e.g., k̂ =
k0γ0 − k1γ1 − k2γ2 − k3γ3) and

Hµ
n = γµLn

(
γp+p− , χp+p−

)
+ bµ
−Ln−1

(
γp+p− , χp+p−

)
+ bµ

+Ln+1
(
γp+p− , χp+p−

)
, (6)

H′µn = γµLn

(
γpi p f , χpi p f

)
+ b′µ−Ln−1

(
γpi p f , χpi p f

)
+ b′µ+Ln+1

(
γpi p f , χpi p f

)
. (7)

where

bµ
± = η

[
m

4(kp−)
ε̂± k̂γµ − m

4(kp+)
γµ k̂ε̂±

]
, b′µ± = η

 m
4(kpi)

γµ k̂ε̂± +
m

4
(

kp f

) ε̂± k̂γµ

,

ε± =ex ± iδey

(8)

and in case of circular polarization (δ = ±1) special functions L take the following form
(see [36]):

Ln

(
γpp′ , χpp′

)
= e−ilχpp′ Jn

(
γpp′

)
, (9)

where Jn

(
γpp′

)
is the Bessel function of the integer index. The L-functions have arguments

of the following form:
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γpp′ = ηm
√
−Q2

pp′ , tgχpp′ =

(
Qpp′ ey

)
(

Qpp′ ex

) , Qpp′ =
p

(kp)
− p′

(kp′)
, (10)

which are defined by corresponding expressions in the amplitudes (6) and (7).

3. Resonant Kinematics

In the plane monochromatic electromagnetic wave field, fermion states are described
by the Volkov functions, for which the 4-momentum components are no longer good
quantum numbers. Instead, the components of the 4-quasi-momentum are conserved,
which, however, in the case of weak fields (3) differ slightly from the components of the
ordinary 4-momentum, so the 4-momentum conservation law is approximately fulfilled. It
also should be noted that in a weak field, multiphoton processes are suppressed, so we
will study the process with the absorption of only one photon at each vertex.

We will consider an ultrarelativistic initial electron (and, as a consequence, ultrarela-
tivistic outgoing particles):

Ei, f ,± � m. (11)

This case is interesting, because due to the high energy of the initial electron, the re-
quirements for the field intensity for generation of electron–positron pairs are reduced.
The requirement of ultrarelativistic particles leads to the fact that all particles propagate in
a narrow cone along the direction of motion of the initial electron, which must also lie far
from the direction of the wave vector of an external field:

θ f i = ∠
(

pi, p f

)
� 1, θ± = ∠

(
p+, p−

)
� 1, θi, f ,± = ∠

(
pi, f ,±, k

)
∼ 1. (12)

Further, we study the kinematics of the channel A. The kinematics of the channel B is
obtained from it by simply replacing the indices:

(
p f ←→ p−

)
.

In the first vertex, under resonance conditions the X-ray-stimulated Compton effect
takes place. In this case, we have the 4-momentum conservation law in the form

pi + k = p f + q, (13)

which, combined with the resonance condition,

q2 = 0 (14)

leads to the equation on the scattered electron energy

x2
f

(
1 + 4εi + 4ε2

i δ2
f i

)
− 2(1 + 2εi)x f + 1 = 0. (15)

In Equation (15) the following notations are introduced:

x f =
E f

Ei
, εi =

Ei
ωthr

, ωthr =
m2

ω sin2 θi/2
, δ2

f i =
ω2

thrθ2
f i

4m2 . (16)

In Notations (16) x f is the energy of scattered electron in units of the energy of the
initial electron, ωthr is the threshold energy in the X-ray-stimulated Breit–Wheeler process,
εi is the energy of the initial electron in units of the X-ray-stimulated Breit–Wheeler process
threshold energy ωthr (see the text after the Expression (22)), and δ f i is normalized angle
between the scattered and the initial electron propagation directions.

The solutions of Equation (15) are given as follows

x f (1,2) =
1 + 2εi ± 2εi

√
(1− δ2

f i)

1 + 4εi + 4ε2
i δ2

f i
, (17)
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where x f (1) corresponds to “+” sign before square root and x f (2)—to “−” sign.
It could be seen from Expression (17) that for fixed value of the outgoing angle the

scattered electron can have one of the two possible energies.
It should also be noted that there is an upper bound on the value of the outgoing angle

of the scattered electron:
δ2

f i ≤ 1. (18)

In the second vertex (see Figure 1), the X-ray-stimulated Breit–Wheeler process takes
place. In this case, the 4-momentum conservation law

q + k = p− + p+ (19)

along with the resonance condition (14) and approximate energy conservation law

1 ≈ x f + x+ + x−, x± = E±/Ei (20)

leads to the equation on the energy of the positron of the pair:

4ε2
i δ2

+−x4
+ − 8ε2

i δ2
+−

(
1− x f

)
x3
+ +

[
4εi(1− x f ) + 4ε2

i δ2
+−(1− x f )

2
]

x2
+ − 4εi(1− x f )

2x+ + (1− x f )
2 = 0. (21)

In Equation (21)

δ2
+− =

ω2
thrθ2

+−
4m2 . (22)

It also should be noted that fulfilling of 4-momentum conservation law (19) and
resonance condition (14) leads to the presence of the threshold energy for the intermediate
photon (see Expression (16)).

Equation (21) reduces to a biquadrate equation and has the following solutions.

x+(1,2,3,4) =
(1− x f )

2

1±

√√√√
1− 2

1±
√

1− δ2
+−

εiδ
2
+−(1− x f )

, (23)

where x+(1) corresponds to “+”, “+” signs, x+(2)—to “+”, “−”, x+(3)—to “−”, “+”, x+(4)—
to “−”, “−”. From the Expression (23), one can see that the positron energy can take one
of four different values at fixed pair opening angle and scattered electron energy. Taking
into account the fact that scattered electron can have one of two possible energies—x f (1)
and x f (2)—it turns out that at fixed opening angle of the pair and outgoing angle of the
scattered electron, the positron energy can take up to eight different values.

We also can find the electron of the pair energy from the energy conservation law (20):

x−(1,2,3,4) =
(1− x f )

2

1∓

√√√√
1− 2

1±
√

1− δ2
+−

εiδ
2
+−(1− x f )

, (24)

where the choice of signs is determined in the same way as for the positron, that is,
for example, x−(1) corresponds to the choice of signs “+”, “+”. The choice of signs in
Expressions (23) and (24) must be done in such a way that the energy conservation law (20)
is fulfilled, that is, before the external roots, the signs in the expressions for the energies of
the particles of the pair must differ, and—before the internal roots—coincide. For example,
if the positron has the energy x+(1), then the electron of the pair has the energy x−(3),
and vice versa. Similarly with the energies x±(2) and x±(4).

From the Expressions (23) and (24) immediately follows the restriction on the opening
angle of the pair:

δ2
± ≤ 1. (25)
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Thus, in the X-ray-stimulated Breit–Wheeler process, the particles of the pair can
have up to four possible energy values for a certain opening angle of the pair and at a
fixed energy of the scattered electron, which gives up to eight values of the energies of the
particles of the pair at fixed outgoing angle of the scattered electron and opening angle of
the pair.

3.1. Scattered Electron Energy Bounds

The condition for the existence of Solutions (23) imposes the following restriction on
the process parameters:

1− 2
1±

√
1− δ2

+−

εiδ
2
+−(1− x f )

≥ 0. (26)

When selecting the “+ ” sign (solutions x±(1,3)) the Inequality (26) leads to a restriction
on the energy of the scattered electron

x f ≤ x(1)f ;max, x(1)f ;max = 1− 2/εi, (27)

and when selecting the “−” sign (solutions x±(2,4))—to a restriction

x f ≤ x(2)f ;max, x(2)f ;max = 1− 1/εi. (28)

For better understanding of the Inequalities (27) and (28) one can have a look at
Figure 2. As long as the energy of the scattered electron does not exceed the value x(1)f ;max, all
the eight possible solutions (four solutions for each of the two branches x f (1,2)) for particles
energies x±(1,2,3,4) are available. The possibility of their implementation is, of course,
determined by specific values of the parameters δ2

f i and δ2
±. When the energy of the

scattered electron lies in the interval x(1)f ;max ≤ x f ≤ x(2)f ;max, the energies of the particles
of the pair can take only four values (two solutions for each of the two solutions x f (1,2)).

If x f > x(2)f ;max, then the particles of the pair cannot have any energies allowed by the
4-momentum conservation law and the resonance condition, that is, such a case is not
implemented in practice (we should emphasize that we are talking only about resonant
processes!).

Figure 2. The regions of the scattered electron energy and the possible energies of the particles of the
pair in these regions (see Inequalities (27) and (28)).

3.2. Initial Electron Energy Bounds

Further, we will discover four characteristic energies of the initial electron. The first
of them we call the threshold energy and denote as εthr, since it has the meaning that at
the energies of the initial electron less than this threshold energy, the studied process is
impossible. The other three characteristic energies we denote ε1, ε2, and ε3. The expressions
for εthr and ε1 were already obtained earlier (see formulas (23), (25) in [23]). Here, however,
a more systematic approach to finding them is outlined, which also leads to appearance of
the characteristic energies ε2 and ε3.

Next, we consider the Constraints (26) for different branches of the energy of the
scattered electron—x f (1) and x f (2). Recall that εi is the energy of the initial electron in
units of the threshold energy in the Breit–Wheeler process (see (16)). Let us find the values
of the energy of the initial electron that it can have, so that the particles of the pair can
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have energies x±(2,4). In this case, as was shown, the energy of the scattered electron
has the upper bound (see Notations (28)). Let us start with the energy x f (2). From the
Condition (28) we obtain

εi ≥ εthr, εthr = (1 +
√

2)/2 ≈ 1.207. (29)

The value εthr has the meaning of the threshold energy for the initial electron. From sim-
ilar reasoning, but when considering the x f (1) energy of the scattered electron, one can obtain

εi ≥ ε1, ε1 = (1 +
√

3)/2 ≈ 1.366. (30)

In the same way, the possibilities for the particles of the pair to have energies x±(1,3)
are considered . In this case, we consider the Constraint (27) first for the energy x f (2), which
leads to the condition

εi ≥ ε2, ε2 = (2 +
√

6)/2 ≈ 2.225 (31)

and then for the energy x f (1):

εi ≥ ε3, ε3 = 1 +
√

2 = 2εthr ≈ 2.414. (32)

The meaning of characteristic energies εthr, ε1, ε2, ε3 can be understood with help of
Figure 3. As long as the energy of the initial electron does not exceed the value εthr ≈ 1.207,
the studied process is impossible. When the energy of the initial electron lies in the interval
εthr ≈ 1.207 ≤ εi ≤ ε1 ≈ 1.366, the energy of the scattered electron can only take values
from the energy branch x f (2), and the energies of the pair particles can only take values
x±(2,4). At this energy of the initial electron, the scattered electron cannot have energy
x f (1), and the particles of the pair cannot have energies x±(1,3). Further, if the energy of the
initial electron lies in the interval ε1 ≈ 1.366 ≤ εi ≤ ε2 ≈ 2.225, then the scattered electron
can already have energy from any of the 2 branches x f (1,2), and the particles of the pair
(for each of the two branches x f (1,2)) can still have only two options for energies—x±(2,4).
A more interesting situation is implemented in the energy range of the initial electron
ε2 ≈ 2.225 ≤ εi ≤ ε3 ≈ 2.414: now, when the energy of the scattered electron from the
branch x f (2) is implemented, the pair particles can take any of the four possible energies
x±(1,2,3,4), but if the scattered electron has the energy from the branch x f (1), then the pair
particles, as in the previous interval, can only have the energies x±(2,4). Finally, when the
energy of the initial electron exceeds ε3, that is, εi ≥ ε3, the scattered electron can have
energy from either of the two branches x f (1,2), and the particles of the pair can also have
energy with any choice of signs x±(1,2,3,4).

Figure 3. The regions of the initial electron energy values (in units of X-ray-stimulated Breit–Wheeler
process threshold energy ωthr) and the possible energies of the scattered electron and the pair particles
in these regions (see Conditions (29)–(32)).

3.3. Scattered Electron Angle Bounds

Let us now consider the Condition (26) with respect to the outgoing angle of the
scattered electron. The results of this investigation can be seen in Figure 4a. Consider this
condition when choosing the “−” sign (solutions x±(2,4)). At the energies of the initial
electron εthr ≤ εi ≤ ε1 we obtain that the scattered electron can only have the energy x f (2).
In this case, its outgoing angle is limited by the value

δ2
f i ≤ δ2

f i(1), δ2
f i(1) =

(εi − (1−
√

2)/2)(εi − εthr)

ε2
i (εi − 1)2

. (33)
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Figure 4. (a) The energy of the scattered electron (see Expression (17)) for different values of the energy of the initial
electron from the closed interval εi ∈ [εthr ≈ 1.21, ε1 ≈ 1.37]. (b) The energy of the scattered electron (see Expression (17))
for different values of the energy of the initial electron εi > ε1 ≈ 1.37.

With the energy of the initial electron εi > ε1, when choosing the branch x f (2), the scat-
tered electron can now propagate at any angle δ2

f i ∈ [0, 1], and for the branch x f (1) there is
a certain minimum angle (see Figure 4b):

δ2
f i ≥ δ2

f i(1). (34)

We will now conduct similar to the previous point arguments, only when choosing the
“+” sign (solutions x±(1,3)) in Condition (26). As can be seen from the diagram in Figure 3,
the solutions x±(1,3) can only be implemented when εi ≥ ε2. When the energy of the initial
electron lies in the interval ε2 ≤ εi ≤ ε3, the outgoing angle of the scattered electron is not
limited to 1, but to a smaller value (see Figure 4a):

δ2
f i ≤ δ2

f i(2), δ2
f i(2) =

2(εi − (2−
√

6)/2)(εi − ε2)

ε2
i (εi − 2)2

. (35)

At the energy of the initial electron εi > ε3 for the energies of the particles of the pair
x±(1,3), when choosing a branch of the energy of the scattered electron x f (2), the scattered
electron can now propagate at any angle δ2

f i ∈ [0, 1], and for the branch x f (1) there is a
certain minimum angle (see Figure 4b):

δ2
f i ≥ δ2

f i(2). (36)

Let us now study the obtained dependencies δ2
f i(1)(εi) and δ2

f i(2)(εi) and what energies

of the particles can be implemented in different regions of (εi, δ2
f i)-space. To do this, we

turn to Figure 5. In its meaning, this figure is a logical continuation and complement to the
diagram shown in Figure 3.
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Figure 5. The dependencies of the critical angles δ f i(1)(εi), δ f i(2)(εi) (see Expressions (33) and (35))
on the energy of the initial electron and the regions in (εi, δ2

f i)-space with different values of the
particles energies allowed in them (see Conditions (33)–(36)).

Here, we describe in detail what happens in Figure 5. According to the analysis carried
out above, it turns out that when studying the domain of existence of solutions x±(2,4),
one needs to pay attention only to the curve δ2

f i(1)(εi), and when studying the domain

of existence of solutions x±(1,3)—to the curve δ2
f i(2)(εi). In region 1, only a branch of the

energy of the scattered electron x f (2) and the energies of the particles of the pair x±(2,4) are
possible. When the energy of the initial electron εi is less than the energy ε1, the outgoing
angle of the scattered electron is limited by the segment 0 ≤ δ2

f i ≤ δ2
f i(1)(εi). In region 2,

when the energy of the initial electron εi exceeds the energy ε1, the branch of the energy of
the scattered electron x f (1) becomes possible. The outgoing angle of the scattered electron
for the branch x f (1) in this case belongs to the segment δ2

f i(1)(εi) ≤ δ2
f i ≤ 1. In regions

1 and 2 when εi ≥ ε1, the scattered electron with the energy x f (2) can propagate at any
angle 0 ≤ δ2

f i ≤ 1. In these regions, the particles of the pair can only have energies x±(2,4).
In region 3, when the energy of the initial electron εi exceeds the energy ε2, it becomes
possible for the particles of the pair to have energies with any signs x±(1,2,3,4). For the
scattered electron, only energy x f (2) is available in this region. In region 4, for the energy of
the scattered electron x f (1), as in region 2, it remains possible to be implemented if only the
particles of the pair have energies x±(2,4), and also in region 4, as in region 3, for the energy
of the scattered electron x f (2), the particles of the pair can have any energies of x±(1,2,3,4).
For the energies of the initial electron εi exceeding the energy ε3, a region 5 appears. In this
region, the scattered electron can have any of the two energies x f (1,2), and also the particles
of the pair can have any of the four energies x±(1,2,3,4). In regions 3 and 4, the outgoing
angle of the scattered electron with the energy x f (2) can be any of the 0 ≤ δ2

f i ≤ 1 for the

energies of the particles of the pair x±(2,4) and is limited to the segment 0 ≤ δ2
f i ≤ δ2

f i(2)
at the energies of the particles of the pair x±(1,3), if the energy of the initial electron lies
in the segment ε2 ≤ εi ≤ ε3, and if εi > ε3, then for x f (2) for any energies of the particles
of the pair x±(1,2,3,4) the outgoing angle of the scattered electron can also be any of the
segment 0 ≤ δ2

f i ≤ 1. In regions 4 and 5, the outgoing angle of the scattered electron with
the energy x f (1) for the energies of the particles of the pair x±(2,4) is limited by the segment
δ2

f i(1) ≤ δ2
f i ≤ 1, and for the scattered electron with the energy x f (1) and the particles of the



Universe 2021, 7, 210 10 of 17

pair with the energies x±(1,3), the outgoing angle of the scattered electron is limited by the
segment δ2

f i(2) ≤ δ2
f i ≤ 1.

The dependencies x f (δ
2
f i) according to Expression (17) with Restrictions (28) taken

into account are shown in Figure 4a,b.

3.4. Pair Opening Angle Bounds

Let us now analyze the Condition (26) with respect to the opening angle of the pair
δ2
+−. Further 2 characteristic opening angles of the pair will appear:

δ2
+−(1,2) =

A± B
δ4

f iε
4
i

,

A = −2 + δ2
f i

(
2ε2

i − 4εi + 1
)
+ 4δ4

f iε
2
i (εi − 1), B = 2

(
−ε2

i δ2
f i + 2εiδ

2
f i + 1

)√
1− δ2

f i.

(37)

In Expression (37) δ2
+−(1) corresponds to sign “+” and δ2

+−(1)—to sign “−”.
Let us consider the case when the particles energies take the values x f (2), x±(2,4).

In this case, at the energies of the initial electron from the segment εthr ≤ εi ≤ ε1, the angles
change within

0 ≤ δ2
f i ≤ δ2

f i(1), 0 ≤ δ2
+− ≤ δ2

+−(1). (38)

At the energies of the initial electron from the segment ε1 ≤ εi ≤ ε2 we obtain the
intervals of changing of the angles

0 ≤ δ2
f i ≤ 1, 0 ≤ δ2

+− ≤ δ2
+−(1). (39)

When the energy of the initial electron is in the segment ε2 ≤ εi ≤ ε3 then

0 ≤ δ2
+− ≤ 1, i f 0 ≤ δ2

f i ≤ δ2
f i(2),

0 ≤ δ2
+− ≤ δ2

+−(1), i f δ2
f i(2) ≤ δ2

f i ≤ 1.
(40)

Finally, when energy of the initial electron satisfy the condition εi > ε3 the angles can
take any values:

0 ≤ δ2
f i ≤ 1, 0 ≤ δ2

+− ≤ 1. (41)

Let us now consider the case when the particles have the energies x f (1), x±(2,4). It
should be underlined that the solution x f (1) exists only if the initial electron energy is
greater than ε1 (see Figure 3). If the initial electron energy is such that ε1 ≤ εi ≤ ε3,
we have

δ2
f i(1) ≤ δ2

f i ≤ 1, 0 ≤ δ2
+− ≤ δ2

+−(2). (42)

At the energies of the initial electron from the region εi > ε3 the angles satisfy the
following conditions:

0 ≤ δ2
+− ≤ δ2

+−(2), i f δ2
f i(1) ≤ δ2

f i ≤ δ2
f i(2)

0 ≤ δ2
+− ≤ 1, i f δ2

f i(2) ≤ δ2
f i ≤ 1

(43)

Further we investigate the case of energies x f (2), x±(1,3). We underline that this case is
implemented only if the energy of the initial electron is greater than ε2 (see Figure 3). In the
case ε2 ≤ εi ≤ ε3 the angles change in the regions

0 ≤ δ2
f i ≤ δ2

f i(2), δ2
+−(1) ≤ δ2

+− ≤ 1. (44)

For the initial electron energies greater than ε3 we obtain

0 ≤ δ2
f i ≤ 1, 0 ≤ δ2

+− ≤ 1. (45)
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Finally, we turn to the case of the energies x f (1), x±(1,3). From Figure 3 it can be seen
that this case is only possible when the initial electron energy is greater than ε3. In this case
we obtain

δ2
f i(2) ≤ δ2

f i ≤ 1, δ2
+−(2) ≤ δ2

+− ≤ 1. (46)

The results of this subsection are shown in Figures 6–8.
In Figure 6a, when the initial electron energy is εthr ≤ εi = 1.3 ≤ ε1, there are only

two regions: in region 1, the particles can only have energies x f (2), x±(2,4).
In Figure 6b, when ε1 ≤ εi = 1.5 ≤ ε2, there are already three regions: in region 1,

only the energies x f (2), x±(2,4) are still possible, but now there appears region 2, where
the particles now can have the energies x f (1,2), x±(2,4). There is also region 3 with no
possible energies.

Figure 6. (a) Regions in (δ2
f i, δ2

+−)–space with different possible values of particle energies. The en-
ergy of the initial electron is εthr ≤ εi = 1.3 ≤ ε1 (see Condition (38)). The blue line shows the

dependence of the first characteristic opening angle of the pair δ2
+−(1)

(
δ2

f i, εi = 1.3
)

on the out-
going angle of the scattered electron at the energy of the initial electron εi = 1.3. (b) Regions in
(δ2

f i, δ2
+−)-space with different possible values of particle energies. The energy of the initial electron

is ε1 ≤ εi = 1.5 ≤ ε2 (see Conditions (39) and (42)). The blue line shows the dependence of the first

characteristic opening angle of the pair δ2
+−(1)

(
δ2

f i, εi = 1.5
)

on the outgoing angle of the scattered
electron at the energy of the initial electron εi = 1.5. The orange line shows the dependence of the

second characteristic opening angle of the pair δ2
+−(2)

(
δ2

f i, εi = 1.5
)

on the outgoing angle of the
scattered electron at the energy of the initial electron εi = 1.5.

Figure 7. Regions in (δ2
f i, δ2

+−)–space with different possible values of particle energies. The energy
of the initial electron is ε2 ≤ εi = 2.3 ≤ ε3 (see Conditions (40), (42), (44)). The right picture shows
the area of the left picture for δ2

+− ∈ [0.99, 1]. The blue line shows the dependence of the first

characteristic opening angle of the pair δ2
+−(1)

(
δ2

f i, εi = 2.3
)

on the outgoing angle of the scattered
electron at the energy of the initial electron εi = 2.3. The orange line shows the dependence of the

second characteristic opening angle of the pair δ2
+−(2)

(
δ2

f i, εi = 2.3
)

on the outgoing angle of the
scattered electron at the energy of the initial electron εi = 2.3.
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Figure 8. Regions in (δ2
f i, δ2

+−)–space with different possible values of particle energies. The energy
of the initial electron is εi = 3 ≥ ε3 (see Conditions (41), (43), (45), (46)). The right picture shows the
area of the left picture for δ2

+− ∈ [0.9, 1]. The blue line shows the dependence of the first characteristic

opening angle of the pair δ2
+−(1)

(
δ2

f i, εi = 3
)

on the outgoing angle of the scattered electron at the
energy of the initial electron εi = 3. The orange line shows the dependence of the second characteristic

opening angle of the pair δ2
+−(2)

(
δ2

f i, εi = 3
)

on the outgoing angle of the scattered electron at the
energy of the initial electron εi = 3.

With an increase in the initial electron energy, the picture becomes more complicated.
In Figure 7, for ε2 ≤ εi = 2.3 ≤ ε3, there are four distinct regions: in region 1, only the
energies x f (2), x±(2,4) are implemented, in region 2—x f (1,2), x±(2,4), in region 3—x f (2),
x±(1,2,3,4), and there is still region 4 with no solution at all.

In Figure 8, for εi = 3 ≥ ε3, there are five regions: in region 1, the particles can have
only the energies x f (2), x±(2,4), in region 2—x f (1,2), x±(2,4), in region 3—x f (2), x±(1,2,3,4),
in region 4—x f (1), x±(2,4) and x f (2), x±(1,2,3,4), and in region 5 any of the energies x f (1,2),
x±(1,2,3,4) are possible. We underline that for the case εi ≥ ε3 there are no regions in the(

δ2
f i, δ2

+−

)
–space with no solutions, that is, the particles can propagate at any angle from

the square
(

δ2
f i, δ2

+−

)
∈ [0, 1]× [0, 1].

Let us now have a look at the energies of the particles of the pair as functions of the
angles δ2

f i and δ2
+− (see Expressions (23), (24), respectively). The corresponding plots can be

perceived as “built over” Figures 6–8, respectively. In the interval ε2 ≤ εi ≤ ε3 for plotting
the dependencies x±

(
δ2

f i, δ2
+−

)
(see Figure 9a,b), we take εi = 2.4, and not εi = 2.3, as in

Figure 7 due to better representativeness.

Figure 9. (a) The dependence of the energies of the particles of the pair x±
(

δ2
f i, δ2

+−

)
(see

Expressions (23) and (24)) on the outgoing angle of the scattered electron and the opening angle
of the pair in the energy range of the initial electron ε2 ≤ εi ≤ ε3 (see Figure 7). The figure shows the
dependencies x±(2) for x f (1,2) and x±(1) for x f (2). The energy of the initial electron εi = 2.4. (b) The

dependence of the energies of the particles of the pair x±
(

δ2
f i, δ2

+−

)
(see Expressions (23) and (24))

on the outgoing angle of the scattered electron and the opening angle of the pair in the energy range
of the initial electron ε2 ≤ εi ≤ ε3 (see Figure 7). The figure shows the dependencies x±(4) for x f (1,2)
and x±(3) for x f (2). The energy of the initial electron εi = 2.4.
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4. Differential Probability per Unit Time

In this article, we will not be interested in those areas of the parameter space where
channels interference is possible. The question of the existence of such areas is an indepen-
dent task. Therefore, it is sufficient to consider the probability of a process occurring over a
single channel. For convenience, we will consider the resonant differential probability per
unit time of channel A, which is given by the expression (see formula (55) in [23])

dWA =
α2η4

8π

m4E3
i

ω4
thr

x f (1− x f − x+)
x+(1− x f )2

VCUBW

B2
i f

(
δ2

f i − δ2
res

)2
+ Γ2

dx f dδ2
f idδ2

+−, (47)

where VC and UBW are the functions that define the probabilities of the X-ray-stimulated
Compton effect and the X-ray-stimulated Breit–Wheeler process, correspondingly (see [5]):

VC = 2 +
v2

1 + v
− 4v

v1

(
1− v

v1

)
, UBW = 2u− 1 +

2u
u1

(
1− u

u1

)
. (48)

Relativistically invariant kinematic parameters are of the following form (see [5]):

u =
((kp+) + (kp−))

2

4(kp+)(kp−)
=

(1− x f )
2

4(1− x f − x+)x+
, u1 =

(kp+) + (kp−)
2m2 = εi(1− x f ) (49)

and

vs. =
(kpi)− (kp f )

(kp f )
=

1− x f

x f
, v1 =

2(kpi)

m2 = 4εi. (50)

In Expression (47)

Bi f =
2m2ε2

i x f

Ei(1− x f )
, Γ =

WC
2

, WC =
αm2

32πEi
η2W ′,

W ′ =

(
1− 4

v1
− 8

v2
1

)
ln (1 + v1) +

1
2
+

8
v1
− 1

2(1 + v1)2 .

(51)

In Expression (51) Γ is the width of the resonance resulting from the application
of the Breit–Wigner procedure and WC - is the total probability per unit time of the X-

ray-stimulated Compton effect. The factor
(

δ2
f i − δ2

res

)2
in the denominator describes

the difference between actual outgoing angle of the scattered electron and its resonance
value. Under the resonance condition, when δ2

f i = δ2
res, the differential probability per unit

time (47) reaches its maximum value

dWmax
A

dx f dδ2
f idδ2

+−
≈ α2mF

(
δ2

f i, δ2
+−

)
∼ dWnonres

dx f dδ2
f idδ2

+−
F
(

δ2
f i, δ2

+−

)
, (52)

where

F
(

δ2
f i, δ2

+−

)
=

512π

α2
Ei
m

(
Ei

ωthr

)4 x f (1− x f − x+)
x+(1− x f )2

VCUBW
W ′2

(53)

and dWnonres denotes the non-resonant differential probability per unit time, the value of

which is determined by the Expression (47) far from the resonance
(

B2
i f

(
δ2

f i − δ2
res

)2
� Γ2

)
.

For an X-ray pulsar with a frequency ω = 1 keV the threshold energy is ωthr ∼ 1 GeV.
To obtain positrons with energies of order of 100 GeV discussed in [28], it is necessary
to have the initial electron of at least the same energy that corresponds to εi = 100.
The resonant differential probability per unit time of the process in channel A in units α2m
(see Expression (52)) for the case when the energy of the resulting positron differs slightly
from the energy of the initial electron is shown in Figure 10a. High-energy positrons
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correspond to solutions x+(1,2), x f (1,2) at not too small scattering angles of the electron and
opening angles of the pair. For these four solutions, the resonant differential probabilities
per unit time differ slightly from each other (by less than an order of magnitude) and
behave in a similar way, so we give only the resonant differential probability per unit time
for the case x+(1), x f (1) (see Figure 10b). As can be seen from Expression (52) and from
Figure 10a, as the positron energy increases, the resonant differential probability probability
of such a process decreases significantly.

Figure 10. (a) The angular distribution of the resonant differential probability per unit time of the
process (see Expression (52)) for positrons with the energies x+(4) for x f (1). The energy of the field
quanta ω = 1 keV, the energy of the initial electron Ei = 100 GeV, the initial electron propagates
towards the X-ray wave. (b) The angular distribution of the resonant differential probability per unit
time of the process (see Expression (52)) for high-energy positrons x+(1) for x f (1) with the energies
similar to the initial electron energy. The energy of the field quanta ω = 1keV, the energy of the
initial electron Ei = 100 GeV, the initial electron propagates towards the X-ray wave.

The maximum value of the resonant differential probability per unit time of the
process, which corresponds to x+(4), is 24 orders greater than the non-resonant differential
probability per unit time (see Figure 10a). In the case of high-energy positrons x+(1) the
resonant differential probability per unit time of the process reaches a value of 19 orders of
the value of the non-resonant differential probability per unit time (see Figure 10b), which
is less than the maximum value for this process, but still much greater than the differential
probability per unit time of the non-resonant process.

5. Conclusions

The kinematics of resonant electron-positron pairs production in collision of high-
energy electrons with a low-intensity (see Condition (3)) X-ray field was studied. Expres-
sions were obtained for the energies of the outgoing particles, which essentially depend on
the outgoing angle of the scattered electron and the opening angle of the pair (see Expres-
sions (17), (23) and (24), as well as and Figures 4 and 11–13). According to these expressions,
at fixed angles δ2

f i and δ2
+− up to eight different values of the particles energies of the pair

are possible. Except for the regions with eight different energies of the particles of the pair
(region 5 in Figure 8) there are regions with six different energies (region 4 in Figure 8), four
different energies (region 2 in Figure 6b regions 2 and 3 in Figures 7 and 8), two different
energies (regions 1 in Figures 6–8) and no solutions at all (region 2 in Figure 6a, region 3 in
Figure 6b and region 4 in Figure 7). When the energy of the initial electron is high enough
(see Condition (32)) there are at least two different energies of the particles of the pair at
any outgoing angle of the scattered electron and opening angle of the pair.
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Figure 11. (a) The dependence of the energies of the particles of the pair x±
(

δ2
f i, δ2

+−

)
(see

Expressions (23) and (24)) on the outgoing angle of the scattered electron and the opening angle
of the pair in the energy range of the initial electron εthr ≤ εi ≤ ε1 (see Figure 6a). The figure shows
the dependence x±(2) for x f (2). The energy of the initial electron εi = 1.3. (b) The dependence of

the energies of the particles of the pair x±
(

δ2
f i, δ2

+−

)
(see Expressions (23) and (24)) on the outgoing

angle of the scattered electron and the opening angle of the pair in the energy range of the initial
electron εthr ≤ εi ≤ ε1 (see Figure 6a). The figure shows the dependence x±(4) for x f (2). The energy
of the initial electron εi = 1.3.

Figure 12. (a) The dependence of the energies of the particles of the pair x±
(

δ2
f i, δ2

+−

)
(see

Expressions (23) and (24)) on the outgoing angle of the scattered electron and the opening angle
of the pair in the energy range of the initial electron ε1 ≤ εi ≤ ε2 (see Figure 6b). The figure shows
the dependencies x±(2) for x f (1,2). The energy of the initial electron εi = 1.5. (b) The dependence of

the energies of the particles of the pair x±
(

δ2
f i, δ2

+−

)
(see Expressions (23) and (24)) on the outgoing

angle of the scattered electron and the opening angle of the pair in the energy range of the initial
electron ε1 ≤ εi ≤ ε2 (see Figure 6b). The figure shows the dependencies x±(4) for x f (1,2). The energy
of the initial electron εi = 1.5.

Figure 13. (a) The dependence of the energies of the particles of the pair x±
(

δ2
f i, δ2

+−

)
(see

Expressions (23) and (24)) on the outgoing angle of the scattered electron and the opening angle
of the pair in the energy range of the initial electron εi ≥ ε3 (see Figure 8). The figure shows the
dependencies x±(1,2) for x f (1,2). The energy of the initial electron εi = 3. (b) The dependence of the

energies of the particles of the pair x±
(

δ2
f i, δ2

+−

)
(see Expressions (23) and (24)) on the outgoing

angle of the scattered electron and the opening angle of the pair in the energy range of the initial
electron εi ≥ ε3 (see Figure 8). The figure shows the dependencies x±(3,4) for x f (1,2). The energy of
the initial electron εi = 3.
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The kinematic constraints on the energies of the scattered electron (see Expressions (27)
and (28) and Figure 2) was investigated. In particular, the scattered electron energy has the
top bound x2

f ;max ≤ 1− 1/εi. There is also a characteristic energy of the scattered electron
(see Expression (27)) which is that in the case scattered electron having greater energy then
up to 8 different energy values are possible for the particles of the pair to have, and in
other case they can have only up to four different energies. The initial electron energy
has the threshold value (see Expression (29)) and three more characteristic values (see
Expressions (30)–(32), also Figure 3)), which are of the similar meaning as the characteristic
energy of the scattered electron—the higher the energy of the initial electron (compared to
the characteristic energies) the higher the possibility for the particles of the pair to have up
to eight different energies.

The angles space was investigated thoroughly. The characteristic values for the
outgoing angle of the scattered electron and opening angle of the pair (see Expressions (33),
(35) and (37)) were found. These curves in the angles space divide it into several regions
with different number of distinct possible energies of the particles (see Figures 5, 6 and 8).
These regions and the number of possible energies in them are discussed in detail (see
Sections 3.3 and 3.4).

Resonant differential probability per unit time of the process was obtained (see Ex-
pression (52) and Figure 10). In general, the resonant differential probability per unit time
is rather weakly dependent on the angles: with an increase in the opening angle of the
pair, the probability decreases slightly. The resonant differential probability per unit time
reaches its maximum, which is 24 orders higher than the non-resonant differential proba-
bility per unit time, for low-energy positrons x+(4) (see Figure 10a), and for high-energy
positrons, in which case we are more interested, it decreases to a maximum value of order
of 19 orders of the value of the non-resonant differential probability per unit time, which is
still munch greater than the value of the non-resonant differential probability per unit time
(see Figure 10b).
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