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Abstract: We review a special class of N/ = 2 supergravity model that interpolates all the single-
dilaton truncations of the maximal SO(8) gauged supergravity. We also provide explicit non-extremal,
charged black hole solutions and their supersymmetric limits, asymptotic charges, thermodynamics
and boundary conditions. We also discuss a suitable Hamilton—Jacobi formulation and related BPS
flow equations for the supersymmetric configurations, with an explicit form for the superpotential
function. Finally, we briefly analyze certain models within the class under consideration as consistent
truncations of the maximal, A = 8 gauged supergravity in four dimensions.
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1. Introduction

Anti-de Sitter (AdS) black hole configurations are an intriguing field of research due to
the role they play in high energy theory as well as in the phenomenology of the AdS/CFT
conjecture [1]. The latter exploits a surprising geometric picture (‘holographic duality”)
for D — 1 dimensional conformal quantum field theories living at the boundary of a dual
(super)gravity model in D dimensions, also providing a concrete ‘recipe’ for relating the
bulk gravity model with the dual field theory at its boundary.! The correspondence can then
be exploited to gain new insights into both of the dual theories since stable AdS solutions
would describe conformal critical points of the gauge theory at the boundary. This turns
out to be a realization of the holographic principle [2], being the description of the bulk AdS
spacetime encoded on the dual conformal gauge field theory. Moreover, the energy scale of
the boundary theory is related to the radial direction of the bulk spacetime [3,4] so that the
geometric radial flow can be (holographically) interpreted as the renormalization group
flow of the dual quantum field theory [5,6], the UV perturbation appearing as boundary
conditions on the supergravity fields at large radius.

In light of the above discussion, AdS black hole solutions can provide a powerful
framework to reveal specific features about a dual, strongly coupled gauge theory, provid-
ing then a possible description of many condensed matter phenomena. The thermodynamic
properties of AdS black holes were first analyzed in [7] and subsequently extended to
various other AdS black hole configurations [8-12]. These studies describe how black
holes feature specific phase structures, giving rise to critical phenomena analogous to
other common thermodynamic systems. Of particular interest are black hole solutions
preserving a certain amount of supersymmetry, since they allow mapping a weak (string)
coupling description of the system thermodynamics to the strong-coupling regime, where

1

The boundary theory is located at the UV critical point and is it possible to employ a UV /IR connection, which relates gravity degrees of freedom at

large (small) radius with the corresponding counterparts in the dual field theory at high (low) energy regime.
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a formulation in terms of a black hole configuration is valid [13]. Moreover, these solutions
can be exploited to study the BPS attractor flows in AdS spacetime [14-27].

Gauged Supergravities and Black Holes

The analysis of stationary black hole configurations was motivated by the study of
classical general relativity solutions as well as by a deeper understanding of the mentioned
AdS/CFT duality. For instance, in general relativity, these kind of solutions are important
for clarifying relevant aspects of no-hair theorems [28], the role of scalar charges for black
hole thermodynamics [29-32], and other specific features related to the stability of the
theory [33-35].

In general, the construction of black hole solutions in gauged supergravity theories
is a fundamental groundwork for (phenomenologically realistic) cosmological models,
supporting an effective cosmological constant term as well as a suitable scalar potential
and related scalar mass contributions. In this regard, gauged supergravity theories in four
dimensions provide realistic quantum field models featuring a non-trivial scalar potential:
the latter could lift the moduli degeneracy and select a consistent vacuum state for our
universe. Moreover, an embedding of the scalar potential itself in a supergravity model is
important, since many physical aspects of the theory can be better understood.

On the other hand, from the perspective of the AdS/CFT duality, the discovery of
one-parameter family of SO(8) maximal four-dimensional supergravity theories [36] led to
significant progresses toward understanding the vacuum properties and the structure of
the dual field theories [37-43]. Together with the original SO(8) model [44], other gauged
supergravities have been developed, exploiting the presence of a dyonic embedding
tensor [45-47]; these models feature a richer vacuum structure and scalar field dynamics
with respect to the original theory.

Several procedures have been proposed in order to obtain exact, regular hairy [23,47-52]
and supersymmetric black hole solutions [25,53,54] for a general scalar potential. The men-
tioned studies also seem to suggest that an important condition for the existence of hairy
black hole solutions is the presence of suitable scalar field self-interaction properties, to-
gether with an appropriate gravitational interaction determining the near-horizon behavior
as well as the far-region hair physics.? This also implies a probable connection between the
integrability of the equations of motion and the explicit form of the scalar potential.

In the following we will review exact charged hairy black hole solutions in gauged
N = 2, D = 4 supergravity of [55].3 These hairy black hole configurations feature a
scalar potential whose specific form is connected with the existence of exact solutions and,
in turn, with a black hole solution generating technique. The dilatonic scalar field features
generalized boundary conditions preserving the conformal isometries of Anti-de Sitter
spacetime: these conditions can be interpreted, according to the holographic dictionary;,
as perturbing the boundary (UV critical point) with multi-trace deformations of the dual
conformal field theory [58]. In particular, the mixed boundary conditions for the scalar
would correspond to adding a triple-trace operator to the dual field theory action.

Below, we will provide the explicit expressions for two different families of non-
extremal black hole solutions, analyzing the duality relation between them. We will then
consider the thermodynamic properties of the solutions together with the analysis of the
related boundary conditions. We will also analyze which conditions for the parameters
give rise to (non-singular) BPS configurations. In a separate section, we will exploit an
Hamilton—Jacobi formalism for our new class of black holes, characterizing their dynamics
in terms of a first-order description. Finally, we will briefly discuss specific models (within
the new general class under consideration) as consistent truncations of the maximal N =8,
D = 4 gauged supergravity.

Scalar self-interactions could be relevant for dynamic and thermodynamic stability of the configuration: naively, we can imagine the condition for

the existence of hairy solutions as if the self-interaction of the scalar and the gravitational interaction were to combine such that the near-horizon
hair did not collapse into the black hole, while the far-region hair did not escape to infinity.

These new solutions generalize the uncharged configurations of [47,51,56,57].
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2. The Model

Let us consider an extended N = 2 supergravity theory in D = 4, coupled to ny vector
multiplets and no hypermultiplets, in the presence of Fayet-Iliopoulos terms (FI-terms).
The model describes n, + 1 vector fields AP/‘\’ (A =0,...,ny) and ng = ny complex

scalar fields z' (i = 1,...,ns). The bosonic gauged Lagrangian has the standard form

R SO | 1
= —5 + 82 7 + [ Tax(z,2) Fp P + .- Rax(z2) e FAFE — V(z,2), 1)
D

v = po

and is defined in terms of the n, + 1 vector field strengths P]ﬁ, = ayAﬁ\ — E)VAI/}. The ng

complex scalars z' span a special Kahler manifold .#sx [59-61] and feature non-minimal
coupling to the vector fields through the matrices Zpy (z,Z), Rax(z,Z), while the form of
the scalar potential V(z, z) explicitly depends on the FI-terms.

The presence of a non-trivial scalar potential comes from the gauging of a U(1)-
symmetry of the corresponding ungauged model (without FI-terms) and implies the
existence of minimal couplings of the vectors to the fermion fields only.

2.1. Single-Dilaton Truncation

Let us now focus on a N' = 2 model with no hypermultiplets and a single vector
multiplet (1, = 1) with a single complex scalar field z (ns = 1) [47,55]. The geometry of the
special Kédhler manifold is characterized by a prepotential function with explicit form:

i 2—
Fxh) = - (@) (2™ @)

The coordinate z is identified with the ratio X1 /%9, in a local patch in which 0 # 0.
For special values of 7, this model can be reduced to a consistent truncation of the STU
model*.

If we set X° = 1, the holomorphic section QM of the model reads:

1
z
A
M o_ (XY _ i
ar = <E¥A> = _an2_n , (3)
i
——(2— 1-n
;2-n)2
and, in the special coordinate frame, the lower components F, can be expressed as the
gradient with respect to the upper entries of the prepotential function, F, = ;%—}Z\. The
Kéhler potential K is expressed as

1
e K = 1 27" (nz— (n—2)2) + cc 4)
The theory is then deformed with the introduction of dyonic, electric-magnetic FI-terms.
The latter are defined by a constant symplectic vector 0y = (61, 62, 03, 64), encoding
the gauge parameters of the model. The scalar potential V(z,z) can be then obtained
from [47,55]
1

V= (gif'ulMH]-N—vaN)eMeN = —> O MMN oy —4VM Vo oy, 6)

where

4 The STU model [62-64] is a N = 2 supergravity coupled to ny = 3 vector multiplets and characterized, in a suitable symplectic frame, by the
prepotential Fery (L) = —i' VIOXTAZ A3, together with symmetric scalar manifold of the form .#y = (SL(2,R)/SO(2))* spanned by the
three complex scalars z' = X'/ X0 (i = 1,2,3); this model is in turn a consistent truncation of the maximal V' = 8 theory in four dimensions with

SO(8) gauge group [65-68].
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A
PM _ 5 oM _ <ALAA> (6)
A
uM = p;yM = (ai+§ailc) yM (fA) @)

The matrix M (z,z) is a symplectic, symmetric, negative definite matrix, expressed in
terms of Zpy and Ry as

; Ias +(RITIR —(RIH\T
Mun(z,2) = ( Az_él R)AZW (gl)A)rA ) 8)
and satisfies [69,70]
MMN — _ CMP jq,0 €N Cyy = CMN = (_O]l g). )

The scalar manifold is endowed with a flat symplectic bundle and it is possible to
associate with each point of this space the matrix My, thus determining a metric on the
symplectic fiber. Being defined in terms of the coupling matrices Zpy, R Ay, in the bosonic
Lagrangian (1), the matrix My also encodes the information about the non-minimal
couplings between the scalars and the vectors of the theory.

If we express the scalar field as
z = e’\‘P—Hx, (10)
the truncation to the dilaton field ¢ (i.e., setting the axion x = 0) is consistent provided:>
(2—n)0165 —n60, =0, (11)
iy 0xRas Fo sHVP”yX:O =0. (12)

After the restriction to the dilaton, the scalar metric reads:

ds? = 2g.:dzdz| = %AZ n(2—n)d¢?*, (13)
X

dx=0

and is positive for 0 < n < 2. We then express A in terms of n as

2
= _— 4
A n2-n)’ (14)
so that the kinetic term for ¢ is canonically normalized.

As a function of the dilaton field only, the scalar potential has the following explicit
form [47,55]:

V(p) = —2M 02 (2” 02 + 46,6, eM’+ 2n 92 “4’)
. " (15)
~3 e M e(n=2) ((Zn —1)n63 —460304n(n—2)e 4+ (n—2)(2n—3)63 672)\4)) .

2.1.1. Vacua

Let us make the change of variable

5 The conditions come from the consistency of the axion field equations after the y = 0 truncation.
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1
¢ — 5 logy, (16)
in the potential (15), using also the consistent truncation condition (11)

2—n 9193
0, = — 2 17
2 6 (17)

The resulting potential has the form:

1

_ —n
VO(y) - 81’129i Y

(Fy) - G(y)) , (18)

where

E(y) = —166% y>1~2 ((n—z) (2n—3) 62 yz—4n(n—2)9394y+n(2n—1)9§) )

(19)
G(y) = n262 (n(Zn—l)Q% VP +4n(2—n)60360,y+ (n—2) (2n—3)9§) )
with the condition y > 0, to ensure the reality of the solution.
If we want to find the vacua of the theory, we have to solve the equation
dy
where the derivative of the potential has the form:
dVO nn-—2 93
dy(y) = (8 yn+1) (6sy — 04) (h(y) —8(v)) , (21)
with
2
i) = (g ) (G-2mpr s @n-nghen?),
n 94 93 (22)
04
8ly) = —(@n=1y—(@-2n) 5.
A first vacuum solution is given by
0y .. Os

while other vacuum configurations come from the solutions of the equation

h(y) = gy) - (24)

The above Equation (24) has a variable number of solutions, depending on the range
of values to which the number 7 belongs. Table 1 summarizes the number, types and mass
of vacuum solutions for each possible interval of values of n [47].
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Table 1. Vacuum types.
0<n< 1 64/63 <0 1 Anti-de Sitter m?L =6 Figure la
2 04/63 >0 3 Anti-de Sitter m?L=—-2,6 Figure 1b
n—= % 04/63 >0 1 Anti-de Sitter m2L=—-2 Figure 1c
1 cn<l 04/605 <0 1 de Sitter m?L = Figure 1d
2 04/65 >0 1 Anti-de Sitter m>L = -2 Figure 1c
n=1 04/65 >0 1 Anti-de Sitter m?L = -2 Figure 1c
len< 3 04/05 <0 1 de Sitter m?’L=6 Figure 1d
2 04/65 >0 1 Anti-de Sitter m>L = -2 Figure 1c
n= g 04/65 >0 1 Anti-de Sitter m2L = -2 Figure 1c
3 cn<? 0,/05 <0 1 Anti-de Sitter m?L =6 Figure le
2 04/65 >0 3 Anti-de Sitter m2L=—-2,6 Figure 1f
\\\ ‘I |
ot |
.8 I| (
\\ II| |‘ [
\\\ I.‘I lII I.‘I
N / \ = /
B v o/
L /
5 \_/
(a (b)
ol
/ @
// “,
L / \
P // \\\ / \\_\
/ / \
/ . h
/ \ / \
/ \\ / \
(c) (d)
',I ,r/ I| I‘.
\". / |\| { s
\ | |
\\ // |I ||‘
\'\ / ‘I f'l
\\ // | /
o '|I ST
\___~ T
— _/'/ \,_//
(e) ®)
Figure 1. Vacua potential graphics.
2.1.2. Redefinitions
We now consider the shift
2v
— ¢ — log(6>¢), 25
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and redefine the FI-terms as:
vl =l o5y, v=1 2
0= ——0, """ ¢ v 03 =2a(i0r)v s, Oy = ——, 26
1=, 1" g v, 3 a(§02) v s 4 0,¢s (26)
having also introduced the quantity
1
= 27
T (27)
together with the parameters «, s and
2Lv 1
= , 28
f= T = (28)

expressed in terms of the AdS radius L. The above definitions ensure the existence of an
AdS vacuum without further constrains on the original FI-terms components [55].

The truncation to the dilaton is consistent provided Equations (11), (12) are satisfied.
The former, in the new parametrization (26), is rewritten as

(s2=1)(* —1)aV1—12a2 = 0, (29)

which is solved, excluding n = 0 and n = 2, either for a = 0 (pure electric FI-terms) or for
s = %1: since we are interested in dyonic FI-terms configurations, we will restrict ourselves
to the latter case.

After the shift (25), the scalar field z is expressed as

z = (6:0) M, (30)

and the same redefinition in the potential (with s = +1) yields

-1v-2 1 2
V(QD) _ = ((V )2(1/ )e—¢€(v+l) —|—2(1/2 _ 1) e—¢€_|_ (V+ )2(1/+ ) e¢€(v—l)>+
(31)
2 _ -2
ST (DD g e gyt CEDEED i),
v 2 2
where ¢ = %
After the restriction to the dilaton, the matrix R oy vanishes, while the 7,y takes a
diagonal form and, if we define the canonically normalized gauge fields
- 1 /1+v v - 1 /-1+v
1_ 2 vl 2_ 1 2
F' = 5 ) (628) 1% F, F 5 , (620) F~, (32)
the action takes the explicit form
_ 1 4 R 99" 1 vnyeg (s _ L1 —(rvee (2)
Y—BNG/dx./—g(—z—i- =g (F) - e (P) - vig)). (33)

3. Results
3.1. Hairy Black Hole Solutions

Now we consider two distinct families of solutions, which we refer to as electric and
magnetic, respectively [55].
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3.1.1. Family 1 - Electric Solutions

A first family of solutions is given by

- - V1212
p=—C"In(x),  Fi=Qux RB=Q T YW= gy (34)
flx) = xzivnzéfv —1° % + a?L2 <—1+ i—z (v+2)xV — (v—2)x" +1? —4)>+
i x2—v1712/3(zzv - ((ﬁ%l) - (ﬁgl) x_v>’ )
ds* = Y(x) < f(x)dt? — f’é) dx* — 12 d2k> , (36)

sin?(Vk 9)

where 7 is an integration constant and d¥? = d¢* + — d¢? is the metric on the
2D-surfaces ¥y = {S?, H?, R?} with constant scalar curvature R = 2k. ©

Boundary conditions, mass and thermodynamics for the electric solutions.

We now consider the change of coordinates [55]
2 _ 2 2
P Y Y ) S ek (37)
nr 24 (yr) 24 (nr)

to make contact with AdS canonical coordinates in the asymptotic limit, the + (—) sign
holding for x > 1 (x < 1). The corresponding asymptotic behavior of the scalar field is

LI +o(r—3). (38)

_ 2% a1 3\ _ 2
¢ =1 T +L r2+O(r )_$L inr 205272

The coefficients of the leading and subleading coefficients read

1 2
=F—, == ¢Z, 39
$o + / I ] %o (39)
and correspond to AdS invariant boundary conditions, namely a triple-trace deformation
in the boundary theory preserving the boundary conformal symmetry. The asymptotic
expansion of the spacetime (36) in the new coordinates reads [55]

r pe L -2 L2 6kL?+34 -5
e B0, et o),
where
P-4 50 k Q3 Qi
== L*— - . 41
" (3'73 N ] )y A Yy . @
The black hole mass can be read-off from the above expansion and reads’
_ 9k g4
Mg = 871G L UE , (42)

6 The explicit form of the solution makes the uncharged limit well-defined, giving the hairy black hole configurations of [47]; the result should be not
taken for granted, since in the standard literature the uncharged limit gives either Schwarzschild or Schwarzschild-AdS spacetime.
7 Since the solution preserves conformal symmetry at the boundary, the mass can be directly extracted from the metric [30,31,71].
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where 0y = [ d%;. The energy density of the system [72] is expressed as

1 2
PE = 871G L% ug, (43)
the dual boundary field theory living then on a manifold of radius L. The temperature and
the entropy are given by

f ()| Ok 12
T = = —L°Y
47ty ’ S 4G

X=X4

(x4), (44)

where f(x) = 0. Finally, the physical charges and electric potentials are
o L*Q B xf -1 o L*Q E T—xy?
= (1) = M = — @ =

N=82G 7 Qu— 2= 826G gy 2=

(45)

and it is possible to verify that these quantities satisfy the first law of thermodynamics:®

AM; = TdS+ ®Fdgy + D5 dyg, . (46)

3.1.2. Family 2 — Magnetic Solutions

A second family of solutions is given by

¢=10"In(x), Fy, =P Si“(\/\/;m, F, =P Sin(\/\/%m, Y(x) = m (47)
flx) = xZ*V;721§;cV—1)2 £+ (1—a2L2) (—1+$§((v+2)x‘”— (v—2)x”+v2—4)>+

w1y T ((vlfl) o “) ' (48)
ds> = Y(x) ( f(x)dt* — f’z; dx? — L2 d2k> : (49)

The electric and magnetic solutions are related to each other by means of electromag-
netic duality
¢ — —¢, o — L2 —a?, (50)

and the corresponding transformation of the electromagnetic fields (see also Section 4.1).
In each of the two families, the asymptotic region is found for x = 1. The geometry and
scalar field are singular at x = 0 and x = oo and, therefore, the configuration features two
inequivalent, disjoint geometries for x € (1,00) or x € (0,1).

Boundary conditions, mass and thermodynamics for the magnetic solutions.

The metric of the magnetic family can be obtained from the electric solutions by means
of the transformation
Q — 5P, 2 = L7242, (51)

and, therefore, the same analysis performed for the electric family can be exploited in the
magnetic frame. In the latter case, the scalar asymptotic leading and subleading coefficients
satisfy

14
1 =—5 40, (52)

which correspond again to AdS invariant boundary conditions (triple-trace deformation in
the boundary theory). We introduce the quantity [55]

8 We do not have to modify the 1st law with the contribution of scalar charges having preserved the boundary conformal symmetry [30,31,73].
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_ Vi —4 272 k nP; ’7P12
”M_i< 57 W) S Rt T T )6 ) ©3)

where the + (—) corresponds to x > 1 (x < 1) and express the black hole mass as

_ 0k ;4

The magnetic charges and potentials are given by

Ok

o= w_ P -1 Tk _ Dy 123"
8nG

P, oM=L . = % p ¥ )
1 1= 72 Ty P2 = g7G "2 2T Ty

and it is possible to verify that the above quantities satisfy the first law of thermodynamics:

(55)

dMM = TdS+ CD%/I dp1 + CDEA dpz . (56)

313.Case n=1or v=oco
The action in this special case’ has the explicit form

S = %/d‘lx \/jg(—I; + w — }Leﬁ"’(ﬁlf — 4116_\/54](152)2 + L12<2+cosh(\/§(,b))> . 57

The scalar potential coming from (5) in the n = 1 limit is redefined through the shift

¢ — ¢\f210g<P2L), (58)
and writing the FI-terms as:
cos () o | 4sin({)
6, = R 6, = q cos({), 03 = p sin({), 0y = o2 (59)

while the field strengths have the form

F= (L) 'F, - %Fz. (60)

The above Lagrangian yields a consistent truncation of the A/ = 2 minimal coupling
supergravity [74] (corresponding to the n = 1 case) if the constraints (11), (12) are satisfied.
In particular, the latter explicitly reads

FINFL— ¢ 2V2¢ 2 AF2 — 0. (61)

The theory features an explicit dyonic solution of the form [55]

9 This particular class of solutions is noteworthy as it can be embedded in gauged N = 8 supergravity [74].
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¢ = —In(x)/V2, (62)
_ _ sin(vVk 9
Fr=Q, F,=n (ﬁ ), (63)
- - in(vkd
tzx = Q22/ Fg(p = PZ Sln( X )r (64)
_ kP (x—1)? U CI Vi DR SENe o N
SO == T Ty \ 9 Tyt (€5)
x L2
Y(x) e Yl (66)
2
2 _ | 2 12
ds” = Y(x) (f(x) dt ) dx-—L de) , (67)
and the above constraint (61) requires
PLQ1—PQ =0. (68)

4. Discussion
4.1. Duality Relation between the Two Families of Solutions

The two families of solutions can be related by an electric-magnetic duality symme-
try.! The transformation of the non-dynamical of 81 amounts to a change in the theory,
the duality being then interpreted as an equivalence between different models. Consider a
generic N = 2 theory described by the Lagrangian (1), the scalar potential V (6, ¢°) given
by Equation (5). Let us introduce the magnetic field strengths

0,

GA]AV = - epu/pafijs = Rax FEV —Tay *F;%/ , (69)
oo
and the symplectic field strength vector
EA
M _ uv
8 <GA yv) ‘ (70)

The special Kdhler manifold spanned by the scalars has a flat symplectic bundle
structure, the matrix My acting as a metric on the symplectic fiber. With each isometry
g of the scalar manifold, it can be associated a constant symplectic matrix #Z[g| such that,
if ¢'* = ¢*(¢") is the action of g on the scalars, My (¢°) transforms as [69,70]:

M(¢"®) = (Z[g] ") M(¢°) 2[g] ", (71)

having suppressed symplectic indices. Then, if we transform correspondingly the Maxwell
fields FM and the Fl-terms 6,

Fiy — Fl = 2[g]"NFp,, Om — Oy = (Z[g] )N mON, (72)

the equations of motion are left invariant.

10 The latter is a non-perturbative (global) symmetry of the ungauged theory and is extended to the gauged one if the constant tensor 6, is made to
transform under it as well [69,70].
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Aside from the above duality, it is possible to redefine FM and 6, as [55]:
A 0 (A~HT o
Fuy — <0 (A—l)T>Fw// 6 — ( 0 A g, (73)

where A = (A”'y) is a generic real, invertible matrix. This amounts to a change of basis
in the symplectic fiber and does not alter the physics of the model. We can apply this
mechanism to our truncated single-dilaton model, taking care that the transformations do
not turn on the truncated axion x. The absence of the latter implies R o5, = 0, while the
isometries of the dilaton can be expressed as

o= ¢ =¢+8, (74)
o — ¢ =—9, (75)

B being a constant. The transformation (74) was used in Section 2.1.2 to reabsorb the 6,
dependence of the Fl-terms, the latter then depending only on «a. This was then followed
by the redefinition (73) of the field strengths and ), terms. If we now focus on the duality
transformation (75), it is possible to verify that the associated transformation Z|[g| is given
by matrix C. In particular, we find:

M(¢') = M(=¢) = (CHTM(p)C".

WY () - ().
GAyv GA}H/ _Fyv

and, applying shift symmetry (74) and the above redefinition, the new Fl-terms 6, have
the form

_ 1 1 1 —1
Oy = (,/Vj VIiZ-a2, 1/"1/ VIZ-a2, as,/vj ) %,/VU ) (77)

Now it is possible to prove that the scalar potential satisfies

(76)

vV(,¢) = V(©d,¢), 0 =C9, (78)

or, equivalently
Vi, ) = V(a',¢'), W2=L"7%-a?, (79)

6 only depending on a. Then, if the electric solution

9(x), Fax), gu(x), (80)
solves the field equations with parameter «, the magnetic configuration
¢'(x) = —(x), G;x;w(@ = —Flﬁ,(x), g;“,(x) =g (x), (81)

is a solution with parameter «’.

4.2. Supersymmetric Solutions

Now we want to study supersymmetryc configurations for our model, imposing the
vanishing of the SUSY variations [75] (see Appendix A). First, it is useful to make a change
of coordinates that puts metric (36) in the standard form

ds? = 2U() gg2 _ o—2U() (dr2 +¢2¥() dZ,%) ) (82)
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This can be achieved through the change of coordinate

1
L2 v
x(r) = <1+V ) /
n(r—c)
c being an integration constant.
4.2.1. Family 1
The scalar field z in the new parametrization has the form

— (0,0) (HW(L;_”c))l,

while the electric-magnetic charges explicitly read

0
0

2
ZLU Q1 /1 (6, 0) 1

LZ
ﬂ Q2 71V+V 02 ¢

The solution is supersymmetric if the following relations are satisfied:

/—1+1/
ocLZ
o ky al?2(1+v) [-1+v
Q2_<20cL2jL 27 v

The scalar field z reads

4.2.2. Family 2

2v L*v
w1 LY
IR
while the electric-magnetic charges are

—1

2P\ /15 (6,8) T

A _

rM:(’? ): 2P/ (628) 71
A

0
0

The solution is supersymmetric if

—-1+v kL v
Pi=—P
! Nary T ioan

1+v’

kL L¥(1+v) [—1+v
Py — VvV1—a2l2 .
2 (2\/1—¢x2L2 g ‘ ) v

(83)

(84)

(85)

(86)

(87)

(88)

(89)

The supersymmetric magnetic condition can be obtained from the supersymmetric

electric condition by means of the duality transformation
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Qi — %Pi, W2 L2 a2, (90)

4.3. Old and New Solutions

Here we briefly mention already known configurations as particular cases of our new
general solutions [55].

4.3.1. Duff-Liu

The Duff and Liu solution [65] features singular supersymmetric configurations, while
some of their non-extremal solutions can be put in relation with our model for special
values of the v parameter. The theory under consideration is the well known STU model of
gauged N = 8 supergravity with three scalar fields ¢1, 2, ¢3.

The T3 model. If we equal the three scalars, ¢; = @» = @3, we obtain the so-called T3
model. The latter coincides with our formulation (33) for v = —2.

The n =1 or v = co model. In this case, we set ¢; = @3 = 0. The STU model then
reduces to the n = 1 model, coinciding with our (57). The Duff-Liu configuration can be
recovered from our solution provided either the magnetic or the electric charges are set
to zero.

4.3.2. Cacciatori-Klemm

This model was important since it provided the first non singular supersymmetric
black holes in AdSy [14].

The T3 model. The spherically symmetric, purely magnetic supersymmetric solution
can be obtained from our prepotential (2) with n = %, corresponding to v = —2, and pure
magnetic 0y = (8o, ¢1,0,0) Fl-terms.

4.4. New BPS Black Holes with Finite Area
4.4.1. Family 1: BPS Electric Black Holes

The electric family has BPS black holes of finite area for a?> = L~2. In this case, we
find [55]:

v2—1—kn?L2 V2 —1—-2kn?L2
v—1—ky?L~2 v—1—ky?L2 '

flay) =0 = xi= 1)

and it is possible to verify that x+ is an even function of v, x4+ (v) = x+(—v), so that we
can restrict our analysis to the v > 1 interval.

Keeping in mind that the spacetime has disjoint and inequivalent geometries for
x € (0,1)and x € (1,00) (the asymptotic region being located at x = 1), we can characterize
the location of the horizon as follows

k=0: inthe flat case the location of the horizon is very simple (see the above (91)) and
it follows that x*, > 0 and xV < 0, so we conclude that only x exists;
k = —1: in the hyperbolic case, x; > 1 always exists while the solution 0 < x_ < 1

exists provided #2L™2 > v +1;
k= +1: for spherical black hole only x exists, provided v —1 > 5?L~2 > 0.
Using BPS conditions (86), we can write the explicit form for the physical charges and
electric potentials for the supersymmetric solutions as [55]:

Lok LA-v)\ [v+1 — kn L(l-v)\xy—-1 Jv+1
* 2Lt 292 ) P _i(2L+ 27 ) v v’

L(1+v) v—1 ss o (kn  L(A+v)\1-x" jv—1
R e N (e e
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having fixed « = + L~!. The mass of the electric BPS black hole configuration is given by

L*op v2 -1
BPS _ k
M:™ = §rG 3% 7 ®3)
and it is then verified the extremality condition
5MEBPS — Q)?PS 5q1BPS + q)zBPS 5q§5PS . (94)

4.4.2. Family 2: BPS Magnetic Black Holes

We can again restrict to the v > 1 case, and verify that this family has BPS black holes
of finite area for #> = 0 (electric gauging). In this case, the metric for the magnetic solution
is the same than for the electric one, implying a coinciding analysis about the location of the
horizons. The extremality of the magnetic solutions is the same as for the electric solutions
when the electric charges and potentials are interchanged by their magnetic counterparts.

4.5. Hamilton—Jacobi Formulation

If we consider a stationary dilatonic black hole configuration with radial dependence
for the scalar field, ¢ = ¢(r), the most general metric ansatz, with spherical or hyperbolic
symmetry, has the form (82),

ds? = 2U) gg2 _ o—2U() (dr2 + ¥ dZ%) ) (95)

We can obtain the equations of motion coming from the bosonic gauged Lagrangian
(1), with the above metric ansatz, from a one-dimensional effective action that, apart from
total derivative terms, has the form

yeff = /di’feff = /dl’ [eﬂj (UZ _\,1;2 + %4)2) — Veff:| ’ (96)

where the prime stands for derivative with respect to r and where we can define an effective
potential
Vegg = =AU Dy — o 20Uy 4k, (97)

in terms of the scalar potential V and the (charge-dependent) black hole potential V.
The latter can be written in the symplectically covariant form [75-77]

1
VBH - — E FTM F ’ (98)

in terms of the magnetic and electric charges and scalar-dependent matrix M. The black

hole potential (98) can also be schematically rewritten in terms of the central charges
as [75-77]

Veu = |[DZ| - |Qf|2 : (99)

Once given the effective action, one can make use of the Hamilton—Jacobi formalism

and derive a system of first-order equations (flow equations) for the warp factors U(r), ¥ (r)
and scalar fields ¢(r).

Flow equations

If we collectively denote the metric and scalar degrees of freedom characterizing
the solution by ¢/ = {U(r), ¥(r), $(r)}, we can rewrite the effective Lagrangian of
Equation (96) as

Lot = Gy "7 — Vegr, (100)

with
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2¥
Gy = —e2¥ . (101)
1,2¥
2
The conjugate momenta are obtained from
0L, .
po= 5 =207 (102)
q
while the Hamiltonian can be written as
Ho=pi =L =9y q+ Ve, (103)

together with the energy conservation constraint J# = k.

Let us now consider a BPS configuration. If a superpotential function W(¢!) can be
defined for the latter, then the radial evolution of the system can be described in terms of
equations of the form
ow
F

BPS hairy black hole. The superpotential function for our electric solution has the
explicit form

i =gl (104)

Wy = =21 |P(9)], (105)

where P(¢) = e2U=Y) 2(¢) + i W(¢) is written in terms of the central charge 2 and
complex superpotential JV obtained from the geometry of the supergravity Kahler mani-
fold [75]. The above superpotential correctly satisfies equations (104) for the hairy black
hole configuration, namely

. IW,
_ 2y 9"
U=e""30 -
. W,
Yoo _p2¥ a‘{;l’ ) (106)
=2 e 2Y IWy
ap '

when evaluated on the solution.

4.6. N = 8 Truncations
4.6.1. Uncharged Case

The infinitely many theories defined by the model under consideration comprise all
the possible one-dilaton consistent truncations of the w-deformed, SO(8) gauged maximal
supergravities [36,42,45,46,69,70,78,79]1.

Let us consider the following truncation to gravity and scalar field sector of the
maximal supergravity [81,82]:

o R 1, 4.2 -
P (gui) = [ a5+ 3 08V V@), 107)
with 7 independent scalars cﬁ =¢; (i=1,...,8, Z?zl ¢; = 0) and scalar potential
2

V(p) = — ‘g—z [cosz(w)<<iXi)2 -2 iX?) —I—Sinz(w)((iXi_l)Z—Z iXi_2>
i=1 i=1 i=1 i=1

, (108)

11 The construction of these models was carried out by exploiting the freedom in the initial choice of the symplectic frame of the maximal theory, that

is, gauging a group in different symplectic frames by rotating the original one [44,80] making use of a suitable symplectic matrix, thus obtaining a
one-parameter class of inequivalent theories (w-deformed models).



Universe 2021, 7, 187 17 of 23

where

X; =¥, X;=1. (109)

8
=1

A single-scalar field reduction preserving SO(p) x SO(8 — p) can be obtained through [55]

1 1 ¢
= ... = = — , = ... = = -, 110
N OV AR " Ao (o)
having defined:
- s_p_F 4w
o=\ e (111)

that also implies

1

1
Xl:...:Xp:X;:eﬁ”‘P, Xpp1=--=Xg=Yi=e V27, (112)

[

With the above choices, we can obtain a consistent truncation of the w-rotated SO(8)
gauged maximal supergravity. The corresponding action is invariant under o — 1/0,
¢ = —¢ and p — 8 — p and reduces, in the absence of vector fields, to the action (33)
upon identifications:

g:% cos(w)=La,  sin(w)=1-L1%a2, (113)

or, changing ¢ into —¢ in (112),

2
g= % , sin(w) = La, cos(w) =V1—L2%2a2. (114)
We conclude that our new single-scalar models with vanishing vector fields coincide
with gauged w-deformed maximal supergravity truncations to a singlet sector, with respect

to the following subgroups of the SO(8) gauging [55]:

v=% — SO(7),
v=2 — SO(6) xSO(2) ,
(115)
v=4 — SO(5)xS0(3),
v=00 — SO(4)xSO(4)

In particular, v = o0 or v = £2 correspond to models which can be embedded in
the STU truncation of the SO(8) gauged N = 8 supergravity. Therefore, the new black
hole solutions, in the absence of electric and magnetic charges, can all be embedded in the
maximal theory.

4.6.2. Charged Case

Now we consider charged solutions and their possible embedding in the dyonic,
SO(8) gauged maximal supergravity [55].

v = 4 case.

Let us consider first the w = 0 case. These solutions describe gravity coupled to one
scalar and two vector fields. The latter, when identified with their counterparts in the
maximally supersymmetric theory, should not excite other fields in the model: this requires
the condition F* A FY = 0 in our solution'?, again with the presence of seven independent

12, o label the 28 vectors of the maximal theory, while m, n are the symplectic indices of the 56 electric and magnetic charges.
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scalar fields ¢ = ¢; (i =1,...,8, Y%, ¢; = 0) parameterizing the Cartan subalgebra of

27(7) .
Then, we want to further truncate the model to a single scalar ¢, singlet with respect
to the subgroup SO(5) x SO(3) of SO(8). The two vector fields of the charged solution

are identified with two of the 28 vectors of the maximal theory that do not source the six
scalars we want to vanish. We then express (ﬁ as [55]:
I
=3Vt

1 /3 1 /3

¢1—*§ E‘PJF(PL 472—*5 E¢+§92,
1 /3 1 /3 4 1 /5

P1=—5\ 1790+ s, ¢5:—5\/E¢—k§q)k, ¢6:2\f6¢+¢5, (116)
1 /5 1 /5

¢7:2\/;¢+€06/ 4)8:2\/2(17_(/’5_4)6-

The equations for the six scalars ¢, (¢ =1,...6) are satisfied when ¢, = 0, while ¢
enters the kinetic terms of the vector fields as in (33), with v = 4, after identifying the two
vectors A%l and Ai as:

1
5 A Ty = AL+ AL T, (117)

in terms of the A,I] of the maximal theory and the SO(8) generators T;; = —Tj; (I,] =

1,...,8).13 The two field strengths Fﬁv, F;—V in (33) can be in turn identified with the F;% of
the maximal theory as [55]:

2 €1 = € = €3 =
Eii =5 Fs Pﬁﬁzﬁpﬁw Fﬁ’g:\ﬁ%f Fﬁi\ﬁpﬁw
) (118)
= €4 = &5 =
FﬁZ:—FZ 68 _ €4 o 78_71:;31/

Y B Y el LT L

In the w # 0 case, the same generators Tj; are gauged by linear combinations of Aﬁ]
and Ajj, of the form

AII] = Cos(w)AL] —sin(w) Aqjy, (119)

which amounts to gauging SO(8) in a different symplectic frame, with AL] electric vector
fields (the hat denoting indices in the new w-rotated symplectic frame). The related
symplectic vector of electric and magnetic field strengths in the new frame is obtained from
the relation [55]:

g 1L fm i [ cos(w) Ly pg  sin(w) Ly o
]FW = Em FW’ En = (_ Sin(w) Ly, COS(w) Ly 0/ (120)

while the deformed kinetic matrix M5 (¢, w) is expressed in terms of the M, (¢) in the
original frame as:

Mo (¢, @) = E7Hw)i™ E~Hw)a™ Mum (@) . (121)

After the truncation, the vector kinetic terms in the new symplectic frame will depend
on w through the restrictions to AI/} = (A},, Ai) The dependence can be disposed of at
the level of field equations and Bianchi identities, since the latter depend on F% only in

symplectic-invariant contractions with the matrix M ;¢ (¢, w) and its derivatives. The w
dependence of the terms involving the vector field strengths can be undone redefining

13 Wwe eXpliCitly have J; = \/g <T12 + % T4 + 6725 T35 + % T45), = % (T67 + €4 Jes + €5 ]78), S% =1 [55].
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the latter, which amounts to express them in terms of their counterparts in the original
frame (F}W, Fﬁv and their magnetic duals) through the matrix E. Upon these redefinitions,
the bosonic field equations of the truncated model coincide with those obtained from the
action (33), with v = 4, provided we identify [55]:

g = % , sin(w) = La, cos(w) = V1—12a2. (122)

The embedding of the v = 4/3 model in the maximal theory will be studied in the
future. In the remaining cases v = co or v = %2, our solutions can be extended to charged
solutions within SO(8) gauged N = 8 supergravity within the bosonic part of the STU
truncation of it.
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Appendix A. Supersymmetric Black Hole Solutions

In order to obtain supersymmetric configurations, we have to impose the vanishing of
the SUSY transformations in addition to solving the equations of motion.

The relevant supersymmetry variations can be expressed as:

547]414 = Dyea + iTﬁv 7 e e + i SAB Yu v,

(A1)
. . 1 .. . .
SAA = 10,z ¥ — 3 g f]-A Iars F};/Z A eABep 4 WiAB ey,
with y# = 'y[V 'y"} 14 The covariant derivatives are written as
1 i i
Dues = duea+ 3w vwea+s (2) Al Omen+ 5 Ques,  (A2)
with )
! =7 i
0, = 5 (K9, —0,K9,7'), (A3)

and, in the chosen parametrization, we also have [75]:

14

For the gamma-matrices we can use the conventions of App. A of [83].
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1 1
+ +
F, = 7 (Fuw £ Fu) G = E(GW +Guw),
Tw = LY Iax Fr, = lLA(m—fﬁ) F = —i(M Fr —LAG ) = LyMeyy FY
uwo — A wo— 2i AL v T 2 Y wv Apv - 7 MN v s
- i -
(A4)
i i
Tiwy = DiTw = f{* Tax Fin —E(hiz Fy, — GAW) = S UM Cun iy,
_ i\ ¢ M _ L(2)c
SAB—Z(O')A SBCGMV Z(U)A SBCw,
WiAB _ (UZ)CB €4 0y g7 a]gvj )
having used properties
Nax F == G, , LAMpy = My . (A5)
The kinetic matrix 91 is defined as
N=R+iT, (A6)
and can be expressed in terms of the prepotential as [84]
= Im[d0r F] Im[dydaF] LT LA
Mas = 9505 F +2i 0200 ] Im[d50r7] (A7)

Im[dporF] LALT ’
with dp = MLA , az%\ . We emphasize that, in the special coordinate frame, the whole
N = 2 Lagrangian can be written in terms of the holomorphic prepotential function F ()
(if any) and its derivatives.

95 =

From an explicit computation of the supersymmetry variations (A1), we find the
following relations for the warp factors [75]

U = U2* Re [e*i”‘ fip} +e YIm [eii”‘ W} ,

(A8)
¥ — 20 UTm [e‘i"‘ W} ,
and for the scalars ‘ o B o

Z/l — e—u em gl] D]_(EZU—Z‘Y Qa _ lW) , (A9)
the above covariant derivative acting on objects with weight p = —1, and having intro-

duced two projectors relating the spinor components as [15,16,75,85]

'yOeA = iei"‘eABeB ,

(A10)

Yey = e 56l .
The choice of phase a turns out to be irrelevant from the physical point of view (due
to the presence of the U(1)g symmetry), while it will amount to putting the symplectic
sections of the vector multiplet moduli space in a particular frame [15,16].
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The Killing spinors must satisfy the relations [75]

‘ (A11)

€A — je i SAB ,),O €p,

where we have
arXA - 0 7
, (A12)
B = Q+2e URe[e W],

and the following expression for the phase « holds [75]:

o = —B. (A13)

The chosen type of Killing spinors explicitly break 3/4 of the supersymmetry, i.e., the
solution is 1/4 BPS, meaning that only 2 supercharges are preserved, corresponding to
the 2 degrees of freedom of the complex B(r) function parameterizing the €1, €, Killing
spinors [15,16].

Finally, from the SUSY variations we obtain the property [75]

Im [e—i“ ff] = ¥ 2URe [e—"“ W} ) (A14)
and, using also the ansatz

A
M — (g ) = AU CMP Ao TN dEAdr +TM f(0) dO Adg = dAM,  (A15)
A

for the FM symplectic vector, we find for the A;YI components:

AMoy = ZeuRe{efi“ W} ,

AM =0,
(A16)
A =0,
M ™
Aq, =% cos(\@ﬁ) ,
together with the relation
™0y = k. (A17)
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