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Abstract: This work aims to extend two isotropic solutions to the anisotropic domain by decoupling
the field equations in self-interacting Brans—Dicke theory. The extended solutions are obtained by
incorporating an additional source in the isotropic fluid distribution. We deform the radial metric
potential to disintegrate the system of field equations into two sets such that each set corresponds
to only one source (either isotropic or additional). The system related to the anisotropic source is
solved by employing the MIT bag model as an equation of state. Further, we develop two isotropic
solutions by plugging well-behaved radial metric potentials in Karmarkar’s embedding condition.
The junction conditions at the surface of the star are imposed to specify the unknown constants
appearing in the solution. We examine different physical characteristics of the constructed quark
star models by using the mass and radius of PSR J1903+327. It is concluded that, in the presence of a
massive scalar field, both stellar structures are well-behaved, viable and stable for smaller values of
the decoupling parameter.

Keywords: quark stars; Brans-Dicke theory; gravitational decoupling

1. Introduction

The present-day universe consists of a cosmic web of large-scale structures such as
clusters of galaxies and stars. The study of these astronomical objects provides insight into
the evolution of the cosmos from its origin to the current cosmic era. In this regard, the
study of compact objects born from the collapse of gaseous stars has gained the attention of
astrophysicists. The neutron star is an outcome of stellar collapse whose mass lies within
the interval 1M to 3M (M denotes mass of the sun). This celestial object supports
itself against further collapse through the degeneracy pressure of neutrons. However, it
is hypothesized that a neutron star with a mass exceeding the limit of 3M¢, continues
to collapse inward. The process of collapse sufficiently increases the temperature and
pressure which causes the neutrons to break down into elementary particles known as
quarks. This leads to the formation of stable dense quark stars [1]. According to Witten [2],
matter composed of hadrons is less stable than the fluid distribution containing strange,
up, and down quarks. Further, researchers believe that the presence of strange quark stars
provides an explanation regarding the huge emission of radiation from extremely luminous
supernovae [3].

A suitable equation of state (EoS) that incorporates the necessary features of quark-
gluon plasma is required to describe the mechanism of ultra-dense quark stars. However,
a model that can aptly explain the interactions of quarks in the dense cores of strange
stars is still under discussion. Researchers have deemed the MIT bag model as the most
suitable EoS in the absence of the best fit [4]. The bag constant (1) appearing in the model
makes a distinction between true and false vacuum. Moreover, this EoS was used to
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estimate the mass of compact quark stars. These predictions match with the statistical
results obtained from the cosmic events GW170817 [5] and GW190425 [6] which supports
the choice of the MIT bag model. This model has been employed numerous times to
examine the physical characteristics of strange stars [7-9]. Arbafiil and Malheiro [10]
developed a strange star structure using the bag model and checked its stability through
radial perturbations. Bhar [11] used this EoS along with the embedding class-one condition
to develop anisotropic quark stellar models. Recently, Ferreira and da Rocha [12] discussed
the relation between configurational entropy and mass of a family of nucleons.

The relation between matter and geometry of an astrophysical structure is established
via the field equations. Thus, the solutions of field equations are required to inspect
the important features of celestial systems. Schwarzschild [13] solved these complicated
differential equations and obtained the first solution corresponding to an isotropic fluid dis-
tribution in general relativity (GR). However, realistic cosmic structures rarely demonstrate
isotropic behavior as the composite particles move differently in tangential and radial
directions. Thus, anisotropy in pressure must be taken into account while investigating
stellar structures. A detailed analysis of source as well as the influence of anisotropy on
several physical features (such as mass-radius relation, stability, etc.) of self-gravitating
systems was done by Herrera and Santos [14]. Different anisotropic solutions have also
been constructed by adopting various methods [15-17]. However, the extraction of stable
and well-behaved anisotropic models is still under discussion.

Recently, Ovalle [18] introduced the technique of decoupling via minimal geomet-
ric deformation (MGD) which minimizes the degrees of freedom in the system of field
equations and facilitates the extension of well-known solutions to more complex domains.
According to this scheme, new gravitational sources are successively incorporated in the
seed or original matter distribution to include the intricate properties of cosmic objects.
The deformation of the radial metric component decouples the two sources by formulating
a system of equations corresponding to each matter source. Each system is solved indepen-
dently and the solutions are combined according to the superposition principle to obtain a
solution of the whole system. An important feature of this scheme is that it does not allow
the transfer of energy between the two fluid distributions. Ovalle [19] also proposed an
extension of MGD scheme by transforming radial as well as temporal metric functions.

The effective scheme of decoupling has been applied to various astrophysical and
cosmological solutions to obtain their anisotropic extensions. Isotropic configuration
corresponding to Tolman IV was decoupled via MGD and extended to the anisotropic
domain in braneworld [20] as well as GR [21]. Viable anisotropic self-gravitating models
were constructed by deforming the metric potentials of Durgapal-Fuloria [22], Heintz-
mann [23], Krori-Barua [24] and Schwarzschild [25] solutions. Contreras [26,27] evaluated
the anisotropic version of (2+1)-dimensional spacetime involving the cosmological constant.
An isotropic solution was generated through Karmarkar’s condition and then extended
to anisotropic domain by Singh et al. [28]. The approach of decoupling was also applied
to Tolman VII ansatz [29]. Sharif and Ama-Tul-Mughani [30,31] minimally deformed the
spacetime related to a cloud of strings to compute anisotropic charged solutions. The
technique of MGD has also been applied to cosmological solutions namely, FLRW and
Kantowski-Sachs spacetimes [32]. Recently, it was shown that the approach of decoupling
can also be applied to axially symmetric spacetimes by formulating anisotropic extension
of Kerr metric [33]. The static stellar distributions derived using the method of MGD have
also been probed with trace and Weyl anomalies [34].

Dirac’s proposal (ratios of cosmological quantities and physical constants produced
large dimensionless numbers) provided the motivation behind a dynamical gravitational
constant as it referred to an underlying relation between G and cosmic time [35,36]. Brans—
Dicke (BD) theory is the simplest scalar-tensor theory that modifies GR to encompass
the effects of a varying gravitational constant (G) [37]. The massless scalar field (¢) in
BD theory is defined as the reciprocal of G. It is coupled to the matter source through a
tunable BD coupling parameter (wpp). The values of this parameter can be adjusted to
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explain the early cosmos as well as the late-time acceleration. Moreover, large coupling
parameter restricts the role of scalar field in cosmological scenarios. However, the large
values of wpp corresponding to the weak gravitational field [38] do not agree with the
range of small values required to explain the inflationary era [39]. This discrepancy is
rectified through a modification of BD theory (known as self-interacting BD (SBD) theory)
which admits a self-interacting potential function (V(c)) and a massive scalar field (o).
Self-interacting BD gravity permits all values of the coupling parameter greater than —3
for my > 2 x 107 GeV (m, denotes mass of the scalar field) [40].

Different astrophysical phenomena have been discussed in BD as well as SBD gravity.
Buchdahl [41] evaluated BD counterparts of axial as well as spherical solutions of GR.
Bruckman and Kazes [42] evaluated the form of scalar field corresponding to perfect fluid.
Singh and Rai [43] presented a method to formulate stationary axially symmetric solutions
of BD Maxwell field equations. Demiariski-type metric was obtained through a complex co-
ordinate transformation by Krori and Bhattacharjee [44]. Many researchers have discussed
the impact of scalar field on physical features of rapidly as well as slowly rotating neutron
stars [45-48]. We have investigated the viability and stability of strange quark stars in the
presence of a massive scalar field [49,50]. The scheme of decoupling via MGD has been
applied in the context of SBD as well as other modified theories to obtain well-behaved
anisotropic spacetimes [51-60].

In this paper, we generate two isotropic spherical structures through embedding class-
one condition and extend them to the anisotropic domain via MGD scheme in SBD gravity.
The features of extended solutions, developed corresponding to the MIT bag model, are
analyzed graphically. We construct the system of field equations involving the additional
source in the next section. In Section 3, the field equations are disintegrated through
a deformation in the radial metric component. We devise and inspect the anisotropic
extensions of solutions obtained via Karmarkar’s condition in Section 4. We discuss the
main results in Section 5.

2. Self-Interacting Brans—-Dicke Theory
The field equations of SBD gravity are obtained by varying the action (in relativis-
tic units)

S = / V=8(Re — L2110~ V(o) + YLo + Lu)d*x, (1)

with respect to the metric tensor (g,s) and are given as

1 o 1
Gys = Rys — 5836R = TG = —(T) + Y05+ TY). @)

Here, the matter Lagrangian of the seed source, Ricci tensor and Ricci scalar are
denoted by Ly, R,s and R, respectively whereas Lg denotes the Lagrangian related to
the anisotropic source (®). The decoupling parameter (Y) governs the influence of the
new source that may correspond to a tensor, vector or scalar field. The isotropic source is
represented in terms of four-velocity (v, ), energy density (o) and pressure (p) through the
following energy-momentum tensor

Tﬁ;”) = PU405 + P(0405 = 816). ®)

whereas T7; measures the impact of scalar field on the physical features of matter distribu-
tion and is given as

wWBp 8y6Ta0"  V(0)gqs
T%:Un;&—ngaJr?(%U&— L > ,

v , 2 (4)
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where Uo = \/%7 (v/—89"°0,, ),s. The wave equation of the scalar field is derived from
Equation (1) as

T + YO 1 dV(o)
3+20JBD 3+2(UBD do

(m)

where the traces of energy-momentum tensors T, ;” and ®.,; are denoted by T(") and @,
respectively. It is worthwhile to mention here that the effective energy-momentum tensor

Oo —2V(0)), ©)

obeys the conservation law, i.e., T(eff) =0.

We obtain the anisotropic extens1on of the seed source by considering a spherically
symmetric interior of the static astrophysical object. The line element describing the
spherical geometry reads

ds? = e — e gr? — 12462 — 12 sin? 0dg?. (6)

The four-velocity corresponding to the above metric is v7 = (e_%, 0,0,0) while the
field equations incorporating the effects of the scalar field, seed and additional sources are
expressed as

1L (1 ¢ 1 0, 70
7—6 ¢<1’2_7‘> = E(p—’_Y@O—’—TOU)/ (7)
1 o1 & 1
2t ¢<2+r> = —(p-YO1-T), ®)
e ? 1" ” ! =t 6,_4)/ 1 2 20
e <2é‘ +P 92— ) = —(p-YO - T37), ©)
where
_ol 2 ¢ w V(o)
Oc — ¢ “ / BD 22 _ ¢
Ty e _(7 +(r 2>0 +—200 672 ,
ol (2 6/ WBD V(O’)
1o — (P “ o ! /2_ (P
T; e _(r+2>0 —200 e—z ),
— 1 ¢ ¢ wBp V(o)
20 _ ¢l Z_ o2 e I/
15 e _U+(r 2+2 a+20 -t

Here, prime indicates differentiation with respect to the radial coordinate. Moreover,
the wave Equation (5) corresponding to metric (6) takes the form

U = —e‘P[(i 4; gl)(f +(7]

- v {@ + T 4 (0‘1‘2570) (0))} (10)

3+ 2wgp

The field Equations (7)-(9) imply that the extra source induces anisotropy in the
system for ©} # ©3.

3. Gravitational Decoupling

In this section, we apply the technique of decoupling to minimize the number of
unknowns (state parameters, massive scalar field, metric functions and components of
anisotropic source) in the system of field equations. The complex field Equations (7)—(9)
are disintegrated into two simpler sets by transforming the metric potentials as

E(r) = x(r) + Yv(r), e 0 s A(r) + Yu(r), (11)
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where v(r) and y(r) are the deformation functions that govern the translation in temporal
and radial metric components, respectively. In case of MGD scheme, v(r) = 0, i.e., the
transformation is applied on the radial metric potential only while the temporal metric
component remains unchanged. Moreover, the symmetry of the spherical structure is
unaffected by the linear mapping. The set corresponding to isotropic fluid is obtained by
applying the transformation in Equations (7)-(9) and setting Y = 0 to exclude the effect of
the anisotropic source. The first set is expressed as

p= —Zrz},(r)[rZwBDA(r)rf’z(r) —20(r)\V(0) 4+ ra(r) (rA (1) (1) + 2rAc”
+ 4A()d (1) +20%(r) (PN (r) + A(r) = 1)], (12)
p = %[U(r)(r)\(r)é’(r) +A(r) -1+ 2r(71(r) () (1) (o (r) (8 (r) + 4)
— rwppo’(r))] - @
P = POV OEO)0E0) +2)+ 20 0) + A0 2o ()

X ((rg'(r) +2) + 210" (r)) + 0% (r) (28" (r) + 1§ (r) + 28 (1))
+  2rwppo’®(r)) — 2ro(r)V(o)]. (14)

(13)

The isotropic source is conserved in the presence of massive scalar field as

! e / e €
T11 (eff) ‘:é )(TO( ff) Tll( ff)) =0. (15)

The second array is formulated by subtracting Equations (12)—(14) from the system of
transformed field equations. The components of the additional source are described by the
second set as

O = 5y IO ()1’ (1) + 20(0)) + (1) (Peoppe™(r) + 201

X (r0(r) +20' (1)) + 20%(1))], (16)
O] = sy M) (—Penpd’ (1 + 19 (7) (12'(r) + 4)0' (1) + 20%(1)

X (rE(r) + 1)) (17)
O = g 2K () (1) + () (0 (1) + 20 (1) + 210" (1)

TR E () +2) + () 2rE" () + rE2(r) +28 (1))

+ 2rwppp(r)o(r)]. (18)

The conservation equation related to the additional source is

(e 4 r e e 2 e e
o} — £l (fle _ 1) - 2 (o2 _ g} ) o, (19)
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where
Of ) = L(@h 3 )0/ + e () + CIRLEISE) L 2O
01 = 1(ol+ Jung()o') - LobED) L 2O
O3 = L(6}+ )+ JuOIE (N (1) + (e (1)
T LN )

Equations (15) and (19) indicate that the MGD scheme conserves the decoupled sources
(seed and additional) individually by not allowing exchange of energy. The matter vari-
ables of the original system are obtained by combining Equations (12)—(14) and (16)—(18).
Thus, the density, radial and transverse pressure of the complete anisotropic solution are,
respectively characterized as

-1
v LA (re” () (YW (r) + A'(r)) + 2Yp(r) (ro" (r) + 207 (r))
+ 2A(r)(rd” (r) + 20" (r))) + 207 (r) (Yru' (r) + Yu(r) + rA (r) + A(r)
— 1+ rwppa?(r)(Yu(r) + A(r)) — r*o(r)V(0)], (20)
pro= 2:2 [FPwppo’(r) (Ypu(r) = A(r)) = ro(r) (18 (r) + 4)0’ (r) (Ypu(r)
= A1) +203 () (= p(r) (Y + YrE' (1)) + rA(r)E (r) + A(r) = 1)
— 2o(r)\V(o)], (21)
1
PL = G 20O O () = () + YR() (2 () +2)0(0)
2r0") = A(r) (18 (r) +2)0" (r) + 21" (1)) — > (r) (Y4 (1) (G (r)
2) = Ypu(2rg" (r) + 152 (r) + 28 (1)) + 2rA(1)E" (r) + g (1) A
rA(r)E(r) +2A(r)g (r) +2M' (1) + 2rwppo™ (r) (A(r) = Yp(r ))
— 2ro(r)V(o)].

+ 4+ 4+

(22)

The degrees of freedom can be reduced by employing well-behaved metric potentials
to specify the matter variables of the system (12)—(14). The set incorporating the influence
of @g contains four undetermined functions (deformation function, @8, @%, @%) and can
be solved with the help of an additional constraint. Researchers have employed suitable
forms of deformation function or an appropriate EoS to formulate a solution of the second
set. Since the aim of this work is to develop quark star models, therefore we adopt MIT
bag model as an EoS. The quarks within the strange star are classified into three flavors
(f): up (u), strange (s) and down (d). We proceed by assuming that quark matter is
non-interacting and massless in nature. The bag constant for massless quarks lies between
58.9 and 91.5 MeV /fm? [61]. The bag model defines the density and pressure of the star as

P:ZPf+B/ pr:Zr}f—B/ f:u/ d/ s, (23)
f f

where pf and p/ represent the density and pressure of each flavor, respectively. Kapusta [62]
used the relation o/ = 3p/ to formulate the EoS for strange quark matter as

3pr =p —4B. (24)
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Inserting Equations (20) and (21) in this EoS yields the following differential equation

o () (202 (Yry' (r) + Yu(r) (3rg (r) +4) + A(r) (38 (r) +4) + 1A (r)

—4) +ra(r)(Yri' (r)o’ (r) + Yu(r) ((3r' (r) +16) 0’ (r) + 2rc” (1))
+3rA(r)& (r)o’ (r) + rA (1) (r) + 2rA(r)d” (r) + 16A(r)d (r) — 4rV (o)
+8rB) — 2r2wgpd (r)2(Yu(r) + /\(r))) = 0. (25)

In the next section, we will develop two solutions for the isotropic sector and solve
Equation (25) to obtain the corresponding deformation functions. A complete solution
for the system (7)—(9) is computed by linearly combining the individual solutions of the
two arrays. The potential function is chosen as V(a) = %mgaz, where m, is the mass of
the scalar field. Moreover, SBD theory is consistent with solar system observations for
my > 10~ (in dimensionless units). Therefore, we develop the decoupled quark star

models corresponding to m, = 0.001.

4. Anisotropic Solutions

In this section, we assume two well-behaved radial metric components and utilize
Karmarkar’s embedding condition [63] to obtain the corresponding temporal metric func-
tions related to the isotropic solution. A four-dimensional spherical spacetime belongs to
embedding class-two as it can be embedded in a six-dimensional flat spacetime. However,
it can be embedded in a five-dimensional flat spacetime only if it fulfils Karmarkar’s cri-
terion developed via Gauss—Codazi equations. The embedding of N-dimensional space
inan (N + 1)-dimensional pseudo-Euclidean space is allowed if the following conditions
hold [64]

Rosuo = 26500, Typs and - Typsp — 15, Tpa + 15T =0,

where T, 5 and R, are the co-efficients of second differential form and curvature tensor,
respectively. Furthermore, e = 1. Karmarkar used this result to formulate a necessary
and sufficient condition for an embedding class-one as

Ro101R2323 = R1212R0303 + R1202R1303-

Applying the above condition to the metric in (&, A)-frame (corresponding to Y = 0)
provides

(A(r) = DAW) (28" (1) +&'(r)2) = N (NE'(r) = 0. 26)

4.1. Solution I
We assume that the isotropic solution is described by the radial metric component

given as
242 +1)\ "
A(r) = <(2_r;2)> . 27)

The Karmarkar’s condition yields the temporal metric function as

F
&(r) =2In (G -,
> \/T
6—3Ar2
where A, G and F are non-zero constants with A > 0. It must be noted that the metric
potential in Equation (27) is well-behaved, regular and singularity-free with finite behavior
at the center. Maurya et al. [65] employed this ansatz to construct anisotropic stellar models.

Recently, Baskey et al. [66] formulated a static stellar configuration by using this radial
metric component in Karmarkar’s condition. The unknown parameters in the metric
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functions are determined by ensuring the continuity of first and second fundamental forms
at the boundary (X) of internal and external spacetimes. The static vacuum in the exterior
is defined by the Schwarzschild line element as

r—ZMdtz r

2 _ _
ds” = 7 r—2M

dr? — r?d6?* — r? sin? Gd(pz, (28)

where M denotes the mass. The form of corresponding scalar field has been determined by
following the procedure in [42]. The constants are evaluated utilizing the conditions

(&0)x = (&9)x (P =0,

(=) = (@ (M)s (@ ()= (""()x
as follows

4M

A = T RaM _3R) @)
5vM

G = — V¥ (30)

2VR\/ ~mitx
Y} o
wgp = —(2M—R) (\@FR (4mUM2R (AR2 T 1) - 4M(AR2 (ng2
AR2
+ 2 —|—ng2+4> +R3(A(ng2+10> +mg)) ~26\ /5

x  (4myM?R(AR?> +1) —4M(A(myR* + R?) + myR> +4) + R®
(4meMER (AR +1) = 4M (A (1o RE + R ) 4+ 1o R +-4)
x (A (ngZ + 6) + m(,) )) (4M2 (AR2 - 2) (\/§FR

-1
AR?

where R denotes the radius of the spherical cosmic setup. The values of the constants are
obtained for the star PSR J1903+327 (M = 1.667M¢, and R = 9.438 km) [67]. Moreover, the
constants G and F remain unchanged corresponding to the transformed metric potential.
However, the values of A and wpp cannot be determined in the anisotropic scenario. There-
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fore, we choose the values of A and wpp as given in Equations (29) and (32), respectively.
The energy density and pressure components of the anisotropic analog turn out to be

-1 , , 3Ar (2-Ar),
P= 52, <r(7(1’) (ra (r) <Yll (r)— e 1)2) i (re” (r)

w ) +20) 2 (oo - 204 )

2(Ar2 +1)°

A
X)) + P (1 (s + Y60 )~ Pe V()

by = 1 (gm(z‘mz YU ) (@)@ (1) +4) = ronne’) )

ro(r) 2Ar2 42
¥ 2 — Ar? ) V(o)

i %(W)Y(QH) Nt g ) T
_ a(r)éil(r) P2 r( =32 A244 2
P = Sanapaeap (A7 ) (ar(er(ant e

N

S

Ar?

— 10 2V 3FG
)+ V3 2— Ar?

(A2r4 +6A% — 16) + 12AG27>

+ 2v(a’+ 1)2;/ (3F2r(Ar2 —1) + VBFG(4-34r%) 5 f’;z

- 2Ac2r)) + 2YAFr<Ar2 - 4) (Ar2 + 1)2;4(1’) <3Fr —2V3G

Ar? 2 — Ar? 1 Yu'(r) = (AS’2A+r1)2
— + <f+Yy> )| -—g—
2— Ar 2Ar* +2 2 2-Ar? | Yu(r)

X
2Ar2+2
2/3AFr? 2 y wppo'? V(o)
(A =250 )” "+ 20 2
2
where £ (r) = D/3ARY and g (r) = (V3Fr —2G,/ 347, ) . The massive
(Ar2-2) (ﬁpr—zc\/zfﬁz )

scalar field and deformation function are computed numerically through
Equations (10) and (25), respectively for B = 60,70,80 MeV/ fm3 and Y = 0.2, 0.9. The
corresponding initial conditions (¢(0) = o, ¢/(0) =0, u(0) = ji) are presented in Table 1
where c indicates the value of the physical quantity at the center. Figure 1 indicates that
the transformation does not disturb the regular behavior of metric potential. A stellar
model is well-behaved if the matter variables are positive, finite at the center and decrease
monotonically towards the boundary. As shown in Figures 2 and 3, the state determinants
are maximum at the core and finite throughout for the considered values of bag constant
and decoupling parameter. The anisotropy (A = p; — p;) vanishes at r = 0 and increases
away from the center.

Table 1. Initial conditions corresponding to solution I for different values of the bag constant
corresponding to Y = 0.2, 0.9.

B = 60 MeV/fm3 B = 70 MeV/fm3 B = 80 MeV/fm3
1o 0.024 0.029 0.032
2% 0 0 0
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o B=60MeV/fm® *r
18 mmmmmm B=70MeV/fm’ 1|
el == —— B=80MeV/fm’ ol
Ll Ll
12~ 12+

2 4 6 8 r ‘2 z‘t g 8‘ r
Figure 1. Plots of deformed radial metric components of solution I for Y = 0.2 (left) and

Y = 0.9 (right).

State parameters describing celestial structures composed of normal matter must
satisfy four energy conditions. These conditions are listed as [68]

null energy condition: p+p, >0, p+p, >0,

weak energy condition: p >0, p+p,>0, p+pL >0,
strong energy condition: p+ p,+2p; >0,

dominant energy condition: p—p, >0, p—p; >0.

The density and pressure components related to the anisotropic setup are positive as
indicated by Figures 2 and 3. Thus, the compact structure is consistent with the first three
energy bounds. Figures 4 and 5 illustrate that the spherical system obeys the dominant
energy condition as well which implies that the quark star model is viable for the considered
values of Y.

p pr
o~
~ 0.00014
0.0008 | ~
....... ~
~~s 0.00012
hts N
0.0007 1 \\\ ~ 0.00010
Seo N :
N
N
~
0.0006 S 0.00008
0.00006
0.0005
0.00004
0.0004 - 0.00002
- - T r
2 4
pPL A

0.00014

0.00012

0.00010

0.00008

0.00006

0.00004

0.000035

0.00003

0.000025

0.00002

0.000015

0.00001

5.x107

Figure 2. Behavior of p, pr, p, (in km~2) and A of solution I for Y = 0.2.
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Figure 5. DEC for extended solution I for Y = 0.9.

The mass of the spherically symmetric configuration is computed by solving the

differential equation

dm(r) 1,
3 2P (33)

with the condition m(0) = 0. Furthermore, compact structures like quark stars have tightly
packed atoms in the interior. The compactness (u(r)) of a spherical object is measured
by its mass to radius ratio which must be less than 0.444 [69]. Figures 6 and 7 show that
the anisotropic model fulfils the required criterion. Massive celestial structures possess
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a strong gravitational field that bends electromagnetic waves. The strength of the force
exerted on light is determined by gravitational redshift which is defined as

1—+1-2u
VIi-2u
The value of the redshift parameter for the anisotropic configuration lies within the

admissable range, i.e., Z(r) < 5.211 [70] (refer to Figures 6 and 7). Moreover, the mass,
compactness and redshift of the compact model increase corresponding to higher values of B.

Z(r) =

m u

0.008 7

0.006

0.02 - 0.002 F

0.008 -
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0.002 -

/ 0.008 -
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0.008
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0.002

T

Figure 7. Behavior of m, 1 and Z corresponding to solution I for Y = 0.9.
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The propagation rate of sound waves traveling through an anisotropic fluid distri-
bution must be less than that of electromagnetic radiation, i.e., the components of sound
speed ((03 = d‘;#) and (02 = %V )) must lie between 0 and 1. This criterion is used to check
the stability of the stellar model and is known as the causality condition. Figures 8 and 9
exhibit that the anisotropic extension is stable for Y = 0.2 only. The spherical object is
potentially stable if it adheres to Herrera’s cracking criterion stated as 0 < [0 — 02| < 1.
It is noted from Figures 8 and 9 that slight perturbations in the equilibrium of the stellar
model do not lead to cracks within the system as the formulated solution fulfils the cracking
condition for lower as well higher values of the decoupling parameter. Furthermore, the
pressure of a compact model based on a stiff EoS increases rapidly in response to a change
in density. Adiabatic index (T’ = %U%) gauges the stiffness of the object and if I' > % then

the system corresponds to a stiff EoS [71]. As displayed in Figures 8 and 9, the adiabatic
index for the current setup is below the required limit close to the center but rises above %

after a short distance.

Figure 8. Plots of radial /tangential velocities, |02 — v?| and adiabatic index of extended solution I
forY =0.2.



Universe 2021, 7, 161

14 of 22

Figure 9. Plots of radial/tangential velocities, |vi — v2| and adiabatic index of extended solution I
forY =0.9.
4.2. Solution 11

The second isotropic solution is constructed by plugging the following radial metric
in Karmarkar’s condition

-1
A= (ur sin (br +H) +1) ) (34)
which leads to 5
Bcos(br? + H
&(r) :21r1<D va Cosz(br : )>, (35)

where a, b, B, D and H are constants. Mustafa et al. [72] recently proposed this physically
valid ansatz to study dark stellar models in Rastall gravity. The unknown constants
appearing in the spacetime are determined via matching with Schwarzschild vacuum
solution as

2Mcsc? (bR% + H)

T TTR@EM-R) %)
b(Mcot(bR* + H) 4 2bR*(R — 2M
o _ b(Mcot(bR? + H) + 2bR%( ) (37)
B*R(R — 2M)
b*Mecsc(bR? + H
B csc(bR? + H) (38)
M csc? bR2+H)
R2/PR(R = 2M) | M5 oy
wpp = (2M—R)(2b(aDR%(2M — R)(m R(2M — R) — 4) sin? (bR?

+ H)+8yaBR*(M — R)sin (bR2 + H) +D (4m0M2R —4M

X

(ngz + 4) + ng’J‘)) — \/aB cos(bR2 + H) (aRZ(ZM _R)

X

(meR(2M — R) — 4) sin® (bR? + H) + 4y MR — 4M (1, R?

+ o4+ ng3)) (8M2 (ZDb — \/aB cos(sz + H) ) ) - (39)
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where C = \/aBR?*(4M — 3R) cos(bR?> 4+ H) + 8bM. The constants B and D remain the
same after deformation whereas a, b, H and wpp appear as free parameters in the solution.
The unknowns a and wpp are determined by Equations (36) and (39), respectively whereas
we set H = 1 and b = 0.01. The field equations related to the considered setup take

the form

pr

PL

ar r 7% sin
%i’(r) (ro'(r) (rO'/(r) (Yy’(r) B 2 (§3( )+0b (2@5)) )

(ar23(r) +1)?
Z(r;z(g(j)zjl(r)) +2Ypu(r) (ra” (r) + 20’(r))> +202 (r(Yu'(r)
ar(ar?g3(r) + 3Z3(r) + 2br? sin(2¢5(r)))
(ar2g3(r) +1)?
(arz§3(1r) + Yu(r )> —VzU(T)V(U))/
4,/abBr?sin({5)
2r(7 ar2§3 +1 + Yy) <U (4 ~ /aB cos({s) — 25Db)
, _ 4,/aYbBr?sin(5) 1
) < <Y VvaBcos({s5) — 2Db> + ar2ls(r) +1

4\/EbBr sin((s) 1) V(o)
(ar?{3(r) +1)(2Db — \/aB cos(5))

) + YP‘(’)) + r*wppo”?

rwppo

2 7

0(27) (ﬂ 7 (1) : +Y14(V)) (Y#/@ (1 2 irsn)
"G r (et + Y()
va(2(args +1) (VaBga(r) —200) (u(r) (a5 +Y) +1))
(~8v/aDb?r2 sin(205) + 4/aDb cos(205) — 4/aDb + 4YbBy(r)
(farz cos(2(s) +ar? + 2)2 (sin(§5) + br2§4(r)) + 8abBr? sin({s)
aBl4(r) — aB cos(375) + 16b2Br204(r) + 16bB sin(gS)))
(e +00) G0 (- -am

2ar(g3(r)+br? sin(25)
vu'(r) - 20 INE )
+Yu(r)

2 " CUBD(/J2 V(‘7>
+r +ot(r) + 20(r) 27

u7263+1

where (3(r) = sin?({5), {4(r) = cos(s) and {5(r) = br*> + H. The scalar field and defor-
mation function are computed through numerical solutions of Equations (10) and (25)
for my = 0.001, B = 60, 70, 80MeV/fm3 and Y = 0.2, 0.9 corresponding to the
the stellar model employed in solution I. Moreover, the central conditions (¢(0) = o,
0'(0) =0, u(0) = ) are mentioned in Table 2.



Universe 2021, 7, 161 16 of 22

Table 2. Initial conditions corresponding to solution II for different values of the bag constant
corresponding to Y = 0.2, 0.9.

B = 60 MeV/fm? B = 70 MeV/fm® B = 80 MeV/fm®
o, 0.03 0.034 0.038
e 0 0 0

The plots of radial metric component in Figure 10 show that the deformed metric
function behaves regularly as well with finite value at the center for Y = 0.2, 0.9. The
pressure components and energy density of the anisotropic quark star are positive and finite
everywhere with a decreasing trend towards the stellar surface (refer to Figures 11 and 12).
Moreover, the radial pressure vanishes at the boundary. A rise in the values of all matter
variables is observed for higher values of the bag constant. The anisotropy of the extended
solution is zero at the center and increases away from it. However, it starts to decline
near the boundary indicating that radial pressure is more than the tangential pressure
when r — R. Figures 13 and 14 show that the quark model is viable for the considered
values of the parameters as all energy conditions are satisfied. Higher values of the bag
constant correspond to an increase in mass, compactness and redshift parameter as shown
in Figures 15 and 16.

&

20F 204

e ‘ ‘ ‘ P =y ‘ ‘ ‘ r

Figure 10. Plots of deformed radial metric components of anisotropic solution II for Y = 0.2 (left)
and Y = 0.9 (right).
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Figure 11. Behavior of p, p,, p, (in km~2) and A of anisotropic solution II for Y = 0.2.
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Figure 13. DEC for extended solution II for Y = 0.2.
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Figure 16. Behavior of m, 1 and Z corresponding to anisotropic solution II for Y = 0.9.

Moreover, the redshift and compactness functions stay below the required limits.
Figure 17 indicates that the extended version of the isotropic solution is stable according to
causality and cracking criteria for Y = 0.2 . However, the causality condition is violated
for Y = 0.9 as v3 < 0 (refer to Figure 18). The plots of adiabatic index exhibit that the
anisotropic distribution is less stiff near the center. However, the values of I' become greater
than the required bound after a small distance from the center for both values of Y.
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Figure 17. Plots of radial/tangential velocities, |v2l — 92| and adiabatic index of extended solution II
forY =0.2.

v,2

020 - Tiemmamea

Figure 18. Plots of radial/tangential velocities, |vi — v2| and adiabatic index of extended solution II
forY =0.9.

5. Conclusions

In order to comprehend the mechanism and evolution of the cosmos, it is essential to
investigate the physical features of self-gravitating systems at different stages of its life-cycle.
A strange star is one of the stellar remnants that is hypothesized to emerge from a neutron
star. In this paper, we have developed anisotropic models representing strange quark stars
by implementing the decoupling technique on SBD field equations. A linear deformation
in the radial metric component has yielded two sets of field equations that incorporate
one of the two sources (isotropic or additional). We have used Karmarkar’s embedding
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s . . . . 2(Ar+1
condition to develop two isotropic solutions corresponding to A = ln< (2—1@2)) and

A = In(ar? sin? (br? + H) + 1). We have employed these solutions to specify the set related
to the isotropic source. The deformation function required to solve the second array has
been obtained through an MIT bag model EoS. The matching of the interior and exterior
spacetimes has specified the unknown constants in terms of mass and radius of the star.
The scalar fields related to the anisotropic solutions have been obtained by numerically
solving the wave equation for V(o) = %m%,az, my = 0.001, B = 60, 70, 80 MeV/fm?>
and Y = 0.2,0.9. Finally, the salient characteristics of the extended solutions have been
analyzed graphically for the star PSR J1903+327.

The minimal geometric deformations in the metric functions of solutions I and II have
provided well-behaved and regular stellar models. In both scenarios, the energy density
and radial/transverse pressure have followed a monotonically decreasing trend after
attaining the maximum value at the center. The anisotropy of the first solution has remained
positive throughout which indicates the presence of a repulsive force directed outward.
However, the anisotropy in solution II becomes negative near the stellar surface which
implies that the direction as well as the nature of the force has changed. We have checked
the viability of the constructed scenarios through four energy bounds. The spherical objects
corresponding to solutions I and II have exhibited viable behavior implying the presence
of normal matter in their interior for the considered values of the bag constant and the
decoupling parameter.

It has been observed that higher values of the bag constant provide more massive
quark stars with increased compactness and gravitational redshift. The gravitational red-
shift and compactness parameters have not violated their respective upper limits in any
scenario. Finally, three stability criteria have been employed to examine the systems’ re-
sponse to perturbations in equilibrium. The analysis has shown that the extended solutions
are potentially stable as they agree with Herrera’s cracking criterion for Y = 0.2, 0.9. How-
ever, the causality condition is fulfilled for Y = 0.2 only as vi < 0forY = 0.9. Moreover,
the plots of the adiabatic index have indicated that the cores of both solutions are less stiff.
However, as distance from the center increases the fluid distribution becomes harder to
compress. Thus, the decoupled quark models demonstrate physically viable and stable
behavior for B = 60, 70, 80 MeV/fm3 and Y = 0.2. Ttis interesting to mention here that all
the obtained results reduce to GR for ¢ = constant and wgp — 0.
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