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Abstract: De Sitter solutions play an important role in cosmology because the knowledge of unstable
de Sitter solutions can be useful to describe inflation, whereas stable de Sitter solutions are often used
in models of late-time acceleration of the Universe. The Einstein-Gauss-Bonnet gravity cosmological
models are actively used both as inflationary models and as dark energy models. To modify the
Einstein equations one can add a nonlinear function of the Gauss—Bonnet term or a function of
the scalar field multiplied on the Gauss—Bonnet term. The effective potential method essentially
simplifies the search and stability analysis of de Sitter solutions, because the stable de Sitter solutions
correspond to minima of the effective potential.
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1. Introduction

Cosmological models with scalar fields play a central role in the description of the
global evolution of the Universe. In particular, modified gravity models with the Ricci
scalar multiplied by a function of the scalar field are very popular [1-4]. These models are
quite natural because quantum corrections to the effective action with a minimally coupled
scalar field include nonminimal coupling terms [5-7]. Many inflationary models that
connect cosmology and particle physics include nonminimally coupled scalar fields [8-24].

It is well-known that one can add the Gauss—Bonnet term to the Hilbert-Einstein
Lagrangian of the General Relativity and it does not change the equations of motion. On
the other hand, this term multiplied by some nonconstant function of a scalar field modifies
the equations of motion. Models with both the Ricci scalar and the Gauss—-Bonnet term
multiplied by some functions of the scalar field are natural generalizations of the models
with a minimal coupling [25-27]. Furthermore, models with a nonlinear function of the
Gauss—Bonnet term can be rewritten in the equivalent form that includes a scalar field
without kinetic term [28-31].

The cosmological models with the Gauss—-Bonnet term are motivated by the string
theory [30-37] and are actively used for describing of both the early Universe evolution
(inflation) [25-27,38-57] and the current dark energy dominated epoch [28-31,36,37,58-66].
Note that both stages of the Universe evolution are characterized by the quasi de Sitter
accelerated expansion of the Universe. So, it is important to have an effective method for
the searching of de Sitter solutions and the study of their stability. The method proposed
in [67] solves this problem for the Gauss—Bonnet model with the standard scalar field. Itis a
generalization of the effective potential method for models with scalar field nonminimally
coupled to the curvature only [68-70]. We have shown in Ref. [27] that the effective potential
is a useful tool to generalize the known inflationary models with the Gauss-Bonnet term.
On the one hand, the effective potential allows to rule out models with a stable de Sitter
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solution, for which it is difficult to construct an inflationary scenario with a graceful exit.
Models with unstable de Sitter solutions or without an exact de Sitter solution are more
suitable. On the other hand, the scalar spectral index n; and the amplitude of the scalar
perturbations A as functions of the e-folding number can be expressed via derivatives of
the effective potential [27,55,57].

In this paper, we generalize the effective potential method on models with nonlinear
functions of the Gauss—-Bonnet term G that can be presented as models with a scalar field
without kinetic term. We also show that the situation is more difficult in the case of a
phantom scalar field.

The paper is organized as follows. In Section 2, we remind the evolution equations
of the model considered and the standard way for the search of de Sitter solutions. In
Section 3, we analyze the stability of de Sitter solutions due to the effective potential. A way
of constructing different models with the same structure of de Sitter solutions is proposed
in Section 4. In Section 5, we analyze the stability of de Sitter solutions in the proposed
type of L(R, G) gravity models. Section 6 is devoted to our conclusions.

2. Models the Gauss-Bonnet Term

Let us consider the model with the Gauss-Bonnet term described by the following action:

5= / dx /=g [UR - £g19,90,9 — V — FG|, 1)

where the functions U(¢), V(¢), and F(¢) are double differentiable ones, c is a constant, R
is the Ricci scalar and G is the Gauss—Bonnet term,

G = R* — 4R,y R" + RyyapRM*P.

As known [29,31], the action

5 = [dxy/=glUoR + £(O)], @

where U is a constant and £(G) is a double differentiable function, can be rewritten in the
form of action (1) with ¢ = 0:

5 = [dtry/=g[UsR+L'(9)(G — ¢) + L)), ©
where a prime denotes the derivatives with respect to ¢. Varying action (3) over ¢, one gets

¢ = G and the initial £(G) model.
In the spatially flat Friedmann-Lemaitre-Robertson-Walker metric with the interval

ds? = — di* + a%(t) (dx% +dxs + dx%), 4)

where a(t) is the scale factor, one gets the following evolution equations [56]:

6H2U +6HU' =~ + V +24HF'§, ®)
4(U —4HF)H = —c¢? —2U +2HU + 8H?(F — HF), (6)
o + 3cHep — 6<H + 2H2) U’ + V' + 24H%F' (H + H2) —0, @)

where H = 4/a is the Hubble parameter, dots and primes denote the derivatives with
respect to the cosmic time and the scalar field ¢, respectively. At c = 1, these equations
have been investigated in many papers (see, for example [25,56,67]).



Universe 2021, 7, 149 30f13

To find de Sitter solutions with a constant ¢ in the model (2) we substitute ¢ = ¢
and H = Hys into Equations (5) and (7). A de Sitter solution does not depend on the value
of ¢, so we obtain the same results as in the case of ¢ = 1 considered in [67]:

V
H2 _ _Vds
ds 6ud5 (8)

and ) ,
P BUys (2UjsVias — VisUas)

)

where Ajs = A(¢ys) for any function A. Therefore, for arbitrary functions U(¢) and V(¢)
with V;sUys > 0, we can choose F(¢) such that the corresponding point becomes a de
Sitter solution, with the Hubble parameter defined by Equation (8). We always choose that
Hys > 0.

3. Stability of de Sitter Solutions

To analyze the stability of a de Sitter solution we transform Equations (6) and (7) to
the following dynamical system:

¢ =9,
. 1 2 V2
== {2H|3B+4FV' —6U" —6cU|¢p —2-—X
Y 2(B4CP’H1P){ 3B+ ]y -2
+ |[12H2[(2U” + 3)F' + 2U'F"] = 96F' F'H = 3(2U" + )U' |97}, q
: 1
H=—s———18(U —4F'H?)H
4(B—4cF’H¢){ ( )Hy
Vz /172 ! 1172 " 2
—2m(4FH — U)X+ (8F'H? —2U" — c)ey }
where
~ 2
B= 3(4H2F’ - u’) tel, (11)
X = i 24HAF' — 12H*U' + V' 12
_ W{ - +V]. (12)
In the case ¢ = 0, the last equation is essentially simplified:
4 27177 /
g BHF —12HU 4V 13)

6(U" — 4H2F")

At a de Sitter point system (10) is

¢=0, v=0 H=0,

that corresponds to X;5 = 0.
In Ref. [67], the effective potential has been proposed for models with the Gauss—
Bonnet term:

uz 2
Verr = — v + §F‘ (14)
Using Equations (8) and (12), we obtain
Xgs = 2pjg —pastlas  Visis _ (das) =0 (15)
dS 3 ds VdS VD%S gff ds 7

therefore, de Sitter solutions correspond to extremum points of the effective potential V.
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To investigate the Lyapunov stability of a de Sitter solution we use the following expansions:

H(t) = Hgs +eHi(t),  @(t) = gas +epr(t),  ¢(t) = epi(t), (16)

where ¢ is a small parameter. Therefore,

X = (X Hy + X 1) + O(e2), (17)
where VG
0X 46 3/2(171/ /
Xy= = —= UL (UysVas — VigUys),
, 5/2 ~ds \“ds ds
OH g Vil
oX 1 /2
Xp= 5 = (3F$/5des — 2UgsUgs Vs + Vééuﬁs)-
P lop=pss  Vas

The functions Hj (t), ¢1(), and ¢y (t) are connected by Equation (5):

_ VéSUdS - u,/isVdS

H,(t
1) 2Uys Vys

(Has¢r(t) — ¢1(t)). (18)

This expression does not depend on the value of ¢ and coincides with the correspond-
ing expression obtained in Ref. [67].

Substituting (16)—(18) into Equation (10) in the first order of ¢, we obtain the following
system of two linear differential equations:

¢1 =11, (19)
2
; (2B Vis — 60Ul Uas Vs + 3VisWasVas — 6(UssVas — VisUas)’| /et Vi y o)
1= — 1 — 1,
3U4s5VasBgs 2Uy4s
where 3
2
ds

This system can be rewritten in the matrix form:

¢\ _ [ An An M
(lPl)_(Alz Azz)(%) 22

where the matrix

; 1
A= V2V (gas)
of f
T UgsBis 1 3Hs

The general solution of system (22) has the following form:
¢1 = cnne M epe M, (23)
1 = cme M+ ope M, (24)

where c;; are some constants. Solving the characteristic equation:

_ VisVii(¢as)
det(A— A1) = A2 — 3Hygh + = SLTE0 (25)
UisBas

we get the following roots:

Ao = — SHyet | 2H2. — Vs V" (das) (26)
== — 5Hus gHas = g Veff $as) -
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A de Sitter solution is stable if real parts of both A_ and A are negative. We consider

the case
Vis
Hys = | =225
ds 6l
hence, fe(A_) < 0.

In the case of a positive Uys, we see that Byjg > 0 for ¢ > 0 and the condition
Re(Ay) < 0is equivalent to Ve’} f(@as) > 0. In the cases ¢ > 0 and ¢ = 0, a de Sitter solution

is stable if Ve’}f((pds) > 0 and unstable if Ve’}f(gbds) <0.

In the case of ¢ < 0, we see that B;5 can be negative. So, in this case de Sitter solution is
stable if the Ve/]/( f(‘PdS)BdS > 0. So, the main result of Ref. [67] can be generalized on the case

¢ = 0 without any correction, whereas the condition should be change to Ve/,/f f(47dS)Bds >0
in the case of ¢ < 0 that corresponds to a phantom scalar field ¢.

4. Different Models with the Same Structure of de Sitter Solutions

It is evident that any change of functions U and V' can be compensated by the change
of function F such that the first derivative of the effective potential does not change. This
property can be used for the generalization of the inflationary scenarios [27]. Let us consider
a more nontrivial question: how one can change the functions U and V only to obtain the
model with the same structure of de Sitter solutions. To be concrete we seek for models
with the same values of ¢;5 and the same stability properties of de Sitter solutions, but
maybe with different values of Hyg.

Considering the stability analysis of de Sitter solutions, we define the effective po-
tential as such a function that its minima correspond to the stable de Sitter solutions and
maxima correspond to unstable de Sitter solutions. For this reason, the effective potential is
not unique. We can add a constant to it or multiply it on a positive number. If we transform
functions U(¢) and V(¢) to functions U(¢) = f(¢)U(¢) and

L V@f@PU(g)
VO = Wigvig) + ulg? @7)

then the effective potentials of the original and transformed models are connected as follows:

ngf = ngf+W. (28)

Therefore, the structure of de Sitter solutions does not change if the function
W =~=C Vers + Wo, where a constant C > —1 and W) is an arbitrary constant. Further-
more, one should check that V(¢45) > 0 and U(¢,s) > 0 for all de Sitter solutions.

Moreover, if V,s¢(¢) > 0 for any ¢, then the functions Vorr(¢)" and —1/Vrr(¢)",
where 71 is a natural number, can be considered as new effective potentials. Differ-
ent transformations of the effective potential can be combined, for example, functions
=1/ (Vegs + W) and (V5 + W)? can be considered as effective potentials if Verr > —W for
any ¢. So, transformations of the model with ngf = (Vesr + W)2 or Vef = —1/(Vegr + W)
does not change the structure of de Sitter solutions.

5. Examples of L(R, G) Models
5.1. Evolution Equations

Several examples of models with an ordinary scalar field coupled with the Gauss—
Bonnet term have been considered in Refs. [55,67]. In this paper, we consider examples in
the case of ¢ = 0, namely, the case of £(R, G) model, described by the following action:

5= /.d4x\/jg[UoR+£(C1R+ng)], (29)
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where L is a double differentiable function, Uy, C1, and C, are constants. A linear function
L corresponds to the General Relativity, whereas a nonlinear function £ corresponds
to the modified gravity. Note that £(R) and £(G) models are particular cases of the
model considered.

In the case of a nonlinear function £, action (29) can be rewritten in the following form:

S :/d4x\/?g[uoR+£’(¢)(c1R+czg —9)+ L(¢)]. (30)

Varying action (30) over ¢, one gets ¢ = C1R + C,G and the initial £(R,G) model
with action (29). Action (30) is a particular case of action (1) with the functions:

u=uy+ Clﬁl, V= (P[:, - L, F= Czﬁl, c=0. (31)

The effective potential is the following combination of the function £ and its
first derivative:
(Up+Ci L)

2
Veff = gCZ‘C, — (Pﬁ’ —yy

(32)
So,

L:N

V%f_ﬁwyEﬁ“%ﬁ—ZQ@N¢H—2£ﬂY—ZQEQ—6CﬂhE—Mﬁﬂ (33)

and a point with £” = 0 correspond to de Sitter solutions if ¢£' > £ and Uy + C; L' > 0.
Furthermore, the second multiplied can be equal to zero that also can correspond to

a de Sitter solution. We explorer de Sitter solutions in detail in a few examples of
L(R,G) models.

5.2. The Function F in a Role of the Effective Potential
If V = CU?, where C is a constant, then Ve’ = 2F' /3 = 2C,L" /3 and the function £’

plays the role of the effective potential. For the considering £(R, G) models the condition
V = CU? is the following first order differential equation

CC2L* + (2CC Uy — )L/ + CUR + L = 0. (34)
This equation has two solutions:

1
4CC?

U
Li=Ap-CCA+ W), L= o0t = ¢ (35)

where A is an integration constant. The function £; is a linear one, so this case is the
General Relativity model with the cosmological constant. In the case of the function £,,
the function F is a linear one and this model has no de Sitter solution.

5.3. The Case of a Power Function L of the Gauss—Bonnet Term
Let £ = CG*, where C and « are constants. Substituting this function with C; = 0 and

Cy = 1 into Equation (33), we get
L (2C2(a — 1)2¢* 4 3U3¢)
ST e

(36)

There is no de Sitter solutions at ¢y5 > 0. So, we consider only such values of « that
¢* is real and negative at ¢ < 0 and obtain

3U3 T
Pas =~ \ 202w —1)2 '
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Let us consider several examples:

1. Ata =2, we get de Sitter solution

a2\ M
$as = — <2C(Z)> (37)

and the potential V = C¢?, so, C > 0 is a necessary condition for de Sitter solutions existence.
The effective potential

4C¢ Uy

Ve = 3 Co?’ (38)
and its second derivative is negative: Ve’j’( F= = %. Therefore, we can conclude that the

de Sitter solution is unique and unstable.

2. Ata=3weget
1/5
3Ug
Pas = — (8(:2> : (39)
The potential

V =2C¢°. (40)

The condition V(¢5) > 0 demands C < 0 for ¢;5 > 0. Using

Vet ¢(das) = 20C, (41)

we get that the considered model with « = 3 and C < 0 has an unstable de Sitter solution.

3. The case of « = 1/3. Similar models have been proposed in [31]. For

512C°
- _ — 42
Pas 19683U¢ @)
we obtain s 16
16C 348678440111
1% =— d v/ = "0 43
((PdS) 81U3 an eff(¢d5) 4194304C15 ( )
So, a de Sitter solution exist if and only if C > 0 and it is unstable.
5.4. The Case of a Quadratic Polynomial L
5.4.1. Equation for ¢;5
Let us consider the case of
L = by¢* + by + by, (44)
where b; are constants, b, # 0. In this case,
U=2Cbyp+Qo, V=bp?—by, F=Cp(2bagp+b1), (45)

where Qo = Uy + b1C1. Note that the function F is defined up to a constant, so we can put
b1 = 0 without loss of generality.
De Sitter solution corresponds to ¢;5 that is a solution of the following equation:

2Cob3¢5s +2(3C1b2Qo — 2Caboba ) s + 3(4C3boba + QF)pas + 6C1bgQq +2Cab3 = 0. (46)

Let us consider a few interesting particular cases of this equation.
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5.4.2. The Case L(R) Gravity

If C; = 0, then the model has no Gauss—-Bonnet term and is a £(R) gravity model
with the effective potential

(2C1bagp + o)

Verr = 47
Equation (46) is a quadratic one and has the following two solutions:
2C1b Bt
R —— (48)

t, ’ 27 Ty

The point ¢ = ¢, does not correspond to de Sitter solution because of U (¢,) = 0. At
¢ = ¢1, we get

2b, U3
v/ = - 0 ., 49
o=y —  2(4C2boby — U2) )
At de Sitter point ¢ = ¢, we obtain
U2 — 4C2%byb, 4b,C2p2
Ugg = 2—1—=, Vgg=—22—b. 50
ds i ds 0z 0 (50)
From Equation (8), we get
b
Hig = — 2 (51)

_ o
a de Sitter solution exists only if by Uy < 0. Note that the Starobinsky R? inflationary
model [71-73] does not include the cosmological constant, so, by = 0. In this case, a de

Sitter solution does not exist. The potential V > 0 for all values of ¢ if b, > 0 and by < 0.
In this case, the de Sitter solution is stable.

5.4.3. The Case L(G) Gravity
If C; = 0, then the model is a £(G) gravity models with the effective potential

, 20y(2Cb3¢t — 4Cobgbag? + 3USp + 2C,b3)

eff = 3(b2¢2 — by )2 (52)
The value of ¢ at a de Sitter point is a real solution of the following equation:
2C, (bo - bchﬁs)z +3Uj¢as = 0. (53)
In the case of by = 0, one gets the following real solutions of Equation (53):
20~21,\1/3
R e = 64

Note that ¢; does not correspond to a de Sitter solution, because V(¢1) = 0. So, we
get the unique de Sitter solution ¢ 5 = ¢.
At the de Sitter point, the second derivative of the effective potential is

2 1/3
Vis = — 5 (1ab3ciud) . (55)

Furthermore, we demand that V5 = b24>§s > 0, s0, by > 0 and we get a model with
one unstable de Sitter solution.
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5.4.4. The Case of the Absence of the Cosmological Constant

In the case of by = 0, the potential V = by¢?, therefore, ¢as # 0and by > 0 are
necessary condition for de Sitter solution existence. Assuming that Qg # 0, we obtain the
first derivative of the effective potential in the following form:

20Q3(2B1¢® + 6Bagp + 3
Vers = ol 3609 ), (56)
where
_ b b3

The effective potential can be multiplied on any positive constant, so we can consider
the function

_ 2B1¢® +3(2Byp +1)
— >

instead of Vg’f £ and the number of its zeros depends on values of parameters B; and B, only.

J(#) (58)

The function
U= Qo(2B2¢p +1) (59)

is not always positive, so it is possible that an extremum of the effective potential does not
corresponds to de Sitter solution. The sign of U(¢,;5) depends on the sign of the parameter
Qo, whereas V) £ does not depend on the sign of the parameter Q. Note that the functions
U and ] are not equal to zero at the same point, because By # 0.

The same values of parameters B; and B, correspond both to models with one de
Sitter solution and to models without de Sitter solution in dependence of the sign of Q.
A decreasing behavior of the function | in the neighborhood of | = 0 corresponds to
an unstable de Sitter solution. In Figure 1, blue solid curves and green dash-dot curves
correspond to models either with one unstable de Sitter solution or without de Sitter
solutions in dependence of the sign of U (¢ s).

61 61
4 4
21 2

_2J

4] 4
61 -6
Figure 1. The function J(¢) for different values of parameters: B = 1, By = —2 (blue solid curve) and B; = 1 (green

dash-dot curve) (left); By = —1, By = —1/2 (blue solid curve) and B; = 2 (green dash-dot curve) (right).

In Figure 2, we present the function J(¢) that has three roots (red solid curves) and the
function U(¢) for the same values of parameters B; and B and the parameter Qp = +1.
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One can see that the model has one unstable de Sitter solution or one stable and one
unstable de Sitter solutions in dependence on the sign of Qp. The crosses of gray and
black lines with axis ¢ correspond to switch of gravity and antigravity regimes in the
model considered.

Figure 2. The functions J(¢) and U(¢) for B, = 1 (left) and B; = —1 (right). Red solid curves show the function J(¢). Black
dash curves show the function U(¢) at Qo = —1 and grey dash-dot curves show the function U(¢) at Qp = 1.

6. Conclusions

In this paper, we consider de Sitter solutions in models with the Gauss—-Bonnet term,
including £(R, G) gravity models. We investigate evolution equations of a scalar field
nonminimally coupled both with the curvature and with the Gauss-Bonnet term and look
for the fixed points of scalar field dynamics which correspond to de Sitter solutions. We
show that, in the case of a positive coupling function U(¢), it is possible to introduce an
effective potential V,¢s which can be expressed through the function U of nonminimal
coupling with the curvature, the scalar field potential V, and the coupling function with the
Gauss—-Bonnet term denoted by F. We show that it is convenient to investigate the structure
of fixed points using the effective potential because the stable de Sitter solutions correspond
to minima of the effective potential. The existence and stability of de Sitter solutions in the
system under consideration can be studied with the help of function V, s since one can get
the structure and stability properties of de Sitter solutions using a graphical representation
of the effective potential only. It should be noted that the effective potential is not uniquely
defined. We can multiply it on a positive constant or add a constant to it. If the effective
potential is a positive definite function, then we can consider Vg’} 3 and —1/ VC’} fr where 7 is
a natural number, like other forms of the effective potential.

In this paper, we show that the effective potential proposed [67] for models with the
Gauss-Bonnet term multiplied on a function of the scalar field can be used in £(R, G)
models as well. To find de Sitter solutions in some £(R,G) model, we rewrite the action
of this model in the form (30) and construct the corresponding effective potential V,¢r. A
stable de Sitter solutions corresponds Ve,],‘ f((PdS) > 0, where the values of the scalar field at
de Sitter point ¢g is determined by the condition V, g f(‘PdS) = 0. We have found de Sitter
solutions in a few L(R, g) models to demonstrate the effective potential method.

Note that the proposed effective potential is a useful tool for the construction of
inflationary scenarios in the models with the Gauss—Bonnet term multiplied to a function
of the scalar field [27,55,57]. It is interesting that in the slow-roll approximation the scalar
spectral index ns and the amplitude of the scalar perturbations As as functions of the
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e-folding number can be expressed via derivatives of the effective potential given in the
form (14). Furthermore, the knowledge of unstable de Sitter solutions can be useful to
describe inflation (see, for example, Ref. [20]). We plan to generalize this approach to
inflationary scenarios in £(R, G) models.

The search for stable de Sitter solutions is important for f(R, G) models that explain the
late-time accelerated expansion of the Universe [29,59,60,62,65,66]. A generic f (R, G) action
can be transformed into one linear in R and G by including of two scalar fields, whereas the
proposed special type of such models describing by action (29) can be linearized in R and G
by including of one scalar field without kinetic term. It allows to use the effective potential
method and to simplify analysis of the stability of de Sitter solutions in distinguish to
the traditional approach [62]. The proposed L(R, G) models include not only F(R) and
F(G) gravity models, but also more complicated models with the £(R + G) function in the
action. We plan to investigate a possibility to describe the late-time accelerated expansion
of the Universe in such types of models taking into account the observation restrictions.
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