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Abstract: In this paper, we provide a general framework for the construction of the Einstein frame
within non-linear extensions of the teleparallel equivalents of General Relativity. These include the
metric teleparallel and the symmetric teleparallel, but also the general teleparallel theories. We write
the actions in a form where we separate the Einstein–Hilbert term, the conformal mode due to the
non-linear nature of the theories (which is analogous to the extra degree of freedom in f (R) theories),
and the sector that manifestly shows the dynamics arising from the breaking of local symmetries.
This frame is then used to study the theories around the Minkowski background, and we show how
all the non-linear extensions share the same quadratic action around Minkowski. As a matter of
fact, we find that the gauge symmetries that are lost by going to the non-linear generalisations of the
teleparallel General Relativity equivalents arise as accidental symmetries in the linear theory around
Minkowski. Remarkably, we also find that the conformal mode can be absorbed into a Weyl rescaling
of the metric at this order and, consequently, it disappears from the linear spectrum so only the usual
massless spin 2 perturbation propagates. These findings unify in a common framework the known
fact that no additional modes propagate on Minkowski backgrounds, and we can trace it back to the
existence of accidental gauge symmetries of such a background.

Keywords: gravity; cosmology; teleparallel

1. Introduction

Besides the standard description of General Relativity (GR) in terms of the metric and
its Levi-Civita connection, the theory has alternative formulations in terms of flat connec-
tions [1]. The reformulation using a flat and metric-compatible connection, “Einstein’s 2nd
GR”, is known as the Teleparallel Equivalent of GR (TEGR) [2]. The reformulation in terms
of a flat and symmetric connection, known as the Symmetric Teleparallel Equivalent of
GR (STEGR) [3], has been established as the minimal covariantisation of Einstein 1st GR,
“the ΓΓ formulation”, and as such the unique realisation of gravity as the gauge theory of
translations [4]. The possible fundamental motivation for teleparallelism could apparently
be very simple: the Planck mass is the mass of the gravitational connection [5]. This
would also explain the otherwise anomalous dimension of the GR action that renders it
non-renormalisable, and provides a completely new approach towards a UV completion
of gravity.

In the light of these developments, the current interest in teleparallel gravity, which is
also reflected in the several contributions to this Special Issue, is well justified. However,
most of these studies, including the one at hand, focus on non-linear modifications of
the teleparallel equivalents of GR (which, from the perspective of teleparallelism as the
low-energy manifestation of the ultra-massive spacetime connection, could perhaps be
interpreted as non-linear extensions of the quadratic Proca-like term) which have been
mainly motivated by their potential use as models of cosmological inflation and dark
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energy (and even dark matter [6,7]). The non-linear extension of TEGR, the f (T) theory [8],
has been considered in, e.g., [9–18], and the non-linear extension of STEGR, the f (Q) [4] and
related theories have been considered in, e.g., [19–28]. The general teleparallel equivalent
of GR, not subject to either the metric or the symmetric condition, was introduced quite
recently [29], and only in this paper do we take some first steps towards understanding
the properties of the non-linearly extended f (G) theory. The aim of the note is to consider
the three classes of theories from the perspective of the Einstein frame, and in particular
to clarify their common feature, which is the evanescence of the extra degrees of freedom
from the linear spectrum on a Minkowski background.

The physical content of these gravity theories in arbitrary spacetimes could be prop-
erly resolved in the non-perturbative framework of Hamiltonian analysis. This has indeed
been pursued by several authors, though exclusively in the context of metric teleparallel
gravity [10,12,18,30]. The discussion is converging towards the conclusion that there may
exist more than one extra degree of freedom, and that this can depend on the location in
the phase space in such a way that the possible physical interpretation remains a thorny
issue [31]. One may be inclined to simply discard the modified metric teleparallel models
as unphysical due to their violation of fundamental symmetry [9,32], but from a theoreti-
cal perspective, a more thorough understanding of the problem and its repercussions is
desirable, and, arguably prompted by the neat performance of the models in some phe-
nomenological aspects (see, e.g., [15] of the many references listed above). As the necessary
first step to uncovering the nature of the degrees of freedom in the non-linearly extended
theories, we scrutinise their Minkowski space limit, but we are also able to make some
generic conclusions based on the Einstein frame formulations developed in this note.

The general teleparallel equivalent of GR is reviewed in Section 2, where it is shown
that the TEGR and the STEGR are recovered as the gauge-fixed versions of the general
theory. In Section 3, we construct the scalar–tensor formulation and the corresponding
Einstein frame of f (Q) gravity by making the suitable conformal transformation [33–35],
and exploit this formulation to gain insights into the general structure, the cosmology and,
finally, the Minkowski space limit of the theory. In Section 4, we construct the analogous
Einstein frame formulation of the metric teleparallel f (T) theory [11,36,37], and in Section 5,
the same for the general teleparallel f (G) theory. The latter provides a unified framework
to consider both the previously studied classes of theories. In Section 6, we consider the
more specific problem of uniqueness of the Minkowski space. Section 7 summarises the
findings in this paper.

Notation: We will use the mostly plus signature of the metric. The covariant derivative
of the general connection Γ will be ∇, while the Levi-Civita covariant derivative will be D.
The curvatures will be denoted as R and R for the general and Levi-Civita connections,
respectively. The non-metricity is defined as Qαµν = ∇αgµν with its two independent traces
Qµ = gαβQµαβ and Q̄α = gµβQµαβ. The torsion is defined as Tα

µν = 2Γα
[µν] and its trace as

Tµ = Tα
µα.

2. The General Teleparallel Gravity

We will start by establishing the general framework to be used for the teleparallel
theories that we will consider in this work. The underlying idea to obtain teleparallel
equivalents of GR resides in the post-Riemannian expansion of the Ricci scalar for a general
connection Γ given by

R = R− G̊+Dµ(Qµ − Q̄µ + 2Tµ) (1)

where we have defined the general teleparallel quadratic scalar [29] (see also [34,38])

−G̊ =
1
4

TµνρTµνρ +
1
2

TµνρTµρν − TµTµ + QµνρTρµν −QµTµ + Q̄µTµ

+
1
4

QµνρQµνρ − 1
2

QµνρQνµρ − 1
4

QµQµ +
1
2

QµQ̄µ. (2)
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The decomposition (1) clearly shows how the Ricci scalar of the Levi-Civita connection
differs from the teleparallel scalar G̊ by a divergence term for a flat connection with R = 0.
This property roots the construction of teleparallel equivalents of GR because the Einstein–
Hilbert action can then be equivalently expressed in terms of G̊ up to a boundary term that
is irrelevant for the classical equations of motion. More explicitly, the two actions

SEH[g] =
1
2

M2
Pl

∫
d4x

√
−gR(g) and SGR‖ [g, Γ] =

1
2

M2
Pl

∫
d4x

√
−g G̊ (3)

characterise the same dynamical system. As we know, GR describes two propagating
degrees of freedom (DOFs) corresponding to the two polarisations of the gravitational
waves encoded into the spacetime metric gµν, and incorporates the gauge symmetry
provided by diffeomorphisms. The teleparallel description, however, contains the metric
and the connection DOFs, so we need additional ingredients if they are to describe the
same two DOFs of GR. We still have diffeomorphisms invariance since the action SGR‖ is

constructed as a scalar. However, the teleparallel scalar G̊ is special among the general class
of quadratic teleparallel actions because it enjoys an additional GL(4,R) local symmetry
for flat geometries [29]. To understand this statement more clearly, let us first notice that
the flatness constraint imposes the connection to be purely inertial, i.e., it is given by a pure
gauge mode that we can express as

Γα
µβ = (Λ−1)α

ρ∂µΛρ
β (4)

with Λα
β an arbitrary element of GL(4,R). The exceptional property of the scalar G̊ is

that, when evaluated on the connection (4), it does not contribute to the dynamics of the
action described by SGR‖ . The equivalence to GR can be understood from the fact that Λα

µ

only enters as a total derivative in SGR‖ [g, Λ], so the derived equations for the connection
are trivial, while the metric field equations are oblivious to Λα

µ and are in fact the same
as those derived from SEH[g]. We refer to [29] for a more detailed derivation of these
statements. The relevant property for our study in this note is that the disappearance
of the inertial connection can be interpreted as the presence of an additional GL(4,R)
local symmetry. In any case, having at our disposal the general local GL(4,R), we can
make different gauge choices, and two of them stand out in the literature for their clear
geometrical interpretation:

• The metric teleparallel gauge. This gauge is defined by further imposing that the
non-metricity of the connection vanishes Qαµν = 0 and the torsion is the only
non-trivial object associated to the connection. The non-metricity constraint im-
poses a relation between Λ and the metric that can be solved as gµν = Λα

µΛβ
νηαβ,

where we have assumed that the metric reduces to Minkowski for the identity in
GL(4,R) (see e.g., [29,39] for further discussions on this point). The teleparallel ac-
tion in this gauge defines the TEGR theory, and the fundamental scalar is given by
T = G̊(Qα

µν = 0).
• The symmetric teleparallel gauge. In this gauge, the torsion is trivialised so we have the

condition Tα
µν = 0. This condition forces the inertial connection to be generated by an

element of GL(4,R) of the form Λα
µ = ∂µξα for some arbitrary functions ξα. This is ex-

actly what corresponds to a transformation of the connection under a diffeomorphism
so that one can completely remove the connection by using appropriate coordinates.
This system of coordinates is ξα = xα (modulo a global affine transformation) that is
called the unitary or coincident gauge. The theory in this gauge defines the STEGR or
Coincident GR (alluding to the gauge choice) and is described by the non-metricity
scalar Q = G̊(Tα

µν = 0).

Non-linear extensions based on the above two gauge choices [4,8] have been consid-
ered in the literature at some length [9–28]. Regarding these generalisations, it is important
to notice that the presence of the different boundary terms is what makes the non-linear
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extensions based on different gauge choices give rise to different theories. In the next
sections, we will discuss how they can be expressed in appropriate frames where the
resemblance to GR is apparent and also the deviations. In particular, the conformal mode
can be isolated, and we will see how it couples to the boundary terms that break the
corresponding local symmetries.

3. Framing Symmetric Teleparallelisms

As discussed above, the teleparallel scalar G̊ differs from the Ricci scalar of the Levi-
Civita connection by a divergence. This is innocuous for the dynamics of theories that are
linear in these scalars, but it will have important effects on non-linear extensions. These
extensions have been explored at length in the literature and different frames have been
constructed to unveil some of their properties. For f (R) theories, it is well-known that an
Einstein frame exists where the additional scalar DOF can be made explicit as a conformal
mode. The same construction lacks in the teleparallel non-linear extensions. Here, we will
construct a frame where the differences with respect to GR are most apparent so that we
can clearly isolate the novel effects, mainly the new DOFs and the sector responsible for
the breaking of the symmetries. Let us start by considering the f (Q) theories described by:

S =
1
2

M2
Pl

∫
d4x

√
−g f (Q) (5)

with f some function of the non-metricity scalar. We will exploit the relation (1) reducing
now to

Q = R(g) +Dα Jα (6)

with Jµ ≡ Qµ − Q̄µ, to rewrite the theory in a form closer to the more common f (R)
theories and go as close as possible to the GR formulation so that we can clearly isolate the
Diff-violating sector of the theory. We can perform a Legendre transformation to write the
action as

S =
1
2

M2
Pl

∫
d4x

√
−g
[

f (χ) + ϕ
(
R+Dµ Jµ − χ

)]
. (7)

We have introduced two auxiliary fields, ϕ and χ, that can be integrated out to recover
the original form of the action. To arrive at our desired frame, we can integrate out only
the field χ from its equation of motion f ′(χ) = ϕ so the action can be expressed as

S =
1
2

M2
Pl

∫
d4x

√
−g
[

ϕR−U (ϕ)− ∂α ϕJα
]
. (8)

with
U =

[
ϕχ− f

]
χ=χ(ϕ)

(9)

and we have also integrated by parts in the last term. This frame resembles the Jordan–
Brans–Dicke frame of classical scalar–tensor theories, except for the coupling of ϕ to the
current Jα that is responsible for the crucial differences. To go to the Einstein frame, we now
perform a conformal transformation gµν = 1

ϕ qµν to recover the standard Einstein–Hilbert

term. After some arrangements and introducing the field redefinition ϕ ≡ e2φ, the action
can be written as

S =
1
2

M2
Pl

∫
d4x

√
−q
[
R(q)− 6(∂φ)2 − Ũ (φ)− 2e−2φ∂αφJα

]
(10)

where we have defined Ũ = e−4φU . We already have the Einstein–Hilbert sector, but to
achieve the final form of the Einstein frame, we still need to perform the conformal
transformation for the current Jµ to express it in terms of the transformed metric qµν.
A simple computations yields

Jα =
(

gαβgµν − gαµgβν
)
∇βgµν = e2φ

[(
qαβqµν − qαµqβν

)
∇βqµν − 6qαβ∂βφ

]
. (11)
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With this expression, we can finally write the action in the following apparent form

S =
1
2

M2
Pl

∫
d4x

√
−q
[
R(q) + 6(∂φ)2 − Ũ (φ)− 2

(
qαβqµν − qαµqβν

)
∂αφ∇βqµν

]
(12)

that is the Einstein frame representation of the f (Q) theory. To date, we have not fixed any
gauge, so we are still free to choose a suitable one. As usual, a convenient choice is the
unitary or coincident gauge where the connection trivialises so ∇ → ∂. We should notice
that we did not have to transform the connection since it is an independent field that we
can trivialise. Of course, we could have assigned some transformation property for the ξ’s,
but our results do not depend on this and, at this stage, it would seem like an unnecessary
complication (see nonetheless the relevant discussion in Section 2). Therefore, we can write

SCG =
∫

d4x
√
−q
[

1
2

M2
PlR(q) + 3(∂φ)2 − 1

2
M2

PlŨ (φ)−MPl

(
qαβqµν − qαµqβν

)
∂αφ∂βqµν

]
, (13)

where we have also restored the natural dimension of the scalar field φ → φ/MPl. This
formulation of the theory shows in a very transparent manner the solutions with a constant
conformal mode coincides with those of GR up to a shift in the cosmological constant
originating from the potential Ũ . Thus, differences with respect to GR will only appear for
Lorentz breaking configurations of the conformal mode.

The action can be written yet in an alternative, possibly more useful for some develop-
ments, manner by using the relations

qαβqµν∂βqµν = ∂α log |q| and qαµqβν∂βqµν = −∂βqβα (14)

with q = det qµν. We can then express the action in the following equivalent form:

SCG =
∫

d4x
√
−q
[

1
2

M2
PlR(q) + 3(∂φ)2 − 1

2
M2

PlŨ (φ)−MPl

(
∂α log |q|+ ∂βqβα

)
∂αφ

]
. (15)

It is interesting to note that the first term of the Diff-breaking sector ∂α log q∂αφ respects
volume-preserving-Diffs. In this respect, it would be interesting to explore potential
relations with unimodular gravities and its deformations.

As promised, we have rewritten the theory in a form that closely resembles the usual
formulation of GR, and we can see that the effect of considering a non-linear function of the
non-metricity scalar is twofold: the appearance of the dynamical conformal mode φ (this
is common to the f (R) theories) and the Diff-breaking term expressed in the appearance
of ∂αqµν that is new to the f (Q) theories. It is worrisome that the Einstein–Hilbert term
and the kinetic term for the conformal mode enter with the same sign, which can be seen
as an indication of an unavoidable ghost either in the graviton or in the conformal mode.
This is in high contrast with the metric f (R) theories where the conformal mode enters
with the correct sign. In the f (Q) theories, it is precisely the current Jµ that gives an extra
contribution that flips the sign of the kinetic term (∂φ)2. This does not preclude by itself
a healthy conformal mode since the mixing with qµν in the last term could allow for a
positive definite kinetic term. Thus, we can conclude that if the theory is to stay healthy,
the mixing between the conformal mode and the metric qµν from the diffeomorphism-
breaking sector is crucial. By applying the Sylvester criterion to the kinetic matrix, we
conclude that it can only be positive definite if there are constraints that eventually flip the
sign of (∂φ)2 back to the healthy case.1 On the other hand, we must notice the presence
of both self-interactions and interactions with the conformal mode for the metrics that
do not respect diffeomorphisms. This is generically a very pathological feature prone to
containing a Boulware–Deser ghost [40].

1 Let us recall that a matrix is positive definitive if all the principal minors are strictly positive. Thus, avoiding ghosts forces all the diagonal elements
of the kinetic matrix to be positive since the upper left element can be arbitrarily chosen.
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In view of the discussed drawbacks, it is interesting to note that the lapse and the shift
in the ADM decomposition of qµν have vanishing conjugate momenta, i.e., they do not
propagate at fully non-linear order. To show this property, let us introduce the usual ADM
decomposition for the metric

q00 = −N2 + γijNi Nj, q0i = Ni, qij = γij, (16)

and its inverse

q00 = − 1
N2 , q0i =

Ni

N2 , qij = γij − Ni N j

N2 , (17)

with γij the inverse of γij. The determinant is given by det qµν = −N2γ, with γ = det γij.
With this decomposition, it is straightforward to see explicitly the non-dynamical nature
of the lapse N and the shift Ni because the diffeomorphism-breaking sector is the only
one that could potentially generate non-trivial momenta for them. Since the shift and the
lapse mix with the derivatives of the conformal mode, there is a hope that integrating them
out might flip the sign of the kinetic term. If we consider a homogeneous configuration,
that is the relevant case for our purpose, we can see that this sector gives the following
contribution to the Lagrangian:

L ⊃ −MPl
√
−q
(

q00qij − q0iq0j
)

φ̇ q̇ij = MPl
√

γ
1
N

γijφ̇ γ̇ij (18)

so neither the lapse nor the shift enter with time derivatives, thus guaranteeing a set
of four primary constraints. This was already hinted in [19] in the original f (Q) frame.
In the Einstein frame, the non-dynamical nature of the lapse and the shift is slightly more
transparent. Furthermore, we can use the identity ∂0 log γ = γij∂0γij to write the above
expression as

L ⊃ −MPl
√
−q
(

q00qij − q0iq0j
)

φ̇ q̇ij =
MPl√

γN
φ̇ γ̇. (19)

It becomes apparent that actually only the determinant of the spatial metric mixes with
the conformal mode. In [19], it was shown that the cosmological perturbations propagate
two additional scalars with respect to GR, and below we will reproduce the same result
from the perspective of the Einstein frame. In view of the above partial results for the
Hamiltonian analysis, it would seem reasonable to assign those two additional scalar
modes to the conformal mode and the determinant of the metric in the Einstein frame.
In order to unveil the dynamical DOFs and, in particular, the presence of the Boulware–
Deser ghost, a Hamiltonian analysis would be necessary. The Einstein frame (13) seems
especially well-suited for this task that is beyond the scope of this communication, but is
currently under way [41].

In the matter sector, we will have the coupling to the usual conformal metric so the
matter action in this frame is simply Sm = Sm[ψ, e−2φ/MPl qµν]. Among other consequences,
this conformal coupling could allow for a chameleon type of screening mechanism for the
scalar field φ very much like in the f (R) theories [42,43]. The impact of the Diff-breaking
term in the scalar field sector should be analysed however before concluding the effective
presence of this screening mechanism. In particular, as explained above, this term might be
crucial to have a healthy conformal mode.

Although one might object that the violation of Diffeomorphisms is caused precisely
by our choice of coordinates, we should remember that the connection actually plays the
role of Diff-Stückelbergs, and this should now be apparent from the action (13). In fact,
the singular property of the STEGR is that even in this gauge, Diffeomorphisms invariance
arises as a gauge symmetry of the theory. The reason is that the Legendre transformation
becomes singular in that case and the Diff-breaking term does not appear from the onset.
Coming back to the present case, the Diff-breaking sector is expected to give rise to the
propagation of more degrees of freedom. In this frame, it is, however, straightforward to
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see that only the conformal mode will have a proper kinetic term around Minkowski. If we
take φ = φ0 + π and qµν = ηµν +

1
MPl

hµν. The quadratic action reads

S (2)CG =
∫

d4x
[
LGR(h) + 3(∂π)2 − 1

2
m2

ππ2 −
(

∂αh− ∂βhαβ
)

∂απ

]
(20)

with
LGR(h) = −

1
8

∂µhαβ∂µhαβ +
1
4

∂µhαβ∂βhαµ − 1
4

∂µh∂αhαµ +
1
8

∂µh∂µh (21)

the standard quadratic Lagrangian of GR, h ≡ hα
α and m2

π = 1
2 M2

PlU
′′(φ0) the mass of

the field generated by the potential. We can now identify that a gauge symmetry appears
on this background. If we perform a Diff gauge transformation parametrised by ζµ so
that δπ = 0 and δhµν = 2∂(µζν), we can see that it is a symmetry of the quadratic action.
The first three pieces in (20) are obviously invariant because they are Diff-invariant at the
full-non linear level, so we have

δζS
(2)
CG = −

∫
d4x

(
∂α∂ · ζ −�ζα

)
∂απ (22)

that vanishes upon integration by parts. The symmetry becomes apparent by noticing
that we can express the mixing between the conformal mode and hµν as hµν Jµν with
Jµν = ∂µ∂νπ − ηµν�π and identically off-shell conserved current.2 Since this symmetry
is not present in the full theory, it is an accidental gauge symmetry of this background
what signals that some propagating dofs become non-dynamical on this background and,
consequently, this background suffers from strong coupling. In other words, the Minkowski
solution will represent a singular surface in phase space that is likely to act as a repeller or
singular (non-complete) trajectories in phase space so it will never be smoothly reached
from an arbitrary point in phase space. Another interpretation of this feature is that
the Cauchy problem will not be well-posed on this surface. This is consistent with the
findings in [19], where it was shown that some propagating modes in a general Friedmann–
Lemaître–Robertson–Walker metric become non-dynamical around maximally symmetric
backgrounds, in particular Minkowski. We will obtain another version of this problem in a
cosmological context below.

The quadratic action can be diagonalised by performing the field redefinition hµν →
hµν + 2πηµν, that corresponds to the linear version of a Weyl rescaling. After this field
redefinition, we obtain

S (2)CG =
∫

d4x
[
LGR(h)−

1
2

m2
ππ2

]
(23)

so the kinetic mixing of the conformal mode with the graviton can be eliminated with the
performed field redefinition without generating any kinetic term for π. In this diagonalised
action, it is trivial to see that we have a linearised Diffs gauge symmetry and the conformal
mode is non-dynamical.

It is instructive to reproduce some results of the cosmological solutions in this frame.
The background action in the mini-super space is given by

S =
∫

d3xdta3N

[
3H2M2

Pl
N2

(
2 +

Ḣ
H2 −

Ṅ
HN

)
− 3

N2
˙̄φ2 −UE(φ̄) + 6

HMPl

N2
˙̄φ

]
. (24)

The last term proportional to MPl is generated by the Diff-breaking term of the ac-
tion and we see that it retains a time-reparametrisation invariance t → αt together with
N → N/α that guarantees the existence of some Bianchi identities for the background
cosmological equations. This is the Einstein frame version of the property already noted
in [19]. Let us note that the relative coefficients between the two terms in (13) is crucial for

2 This is the same kinetic mixing that appears between the Stückelberg field and the graviton in the decoupling limit of massive gravity [44].
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the existence of this symmetry, and this roots on the precise form of the current Jµ. Any
other relative coefficient between the coefficients of this current will break this symmetry,
what shows the peculiarity of the non-metricity scalar.

It is also instructive to recover the residual gauge symmetry found in [19] around max-
imally symmetric backgrounds in this frame. For that, we will consider our gravitational
action in the presence of a matter sector given by a canonical scalar field

Sψ =
∫

d4x
√
−q
[
−1

2
e−2φ/MPl qµν∂µψ∂νψ− e−4φ/MPl V(ψ)

]
(25)

that we have already expressed in the conformally transformed frame, i.e., where the
conformal mode couples directly to matter. We will now consider a perturbed cosmology
described by the line element:

ds2
q = a2

[
−(1 + 2Φ)dη2 + 2∂iBdxidη +

((
1− 2Ψ

)
δij + 2

(
∂i∂j −

1
3

δij∇2)E)dxidxj
]

(26)

with the conformal mode and the matter sector given by

φ = φ̄ + δφ, ψ = ψ̄ + δψ. (27)

We can obtain the equations of motion for the different perturbations and apply a
gauge transformation of the form

∆ζ Φ = −(ζ0)′ −Hζ0, (28)

∆ζ Ψ = −1
3

k2ζ +Hζ0, (29)

∆ζ B = −ζ ′ + ζ0, (30)

∆ζ E = −ζ, (31)

∆ζ δφ = −φ̄′ζ0, (32)

∆ζ δψ = −ψ̄′ζ0. (33)

Upon use of the background equations of motion, the corresponding perturbed equa-
tions change as

∆ζEΦ = φ̄′FΦ(ζ0, ζz,H, ψ̄, ψ̄′), (34)

∆ζEΨ = φ̄′FΨ(ζ0, ζz,H, ψ̄, ψ̄′), (35)

∆ζEB = −k2MPlφ̄
′
(
(ζ0)′ + k2ζ

)
, (36)

∆ζEE =
4
3

k4MPlφ̄
′ζ0, (37)

∆ζEδφ = −2k2MPlH(ζ0 + ζ ′), (38)

∆ζEδψ = 0. (39)

where FΦ,Ψ are certain functions of their arguments whose precise form is not relevant
for our purpose. The transformation of the equation for the matter scalar field vanishes
identically because it is diffeomorphism-invariant. Regarding the gravitational sector, we
can see how the Diff-breaking terms result in the non-invariance of the corresponding
equations. However, if the conformal mode is constant on the background so φ̄′ = 0, we
see that we recover a residual gauge symmetry, provided the gauge parameters satisfy
ζ0 + ζ ′ = 0. This is the same residual symmetry identified in [19] for maximally symmetric
backgrounds in the f (Q) frame.3 In this frame, we see that those solutions correspond to

3 It is intriguing the constraint for the gauge parameters that reminds to the definition of a Killing vector. We are thus tempted to attribute this
residual gauge symmetry to the additional isometries of maximally symmetric backgrounds.
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having a constant conformal mode. Furthermore, if we also haveH = 0 as it corresponds
to Minkowski, the equations do not change, in accordance with our result above that the
Minkowski background exhibits a general linearised Diff symmetry with no constraints
on the gauge parameters. This further supports that the linearised gauge symmetry of
Minkowski is an accidental symmetry of that background.

4. Metric Teleparallelisms

We will now turn to the substantially more studied class of f (T) theories. We can
notice that it is straightforward to apply the procedure used to construct the Einstein
frame of f (Q) to the f (T) theories. The only difference with f (Q) arises from the different
boundary term, i.e., the different current Jµ that now is given by

Jµ = 2Tβ
αβgαµ = 2e2φTβ

αβqαµ. (40)

Since the metric is determined in terms of the inertial connection parametrised by
Λα

µ so that gµν = Λα
µΛβ

νηαβ, we need to perform the conformal transformation on the
fundamental field as Λα

µ = e−φΛ̃α
µ and the torsion acquires an inhomogeneous piece

Tα
µβ = T̃α

µβ − 2∂[µφ δα
β]. (41)

The current can then be written as

Jµ = 2e2φ
(
T̃µ − 3∂µφ

)
. (42)

Obtaining the transformed action for the f (T) theories then amounts to plugging this
current into (9) that yields

S =
1
2

M2
Pl

∫
d4x

√
−q
[
R(q) + 6(∂φ)2 − Ũ (φ)− 4qαβ∂αφT̃β

]
=

1
2

M2
Pl

∫
d4x

√
−q
[
R(q) + 6(∂φ)2 − Ũ (φ)− 8qαβ∂αφ(Λ̃−1)µ

ρ∂[βΛ̃ρ
µ]

]
. (43)

We obtain the same kinetic term for the conformal mode, again with the wrong
sign, and the inertial connection Λ̃ enters in the term that explicitly breaks local Lorentz
invariance. The wrong sign for the conformal mode was also noted in [36] and will have
all the associated pathologies discussed above. We can also see from the action (43) that
the Minkowski solution exhibits an accidental local symmetry, this time corresponding to a
local Lorentz invariance. If we take a Minkowski background with φ = φ0 +π and consider
perturbations along an SO(3, 1) direction for the connection, no quadratic kinetic terms
appear for any DOF associated to the connection. This is because, for these perturbations,
the metric remains Minkowski at all orders, so qµν = ηµν at all orders. On the other hand,
the inertial connection can be parametrised in terms of an element of the Lorentz Lie
algebra ωα

β ∈ so(3, 1) as Λ̃ = exp ω so the quadratic action reads

S = −4M2
Pl

∫
d4x∂απ∂[αωµ

µ] = −2M2
Pl

∫
d4x

(
∂απ∂αωµ

µ + ∂µ∂απωµα

)
= 0 (44)

that is trivial because the generators of the Lorentz group are traceless and ωµν = −ωνµ

and, consequently, we conclude that this corresponds to a local symmetry of the quadratic
action around Minkowski.

The theory preserves Diffs-invariance so there is a gauge symmetry at the full non-
linear level. If we parametrise a gauge transformation by ζµ, for the considered Minkowski
background now with Λ̃α

µ = δα
µ + λα

µ, we have

δζ π = 0, δζ λα
µ = ∂µζα. (45)
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For these perturbations the action reads

S (2) =
∫

d4x
[
LGR(h) + 3(∂π)2 − 1

2
m2

ππ2 − 2
(

∂αλµ
µ − ∂µλµ

α

)
∂απ

]
. (46)

where we have rescaled π → π/MPl, λ→ λ/MPl. It is then easy to see that the action is
invariant under (45).

We can split the connection perturbation into symmetric and antisymmetric pieces as
2λµν = hµν + bµν. This decomposition isolates the pure metric perturbation hµν = 2λ(µν)

from the perturbation bµν = 2λ[µν] along the SO(3, 1) direction at linear order. As we have
shown, the quadratic action retains a local Lorentz symmetry, so bµν will not appear at this
order, and the quadratic action can be written as

S (2) =
∫

d4x
[
LGR(h) + 3(∂π)2 − 1

2
m2

ππ2 −
(

∂αh− ∂βhαβ
)

∂απ

]
. (47)

We thus obtain the same quadratic action as in the Minkowski background for f (Q)
theories, and we need to go to higher orders to see the differences. As shown above,
the kinetic mixing of the conformal mode can be absorbed into a field redefinition of hµν, so
we recover the standard result that no additional modes propagate around Minkowski. This
property of the Minkowski background in f (T) theories was already noticed in [10], and
the associated pathologies in relation with a problematic time evolution or ill-posedness
of the Cauchy problem has been discussed in [45,46]. A detailed discussion on how
background solutions with remnant symmetries (to use the language of the f (T) literature)
jeopardise the stability of those solutions can be found in [47]. Needless to say that all those
shortcomings will also apply to the Minkowski solutions in the general class of teleparallel
theories explored in this work, in particular the f (Q) theories studied above and the more
general class that is the subject of the next section.

5. General Teleparallelisms

Finally, it is straightforward to extend the above construction to the case of the general
teleparallel theory. Let us consider the non-linear extension

S =
1
2

M2
Pl

∫
d4x

√
−g f (G̊). (48)

In this case, the total derivative involves both non-metricity and torsion, but we can
still apply the same procedure with the current

Jµ = Qµ − Q̄µ + 2Tµ. (49)

Now there is no constraint between the inertial connection and the metric, so we can
assign an arbitrary weight to the transformation law of Λ and the connection transforms as

Γα
µβ = Γ̃α

µβ + wΛ∂µφδα
β (50)

that corresponds to an integrable projective transformation.4 This results in a transforma-
tion of the non-metricity as follows:

Qµαβ = ∇µgαβ = ∇̃µqαβ − 2wΛ∂µφqαβ (51)

The transformed current is then

Jα = e2φ
[(

qαβqµν − qαµqβν
)
∇̃βqµν + 2T̃µ − 6∂µφ

]
. (52)

4 In the classification of scale transformations in metric-affine geometry [34], wΛ = 0 is the conformal transformation and wΛ = 1 is the frame
rescaling.
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Notice that this is independent of wΛ, and this explains why we obtained the same
kinetic term for the conformal mode in f (Q) and f (T). Equipped with the general form of
the current, we can write the action as

S = 1
2 M2

Pl

∫
d4x
√−q

[
R(q) + 6(∂φ)2 − Ũ (φ)− 2

[(
qαβqµν − qαµqβν

)
∇̃βqµν + 2T̃α

]
∂αφ

]
. (53)

where we can clearly see how the inertial connection only enters in the last term generated
by the current Jα, and its explicit form is

SΛ = −M2
Pl

∫
d4x

√
−q
[(

qαβqµν − qαµqβν
)
∇̃βqµν + 2T̃α

]
∂αφ (54)

= −M2
Pl

∫
d4x

√
−q
[(

qαβqµν − qαµqβν
)

∂βqµν +
(

δα
µqβν − δν

µqαβ
)
(Λ−1)µ

ρ∂νΛρ
β

]
∂αφ.

This final form for the action permits to generalise to the entire family of f (G̊) theories
in a straightforward manner the result mentioned above for f (Q) (and known in the
literature for f (T)) that the solutions with a constant conformal mode are the same as
those of GR. Since the current couples to the derivative of the conformal mode, this will
have no effect for a constant φ (i.e., for a Lorentz invariant configuration), and its only
contribution will come from the potential evaluated at that value as a shift in the value
of the cosmological constant. This general coincidence of the space of solutions of GR
and the considered teleparallel theories for a constant conformal mode already hints to
the possibility of a pathological nature of the Minkowski background (with a constant
conformal mode) as we show next.

In order to proceed with our study of the Minkowski spectrum, let us consider a
background with qµν = ηµν +

1
MPl

hµν, φ = φ0 +
1

MPl
π and Λα

µ = δα
µ + 1

MPl
λα

µ so the
quadratic action reads

S (2) =
∫

d4x
[
LGR(h) + 3(∂π)2 − 1

2
m2

ππ2 −
(

∂αh− ∂βhαβ
)

∂απ − 2∂βλ[αβ]∂απ

]
. (55)

Once again, we recover the corresponding accidental gauge symmetries around
Minkowski. The inertial connection only enters through its component along the Lorentz
group λ[αβ] which, furthermore, completely drops upon integration by parts. Thus, the in-
ertial connection completely disappears from the quadratic action and can therefore be
regarded as a pure GL(4,R) gauge mode. It is important to notice that this is not a sym-
metry of the full theory, but only of the linear theory. On the other hand, the metric
perturbation acquires once again the Diff-invariant coupling to the scalar field through
an identically conserved current, i.e., the conformal mode couples to the linearised Ricci
scalar of qµν at this order. Since, as discussed above, this can be absorbed by a (linear) Weyl
rescaling of the metric, we obtain the same result as for f (T) and f (Q) that all additional
degrees of freedom vanish at linear order around Minkowski due to the appearance of
accidental gauge symmetries. While diffeomorphisms were expected because the full
theory is Diff-invariant, the local Lorentz symmetry is an accidental local symmetry of the
Minkowski background. The same pathological behaviour is thus expected for the whole
class of f (G) theories.

We can now gain a deeper understanding and establish a general result for non-linear
extensions of teleparallel equivalents of GR. The most general teleparallel equivalent is
the one constructed with G̊, where only the defining property of teleparallel geometries is
imposed. Then, the two paradigmatic examples given by the STEGR and the TEGR are just
two partially gauge-fixed actions that live under the umbrella of the general teleparallel
equivalent of GR.5 In this respect, it is then natural to expect that non-linear extensions

5 More logically, one would refer to this as TEGR (if not GTEGR), and to metric teleparallel case as MTEGR since the symmetric teleparallel case is
referred to as STEGR. However, in this paper, we rather followed the historical convention than insisted on a new, logical convention.
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based on these partially gauge-fixed versions of the theory share some common features.
In fact, the partial gauge fixing can be imposed by introducing an appropriate gauge-fixing
term in the action via, e.g., Lagrange multipliers [48], and we can do this either in the
original frame or in the Einstein frame. For instance, the Einstein frame of f (Q) can be
obtained from (53) or (54) by simply adding a Lagrange multiplier imposing Tα

µν = 0.
Similarly, the f (T) theories can be obtained by imposing Qαµν = 0 in (53) or (54). However,
since we have obtained the disappearance of any additional DOFs around Minkowski for
the general f (G̊), this result will remain for any other partially gauge fixed theory giving
rise to genuinely distinctive non-linear extensions.

6. On the Existence of Inequivalent Minkowski Solutions

In the preceding sections, we have provided a unified framework to understand the
absence of additional DOFs on a Minkowski background for the considered non-linear
extensions of the teleparallel equivalents of GR as a consequence of having accidental
gauge symmetries. However, given the geometrical framework where these theories are
formulated and, in particular, the loss of crucial symmetries in the non-linear extensions,
it is pertinent to discuss how to properly characterise what we mean by Minkowski
background and, in this respect, how natural our Minkowski Ansätze are. We will focus
on the symmetric and the metric teleparallelisms because they are the most extensively
studied cases.

One could argue that there is a fundamental difference between the metric and the
symmetric teleparallel theories owed to the different constraints imposed upon the connec-
tion. In both teleparallelisms, the connection is enforced to be flat so that it must be purely
inertial, and it is thus determined by Λα

µ. In the metric teleparallelism, the additional
metric compatibility constraint determines the spacetime metric in terms of this inertial
connection. By selecting a locally Lorentzian metric ηαβ, the spacetime metric is then
given by

gµν = ηαβΛα
µΛβ

ν (56)

i.e., the inertial connection is nothing but the usual soldering form. This solution of the
metric compatibility constraint leaves a local Lorentz symmetry in the determination
of the metric from the inertial connection, which is at the origin of the possibility of
constructing inequivalent solutions for gµν. In particular, it is evident that seeking for
Minkowski solutions with gµν = ηµν only restricts the space of allowed inertial connections
Λ ∈ GL(4,R) to its Lorentz subgroup SO(3, 1). Thus, naively imposing a Minkowski
metric does not completely determine the solution and different Lorentz-related inertial
connections giving gµν = ηµν could lead to different linear spectra. This amounts to
replacing the identity by an arbitrary element of SO(3, 1) in the expansion employed for
the analysis of Section 4.

The symmetric teleparallelism exhibits an arguably different behaviour. In this case,
the additional constraint imposes the connection to be torsion-free, and this leads to an
inertial connection which further corresponds to a pure coordinate transformation. Thus,
the connection can be fully trivialised, the metric tensor remains as the only dynamical
variable, and there is no ambiguity in the definition of a Minkowski solution defined as a
solution satisfying Qαµν = 0. Since this is a tensorial identity, it does not depend on the
specific gauge choice. In the coincident gauge, it reduces to imposing the constancy of
the metric coefficients. There is an interesting issue, however, as to how we are to define
the Minkowski space regarding its connectivity. Everyone would agree that Minkowski
is described by a metric whose associated Levi-Civita connection has a trivial Riemann
tensor. However, this leaves the possibility of introducing any other connection that does
not spoil this property. It seems natural to further stipulate that Minkowski corresponds to
selecting a trivial connection. However, within the symmetric teleparallel framework we
can leave the inertial connection free (i.e., the ξ ′s) while fixing the metric to be Minkowski,
thus relaxing the stronger condition Qαµν = 0. In other words, we can look for non-trivial
solutions for the Diff-Stückelberg fields imposing a Minkowski solution for the metric.
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Of course, this would be equivalent to some non-trivial spacetime metrics by going to the
coincident gauge, something that we can always do. The question is somewhat analogous
to the choice of inertial coordinates in special relativity. In the symmetric teleparallel case,
the same question arises, and a possible answer to this question has been given in [49],
where a prescription for a canonical frame is given.

Clearly, we could define the Minkowski spacetime by the fully covariant property that
the curvature, the torsion and the non-metricity vanish. In the metric teleparallel theories,
this amounts to the condition Tα

µν = 0 in analogy to the condition Qαµν = 0 in symmetric
teleparallel theories.

Only this definition, coupled with the requirement that gµν = ηµν, removes the
ambiguity of the vacuum. It was first pointed out in the context of metric teleparallelism,
that due to the breaking of the Lorentz invariance induced by the modification of gravity,
the vacuum as defined by gµν = ηµν is not unique, but different choices of vacua, related
by a Lorentz transformation, can have different particle spectra [50]. This was confirmed
explicitly in the study of linear cosmological perturbations in both flat and in spatially
curved Friedmann–Lemaître backgrounds [51]. Most recently, Golovnev and Guzmán
presented a more detailed case study in gµν = ηµν spacetime(s) using rotated and boosted
tetrads, which resulted in the appearance of additional propagating mode(s) [16]. However,
the condition Tα

µν = 0 proposed above eliminates the possibility of the non-trivial6

rotations and boosts. In the thus defined vacuum, characterised by diagonal Minkowski
tetrads, the new modes are strongly coupled and manifest only at the 4th order perturbation
theory [17].

7. Discussion

In this paper, we have constructed appropriate frames for teleparallel theories based
on non-linear extensions of the teleparallel scalars that provide alternative descriptions
of GR in flat geometries. We have started with the most extensively studied cases of f (Q)
and f (T) theories where the fundamental geometrical objects are the non-metricity and the
torsion, respectively, but we have also examined the f (G̊) theories that contain both torsion
and non-metricity. In all cases, we have written the theories with the usual Einstein–Hilbert
term, the separated conformal mode (common to the metric f (R) theories) and the sector
that explicitly breaks the symmetries of the teleparallel equivalents of GR.

We have found that the conformal mode enters with the wrong kinetic term and
couples derivatively to the symmetry-breaking sector. Thus, if this mode is to be stable,
a crucial non-trivial mixing with that sector is needed. However, precisely the symme-
try breaking nature of this sector makes it prone to pathologies, mainly in the form of
ghostly DOFs like the Boulware–Deser ghost expected in f (Q), although this remains
to be explicitly shown. We have instead focused on the linear spectra of the theories
around Minkowski backgrounds. For the f (Q) theories, we have observed that the theory
restores a diffeomorphism invariance that is not present in the full theory and, furthermore,
the conformal mode can be absorbed into a field redefinition so it becomes non-dynamical.
Similarly, in f (T), we have observed that the quadratic action around Minkowski enjoys a
linearised local Lorentz symmetry and, again, the conformal mode becomes non-dynamical
after an appropriate field redefinition. We thus recover that no additional modes besides
the massless spin-2 propagates on Minkowski, and we have related this property to the
existence of accidental gauge symmetries. It is important to emphasise that our results do
not depend on the number and nature of the extra degrees of freedom in the full theory.
Since the non-linear extensions break local symmetries, there will be associated extra modes
and all of these will be strongly coupled on the Minkowski background.

By considering the non-linear extensions based on the general teleparallel equivalent
of GR, we have revealed how it is not a coincidence that f (Q) and f (T) share the same

6 By the trivial remaining freedom we more precisely mean a global SO(3, 1) in the metric teleparallelism, and a global GL(4,R) in the general
teleparallelism. In symmetric teleparallelism, there remains the global affine transformation of the coordinate system.
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quadratic action around Minkowski since this is in turn what occurs for the whole class of
theories based on non-linear extensions of teleparallel equivalents of GR. We have obtained
the general quadratic action around Minkowski for the f (G̊) theories and shown how they
all exhibit sufficient accidental gauge symmetries as to guarantee that only the massless
spin-2 mode propagates on Minkowski. Since the these symmetries are not present in
the full theory, the presence of additional dynamical DOFs is expected, thus pointing
towards the generic strongly coupled nature of Minkowski in these theories. The existence
of accidental gauge symmetries is shared by other theories formulated in the teleparallel
framework, such as the class of general quadratic theories as discussed in, e.g., [52–56].
In fact, the New General Relativity theory introduced in [52] was defined precisely to
have an accidental gauge symmetry on a Minkowski background (see the analysis in [57]).
The accidental symmetry is the source of pathologies at the non-linear level as discussed
in, e.g., [39,58]. The result for the non-linear extensions considered in our analysis is
particularly remarkable because the found accidental symmetries ensure that no additional
modes propagate on a Minkowski background, while other classes of teleparallel theories
admit extra modes on Minkowski (a Kalb–Ramond field in the case of New GR for instance)
even though it exhibits accidental symmetries.

Finally, we have discussed the issue of equivalent physical solutions, especially the
equivalence of Minkowski solutions within these theories highlighting the similarities,
but also the differences in metric and symmetric teleparallel theories. Conditions for the un-
ambiguous definition of Minkowski spacetime are provided for both non-linear extensions.

We will end this paper by noticing that our framework can be straightforwardly
extended to scalar–teleparallel theories. For instance, by starting with the scalar-non-
metricity action [33,59]

S =
1
2

MPl

∫
d4x

√
−g
[

G(ψ)Q− (∂ψ)2 −V(ψ)
]

(57)

with G(ψ) some function. It is apparent that we can rewrite this action in the form (8) via
the field redefinition ϕ = G(ψ) whenever G is invertible. Then, we can directly go to the
Einstein frame following exactly the same steps and the resulting action will be

S =
M2

Pl
2

∫
d4x

√
−q
[
R(q) + 6

(
1− 2e2φ

3G′2

)
(∂φ)2 − Ũ (φ)− 2

(
qαβqµν − qαµqβν

)
∂αφ∂βqµν

]
. (58)

Thus, we arrive at the same action but with a correction to the kinetic term of φ.
Obviously, the remaining scalar-teleparallel extensions involving T (see, e.g., [60–63]) and
G̊ will exhibit similar properties. As a matter of fact, it is evident that the Einstein frames
will acquire exactly the same correction to the conformal mode as in (58), and the differences
will arise again from the different currents Jµ. The correction to the kinetic term of the
conformal mode can in turn be crucial for its stability since now we can always have a
healthy region whenever 2e2φ

3G′2 > 1 that was not available in the non-linear extensions F(Q),
F(T) and F(G̊). Furthermore, the extra contribution to the kinetic term of the conformal
mode will also help it to propagate on a Minkowski background. This does not mean the
complete absence of accidental gauge symmetries for these scalar–teleparallel extensions,
but shows again the maximal character of the non-linear theories in terms of symmetries or
minimal in terms of propagating modes in the sense that only the graviton propagates.
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