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where H is the Hamiltonian used in defining the Hamilton equations. In the canonical
quantization of gravity, the Hamiltonian is transformed to a partial differential operator of
hyperbolic type H and the possible quantum solutions of gravity are supposed to satisfy
the so-called Wheeler-DeWitt equation

Hu =0 (7)

in an appropriate setting, i.e., only the Hamilton condition (6) has been quantized, or equiva-
lently, the normal Einstein equation, while the tangential Einstein equations have
been ignored.

In [1], we solved Equation (7) in a fiber bundle E with base space Sy,

So = {x¥ =0} = M(0), 8)

and fibers F(x), x € Sp,
F(x) C TY*(So), )

the elements of which are the positive definite symmetric tensors of order two, the Rieman-
nian metrics in Sp. The hyperbolic operator H is then expressed in the form

H=—-A—(R-2A)g, (10)

where A is the Laplacian of the Wheeler-DeWitt metric given in the fibers, R the scalar
curvature of the metrics g;;(x) € F(x), and ¢ is defined by
- det Sij

q)Z

= , 11
detxi]- ( )

where Y;; is a fixed metric in Sp such that instead of densities, we are considering functions.
The Wheeler-DeWitt equation could be solved in E but only as an abstract hyperbolic equa-
tion. The solutions could not be split in corresponding spatial and temporal eigenfunctions.

Therefore, we discarded the Wheeler—-DeWitt equation in [3] (see also [4], Chapter 1)
and looked at the evolution equations given by the second Hamilton equation. We re-
placed the left-hand side, a time derivative, with the help of the Poisson brackets. On the
right-hand side, we implemented the Hamilton condition, Equation (6). After canonical
quantization, the Poisson brackets became a commutator and we applied both sides of
the equation to smooth functions with compact support defined in the fiber bundle. We
evaluated the resulting equation for a particular metric that we considered important to the
problem and then obtained a hyperbolic equation in the base space, which happened to be
identical to the Wheeler-DeWitt equation obtained as a result of a canonical quantization
of a Friedman universe if we only looked at functions that did not depend on x. Evidently,
this result can not be regarded as the solution to the problem of quantizing gravity in a
general setting.

The underlying mathematical reason for the difficulty was the presence of the term
R in the quantized equation, which prevents the application of separation of variables,
since the metrics g;; are the spatial variables. In this paper, we overcome this difficulty
by quantizing the Hamilton equations without alterations, i.e., we completely discard the
Hamilton condition. From a logical point of view, this approach is as justified as the prior
procedure by quantizing only the normal Finstein equation and discarding the tangential
Einstein equations—despite the fact that the tangential Einstein equations are equivalent to
the Hamilton equations. This equivalence is considered to be an essential prerequisite for
canonical quantization, which is the quantization of the Hamilton equations.
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During quantization, the transformed Hamiltonian is acting on smooth functions
u, which are only defined in the fibers, i.e., they only depend on the metrics g;; and not
explicitly on x € Sy. As a result, we obtain the equation

—Au=0 (12)
in E, where the Laplacian is the Laplacian in Equation (10). The lower order terms of 7
(R—=2A)¢ (13)

present on both sides of the equation cancel each other. However, Equation (12) is only
valid provided n # 4, since the resulting equation actually looks like

— (g —2)Au=0. (14)

This restriction seems to be acceptable, since 7 is the dimension of the base space S
which, by general consent, is assumed to be n = 3. The fibers add additional dimensions
to the quantized problem, namely,

dimF:@;mH. (15)

The fiber metric, the Wheeler-DeWitt metric, which is responsible for the Laplacian in
Equation (12), can be expressed in the form

dsz _ _16(7’[ — 1)
n

dt? + G pdcdcE, (16)
where the coordinate system is
(6 = (&% ¢") = (1", (17)
The (¢4),1 < A < m, are coordinates for the hypersurface
M = M(x) = {(gi) : th = detgij(x) =1,Vx € So}. (18)

We also assume that Sy = R" and that the metric Xij in Equation (11) is the Euclidean
metric J;;. It is well-known that M is a symmetric space

M = SL(n,R)/SO(n) = G/K. (19)

It is also easily verified that the induced metric of M in E is identical to the Riemannian
metric of the coset space G/K.
Now, we are in a position to use separation of variables, namely, we write a solution
of Equation (12) in the form
u=w(t)o(E), (20)

where v is a spatial eigenfunction of the induced Laplacian of M
— Ao = —Dv = (JAP + [p[*)o (21)
and w is a temporal eigenfunction satisfying the ODE
W+ mt 1o + pot 2w =0 (22)

with 16( 1)
n —
o= ———(AP+of). (23)
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The eigenfunctions of the Laplacian in G/K are well known, and we choose the
kernel of the Fourier transform in G/K in order to define the eigenfunctions. This choice
also allows us to use Fourier quantization similar to the Euclidean case such that the
eigenfunctions are transformed to Dirac measures and the Laplacian to a multiplication
operator in Fourier space.

Here is a more detailed overview of the main results. Let NAK be an Iwasawa
decomposition of G and

g=n+a+t (24)

be the corresponding direct sum of the Lie algebras. Let a* be the dual space of a; then, the
Fourier kernel is defined by the eigenfunctions

with A € a*, x = gK € G/K, and b € B, where B is the Furstenberg boundary (see
Sections 5 and 6 for detailed definitions and references). We then pick a particular by € B
and use e p, as eigenfunctions of —A

= Bepp, = (IA” + lo*)ens,- (26)
The Fourier transform of e, 5, is
Erby = 0) ® d, (27)

and of —Af
F(=Af) = (AP +1pP)f,  Aed’, fes(G/K). (28)

The elementary gravitons correspond to special characters in a*, namely,
aij, 1<i<j<n, (29)
for the off-diagonal gravitons and
w, 1<i<n-—1 (30)

for the diagonal gravitons. Note that only (n — 1) diagonal elements g;; can be freely chosen
because of the condition (18).

To define the temporal eigenfunctions, we shall here only consider the case 3 < n < 16;
then, all temporal eigenfunctions are generated by the two real eigenfunctions contained in

m=1

w(t) = t— "7 gitlogt (31)

where y > 0 is chosen appropriately. These eigenfunctions become unbounded if the big
bang (¢ = 0) is approached, and they vanish if ¢ goes to infinity.

2. Definitions and Notations

The main objective of this section is to state the equations of Gauf}, Codazzi, and
Weingarten for spacelike hypersurfaces M in a (n + 1)-dimensional Lorentzian manifold
N. Geometric quantities in N will be denoted by (Zxs), (Rapys), etc., and those in M by
(8ij), (Rijur), ete. Greek indices range from 0 to n and Latin from 1 to n; the summation
convention is always used. Generic coordinate systems in N resp. M will be denoted by
(x*) resp. (&!). Covariant differentiation will simply be indicated by indices; only in the
case of possible ambiguity will they be preceded by a semicolon, i.e., for a function u in N,
(uy) will be the gradient, and (u,xlg) the Hessian, but, e.g., the covariant derivative of the
curvature tensor will be abbreviated by R,p,s,e. We also point out that

Raﬁy&;i = Rtxﬁyé;exf (32)
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with obvious generalizations to other quantities.

Let M be a spacelike hypersurface, i.e., the induced metric is Riemannian, with a
differentiable normal v that is timelike.

In local coordinates, (x*) and (), the geometric quantities of the spacelike hypersur-
face M are connected through the following equations

x;"j = h,»jv“ (33)

the so-called Gaufs formula. Here, and also in the sequel, a covariant derivative is always a
full tensor, i.e.,
X% = % Thy® 4 [ By (34)
ij = ij ij*k By*i iy
The comma indicates ordinary partial derivatives.
In this implicit definition, the second fundamental form (h;) is taken with respect

tov.
The second equation is the Weingarten equation

v = Hkxd, (35)

where we remember that v is a full tensor.
Finally, we have the Codazzi equation

Rijk — hikj = Rupyov™x; x}’x,‘i (36)
and the Gaufs equation
Rijg = —{hichjy — hihj } + Raﬁ’yéx;‘xx][‘;xlzx?' (37)

Now, let us assume that N is a globally hyperbolic Lorentzian manifold with a Cauchy
surface. N is then a topological product I x Sy, where I is an open interval, Sy is a
Riemannian manifold, and there exists a Gaussian coordinate system (x%), such that the
metric in N has the form

ds% = e {—dx"? + 0;(x°, x)dx'dx }, (38)

where ij is a Riemannian metric, ¢ is a function on N, and x is an abbreviation for

the spacelike components (x'). We also assume that the coordinate system is future-
oriented, i.e., the time coordinate x° increases on future-directed curves. Hence, the
contravariant timelike vector (¢*) = (1,0,...,0) is future-directed, as is its covariant
version (&) = e*¥(—1,0,...,0).

Let M = graphu 5 be a spacelike hypersurface

M={(%x): 2" =ux),xcS}; (39)
then, the induced metric has the form
gij = ¥ {—uu; + oy} (40)

1

where 0;; is evaluated at (u, x), and its inverse ( g = ( gij)~' can be expressed as

y y iyl
i o2y i W 41
g = ol + 11y, (41)



Universe 2021, 7, 91

6 of 28

where (') = (cTij)_l and

W=l (42)
P =1- cluu; =1~ |Dul%.
Hence, graph u is spacelike if and only if |[Du| < 1.
The covariant form of a normal vector of a graph looks like
(vg) = o te¥(1, —u;). (43)
and the contravariant version is
W) = Fole ¥ (1, u). (44)

Thus, we have

Remark 1. Let M be spacelike graph in a future-oriented coordinate system. Then, the contravari-
ant future-directed normal vector has the form

(") = o le ¥(1,u)) (45)

and the past directed ‘
(W) = —o te (1, uh). (46)

In the Gaufs Formula (33), we are free to choose the future- or past-directed normal,

but we stipulate that we always use the past-directed normal. Look at the component « = 0
in (33) and obtain in view of (46)

- _1 = — = —

e IPZ) hl] = —ui]' — F(S)Ou,»uj — Fé]jui — F(%uj — 1—;(])

Here, the covariant derivatives are taken with respect to the induced metric of M, and

(47)

— I} = e Vhy, (48)

where (h;;) is the second fundamental form of the hypersurfaces {x? = const}.
An easy calculation shows

hije™¥ = — 303 — Yoy, (49)
where the dot indicates differentiation with respect to x°.

3. The Hamiltonian Approach to General Relativity

The Einstein equations with a cosmological constant A in a Lorentzian manifold
N = N"=1 > 3, with metric Zup 0 < @, B < n, are the Euler-Lagrange equations of
the functional

J= [ (R=24), (50)

where R is the scalar curvature of the metric and where we omitted the density /|g|.
The Euler-Lagrange equations are

Gup + AZap =0, (51)

where G, pis the Einstein tensor. We proved in ([1], Theorem 3.2) (see also [4], Theorem 1.3.2)
that it suffices to consider only metrics that split, i.e., metrics that are of the form

ds? = —w?(dx°)% + gi]-(xo,x)dxidxj, (52)
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where (x') are spatial coordinates, x°

defined on the slices

is a time coordinate, g;; are Riemannian metrics

M(t)={x"=t}, te(ab), (53)

and
0<w=uw(x’x) (54)

is an arbitrary smooth function in N.

A stationary metric in that restricted class is also stationary with respect to arbitrary
compact variations and, hence, satisfies the full Einstein equations.

Following Arnowitt, Deser, and Misner [2], the functional in (50) can be expressed in
the form

_ [ty 2 g2 B
]*/H/Q“A' H? + R — 2A}w 3, (55)

cf. ([4], Equation (1.3.37)), where B
|A]* = hih; (56)

is the square of the second fundamental form of the slices M(t)
b= — g, (57)

H? is the square of the mean curvature

H = g'hj, (58)
R the scalar curvature of the slices M(t), the interval (a, b) is compactly contained in

I =x%N), (59)
and (2 is a bounded open subset of the fixed slice

So = M(0), (60)

where we assume
0el (61)

Here, we also assume N to be globally hyperbolic such that there exists a global time
function and N can be written as a topological product

N=1Ix&,. (62)

Let F = F(h;;) be the scalar curvature operator

F=3(H>—|A]) (63)

and let B B o o
ikl — gZ]gkl _ %{glkg]l + gllg]k} (64)

be its Hessian, then )
FiKnhy = 2F = H? — |A]? (65)
Fii = Fiiklp, = Hg'l — hi, (66)
In physics,

Gij,kl _ 7Fij,kl (67)

is known as the DeWitt metric, or more precisely, a conformal metric, where the conformal
factor is even a density, is known as the DeWitt metric, but we prefer the above definition.
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Combining (57) and (65), | can be expressed in the form

b ..
J= /a /Q {3GTHM ggw™ + (R — 2A) }w /3. (68)

The Lagrangian density L is a regular Lagrangian with respect to the variables g;;.
Define the conjugate momenta

. aL g
Tl = = = lGl],kl 5 w—l
ogij 2 $uw V8 (69)
— _Gij’klhkl\/g
and the Hamiltonian density
H = ﬂijgi]‘ - L
1 . (70)
= —wGj T — (R —2A)w./3,
\/g ij, \/g
where
Gijn = 3{SikGjk + &k} — w=18ii8k (71)

is the inverse of G/,
Since the Lagrangian is regular with respect to the variables g;;, the tangential Ein-
stein equations

Gij + Agz] =0 (72)

are equivalent to the Hamilton equations

. oH
gij = (Sﬂij (73)

and 1
Ay 74
53, (74)

where the differentials on the right-hand side of these equations are variational or func-
tional derivatives.
The mixed Einstein equations vanish

GOj + Ag_o] =0, 1< ] <mn, (75)
and the normal equation
GupV"vF = A =0 (76)
is equivalent to
|A]?2 — H> = R —2A, (77)

cf. ([5], Equation (1.1.43)), which in turn is equivalent to
H =0, (78)

which is also known as the Hamilton condition.
We define the Poisson brackets

{u,0} = ou ov ou  ov

— 79
5gkl (Snkl (57Tkl (5ng ( )

and obtain
{gij, "} = o, (80)
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where
oi = 3{of6} + 6107} (81)

Then, the second Hamilton equation can also be expressed as
'l = {7, H}. (82)
In the next section, we want to quantize the Hamilton equations or, more precisely,

i OH
gij{nf,’H} = —gij@

n

n

(5 = 24P - H)w g+ 5 (R - 28)wyg
— Rwy/g — (n—1)Aw,/3,

cf. ([4], Equations (1.3.64) and (1.3.65)), where A is the Laplacian with respect to the metric

8ij(ts ).

4. The Quantization

For the quantization of the Hamiltonian setting, we first replace all densities by tensors
by choosing a fixed Riemannian metric in Sy

(83)

x = (xij(x)), (84)
and, for a given metric ¢ = (g;;(t, x)), we define

det Sij

¢ = o(x,8ij) = (det)(ij)% (85)

such that the Einstein—-Hilbert functional ] in (68) on page 8 can be written in the form

b 1 ..
] = /ﬂ /Q{;LG”’klg'ijg’klw_z + (R =2A) fwe /X (86)
The Hamilton density # is then replaced by the function
H={¢"'Gyun'n" — (R —2A)p}w, (87)
where now B B
il = —pGHhy (88)
and
hij = —¢ ' Gijar™. (89)

The effective Hamiltonian is, of course,

w'H. (90)
Fortunately, we can, at least locally, assume

w=1 91)

by choosing an appropriate coordinate system: Let (tg,x9p) € N be an arbitrary point,
then consider the Cauchy hypersurface

M(to) = {to} x So (92)
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and look at a tubular neighborhood of M(ty), i.e., we define new coordinates (t, x'), where
(x') are coordinate for Sy near xg and  is the signed Lorentzian distance to M(ty) such that
the points

(0,x") € M(to). (93)

The Lorentzian metric of the ambient space then has the form
d5* = —dt* + gjdx'dx/. (94)

Secondly, we use the same model as in ([1], Section 3): The Riemannian metrics g;; (t,)
are elements of the bundle T%?(Sy). Denote by E the fiber bundle with base Sy where
the fibers consist of the Riemannian metrics (g;;). We shall consider each fiber to be a
Lorentzian manifold equipped with the DeWitt metric. Each fiber F has dimension

dimF:wzm—i—l. (95)

Let ("), 0 < a < m, be coordinates for a local trivialization such that

gij(x,&") (96)

is a local embedding. The DeWitt metric is then expressed as

Gab = G gij a8k1p0 (97)

where a comma indicates partial differentiation. In the new coordinate system, the curves

t— gij(t/ x) (98)
can be written in the form

t— &t x) (99)

and we infer B
GM g0 = Gl &. (100)

Hence, we can express (55) as
b 1 iq &b

J= | | hGutde+ (R—20)g}, (101)

where we now refrain from writing down the density ,/x explicitly, since it does not
depend on (g;;) and therefore should not be part of the Legendre transformation. We also
emphasize that we are now working in the gauge w = 1. Denoting the Lagrangian function
in (101) by L, we define

oL 1.
Ty = 875‘1 = ¢Gub§§ (102)
and we obtain for the Hamiltonian function H
H= g‘“a—.L —L
aca

= Gy (%é"”) (%éb) —(R—2A)g (103)
= ¢ 16"y, — (R —2A) g,

where G% is the inverse metric.
The fibers equipped with the metric

(9Gap) (104)
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are then globally hyperbolic Lorentzian manifolds as we proved in ([4], Theorem 1.4.2).
In the fibers, we can introduce new coordinates (&%) = (&°,&4),0 <a <m,and1 < A < m,
such that

1= =loge (105)

and (&%) are coordinates for the hypersurface
M={¢p=1} = {r=0}. (106)

The Lorentzian metric in the fibers can then be expressed in the form
ds? = —@q)d# + @G apddAdcE, (107)

cf. ([4], Equation (1.4.28)), where we note that there is a misprint in that reference, namely;

the spatial part of the metric has an additional factor 4("771) that should be omitted. Defining

a new time variable & = t by setting
g =1, (108)

we infer

o l6(n—1)
n

dt? 4+ @G pdEAde®. (109)
The new metric G 43 is independent of . When we work in a local trivialization of the
bundle E, the coordinates ¢4 are independent of x as well as the time coordinate ¢, cf. ([4],
Lemma 1.4.4).
We can now quantize the Hamiltonian setting using the original variables g;; and il
We consider the bundle E equipped with the metric (107), or equivalently,

(9GUH), (110)

which is the covariant form, in the fibers and with the Riemannian metric x in Sy. Further-
more, let
C*(E) (111)

be the space of real valued smooth functions with compact support in E.
In the quantization process, where we choose /i = 1, the variables g;; and 77/ are then
replaced by operators §;; and Al acting in C°(E), satisfying the commutation relations
5.. ~kl - okl
[8ij, 7] = 155, (112)

while all the other commutators vanish. These operators are realized by defining ;; to be
the multiplication operator

Siju = giju (113)
and 7'/ to be the functional differentiation
Al = li, (114)
1 (Sglj
ie., ifu € C®(E), then
ou
115
53 (115)

is the Euler-Lagrange operator of the functional

/So u\/x = s u. (116)
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Hence, if u only depends on (x, g;;) and not on derivatives of the metric, then

ou _ ou 117)
08ij  9gij
Therefore, the transformed Hamiltonian H can be looked at as the hyperbolic differen-
tial operator
H=-A—(R-2A)g, (118)

where A is the Laplacian of the metric in (110) acting on functions
u = u(x, gij)- (119)

We used this approach in [1] to transform the Hamilton constraint to the Wheeler—
DeWitt equation
Au=0 inE, (120)

which can be solved with suitable Cauchy conditions. However, the above hyperbolic
equation can only be solved abstractly because of the scalar curvature term R, which
makes any attempt to apply separation of variables techniques impossible. Therefore, we
discard the Wheeler-DeWitt equation by ignoring the Hamilton constraint and quantize
the Hamilton equations instead. This approach is certainly as justified as quantizing the
Hamilton constraint, which takes only the normal Einstein equations into account, whereas
the Hamilton equations are equivalent to the tangential Einstein equations. Furthermore,
the resulting hyperbolic equation will be independent of R and we can apply separation
of variables.

Following Dirac, the Poisson brackets in (82) on page 9 are replaced by % times the
commutators in the quantization process since i = 1, i.e., we obtain

{7, H} — i[H, 7] (121)

Dropping the hats in the following to improve the readability, Equation (83) is then
transformed to

. ii n n
igij[H, '] = (5 = 2)(|A] = H*)¢ + (R —2A)¢ — Ry, (122)

where we note that w = 1 now. We have

1H, ) = [H, 2]
lg 5 (123)
=[-A, —]—[(R=2A)p, —],
[ 5&7] [( ) 581‘]‘]

cf. (118). We apply both sides to functions u € C°(E), where we additionally require
u = u(gi), (124)
i.e., u does not explicitly depend on x € Sy. Hence, we deduce

0 d
,—u = |—A,
‘581‘]‘] [ 0gij

[~A Ju=—R" M, (125)

because of the Ricci identities, where -
R7,, (126)

”



Universe 2021, 7, 91

13 of 28

is the Ricci tensor of the fiber metric (110) and

CIC (127)
98k
is the gradient of u.
For the second commutator on the right-hand side of (123), we obtain
) ou )
—[(R=2A)p, —|u=—(R—2A)p=—+ —{(R—2A)ug}, 128
[( )9 5&7] ( 195 T og; | Jug} (128)
where the last term is the Euler-Lagrange operator of the functional
/ (R—2A)ug = / (R —2A)ugpy/x
/S So
(129)
= /s (R—=2A)u /g
0

with respect to the variable g;;, since the scalar curvature R depends on the derivatives of
gij- In view of ([4], Equation (1.4.84)), we have

%{(R —2A)ug} = %(R —2A)g"ug — Rlug
8 (130)

+o{u — Rugh} + (R - 20)p 2L,
0gij

where the semicolon indicates covariant differentiation in Sy with respect to the metric g;,
A is the corresponding Laplacian. We also note that

a ..
D = 2 O 985
oxk = dg;; ox (131)
_ou _
ooxk

in Riemannian normal coordinates. Hence, we conclude that the operator on the left
hand-side of Equation (122) applied to u is equal to

(R—2A)¢pu — Rou (132)

N3

in E, since .
iR" =0, (133)

cf. ([4], Equation (1.4.89)). On the other hand, applying the right-hand side of (122) to u,
we obtain

- (g —2)Au+ g(R —2A)gu — Rou, (134)
where the Laplacian is the Laplacian in the fibers, since
(JA]> = HY)p = ¢ 'Gyunn®  —  —A. (135)
Thus, we conclude
- (g —2)Au=0 (136)

in E, and we have proved the following theorem:

Theorem 1. The quantization of Equation (83) on page 9 leads to the hyperbolic equation

—Au=0 (137)
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in E provided n # 4 and u € CZ(E) only depends on the fiber elements g;;.

To solve Equation (137), we first choose the Gaussian coordinate system (&%) = (t, &%)
such that the metric has form as in (109). Then, the hyperbolic equation can be expressed as

n 7m2 maj 42,
716(71_1)1‘ = (t"=0) — 72 Au =0, (138)

where A is the Laplacian of the hypersurface
M= {t=1}. (139)
We shall try to use separation of variables by considering solutions u that are products
u(t, &) = w(t)o(@?), (140)
where v is a spatial eigenfunction, or eigendistribution, of the Laplacian A
—Av=\v (141)
and w a temporal eigenfunction satisfying the ODE

n m O 0w )
mt ﬁ(t §)+/\t w =0, (142)
which can be looked at as an implicit eigenvalue equation. The function u in (140) will then
be a solution of (137).

In the next sections, we shall determine spatial and temporal eigendistributions
by assuming
Sp =R" (143)

equipped with the Euclidean metric. The dimension # is then merely supposed to satisfy
n > 3, though, of course, Equation (137) additionally requires n # 4.

5. Spatial Eigenfunctions in M

The hypersurface
M= {p=1} (144)

can be considered to be a sub-bundle of E, where each fiber M(x) is a hypersurface in
the fiber F(x) of E. We shall use the same notation M for the sub-bundle as well as for
the hypersurface and, in general, we shall omit the reference to the base point x € &p.
Furthermore, we specify the metric x;; € T92(S)), which we used to define ¢, to be equal
to the Euclidean metric such that in Euclidean coordinates,

2 _ detgij
¢ det 51']‘

= det 8ij- (145)

Then, it is well known that each M(x) with the induced metric (G43) is a symmetric
space, namely, it is isometric to the coset space

G/K = SL(n,R)/SO(n), (146)

cf. ([6], equ.(5.17), p. 1123) and ([7], p. 3). The eigenfunctions in symmetric spaces, and
especially of the coset space in (146), are well known; they are the so-called spherical
functions. One can also define a Fourier transformation for functions in L?(G/K) and
prove a Plancherel formula, similar to the Euclidean case, cf. ([8], Chapter III). Similar
to the Euclidean case, we shall use the Fourier kernel to define the eigenfunctions, or
eigendistributions, since the spherical functions, because of their symmetry properties, are
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not specific enough to represent the elementary gravitons corresponding to the diagonal
metric variables gj;, 1 <i < n — 1. Recall that from the n diagonal coefficients of a metric,
only n — 1 are independent because of the assumption

detgi]- =1, (147)

which has to be satisfied by the elements of M.

However, before we can define the eigenfunctions and analyze their properties, we
have to recall some basic definitions and results of the theory of symmetric spaces. We shall
mainly consider the coset space in (146), which will be the relevant space for our purpose.
Its so-called quadratic model, the naming of which will be obvious in the following, is
the space of symmetric positive definite matrices in R” with determinant equal to 1, i.e.,
the quadratic model of G/K is identical to an arbitrary fiber M(x) of the sub-bundle M
of E. Since the symmetric space G/K, as a Riemannian space, is isometric to its quadratic
model, the eigenfunctions of the Laplacian in the respective spaces can be identified via
the isometry.

Unless otherwise noted, the symbol X should denote the coset space G/K, where G is
the Lie group SL(n,R) and K = SO(n). The elements of G will be referred to by g, 1, .. .;
we shall also express the elements in X by x,y, ..., and by a slight abuse of notation, the
elements of M will also occasionally be referred to by the symbol g, but always in the
form g;;.

The canonical isometry between the quadratic model M and X is given by the map

n:G/K—- M

. . (148)
x =gk € gK — 7t(x) = gk(gk)" = gg",

where the star denotes the transpose, hence the name quadratic model. For fixed (g;;) € M,
the action

[8l(gij) = g(gij)g",  §€G, (149)
is an isometry in M, where M is equipped with the metric
GIH = %{g""gﬂ +gg, (150)
and where B
(87) = (gi)~", (151)

cf. ([4], Equation (1.4.46), p. 22).
Let
G = NAK (152)

be an Iwasawa decomposition of G, where N is the subgroup of unit upper triangle
matrices, and let A be the abelian subgroup of diagonal matrices with strictly positive
diagonal components and K = SO(#n). The corresponding Lie algebras are denoted by

g,n,a and ¢ (153)
Here,

g = real matrices with zero trace
n = subspace of strictly upper triangle matrices with zero diagonal (154)
a = subspace of diagonal matrices with zero trace

£ = subspace of skew-symmetric matrices.
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The Iwasawa decomposition is unique. When
g = nak, (155)

we define the maps n, A, k by
§ =n(g)A()k(g). (156)

We also use the expression log A(g), where log is the matrix logarithm. In case of
diagonal matrices

a = diag(ay, ..., an) (157)
with positive entries
loga = diag(loga;), (158)
hence
A(g) = €losA(s), (159)

Helgason uses the symbol A(g) if G decomposed as in (152) but uses the symbol
H(g) if
G = KAN, (160)

which can be obtained by applying the isomorphism

g—g L (161)
Because of the uniqueness
H(g) = A(3)~, (162)
hence
log H(g) = —log A(g), (163)

cf. ([8], Equations (2) and (3), p. 198).
Note that the functions we define in G should also be defined in G/K, i.e., we would
want that
A(g) = A(gK), (164)

which is indeed the case. If we used the Iwasawa decomposition G = KAN, then
H(g) = H(Kg) (165)
would be valid, which would be useful if we considered the right coset space K\G.

Remark 2.
(i) The Lie algebra a is a (n-1)-dimensional real algebra, which, as a vector space, is equipped
with a natural real, symmetric scalar product, namely, the trace form

(Hy, Hp) = tr(H1Hy),  H; € a. (166)

(ii) Let a* be the dual space of a. Its elements will be denoted by Greek symbols, some of which
have a special meaning in the literature. The linear forms are also called additive characters.

(iii) Let A € a*; then, there exists a unique matrix Hy € a such that
A(H) = (H), H) VHEa. (167)
This definition allows to define a dual trace form in a* by setting for A, u € a*

(A, u) = (Hx, Hy). (168)
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(iv) The Lie algebra g is a direct sum
g=n+a-+¢t (169)

Let E;j, 1 < i < j < n, be the matrices with component 1 in the entry (i, ) and other
components zero; then, these matrices form a basis of n. For H € a, H = diag(x;), the Lie bracket
in g, which is simply the commutator, applied to H and E;; yields

[H, Eij] = (xi — x]')Ei]‘ VHEeEa. (170)

Hence, the E;; are the eigenvectors for the characters a;; € a* defined by
wij(H) = x; — xj. (171)
Here, E;; is said to be an eigenvector of a;j, if
[H,E;j] = a;j(H)E

ij VHEa. (172)

The eigenspace of w;; is one-dimensional. The characters ;; are called the relevant characters,

or the (a,n) characters. They are also called the positive restricted roots. The set of these characters
will be denoted by X. We define

T= ) w (173)
aeXt
and ,
o= ET. (174)

Lemma 1. Let H = diag(x;) € a and define

i
Ai(H) =Y x, for 1<i<n-—1, (175)
k=1
then
n—1
p=Y A (176)
i=1
Furthermore,
1
(o.p) = 5 (n=1)%n. (177)

Proof. “(176)” follows from the definition of p and 7. For details, see ([7], p. 84).
“(177)” From (168), we obtain

(0,0) = <Hpr Hp> (178)
and the definition of p implies
1
Hp, = EHT' (179)
On the other hand,

n—1
Ho=Y. G, (180)

i=1

where C; € ahas 1 in the first i entries of the diagonal, —i in the (i 4+ 1)-th entry, and zero
in the other entries. Furthermore,

(C,,Cy=0, i#], (181)
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and
(Ci,Ci) =" +1, (182)
cf. ([7], p. 266). Hence, we conclude
1 1
o0y =7 L@ +i) =5 (n—1)n (183)

i=1
O
Remark 3. The eigenfunctions of the Laplacian will depend on the additive characters. The above

characters wj;, 1 <i < j < n, will represent the elementary gravitons stemming from the degrees of
freedom in choosing the coordinates

Sijs 1<i<j<n, (184)

of a metric tensor. The diagonal elements offer in general additional n degrees of freedom, but in our
case, where we consider metrics satisfying

detgij =1, (185)

only (n — 1) diagonal components can be freely chosen, and we shall choose the first (n — 1)
entries, namely,
&iir I1<i<n-1 (186)

The corresponding additive characters are named «;, 1 <i < n — 1, and are defined by

D(l'(H) = hl', (187)

H = diag(hy, ..., hy). (188)

The characters a;, 1 < i < n—1, and ajj 1 < i < j < n will represent the WZ)ZM

elementary gravitons at the character level. We shall normalize the characters by defining
& = ||Ha; ||~ o (189)

and
Rij = || Hay |~ e (190)

such that the normalized characters have unit norm, cf. (168).

Definition 1. Let A € a*; then, we define the spherical function

pr(g) = [ eMolEAkIa, g e, (191)

where the Haar measure dk is normalized such that K has measure 1, and where G = NAK.

Observe that
PA(8) = pa(gK), (192)

ie., @) can be lifted to X = G/K.
The Weyl chambers are the connected components of the set

a\ le.;l(o). (193)

1<i<j<n
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They consist of diagonal matrices having distinct eigenvalues. The Weyl chamber a,
defined by
ar ={He€arajh) >0, 1<i<j<n}, (194)

is called the positive Weyl chamber, and the elements H € a4, H = diag(h;) satisfy
hi>hy > > hy (195)
Let M resp. M’ be the centralizer resp. normalizer of a in K; then,
W=M/M (196)

is the Weyl group that acts simply transitive on the Weyl chambers. The Weyl group can be
identified with the group S, of permutations in our case, i.e., ifs € Wand H = diag(h;) € qa,
then

s+ H = diag(h;)- (197)

The subgroup M consists of the diagonal matrices diag(e;) with |e;| = 1.
Let B be the homogeneous space

B =K/M; (198)

then, B is a compact Riemannian space with a K-invariant Riemannian metric, cf. ([9],
Theorem 3.5, p. 203). B is known as the Furstenberg boundary of X and the map

¢:BxA—=X (199)
(kM,a) — kaK
is a differentiable, surjective map, while the restriction of ¢ to
Bx AT, AT =expay, (200)
is a diffeomorphism with an open, dense image; additionally,
X = KATeK (201)
cf. ([8], Prop. 1.4, p. 62). If x = gK, b = kM, and G = NAK, we define
A(x,b) = A(gK, kM) = Ak 1g), (202)

cf. (156).

We are now ready to describe the Fourier theory and Plancherel formula due to Harish-
Chandra for K-bi-invariant functions, cf. [10,11] and ([12], p. 48), and by Helgason for
arbitrary functions in L!(X) and L?(X), cf. [13] and ([14], Theorem 2.6). The extension of
the Fourier transform to the Schwartz space ./(X) and its inversion is due to Eguchi and
Okamato [15]. This paper is only an announcement without proofs; the proofs are given
in [16]. We follow the presentation in Helgason’s book ([8], Chapter III).

To simplify the expressions in the coming formulas, the measures are normalized such
that the total measures of compact spaces are 1 and the Lebesgue measure in Euclidean
space is normalized such that the Fourier transform and its inverse can be expressed by the
simple formulas

f@) = [, flxeEax (203)

and

fx)=| f@eae. (204)

JR!?
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The Fourier transform for functions f € C®(X, C) is then defined by
F(Ab) = / F(x)el-ir+p)Tog AGb) gy (205)
X

for A € aand b € B, or, if we define

erp(x) = elirp) log A(x,b)’ (206)
by

Fab) = [ fx)ens()dx (207)

The functions e, ; are real analytic in x and are eigenfunctions of the Laplacian, cf. ([8],
Prop. 3.14, p. 99),
—Aepy = (AP + [p)eas, (208)

where
AP = (A A), (209)

cf. (168), and similarly for |p|2. We also denote the Fourier transform by F such that
F(f) =1 (210)
Its inverse F ! is defined in R(F) by

1 SN
= A, b)|c(A)|2dAdb, 211
£0) = 7 J o A0 @1
where ¢(A) is Harish-Chandra’s c-function and
|W| = card W, (212)

the number of elements in W, in our case |[W| = nl.
As in the Euclidean case, a Plancherel formula is valid, namely, citing from ([8],
Theorem 1.5, p. 202):

Theorem 2. The Fourier transform f(x) — f(A,b), defined by (205), extends to an isometry of
L?(X) onto L2(a*. x B) (with measure |c(A)|~2dAdb on a¥. x B). Moreover,

~

[ AR = [ RO DRA B 2dAd. @13)

We shall consider the eigenfunctions e, , as tempered distributions of the Schwartz
space . (X) and shall use their Fourier transforms

erp =90(Ap) =61 @6 (214)
as the spatial eigenfunctions of
F(=8) =m(u) = (Iul* + o), (215)
which is a multiplication operator, in the next section.

6. Fourier Quantization

The Fourier theory in X = G/K, which we described at the end of the preceding
section, uses the eigenfunctions

erp(x) = eAFPNos ALXD) (3 ) € a* x B, (216)
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as the Fourier kernel. The Fourier quantization in Euclidean space uses the Fourier trans-
form of the Hamilton operator, or only the spatial part of Hamilton operator, which in our
case is

—A=—Ay = —Ny, (217)

and the Fourier transforms of the corresponding physically relevant eigenfunctions. If
the Hamilton operator is the Euclidean Laplacian in R”, then the spatial eigenfunctions
would be

&), (218)

Therefore, we consider the eigenfunctions e, j, as a starting point. As in the Euclidean
case, the e, j, are tempered distributions. We first need to extend the Fourier theory to
the corresponding Schwartz space .#(X) and its dual space .#’(X), the space of tem-
pered distributions.

Let D(G) be the algebra of left invariant differential operators in G and D(G) be the
algebra of right invariant differential operators. Furthermore, let

0 = PA|,_, (219)

be the spherical function with parameter A = 0. Then, ¢ satisfies the following estimates

0<go(a) <gole) =1 VacA, (220)
and
po(a) < c(1+ |a])¥ePl8e,  ge AT, (221)
where
d=card X" (222)

the cardinality of the set of positive restricted roots. Here, we used the following definitions,
for g = kyaky (a € A, kq, k2 € K), cf. (201) on page 19,

g = |a| = [logal, (223)

and c is a positive constant.
The Schwartz space . (X) is then defined by

Definition 2. The Schwartz space .7 (G) is defined as the subspace of C*°(G, C) the topology of
which is given by the seminorms

pLoE(f) = Sulcv(l +1g1)'90(8) '[(DEf)(g)] < o0 (224)
g€

for arbitrary 1 € N, D € D(G) and E € D(G). The Schwartz space . (X) consists of those
functions in .7 (G) that are right invariant under K.

The Fourier transform for f € . (X) is then well defined

Fb) = [ fx)ers()dx (225)

Integrating over B, we obtain

f
= [ £l [ elirreNos A gy (226)
f



Universe 2021, 7, 91

22 of 28

cf. ([17], Equation (1.8)) for the last inequality. Hence, we deduce

Lemma 2. F(A) satisfies
F(s-A) =F(\) VseW. (227)

Proof. The spherical function ¢, has this property, cf. ([7], Theorem 5.2, p. 100). O

Next, we define the Schwartz space .’(a* x B). Note that a* is a Euclidean space;
in our case, a* = R"~!, and B = K/M is a compact Riemannian space. Hence, we define
the Schwartz space . (a* x B) as follows, cf. ([15], Def. 2, p. 240):

Definition 3. Let .’(a* x B) denote the set of all functions F € C*®(a* x B, C) that satisfy the
following condition: for any natural numbers 1, m, q

PLmg(F) = sup  (L+[AP)" ) |(—Ap +1)TDF| < eo, (228)
(Ab)ea*xB |a|<m

where o = (ay,...,ar), ¥ = dima*, is a multi-index,
D*F = D{'---Dy'F (229)
are partial derivatives with respect to A € a*, and Ap is the Laplacian in B.

The seminorms p; ,, , define a topology on .#’(a* x B) with respect to which it is a
Fréchet space.

Theorem 3. The Fourier transform F
F: L (X) = S(a* x B) (230)
is continuous, and if we define
S(a* xB) ={F € (a* xB): F(A) = /BF(/\,b)db satisfies (227)}, (231)

then
F:.7(X) = .#(a* x B) (232)

is a linear topological isomorphism.
Proof. Confer ([15], Theorem 4) and ([16], Lemma 4.8.2 & Theorem 4.8.3, p. 212) O

Remark 4. Note that the measure in .# (a* x B) is defined by

du(A,b) = |V1v||c(/\)|‘2d/\db (233)
and that the function
A= [e(A)] 7! (234)

has slow growth, cf. ([8], Lemma 3.5, p. 91).

We can now define the Fourier quantization. Let .#”/ (X)) resp. !(a* x B) be the dual
spaces of tempered distributions; then,

F 1. 2(a* x B) —» Z(X) (235)



Universe 2021, 7, 91

23 of 28

is continuous. Let (F 1) be the dual operator

(F )" : (X)) = ' (a* x B) (236)
defined by
(w, F7HF(A,b))) = (F 1) w,F(A, b)) (237)
for w € §'(X) and F € .#(a* x B). Let
F(Ab) = f(Ab),  feS(X); (238)
then, .
(w, ) =((F ) wf) (239)
Now, choose w = e, j,, where (A,b) € a* x B is arbitrary but fixed; then,
(w, f) = /X F(x)Erp(x)dx = F(A,b). (240)
Hence, we deduce .
(F™) w=0p) =) @5 (241)

Lemma 3. Let w € S'(X); then, we may call (F~1)"w to be the Fourier transform of w
(F Y w=a. (242)

Proof. S(X) can be embedded in S§’(X) by defining for w € .7 (X)

(w, f) = /X fadx, Vfe.Z(X) (243)

w is obviously an element of §’'(X) and the embedding is antilinear. On the other hand, in
view of the Plancherel formula, we have

/X Fadx = /a DO b)dp(,b) (244)
and thus, because of (239),
(F D wf)y=[ fadu(b). (245)

O
Looking at the Fourier transformed eigenfunctions
erp = 0r @0, (246)

it is obvious that the dependence on b has to be eliminated, since there is neither a physical
nor a mathematical motivation to distinguish between e, ;, and e, ;. The first ansatz would
be to integrate over B, i.e., we would consider the Fourier transform of

/ expdb = @), (247)
JB
which is equal to the Fourier transform of the spherical function ¢,, i.e.,

Pr = d), (248)
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and it would act on the functions
Fo = [ f by, f e 7(X). 249)
These functions satisfy the relation (227), which in turn implies
§-0) =041, =0, VseW (250)

if A was allowed to range in all of a*. Hence, we would have to restrict A to the positive Weyl
chamber a* , but then, we would not be able to define the eigenfunctions corresponding to
the elementary gravitons g;;, 2 < i < n — 1, since the corresponding A belong to different
Weyl chambers, cf. Remark 3 on page 18.

Therefore, we pick a distinguished b € B, namely,

by = eM, e=id € K, (251)
and only consider the eigenfunctions e, ,, with corresponding Fourier transforms
Or = 6y @y, = Eppys A€a” (252)
Then, we can prove:

Lemma 4. Let 6, be defined as above; then, for any s € W satisfying s - A # A, there exists
F € .#(a* x B) such that

<5)\/ F> = F()\r bO) # F(S “A, bO) = <5S»)u F>‘ (253)

Proof. Let ¢y € C(a*) be a function satisfying

P(A) # (s A) (254)
and choose 7 € C®(B) with the properties
n(bo) =1 (255)
and
/B ndb =0, (256)
then
F=ynec S (a* x B) (257)

and satisfies (253). O

The Fourier transform of the Laplacian is a multiplication operator similar to the
Euclidean case.

Lemma 5.

(i) Let f € 7 (X); then,
F(=Af) =m(M)f(A,b) € 7 (a* x B), (258)

where
m(A) = AP+ p%,  Aca (259)

(ii) Let w € .'(X); then, —Aw is defined as usual

(=bw, f) = {w,=Bf) (260)
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and
F(—Aw) =m(A\)@ € &'(a* x B), (261)
where
(m(A)w,F(A, b)) = (©,m(A)F(A, D)) VE € .7 (a* x B). (262)
Proof.

“(i)” The result follows immediately by partial integration.
“(ii)” From (239) and (260), we deduce

(—Aw, f) = (@, F(=Af))
= (@m(A)f(1,b) o6
= (m(A)@, f(A, D))
= (F(-Aw), f(A,D)).
O
Now, choosing
W = €} pys (264)
where A € a* is fixed, then
F(=Aw) = m(p)@ = m(u)dy = m(A)3, (265)
(m(p)on, F(p, b)) = (or, m(u)F(p, b)) = m(A)F(A, bo). (266)

In Remark 3 on page 18, we already identified the additive characters corresponding
to the elementary gravitons, namely, the characters

Xjj, 1<i<j<n (267)

and
w;, 1<i<n-1. (268)

We shall now define the corresponding forms in a* with arbitrary energy levels:
Definition 4. Let A € R be arbitrary. Then, we consider the characters
Ad; A )\5(1‘]‘ , (269)

where we recall that the terms embellished by a tilde refer to the corresponding unit vectors. Then,
the eigenfunctions representing the elementary gravitons are ey, , and e Adj bo

The corresponding eigenvalue with respect to —A is |A|? + |p|?, where, by a slight abuse of
notation, |A|> = A% and |p|? = (p, p). Note that |p|? is always strictly positive; indeed,

lo(n)* > |p(3)]* =1, (270)
if X =SL(n,R)/SO(n) and n > 3, cf. (183) on page 18.

7. Temporal Eigenfunctions

The temporal eigenfunctions w = w(t) have to satisfy the ODE (142) on page 14,
or equivalently,
W + mt Yo + pot 2w =0, (271)
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where pg should be equal to

wo= 20D a4 o), @)

and where (|]A[?> + |p|?) is the eigenvalue of a spatial eigenfunction.
To solve (271), we make the ansatz

(m=1)

w(t) =tz M8l >0, (273)
to obtain
.. 1. ) (m - 1)2 2
W+ mt— W+ pot w:{—T—Fyo—y}w. (274)
In order to choose u such that the term in the braces vanishes, we have to ensure that
—1)2
o — % > 0. (275)

Now, the estimate

o > p* - (276)

is valid, where

= (277)
and
. (’l—l)zﬂ (278)

One can easily check that

— —1)? 0, 3<n<16,
16(n 1)P2 _(m=1_ J> <n< (279)
n 4 <0, 17<n
Incasen > 17 and )
-1
Ho — 7(771 1 ) <0, (280)

we obtain the solution

_ —1)2 _ —1)2
mzl+4/(m4) 7’40—|—C2t7"12171/(m4) 7}10, (281)

w =t

while for )
-1
Ho — (m—1)° 1 S 0, (282)
we get
w=cit T + ot T logt. (283)

Remark 5. In all three cases ((275), (280), and (282)), we obtain two real independent solutions,
which become unbounded, if the big bang (t = 0) is approached and vanish, if t goes to infinity.
The two real solutions contained in (273), which generate all possible temporal eigenfunctions, if
3 < n <16, seem to be the physically relevant solutions.

8. Conclusions

Quantizing the Hamilton equations instead of the Hamilton constraint, we obtained
the simple equation
—Au=0 (284)
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in the fiber bundle E provided n # 4, where the Laplacian is the Laplacian of the Wheeler—
DeWitt metric in the fibers and where u is a smooth function that is only defined in the
fibers of E

u=u(g(x)), x €Sy =R" (285)

Expressing then the fiber metric as in (109) on page 11, we can use separation of
variables and write the solutions u as products

u = w(t)o(g;(x,5%)), (286)

where g;;(x, &4) is a local trivialization of the sub-bundle M, the fibers of which consists of
the metrics g;; with unit determinant, or more precisely,

detgi]-(x) -
detéij(x) =1 (287)

where §;; is the Euclidean metric. Using Euclidean coordinates in Sp, we can identify the
fibers M(x) with the symmetric space

G/K = SL(n,R")/SO(n). (288)

The Riemannian metric in G/K is identical to the induced fiber metric of M(x) such
that the spatial eigenfunctions of the corresponding (spatial) Laplacians can also be identi-
fied. Due to the well-known Fourier theory in G/K, we choose the Fourier kernel elements

e/\,bg (y) — e(l)“’_p) 1OgA(]/rb0), )\ = a*’ (289)

where we used the Iwasawa decomposition G = NAK and where by is the distinguished
point specified in (251) on page 24. These smooth functions are tempered distributions and
are eigenfunctions of the Laplacian

= Aeppy = (A + lo)ers- (290)
Their Fourier transforms are Dirac measures
erpy = Op ® Oy, (291)
In Fourier space, the Laplacian is a multiplication operator
F(=0f) = (AP +pl)f(Ab)  Vfe S (G/K), (292)

where A ranges in a* and b in the Furstenberg boundary B.
Let
m:G/K—M (293)

be the canonical isometry defined in (148) on page 15; then, the eigenfunctions f in G/K
can be transformed to be eigenfunctions in the fibers of the sub-bundle M by defining

0(gii(x, &%) = f(m(gij(x, &%), (294)

ie.,
exp o ogi(x,¢"),  Aed, (295)

are the spatial eigenfunctions with eigenvalues (|A|? + |p|?). The eigenfunctions corre-
sponding to the elementary gravitons we defined in Definition 4 on page 25. They are
characterized by special characters a;, 1 < i < n — 1, for the diagonal gravitons and ij,
1 <i < j < n, for the off-diagonal gravitons.
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The temporal eigenfunctions w(t), which we defined in the previous section, have
the properties that they become unbounded if t — 0 and they vanish, together with all
derivatives, if t — oo.

Furthermore, if we consider t < 0, then the functions

@(t) =w(—t), <0, (296)

also satisfy the ODE (271) on page 25 for t < 0, i.e., they are also temporal eigenfunctions if
the light cone in E is flipped.
Thus, we conclude

Theorem 4. The quantum model we derived for gravity can be described by products of spatial and
temporal eigenfunctions of corresponding self-adjoint operators with a continuous spectrum. The
spatial eigenfunctions can be expressed as Dirac measures in Fourier space and the spatial Laplacian
as a multiplication operator. The spatial eigenvalues are strictly positive

AP+ o> > |pl* = [p(3)* = 1. (297)

Choosing A = 0, we have a common ground state with smallest eigenvalue |p|?, which could
be considered to be the source of the dark energy.

Furthermore, we have a big bang singularity in t = 0. Since the same quantum model is also
valid by switching from t > 0 to t < 0, with appropriate changes to the temporal eigenfunctions,
one could arque that at the big bang, two universes with different time orientations could have
been created such that, in view of the CPT theorem, one was filled with matter and the other
with antimatter.
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