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Abstract: Single-particle level energies form a significant input in nuclear physics calculations where
single-particle degrees of freedom are taken into account, including microscopic interacting boson
model investigations. The single-particle energies may be treated as input parameters that are fitted
to reach an optimal fit to the data. Alternatively, they can be calculated using a mean field potential,
or they can be extracted from available experimental data, as is done in the current study. The role of
single-particle level energies in the microscopic interacting boson model calculations is discussed
with special emphasis on recent double beta decay calculations.

Keywords: single-particle energies; microscopic interacting boson model; neutrinoless double
beta decay

1. Introduction

The question of the nature of neutrinos, are they Dirac or Majorana particles, and what
are their masses, as well as phases, in the mixing matrix, is one of the most fundamental
open problems in physics today. Thus, observing neutrinoless double beta decay (0v3p) is at
the moment one of the major experimental challenges [1-4], motivated also by its potential
as a promising candidate for observing lepton number violation. If detected, it would offer
information about the fundamental nature of neutrinos and about the absolute effective
neutrino mass [5-9], as well as right-handed leptonic current coupling constants [9,10]. It
would also shed light on the matter— antimatter asymmetry of the universe [11].

The half-life of OvBp decay can be factorized as

[7%,] 71 = Gou| Moy [*|f (m, W) [, )

to consist of phase space factor Gy, [6,9,12], nuclear matrix element My, and function con-
taining physics beyond the standard model, f(m;, U,;), through the masses m; and mixing
matrix elements U,; of neutrino species. Related to yet unobserved neutrinoless double
beta decay, there is also the process allowed by the standard model and observed in several
nuclei [13], where two (anti)neutrinos are emitted (2v8). In order to access physics beyond
the standard model contained in the function f in Equation (1), an accurate calculation
of the nuclear matrix element, My,, is needed. The calculations of My, are crucial when
extracting the neutrino mass (m,) if neutrinoless double beta decay is observed, and serve
the purpose of guiding future searches if OvBp remains undetected.

Since Ov BB decay is a unique, not yet observed process, it is a challenge also for theoreti-
cal models. Thus, information from other studies such as nucleon transfer reactions [14-20],
the photonuclear reactions [21-23], the nuclear muon capture process [24-26], the study of
single B [27-29], and 2vBp decays [29-35], as well as, single-charge-exchange [36-43], and
pion double-charge-exchange [44—46] reactions are highly valuable in view of estimating
the uncertainties of OvpBp decay calculations.
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On the other hand, the energies of the single particle orbitals have a significant role
in models of nuclear structure. In addition to being essential tests of the shell model for
doubly magic or semi-magic nuclei, they also constitute important input parameters in
many nuclear structure calculations such as the (interacting) shell model, quasiparticle
random-phase approximation, microscopic interacting boson model, or any other nuclear
model calculations where single-particle degrees of freedom are considered.

Experimental single-particle energies are known to change with the nucleon number
primarily due to the monopole-monopole part of the neutron—proton residual interaction,
which is of interest itself. Implicitly single-particle energies are of interest since they play
a role in the description of various nuclear physical and astrophysical processes. These
include also double beta decay (DBD), single beta decay, and double charge exchange
reaction (DCE). An issue closely connected to single-particle levels is their occupancies.
Ground state occupancies can be obtained experimentally by one nucleon transfer reaction.
Such experiments have been carried out for several candidates participating in OvS decay
in a series of experiments [16-20]. The obtained results offer an important test for theoretical
models used to calculate nuclear properties [19,20,47-50]. The comparison of calculated
occupation probabilities with experimentally obtained ones serves the purpose of assessing
the goodness of the chosen single-particle energies, as well as the used wave functions.

In the current study, the role of SPEs in the microscopic interacting boson model
(IBM-2) calculations is discussed. In IBM-2, valence nucleon pairs are described as bosons
with angular momentum 0 or 2, denominated as s and d bosons, respectively. IBM-2 was
originally introduced as a phenomenological approach to describe collective excitations in
nuclei [51-53] and its relation with the shell model was established in References [54-56].

In Section 2, a brief summary of how single-particle energies (SPEs) enter interact-
ing boson model calculations is given followed by the introduction of considered neu-
tron/proton single-particle energies (SPEs) in Section 3. The impact of using different values
of the SPEs on pair structure coefficients in general is discussed in Section 4, and in Section 5,
specific results of Ov BB nuclear matrix elements, including their connection to DCE nuclear
matrix elements, are considered. Finally, conclusions are presented in Section 6.

2. Role of Single-Particle Energies in IBM-2 Calculations

Formally, any problem dealing with fermions may be transformed into an equivalent
problem dealing with bosons. For this transformation mapping from the original fermion
space, the shell model space, onto desired space, in this case IBM-2 space, is needed. A
detailed description of such mapping procedure can be found in References [54,55] and in
particular concerning DBD in Reference [57]. Here, a brief review of the main aspects of
the method is given. The starting points are the shell model creation operators of collective
S and D pairs with angular momenta 0 and 2, respectively:

Q; (0)
)= St/ 2 (61 <41)” o
]

Diui = X By ——— (0! xp}) 2, 3
oM Jg Boji m Pi %P ) ©)
where ) i = j+1/2 and p refers to proton or neutron indices, p = 7, v. For each kind of
nucleon, these pairs are then used to span the subspaces, the SD fermion spaces, of the
full shell model spaces. The states of each subspace have a certain number of protons or
neutrons 7, generalized seniority quantum number v, and angular momentum |, and are
labeled accordingly as |n, v, &, J),where a denotes additional quantum numbers required
for a unique specification of the states.
There are several ways to obtain the pair structure coefficients a,; and B,y in
Equations (2) and (3) [58-63]. In the method given by [63] and followed here, S; and
DZ, M generate the 07 ground state and the first excited 27 two-fermion state. These states
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correspond to a nucleus with two-valence-particles or two-valence-holes outside a closed
shell. The used method allows the inclusion of some possible renormalization effects
induced by the neutron-proton interaction to be included approximately. For the effective
interaction between identical nucleons, the surface delta interaction (SDI) is chosen. The
associated isovector strength parameter A; is fitted to reproduce the energy difference
between the 0" ground state and the first excited 27 in the corresponding two-valence-
particle or two-valence-hole nucleus. The single-particle energies enter the SDI calculation
as input.
As a result, pair structure coefficients are obtained and are normalized as

Zﬂja]z = ZQ] (4)
) ]
Y. B = 1L 5)

A

where the label p is from now on omitted for simplicity.
The states belonging to the SD subspaces are then mapped onto sd boson states of the
IBM space as

st st (6)
Dt — df, 7)

and similarly the fermionic operators are mapped into bosonic operators
Or — Op (8)

using the Otsuka, Arima, and lachello (OAI) method [55]. In the OAI method, the matrix
element of the bosonic image of the operator in question between IBM states, is made
equal to the corresponding fermionic shell model matrix element. When calculating the
matrix elements in the shell model using the generalized seniority scheme and making the
correspondence between the generalized-seniority state vectors and boson state vectors, the
commutator method of References [64,65] is employed. By using the OAI and commutator
methods, one is assured that the matrix elements between fermionic states in the collective
subspace are identical to the matrix elements in the bosonic space.

A detailed description for obtaining factors required for the mapping of combinations
of s and d operators relevant in the description of DBD in IBM-2 is given in Reference [57].

3. Considered Sets of Single-Particle Energies

The single-particle energies may be considered as input parameters to be fitted to
reach an optimal correspondence with the data, or alternatively they can be calculated
using a mean field potential, or they can be extracted from available experimental data.
In Reference [50] the single-particle and single-hole energies for protons and neutrons
were extracted from experimental data and discussed in detail. The underlying motivation
in [50] was to estimate the validity of the single-particle energies and check the reliability
of the used IBM-2 wave functions by calculating occupancies of the appropriate single-
particle levels. These kinds of tests are particularly important in the case of nuclei involved
in DBD, as they directly affect the evaluation of the nuclear matrix elements and thus
their reliability [66]. In Reference [50], single-particle energies for several major shells were
updated to values given in Tables 1-4 and marked as set (I). These single-particle energy
sets were then used to calculate the occupancies of several nuclei of interest in neutrinoless
double beta decay. Finally, the results were compared with experimental occupancies,
when available, as well as other theoretical calculations, and good correspondence was
obtained. The comparison set (II) in Tables 14 [57] refers to values used in previous IBM-2
double beta decay calculations.
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3.1. Single-Particle Energies for the 28-50 Shell

In Table 1, the single-particle energies for the orbitals of the 28-50 shell for proton
particles and holes are given. The proton particle energies are appropriate for A ~ 76, 82.
The updated values of set (I) were obtained by interpolating linearly between proton
particle SPEs of set (II) in Table 1 and proton hole SPEs of set (II) (but inverted to particle
energies). The proton hole energies in set (I) are appropriate for A ~ 100,116 and N ~ 60
and were obtained from the spectrum of 107, For set (II), the energies were taken, without
any interpolation, from the spectrum of %’ Cu for proton particles, and from isotones N = 50
for proton holes, suitable for A ~ 100 and neutron number N < 50.

The neutron hole energies of set (I) in Table 2 are appropriate for A ~ 76,82 and
Z ~ 40 and were obtained from the spectrum of 897r. For set (I) the energies were taken
from the spectrum of 5/ Ni.

As can be seen from Tables 1 and 2, in shell 28-50 for proton particles the biggest
changes in SPEs are for 1g9,, and 1f5,,, which both are lowered when going from set (II)
to set (I). For proton holes, as well as neutron holes, all other orbitals are lowered in energy
with respect to the lowest orbital 1g7 5.

Table 1. Considered energies of proton single-particle orbitals and A; isovector surface delta interac-
tion (SDI) strength parameters in MeV in the 28-50 shell (set (I) [50], set (II) [57]).

Protons (I) Protons (II) Protons (I) Protons (II)
Orbital (Particles) (Particles) (Holes) (Holes)

A~ 76,82 A ~ 100,116

A1 = 0.299 A1 = 0.366 A1 = 0.239 A1 = 0.264
2p1/2 1.179 1.106 0.678 0.931
2p3/2 0.000 0.000 1.107 2.198
1f5/2 0.340 1.028 1.518 2.684
1g9/2 2.640 3.009 0.000 0.000

Table 2. Considered energies of neutron single-particle orbitals and A; isovector SDI strength
parameters in MeV in the 28-50 shell (set (I) [50], set (II) [57]).

Neutrons (I) Neutrons (II)
Orbital A(E°;ZS;2 (Holes)
A1 = 0.237 A1 = 0.280
2p1/2 0.588 1.896
2p3/2 1.095 3.009
1f5/2 1.451 22400
1992 0.000 0.000

3.2. Single-Particle Energies for the 50-82 Shell

In Table 3, the single-particle energies for the orbitals of the 50-82 shell for proton
particles are given, appropriate for A ~ 128,130, 136. The energies in set (I) were taken
from the spectrum of 133Sb, the exception being the 3s /, level, where the energy was
obtained from systematics of odd N = 82 nuclei [67]. For set (II), the proton particle
energies were taken from the spectrum of 133Sb without any exceptions.

The energies for neutron particles and holes in the 50-82 shell are shown in Table 4.
In set (I) for neutron particles, suitable for A ~ 100, 116, the energies of 3s; /5, 2d3 /5, and
1g7,, orbitals were obtained from the spectra of 97Pd, °Ru, and 1918n, respectively. For the
1hq1 / orbital, the energy was taken from systematics of odd N = 51 nuclei. For set (II), the
neutron particle energies were taken from the spectra of °! Zr. The neutron hole energies,
appropriate for A ~ 128,130, 136 were obtained from the spectrum of 13!Sn for both set (I)
and set (II), so there were no changes in these single-particle energies.
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In shell 50-82 for proton particles and neutron holes, there are only minor changes
in SPEs, as shown in Tables 3 and 4. For neutron particles, in Table 4, the 1hy; /, orbital is
raised, whereas 3s1 /, 2d3 5, and 1g7,, are lowered.

Table 3. Considered energies of proton single-particle orbitals and A1 isovector SDI strength parame-
ters in MeV in the 50-82 shell (set (I) [50], set (II) [57]).

Protons (I) Protons (II)
. (Particles) (Particles)
Orbital A ~ 128,130,136

A1 = 0.222 A1 = 0.221
3s1/2 2.990 2.990
2ds3 ;5 2.440 2.690
2ds/» 0.962 0.960
187/2 0.000 0.000
1h11/2 2.792 2.760

Table 4. Considered energies of neutron single-particle orbitals and A; isovector SDI strength
parameters in MeV in the 50-82 shell (set (I) [50], set (II) [57]).

Neutrons (I) Neutrons (IT) Neutrons (I) Neutrons (II)
Orbital (Particles) (Particles) (Holes) (Holes)
A ~ 100,116 A ~ 128,130,136
A1 = 0.242 A1 = 0.269 A1 = 0.163 A1 = 0.163
3s1/2 0.775 1.205 0.332 0.332
2ds3,5 1.142 2.042 0.000 0.000
2ds5/p 0.000 0.000 1.654 1.655
1g7,2 0.172 2.200 2.434 2.434
1h11 2 2.868 2.170 0.069 0.070

4. Impact of Single-Particle Energies on Pair Structure Coefficients

In the definition of the pair operators Equations (2) and (3), the pair structure co-
efficients « and  appear. The method used for obtaining the coefficients & and f is by
diagonalizing the SDI (for details see, e.g., in [68]), where inputs are the single-particle
energies and values of A;. The obtained pair structure coefficients for different shells are
given in Tables 5-8.

In shell 28-50 for proton particles, Table 5, the obtained « with set (I) SPEs are smaller
in magnitude than the ones obtained with set (II), the exception being a5/, and f are larger,
the exception being B3 /23 /2. For proton holes, Table 5, as well as for neutron holes, Table 6,
« and B are larger, the exceptions being a9/, and Bg/29/,. In hole energies, 1g9/2 is the
lowest orbital and as already noted compared to set (II) in set (I), other orbitals are lowered
in energy with respect to the lowest orbital.

In shell 50-82 for proton particles, Table 7, and for neutron holes, Table 8, the obtained
« and B with set (I) remain essentially the same. For neutron particles, Table 8, x and B are
smaller for 5/2 and 11/2, and larger for others. 2d5; is the lowest orbital and 1k11 /; is the
highest orbital, which is raised even higher in set (I) compared to set (II).
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Table 5. Obtained pair structure coefficients with different single-particle energies given in Table 1
for protons of the 28-50 shell.

Protons (I) Protons (II) Protons (I) Protons (II)
(Particles) (Particles) (Holes) (Holes)
A~ 76,82 A ~ 100,116
®1/2 —0.701 —0.850 0.765 0.689
@3/2 —1.650 —1.867 0.602 0.408
&5/2 —1.187 —0.884 0.500 0.352
X9 /2 0.409 0.439 —-1.337 —1.401
B1/23/2 —0.742 —0.322 —0.149 —0.092
B3/23/2 —0.280 —0.866 —0.088 —0.048
B1/25/2 —0.280 —0.234 —0.154 —0.099
B3/25/2 0.381 0.222 0.071 0.040
Bs/25/2 —0.373 —0.182 —0.088 —0.052
B9/29/2 0.096 0.093 0.966 0.988

Table 6. Obtained pair structure coefficients with different single-particle energies given in Table 2
for neutrons of the 28-50 shell.

Neutrons (I) Neutrons (IT)
(Holes) (Holes)
A ~ 76,82
a1/ 0.807 0.468
a3/ 0.603 0.336
a5 /9 0.512 0.418
ag/n —1.329 —1.416
B1/23/2 —0.157 —0.063
B3/23/2 —0.089 —0.037
B1/25/2 —0.164 —0.091
B3/25/2 0.073 0.039
Bs/25/2 —0.092 —0.064
B9/29/2 0.963 0.990

Table 7. Obtained pair structure coefficients with different single-particle energies given in Table 3
for protons of the 50-82 shell.

Protons (I) Protons (II)
(Particles) (Particles)
A ~ 128,130,136
061/2 0.384 0.382
n3/2 0.449 0.414
o5 /2 0.818 0.817
a7 1.765 1.769
X11/2 —0.405 —0.406
B1/23/2 —0.058 —0.054
B3/23/2 0.045 0.040
B1/25/2 0.094 0.092
B3/25/2 0.058 0.053
Bs/25/2 0.134 0.131
B3/27/2 0.190 0.170
Bs/27,/2 —0.133 —0.131
Br/27/2 0.951 0.957

B11/211/2 —0.076 —0.075
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Table 8. Obtained pair structure coefficients with different single-particle energies given in Table 4
for neutrons of the 50-82 shell.

Neutrons (I) Neutrons (IT) Neutrons (I) Neutrons (IT)
(Particles) (Particles) (Holes) (Holes)
A ~ 100,116 A ~ 128,130,136
X1/ 0.888 0.852 —0.998 —0.999
a3/2 0.749 0.614 —1.394 —1.395
&5/2 1.463 1.921 —0.469 —0.469
a7/2 1.280 0.584 —0.357 —0.357
X112 —0.431 —0.589 —1.288 1.287
B1/23/2 —0.193 —0.118 —0.402 —0.402
B3/23/2 0.121 0.068 0.490 0.492
B1/25/2 0.395 0.324 0.159 0.159
B3 /25,2 0.173 0.115 0.098 0.098
Bs/25/2 0.550 0.899 0.078 0.078
B3/27/2 0.392 0.149 0.176 0.176
Bs/27/2 —0.267 —0.088 —0.037 —0.037
By /272 0.472 0.098 0.065 0.065
B11/211/2 —0.111 —0.124 —0.722 —0.721

5. Impact of the SPEs on IBM-2 Calculations
5.1. Neutrinoless Double Beta Decay

In the current calculation, the closure approximation is assumed. Short range correlations
(SRC) are taken into account using the Jastrow function with Argonne parametrization [69].
The details of the OvBg calculation in IBM-2, including form factors, neutrino potential,
form factor charges, etc., are given in [70]. In Table 9, the OvBp decay nuclear matrix
elements calculated using SPEs of set (II), labeled as “old”, and SPEs of set (I), labeled
as “new”, are shown. The full matrix element is divided into Fermi (M), Gamow-Teller
(M) and tensor (M) components as

2
M, = & [— (g) M; + Mcr — M. ©)

Conservative quenched value g4 = 1 is chosen simply to allow straightforward use
of other values of g4 using Equation (9) for the full matrix element. The quenching of g4 is
still an open question, which, however, is beyond the scope of the current study. Note that
a negative sign of the tensor nuclear matrix element (NME) relative to that of GT NME, as
shown in Equation (9), was derived in Reference [70] in contrary to previous papers [30,71].

As was shown in Table 1 for proton particles, in set (II), the high-j orbitals are at higher
excitation energy than in set (I). In addition, neutron hole energies in Table 2 are more
packed for set (I) than set (II). This leads to generally smaller « and larger 3 in Tables 5 and 6.
Eventually, also the calculated OvBB decay nuclear matrix elements for nuclei 7°Ge and
82GSe, where proton particles and neutron holes occupy the shell 28-50, are larger when set
(I) SPEs are employed, as shown in Table 9. For 1Mo and ''®Cd, proton holes occupy the
shell 28-50 and neutron particles occupy the shell 50-82. In these cases, the energies are
more compressed in set (I) than in set (II). Thus « and p in Table 5 are generally larger, and
OvBS NMEs, as well, are larger. In the description of OvBf decay in the framework of IBM-2
(see Reference [57] for details), « and B are raised to exponents depending on the number
of bosons (pairs), and appear in products. Thus, the increase of NMEs is shown especially
when both proton and neutron energies are affected and the number of bosons (valence
particles outside closed shells) is higher. The biggest increase in NMEs are for 7°Ge, 82Se,
and ™Mo, and is mainly due to an increase in the GT component. The case A = 116 is less
affected because of the low number of protons outside the closed shell.
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In shell 50-82 for proton particles, Table 7, and for neutron holes, Table 8, the SPEs
remain essentially the same, as do @ and 3, and thus also NMEs in Table 9 for 128 130T,
and 13®Xe remain essentially the same. The minor change in NMEs in these cases is due to
updated form factor charge values used in [70] compared to [30].

Compared to NMEs obtained with other nuclear models and taking into account
the sign of the tensor matrix element, the current results are generally very close to
QRPA-Ti [72] and QRPA-Jy [73] results, and 1.5-2 times larger than the ones obtained with
deformed QRPA [74] and ISM [75].

Table 9. Light neutrino exchange nuclear matrix elements for selected nuclei calculated with set
(I) single-particle energies (SPEs) [70] (new) and with set (II) [30] (old) using g4 = 1.0 and the
convention M, > 0. The “old” Fermi, Gamow-Teller, and tensor nuclear matrix elements (NMEs)
are combined in the NMEs M99 using the negative sign of the tensor NME relative to that of the GT
NME (in contrary to [30], where a positive sign was used). All NMEs are in dimensionless units.

Isotope MY MoAd A9ld AqoMd Mp  Mgr Mr M,

76Ge  —0.68 449  —023 540 —0.78 558 —0.28  6.64
826e  —0.60 359  —0.23 442  —0.67 452 —027 546
00Mo  —0.48 3.73 0.19 402 —0.51 5.08 032 527
Hecd  —0.33 2.76 0.14 295 —0.34 2.89 012  3.11
28T —0.72 380 —0.15 467 —0.72 397 —0.12  4.80
130Te  —0.65 343  —0.13 421  —0.65 359 —0.16  4.40
136xe  —0.52 283  —0.10 345 —0.52 296 —0.12  3.60

5.2. Double Charge Exchange Reaction

It has been recently proposed that the nuclear matrix elements involved in double
charge exchange reactions may resemble, at least for their geometrical structure, those
involved in neutrinoless double beta decay [76], even though mediated by different in-
teractions, strong and weak, respectively. Furthermore, in Reference [77], a hypothesis of
linear correlation between double charge exchange reaction and neutrinoless double beta
decay NMEs was suggested. This hypothesis was further studied in Reference [78], where
a correlation between the OvBp decay nuclear matrix element and DCE nuclear matrix
element in IBM-2 for cases 7°Ge, 82Se, 116Cd, and 1%Te was found. In particular, linear
dependence for GT NMEs was found to be [78]

MEPP = 007 + 1.36 MRSE, (10)

where ./\/l? ¢t refers to matrix elements for the target. In these DCE calculations, SPEs of set
(IT) were used and thus the comparison was made with IBM-2 OvBp decay NMEs from [71].
However, the linear dependence can also be found for updated single-particle energies and
change in constant coefficients is anticipated to be very mild. When finding the constant
coefficients, the important thing is to use the same SPEs in both calculations, DBD and
DCE, in order to avoid unnecessary uncertainty coming from different input parameters.

6. Conclusions

In this article, the impact of using different values of the SPEs on pair structure
coefficients, crucial for IBM-2 description of double beta decay, was discussed, and specific
results of Ovpp decay nuclear matrix elements, including their connection to double charge
exchange reaction nuclear matrix elements, were considered. The single-particle energies
may be considered as input parameters to be fitted to reach an optimal correspondence with
the data, or alternatively they can be calculated using a mean field potential, or they can be
extracted from available experimental data, as has become customary in the connection
of IBM-2 wave functions.The observed increase of the Ov8 decay IBM-2 matrix elements
can be explained by the changes in the single-particle energies. In those cases where the
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updated single-particle energies are generally decreased and compressed compared to the
previous set, generally larger values for the pair structure coefficients & and § of the S and
D pairs are produced. This then leads to larger NMEs, especially when (1) both proton
and neutron single-particle energies are affected and (2) the number of valence particles
outside closed shells is high.

Funding: This research was funded by the Academy of Finland, Grant No. 314733, 320062.
Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Conflicts of Interest: The author declares no conflict of interest.

References

1.

10.

11.

12.
13.

14.

15.

16.

17.

18.

19.

20.

Anton, G.; Badhrees, 1.; Barbeau, P.S.; Beck, D.; Belov, V.; Bhatta, T.; Breidenbach, M.; Brunner, T.; Cao, G.E,; Cen, W.R; et al.
(EXO-200 Collaboration). Search for Neutrinoless Double- Decay with the Complete EXO-200 Dataset. Phys. Rev. Lett. 2019,
123, 161802. [CrossRef]

Adams, D.Q.; Alduino, C.; Alfonso, K.; Avignone, FT., III; Azzolini, O.; Bari, G.; Bellini, F; Benato, G.; Biassoni, M.;
Branca, A.; et al. (CUORE Collaboration). Improved Limit on Neutrinoless Double-Beta Decay in Te-130 with CUORE. Phys. Rev.
Lett. 2020, 124, 122501. [CrossRef] [PubMed]

Gando, A.; Gando, A.; Gando, Y.; Hachiya, T.; Hayashi, A.; Hayashida, S.; Ikeda, H.; Inoue, K.; Ishidoshiro, K.; Karino, Y.; et al.
(KamLANDZen Collaboration). Search for Majorana Neutrinos Near the Inverted Mass Hierarchy Region with KamLAND-Zen.
Phys. Rev. Lett. 2016, 117, 082503. [CrossRef]

Agostini, M.; Araujo, G.R.; Bakalyarov, A.M.; Balata, M.; Barabanov, I.; Baudis, L.; Bauer, C.; Bellotti, E.; Belogurov, S.;
Bettini, A.; et al. (GERDA Collaboration). Final Results of GERDA on the Search for Neutrinoless Double-f Decay. Phys.
Rev. Lett. 2020, 125, 252502. [CrossRef]

Haxton, W.C.; Stephenson, G.J., Jr. Double beta decay. Prog. Part. Nucl. Phys. 1984, 12, 409. [CrossRef]

Doi, M.; Kotani, T.; Takasugi, E. Double beta Decay and Majorana Neutrino. Prog. Theor. Phys. Suppl. 1985, 83, 1. [CrossRef]
Mohapatra, R.N. New Contributions to Neutrinoless Double beta Decay in Supersymmetric Theories. Phys. Rev. D 1986, 34, 3457.
[CrossRef] [PubMed]

Vergados, ].D. Neutrinoless double p-decay without Majorana neutrinos in supersymmetric theories. Phys. Lett. B 1987, 184, 55.
[CrossRef]

Tomoda, T. Double beta decay. Rep. Prog. Phys. 1991, 54, 53. [CrossRef]

Morales, A. Review on double beta decay experiments and comparison with theory. Nucl. Phys. B Proc. Suppl. 1999, 77, 335.
[CrossRef]

Avignone, ET., III; Elliott, S.R.; Engel, ]. Double beta decay, Majorana neutrinos, and neutrino mass. Rev. Mod. Phys. 2008, 80, 481.
[CrossRef]

Kotila, J.; Iachello, F. Phase-space factors for double-$ decay. Phys. Rev. C 2012, 85, 034316 . [CrossRef]

Barabash, A.S. Average and recommended half-life values for two-neutrino double beta decay: Upgrade-2019. AIP Conf. Proc.
2019, 2165, 020002.

Paes, B.; Santagati, G.; Vsevolodovna, R.M.; Cappuzzello, F.; Carbone, D.; Cardozo, E.N.; Cavallaro, M.; Garcia-Tecocoatzi, H.;
Gargano, A.; Ferreira, J.L.; et al. Long-range versus short-range correlations in the two-neutron transfer reaction
64N (180,160)Ni. Phys. Rev. C 2017, 96, 044612. [CrossRef]

Freeman, S.J.; Schiffer, ].P. Constraining the Ov2f matrix elements by nuclear structure observables. J. Phys. G 2012, 39, 124004.
[CrossRef]

Kay, B.P; Bloxham, T.; McAllister, S.A.; Clark, J.A.; Deibel, C.M.; Freedman, S.J.; Freeman, S.J.; Han, K.; Howard, A.M.;
Mitchell, A.J.; et al. Valence neutron properties relevant to the neutrinoless double-8 decay of '*'Te. Phys. Rev. C 2013, 87, 011302.
[CrossRef]

Entwisle, ].P.; Kay, B.P,; Tamii, A.; Adachi, S.; Aoi, N.; Clark, ].A.; Freeman, S.J.; Fujita, H.; Fujita, Y.; Furuno, T.; et al. Change
of nuclear configurations in the neutrinoless double-3 decay of 130Te 130X e and 136Xe—136Ba. Phys. Rev. C 2016, 93, 064312.
[CrossRef]

Szwec, S.V.; Kay, B.P.; Cocolios, T.E.; Entwisle, ].P.; Freeman, S.J.; Gaffney, L.P.; Guimaraes, V.; Hammache, F.; McKee, P.P; Parr, E.;
et al. Rearrangement of valence neutrons in the neutrinoless double-p decay of 136X, Phys. Rev. C 2016, 94, 054314. [CrossRef]
Schiffer, ].P.; Freeman, S.J.; Clark, J.A.; Deibel, C.; Fitzpatrick, C.R.; Gros, S.; Heinz, A.; Hirata, D.; Jiang, C.L.; Kay, B.P; et al.
Nuclear structure relevant to neutrinoless double § decay: 7°Ge and 7Se. Phys. Rev. Lett. 2008, 100, 112501. [CrossRef]

Kay, B.P; Schiffer, J.P.; Freeman, S.J.; Adachi, T.; Clark, J.A.; Deibel, C.M.; Fujita, H.; Fujita, Y.; Grabmayr, P.; Hatanaka, K.; et al.
Nuclear structure relevant to neutrinoless double g decay: The valence protons in 76Ge and 76Se. Phys. Rev. C. 2009, 79, 021301.
[CrossRef]


http://doi.org/10.1103/PhysRevLett.123.161802
http://dx.doi.org/10.1103/PhysRevLett.124.122501
http://www.ncbi.nlm.nih.gov/pubmed/32281829
http://dx.doi.org/10.1103/PhysRevLett.117.082503
http://dx.doi.org/10.1103/PhysRevLett.125.252502
http://dx.doi.org/10.1016/0146-6410(84)90006-1
http://dx.doi.org/10.1143/PTPS.83.1
http://dx.doi.org/10.1103/PhysRevD.34.3457
http://www.ncbi.nlm.nih.gov/pubmed/9957083
http://dx.doi.org/10.1016/0370-2693(87)90487-4
http://dx.doi.org/10.1088/0034-4885/54/1/002
http://dx.doi.org/10.1016/S0920-5632(99)00440-5
http://dx.doi.org/10.1103/RevModPhys.80.481
http://dx.doi.org/10.1103/PhysRevC.85.034316
http://dx.doi.org/10.1103/PhysRevC.96.044612
http://dx.doi.org/10.1088/0954-3899/39/12/124004
http://dx.doi.org/10.1103/PhysRevC.87.011302
http://dx.doi.org/10.1103/PhysRevC.93.064312
http://dx.doi.org/10.1103/PhysRevC.94.054314
http://dx.doi.org/10.1103/PhysRevLett.100.112501
http://dx.doi.org/10.1103/PhysRevC.79.021301

Universe 2021, 7, 66 10 of 11

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.
33.

34.

35.
36.

37.

38.

39.

40.

41.

42.
43.

44.
45.

46.

47.

48.

49.
50.

51.

52.

Ejiri, H.; Suhonen, J.; Zuber, K. Neutrino nuclear responses for astro-neutrinos, single f-decays, and double B-decays. Phys. Rep.
2019, 797, 1-102. [CrossRef]

Ejiri, H.; Richard, P; Ferguson, S.; Heffner, R.; Perry, D. Electric dipole transition from the f;, isobaric analogue state to the 2d5 /,
ground state in 141py, Phys. Rev. Lett. 1968, 21, 373-376. [CrossRef]

Ejiri, H.; Titov, A.; Bosewell, M.; Yang, A. Neutrino nuclear response and photonuclear reactions. Phys. Rev. C 2013, 88, 054610.
[CrossRef]

Jokiniemi, L.; Suhonen, J. Muon-capture strength functions in intermediate nuclei of OvBp decays. Phys. Rev. C 2019, 100, 014619.
[CrossRef]

Jokiniemi, L.; Suhonen, ]J. Comparative analysis of muon capture and Ov decay matrix elements. Phys. Rev. C 2020, 102, 024303.
[CrossRef]

Jokiniemi, L.; Kotila, J; Suhonen, J. Comparative Analysis of Nuclear Matrix Elements of Ov8 8 Decay and Muon Capture in
196Cd. Front. Phys. 2021, accepted.

Cirigliano, V.; Gardner, S.; Holstein, B. Beta decays and non-standard interactions in the LHC era. Prog. Part. Nucl. Phys. 2013,
71, 93. [CrossRef]

Kostensalo, J.; Suhonen, J. g4-driven shapes of electron spectra of forbidden § decays in the nuclear shell model. Phys. Rev. C
2017, 96, 024317. [CrossRef]

Yoshida, N.; Iachello, E. Two neutrino double-$ decay in the interacting boson-fermion model. Prog. Theor. Exp. Phys. 2013,
2013, 043D01. [CrossRef]

Barea, ].; Kotila, J.; Iachello, F. 0vBp and 2vBp nuclear matrix elements in the interacting boson model with isospin restoration.
Phys. Rev. C 2015, 91, 034304. [CrossRef]

Barabash, A.S. Average and recommended half-life values for two-neutrino double beta decay. Nucl. Phys. A 2015, 935, 52.
[CrossRef]

Horoi, M.; Neacsu, A. Shell model predictions for 124gp double-B decay. Phys. Rev. C 2016, 93, 024308. [CrossRef]

Suhonen, ].; Civitarese, O. Double-beta-decay nuclear matrix elements in the QRPA framework. J. Phys. G 2012, 39, 085105.
[CrossRef]

Rodin, V.A.; Faessler, A.; Simkovic, E; Vogel, P. Assessment of uncertainties in QRPA Ovpp-decay nuclear matrix elements. Nucl.
Phys. A 2006, 766, 107.

Caurier, E.; Poves, A.; Zuker, A.P. A full Ofiw description of the 2v8 decay of 48Ca. Phys. Lett. B 1990, 252, 13. [CrossRef]
Ichimura, M.; Sakai, H.; Wakasa, T. Spin-isospin responses via (p,n) and (#, p) reactions. Prog. Part. Nucl. Phys. 2006, 56, 446.
[CrossRef]

Freckers, D.; Puppe, P; Thies, ].H.; Ejiri, H. Gamow-Teller strength extraction from (3He, t) reactions. Nucl. Phys. A 2013, 916, 219.
[CrossRef]

Yako, K.; Sasano, M.; Miki, K.; Sakai, H.; Dozono, M.; Frekers, D.; Greenfield, M.B.; Hatanaka, K.; Thara, E.; Kato, M.; et al.
Gamow-Teller Strength Distributions in *8Sc by the *8Ca(p,n) and *Ti(n, p) Reactions and Two-Neutrino Double-8 Decay
Nuclear Matrix Elements. Phys. Rev. Lett. 2009, 103, 012503. [CrossRef]

Suhonen, J.; Civitarese, O. Probing the quenching of ¢4 by single and double beta decays. Phys. Lett. B 2013, 725, 153. [CrossRef]
Caurier, E.; Nowacki, F.; Poves, A. Shell Model description of the 8 decay of 136 e, Phys. Lett. B 2012, 711, 62. [CrossRef]
Rodriguez, T.R.; Martinez-Pinedo, G. Neutrinoless double beta decay studied with configuration mixing methods. Prog. Part.
Nucl. Phys. 2011, 66, 436. [CrossRef]

Bertulani, C.A. Heavy-ion charge exchange in the eikonal approximation. Nucl. Phys. A 1993, 554, 493. [CrossRef]

Lenske, H. Theory of heavy ion charge exchange scattering at low and intermediate energies. Nucl. Phys. A 1988, 482, 343.
[CrossRef]

Vergados, ].D. Pion-double-charge-exchange contribution to neutrinoless double-$ decay. Phys. Rev. D 1982, 25, 914. [CrossRef]
Fazely, A.; Liu, L.C. Neutrinoless Double-f Decay and Its Relation to Pion Double Charge Exchange. Phys. Rev. Lett. 1986, 57, 968.
[CrossRef]

Mordechai, S.; Auerbach, N.; Burlein, M.; Fortune, H.T.; Greene, S.].; Moore, C.E.; Morris, C.L.; O’'Donnell, ].M.; Rawool, M.W.;
Silk, ].D.; et al. Pion Double Charge Exchange to the Double Dipole Resonance. Phys. Rev. Lett. 1988, 61, 531. [CrossRef]
Moreno, O.; Moya de Guerra, E.; Sarriguren, P; Faessler, A. Theoretical mean-field and experimental occupation probabilities in
the double-B decay system 7°Ge to 7Se. Phys. Rev. C 2019, 81, 041303. [CrossRef]

Suhonen, J.; Civitarese, O. Single and double beta decays in the A=100, A=116 and A=128 triplets of isobars. Nucl. Phys. A 2014,
924, 1. [CrossRef]

Neacsu, A.; Horoi, M. Shell model studies of the 30Te neutrinoless double-B decay. Phys. Rev. C 2015, 91, 024309. [CrossRef]
Kotila, J.; Barea, ]. Occupation probabilities of single particle levels using the microscopic interacting boson model: Application to
some nuclei of interest in neutrinoless double-f decay. Phys. Rev. C 2016, 94, 034320. [CrossRef]

Arima, A.; Iachello, F. Interacting boson model of collective states. 1. The Vibrational limit. Ann. Phys. 1976, 99, 253-317.
[CrossRef]

Arima, A.; Iachello, F. Interacting boson model of collective nuclear states. II. The rotational limit. Ann. Phys. 1978, 111, 201-238.
[CrossRef]


http://dx.doi.org/10.1016/j.physrep.2018.12.001
http://dx.doi.org/10.1103/PhysRevLett.21.373
http://dx.doi.org/10.1103/PhysRevC.88.054610
http://dx.doi.org/10.1103/PhysRevC.100.014619
http://dx.doi.org/10.1103/PhysRevC.102.024303
http://dx.doi.org/10.1016/j.ppnp.2013.03.005
http://dx.doi.org/10.1103/PhysRevC.96.024317
http://dx.doi.org/10.1093/ptep/ptt007
http://dx.doi.org/10.1103/PhysRevC.91.034304
http://dx.doi.org/10.1016/j.nuclphysa.2015.01.001
http://dx.doi.org/10.1103/PhysRevC.93.024308
http://dx.doi.org/10.1088/0954-3899/39/8/085105
http://dx.doi.org/10.1016/0370-2693(90)91071-I
http://dx.doi.org/10.1016/j.ppnp.2005.09.001
http://dx.doi.org/10.1016/j.nuclphysa.2013.08.006
http://dx.doi.org/10.1103/PhysRevLett.103.012503
http://dx.doi.org/10.1016/j.physletb.2013.06.042
http://dx.doi.org/10.1016/j.physletb.2012.03.076
http://dx.doi.org/10.1016/j.ppnp.2011.01.047
http://dx.doi.org/10.1016/0375-9474(93)90232-M
http://dx.doi.org/10.1016/0375-9474(88)90595-7
http://dx.doi.org/10.1103/PhysRevD.25.914
http://dx.doi.org/10.1103/PhysRevLett.57.968
http://dx.doi.org/10.1103/PhysRevLett.61.531
http://dx.doi.org/10.1103/PhysRevC.81.041303
http://dx.doi.org/10.1016/j.nuclphysa.2014.01.004
http://dx.doi.org/10.1103/PhysRevC.91.024309
http://dx.doi.org/10.1103/PhysRevC.94.034320
http://dx.doi.org/10.1016/0003-4916(76)90097-X
http://dx.doi.org/10.1016/0003-4916(78)90228-2

Universe 2021, 7, 66 11 of 11

53.
54.
55.
56.
57.

58.
59.

60.
61.
62.
63.
64.
65.
66.
67.
68.
69.
70.

71.
72.

73.

74.

75.

76.

77.

78.

Arima, A.; Iachello, F. Interacting boson model of collective nuclear states. 4. The O(6) limit. Ann. Phys. 1979, 123, 468-492.
[CrossRef]

Arima, A.; Ohtsuka, T.; Iachello, F,; Talmi, I. Collective nuclear states as symmetric couplings of proton and neutron excitations.
Phys. Lett. B 1977, 66, 205-208. [CrossRef]

Otsuka, T.; Arima, A.; Iachello, F; Talmi, I. Shell model description of interacting bosons. Phys. Lett. A 1978, 76, 139-143. [CrossRef]
Otsuka, T.; Arima, A.; Iachello, F. Nuclear shell model and interacting bosons. Nucl. Phys. A 1978, 309, 1-33. [CrossRef]

Barea, J.; Iachello, F. Neutrinoless double- 8 decay in the microscopic interacting boson model. Phys. Rev. C 2009, 79, 044301.
[CrossRef]

Talmi, I. Generalized seniority and structure of semi-magic nuclei. Nucl. Phys. A 1971, 172, 1. [CrossRef]

Klein, A ; Valliéres, M. New method for studying the microscopic foundations of the interacting boson model. Phys. Lett. B 1981,
98, 5. [CrossRef]

Scholten, O. Microscopic calculations for the interacting boson model. Phys. Rev. C 1983, 28, 1783. [CrossRef]

Scholten, O. Single particle degrees of freedom in the interacting boson model. Prog. Part. Nucl. Phys. 1985, 14, 189. [CrossRef]
Yoshinaga, N.; Mizusaki, T.; Arima, A.; Devi, Y.D. Microscopic foundations of the interacting boson Model from the shell-model
point of view. Prog. Theor. Phys. Suppl. 1996, 125, 65. [CrossRef]

Pittel, S.; Duval, P.D.; Barrett, B.R. The microscopic Interacting Boson Model for nondegenerate orbits. Ann. Phys. 1982,
144, 168-199. [CrossRef]

Frank, A.; Van Isacker, P. Commutator algebra for the microscopic interacting boson model with nondegenerate orbits. Phys. Rev.
C 1982, 26, 1661. [CrossRef]

Lipas, P.O.; Koskinen, M.; Harter, H.; Nojarov, R.; Faessler, A. Microscopic IBA calculations of (e, ¢’) M1 form factors. Nucl. Phys.
A 1990, 509, 509-540. [CrossRef]

Engel, J. Uncertainties in nuclear matrix elements for neutrinoless double-beta decay. J. Phys. G Nucl. Part. Phys. 2015, 42, 034017.
[CrossRef]

Baldridge, W.J. Shell-model studies for the 132gp region. I. Few proton cases. Phys. Rev. C 1978, 18, 530. [CrossRef]

Suhonen, J. From Nucleons to Nucleus. Concepts of Microscopic Nuclear Theory; Springer: Berlin/Heidelberg, Germany, 2007.
Simkovic, F; Faessler, A.; Miither, H.; Rodin, V.; Stauf, M. Ov BB-decay nuclear matrix elements with self-consistent short-range
correlations. Phys Rev C. 2009, 79, 055501. [CrossRef]

Deppisch, EF.; Graf, L.; Iachello, F.; Kotila, J. Analysis of light neutrino exchange and short-range mechanisms in Ov3 decay.
Phys. Rev. D 2020, 102, 095016. [CrossRef]

Barea, J.; Kotila, J.; Iachello, F. Nuclear matrix elements for double-p decay. Phys. Rev. C 2013, 87, 014315. [CrossRef]

Simkovic, F; Rodin, V.; Faessler, A.; Vogel, P. 0v8 and 2vBp nuclear matrix elements, quasiparticle random-phase approximation,
and isospin symmetry restoration. Phys. Rev. C. 2013, 87, 045501. [CrossRef]

Hyvirinen, J.; Suhonen, J. Nuclear matrix elements for 08 decays with light or heavy Majorana-neutrino exchange. Phys. Rev. C.
2015, 91, 024613. [CrossRef]

Fang, D.L.; Faessler, A.; Simkovic, F. OvBg-decay nuclear matrix element for light and heavy neutrino mass mechanisms from
deformed quasiparticle random-phase approximation calculations for 7°Ge, Se, '3 Te,13¢ Xe, and ''Nd with isospin restoration.
Phys. Rev. C. 2018, 97, 045503. [CrossRef]

Menéndez, J. Neutrinoless BB decay mediated by the exchange of light and heavy neutrinos: The role of nuclear structure
correlations. J. Phys. G Nucl. Part. Phys. 2018, 45, 014003. [CrossRef]

Cappuzzello, F,; Cavallaro, M.; Agodi, C.; Bondi, M.; Carbone, D.; Cunsolo, A.; Foti, A. Heavy-ion double charge exchange
reactions: A tool toward Ov S nuclear matrix elements. Eur. Phys. ]. A 2015, 51, 145. [CrossRef]

Shimizu, N.; Menéndez, J.; Yako, K. Double Gamow-Teller Transitions and its Relation to Neutrinoless Decay. Phys. Rev. Lett.
2018, 120, 142502. [CrossRef]

Santopinto, E.; Garcia-Tecocoatzi, H.; Magafia Vsevolodovna, R.I.; Ferretti, ]. (NUMEN Collaboration). Heavy-ion double-charge-
exchange and its relation to neutrinoless double-$ decay. Phys. Rev. C 2018, 98, 061601.


http://dx.doi.org/10.1016/0003-4916(79)90347-6
http://dx.doi.org/10.1016/0370-2693(77)90860-7
http://dx.doi.org/10.1016/0370-2693(78)90260-5
http://dx.doi.org/10.1016/0375-9474(78)90532-8
http://dx.doi.org/10.1103/PhysRevC.79.044301
http://dx.doi.org/10.1016/0375-9474(71)90112-6
http://dx.doi.org/10.1016/0370-2693(81)90354-3
http://dx.doi.org/10.1103/PhysRevC.28.1783
http://dx.doi.org/10.1016/0146-6410(85)90054-7
http://dx.doi.org/10.1143/PTPS.125.65
http://dx.doi.org/10.1016/0003-4916(82)90107-5
http://dx.doi.org/10.1103/PhysRevC.26.1661
http://dx.doi.org/10.1016/0375-9474(90)90089-5
http://dx.doi.org/10.1088/0954-3899/42/3/034017
http://dx.doi.org/10.1103/PhysRevC.18.530
http://dx.doi.org/10.1103/PhysRevC.79.055501
http://dx.doi.org/10.1103/PhysRevD.102.095016
http://dx.doi.org/10.1103/PhysRevC.87.014315
http://dx.doi.org/10.1103/PhysRevC.87.045501
http://dx.doi.org/10.1103/PhysRevC.91.024613
http://dx.doi.org/10.1103/PhysRevC.97.045503
http://dx.doi.org/10.1088/1361-6471/aa9bd4
http://dx.doi.org/10.1140/epja/i2015-15145-5
http://dx.doi.org/10.1103/PhysRevLett.120.142502

	Introduction
	Role of Single-Particle Energies in IBM-2 Calculations
	Considered Sets of Single-Particle Energies
	Single-Particle Energies for the 28-50 Shell
	Single-Particle Energies for the 50-82 Shell

	Impact of Single-Particle Energies on Pair Structure Coefficients
	Impact of the SPEs on IBM-2 Calculations
	Neutrinoless Double Beta Decay
	Double Charge Exchange Reaction

	Conclusions
	References

