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Abstract

:

We review the effective field theory associated with the superfluid phonons that we use for the study of transport properties in the core of superfluid neutrons stars in their low temperature regime. We then discuss the shear and bulk viscosities together with the thermal conductivity coming from the collisions of superfluid phonons in neutron stars. With regard to shear, bulk, and thermal transport coefficients, the phonon collisional processes are obtained in terms of the equation of state and the superfluid gap. We compare the shear coefficient due to the interaction among superfluid phonons with other dominant processes in neutron stars, such as electron collisions. We also analyze the possible consequences for the r-mode instability in neutron stars. As for the bulk viscosities, we determine that phonon collisions contribute decisively to the bulk viscosities inside neutron stars. For the thermal conductivity resulting from phonon collisions, we find that it is temperature independent well below the transition temperature. We also obtain that the thermal conductivity due to superfluid phonons dominates over the one resulting from electron-muon interactions once phonons are in the hydrodynamic regime. As the phonons couple to the Z electroweak gauge boson, we estimate the associated neutrino emissivity. We also briefly comment on how the superfluid phonon interactions are modified in the presence of a gravitational field or in a moving background.
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1. Introduction


Superfluidity is a property of quantum liquids related to the existence of low energy excitations that satisfy the so-called Landau criterion [1]


  Min   ϵ ( p )  p  ≠ 0  ,  



(1)




where   ϵ ( p )   is the dispersion law of the excitation. The lowest energy modes are usually called superfluid phonons, and they dominate the low temperature properties of the superfluid. While superfluidity was first discovered in a bosonic system, it was soon realized that it could occur in a fermionic system as well, as a consequence of Cooper’s theorem.



Migdal’s observation [2] that the superfluidity of neutron matter may occur in the core of compact stars has captured much interest over the years. The presence of superfluidity inside neutron stars would affect different neutron star phenomena, such as its cooling, rotational properties, pulsar glitches, or the hydrodynamic and oscillation modes, and thus have several observational consequences. For recent reviews on superfluidity in neutron stars, we refer the reader to [3,4].



At low temperatures, neutron matter superfluidity originates from the presence of a quantum condensate, due to neutron pairing. This condensate breaks the global   U ( 1 )   symmetry associated with baryon number conservation and gives rise to the existence of the low energy modes, the superfluid phonons. At very low temperatures, they dominate the thermal corrections to the thermodynamical and hydrodynamic properties of the superfluid. More precisely, the superfluid phonon contribution could be relevant for the determination of the transport properties of neutron stars, that is the shear and bulk viscosities, as well as the thermal conductivity.



In this manuscript, we review the progress on the transport properties of superfluid phonons in the core of the star. In the crust of the star, neutrons also pair, but the low energy effective field theory includes other low energy modes, which are absent in the core [5]. We give an overview of the superfluid phonon contribution to the shear and bulk viscosities together with the thermal conductivity in the core of neutron stars, as discussed in [6,7,8,9]. So as to calculate the phonon contribution, it is important to determine the relevant collisions involving phonons that are responsible for the transport phenomena. By using the universal character of the effective field theory (EFT) at leading order, we can obtain a very general formulation so as to determine the leading phonon interactions, which can be fixed by the equation of state (EoS) and the superfluid gap of neutron matter [10,11]. We also discuss neutrino emission by superfluid phonons. Even if these couple to the Z electroweak gauge boson, this possible channel of cooling of the star is very much suppressed, as we will show.



The paper is organized as follows. In Section 2, we review the EFT that describes the phonon self-interactions in a superfluid, whereas in Section 3, we present the specific EoS for  β -stable nuclear matter, as well as the superfluid gap that will be used for the computation of the transport coefficients. In Section 4, we study the shear viscosity in the hydrodynamic (Section 4.1) and ballistic and transient regimes (Section 4.2). In Section 5, we show our results for the bulk viscosities, and in Section 6, we analyze the r-mode instability window using the shear damping mechanism. Then, in Section 7, we discuss the thermal conductivity, and in Section 8, we comment on neutrino emission due to superfluid phonons. We finalize our paper with Section 9, where we present a discussion on how the superfluid phonon EFT changes in the presence of a gravitational field or by considering that the superfluid medium is not at rest. A summary is given in Section 10. We use natural units   ℏ = c =  k B  = 1   in this work.




2. Effective Field Theory and the Superfluid Phonon


EFT techniques allow writing down the effective Lagrangian for superfluid phonons. A superfluid phonon is the Goldstone mode related to the spontaneous symmetry breaking of the particle number conservation. The effective Lagrangian is constructed as an expansion in the derivatives of the superfluid phonon field, each of the terms restricted by the allowed symmetry. The coefficients of each term in the expansion can be determined from the microscopic theory using a matching procedure. An important observation was made in [10,11], as it was pointed out that the EoS determines completely the leading-order (LO) effective Lagrangian for phonons. In particular, the LO Lagrangian for a non-relativistic system reads:


     L LO    =    P ( X )  ,      X   =    μ −  ∂ t  φ −    ( ∇ φ )  2   2 m    ,     



(2)




where   P ( μ )   and  μ  are the pressure and chemical potential, respectively, of the system at   T = 0  , whereas  φ  is the phonon field (the phase of the fermionic condensate) and m is the mass of the particles that form a condensate. Note that, after a Legendre transformation, the associated Hamiltonian can be obtained, having the same form as the one used by Landau for the phonon self-interactions of    4  He [11,12].



The Lagrangian for the phonon field is determined after performing a Taylor expansion of the pressure and rescaling the phonon field:


  φ =  ϕ     ∂ 2  P   ∂  μ 2      ,  



(3)




in order to canonically normalize the kinetic term as:


     L LO      =  1 2     (  ∂ t  ϕ )  2  −  v ph 2    ( ∇ ϕ )  2           − g    (  ∂ t  ϕ )  3  − 3  η g    ∂ t  ϕ   ( ∇ ϕ )  2           + λ    (  ∂ t  ϕ )  4  −  η  λ , 1     (  ∂ t  ϕ )  2    ( ∇ ϕ )  2  +  η  λ , 2     ( ∇ ϕ )  4   + ⋯     



(4)







In [13] the phonon self-couplings of Equation (4) were obtained as different ratios of the derivatives of the pressure with respect to the chemical potential. Similarly, we can express them in terms of the speed of sound at   T = 0   and derivatives of the speed of sound with respect to the mass density.



In particular, the speed of sound at   T = 0   is given by:


   v ph  =    ∂ P   ∂ ρ    ≡  c s   ,  



(5)




where  ρ  is the mass density. The three and four phonon self-coupling constants are obtained as:


      g =   1 − 2 u   6  c s   ρ     ,   η g  =   c s 2   1 − 2 u    ,  λ =   1 − 2 u ( 4 − 5 u ) − 2 w ρ   24  c s 2  ρ    ,         η  λ  , 1   =   6  c s 2   ( 1 − 2 u )    1 − 2 u ( 4 − 5 u ) − 2 w ρ    ,   η  λ  , 2   =   3  c s 4    1 − 2 u ( 4 − 5 u ) − 2 w ρ    ,     



(6)




with:


  u =  ρ  c s     ∂  c s    ∂ ρ    ,  w =  ρ  c s      ∂ 2   c s    ∂  ρ 2     .  



(7)




Note that the dispersion law coming from this Lagrangian at the tree level is exactly    E p  =  c s  p  , so that phonons move at the speed of sound.



The formulation of the superfluid phonon EFT just presented is universal and valid for different superfluid systems, either bosonic or fermionic, and no matter if those systems are weakly coupled or not. Thus, with the same formulation, we can describe the superfluid phonons of either superfluid    4  He, cold Fermi gases at unitarity, or the superfluid neutron matter inside neutron stars. With very minor modifications, relativistic superfluids, such as the color-flavor locked quark matter phase, can be also described within the same methods [10]. With the knowledge of the EoS, many of the low temperature properties of the superfluid, mainly those associated with transport, can be immediately deduced. For astrophysical applications, our treatment is very convenient, as we could provide the values associated with the transport phenomena involving superfluid phonons in terms of different EoSs. We ignore here the impact on the superfluid phonon EFT of the entrainment effects that couple the neutron and proton fractions in the star. At most, these could slightly modify the explicit values of the coupling constants displayed in Equation (6). Note that Equation (4) is the most general Lagrangian with respect to the symmetries of the system.



It also is possible to construct the next-to-leading order (NLO) Lagrangian in a derivative expansion. As seen in [11], this reads:


   L NLO  =  ∂ i  X  ∂ i  X  f 1   ( X )  +   (  Δ 2  θ )  2   f 2   ( x )   ,  



(8)




where   θ = μ t − φ   and   f 1   and   f 2   are arbitrary functions. Unfortunately, there is a not a simple way of finding the values of these functions. For the cold Fermi gas at unitarity, the NLO Lagrangian can be determined up to two arbitrary constants, just demanding invariance under scale transformations. However, this is not a symmetry in superfluid neutron matter, for example.



The NLO Lagrangian is relevant to study different corrections to the different scattering rates among superfluid phonons, which will be typically minor corrections. However, it is important for determining the corrections to the phonon dispersion law. The NLO phonon dispersion law is given by:


   E P  =  c s  p  ( 1 + γ  p 2  )   ,  



(9)




with:


  γ = −  1    ∂ 2  P   ∂  μ 2       f 1   ( μ )  +    f 2   ( μ )    c s 2     .  



(10)




The sign of  γ  determines whether the decay of one phonon into two (or more) phonons is kinematically allowed. More particularly, with the LO Lagrangian, energy and momentum conservation allows for the decay of one phonon into two, if the three involved phonons are collinear. If we take into account the NLO corrections, energy and momentum conservation impose that the small angle   δ θ   among the two resulting phonons, with momenta   p b   and   p c  , respectively, is:


  δ θ =   6 γ    (  p b  +  p c  )   .  



(11)




Thus, the process is only kinematically allowed if   γ > 0  .



In the computation of the transport properties of a superfluid associated with the phonons, it becomes thus essential to determine the value of  γ , so as to know the possible scattering processes that contribute to a particular transport coefficient. For the astrophysical applications, we should have in mind that the value of  γ  was computed assuming that neutron pairing is in a     1   S 0    channel, treating the neutrons as a weakly coupled system, resulting in [9]:


  γ = −    v F 2   45  Δ 2    ,  



(12)




with   v F   being the Fermi velocity and  Δ  the gap value in the     1   S 0    phase. In the following, we assume that  γ  takes this same value in the     3   P 2    phase, where  Δ  is the angular averaged gap in that phase. Therefore, taking into account that   γ < 0  , the first allowed phonon scattering processes are binary collisions. It might be interesting to compute the value of  γ  for more realistic neutron-neutron interactions. Furthermore, we note that the value of the gap is temperature dependent, vanishing close to critical temperature   T c  . However, we assumed a temperature independent value for the determination of  γ .



We ignore in this manuscript the interaction of the superfluid phonons with the electrons in the core of the star, as we estimated that this interaction cannot give the leading effect in the transport coefficients we consider in this manuscript; see [7].



Let us point out that when triplet pairing occurs, apart from the superfluid phonons, the angulons, which are the Goldstone modes associated with the spontaneous symmetry breaking of the rotational symmetry, should be considered as well, and in principle, they should give a contribution to the transport coefficients. An effective field theory for these modes was developed in [14], where essentially only the interactions of the angulons with the electroweak gauge boson were considered. It would be interesting to consider all the possible interactions of these modes with other low energy modes as well to consider their impact on the hydrodynamics, which should then reflect the breaking of the rotational symmetry. This is an interesting point that deserves consideration, as to date, the hydrodynamic equations used to describe superfluid neutron stars do not consider such an effect.




3. Equation of State and the Gap of Neutron Matter in Superfluid Neutron Stars


The EoS in neutron stars is needed so as to determine not only the speed of sound at   T = 0  , but also the phonon self-couplings. The theoretical description of matter in neutron stars is a complicated task given that the EoS spans over a wide range of densities, temperatures, and isospin asymmetries (see, for example, the recent review [15]). More precisely, inside the core of neutron stars, nuclear matter can be described using different theoretical many-body schemes. Those are usually divided between microscopic ab-initio approaches and phenomenological models. Whereas microscopic ab-initio approaches obtain the EoS solving the many-body problem from two-body and three-body interactions, which are fitted to experimental data on scattering and finite nuclei, phenomenological models rely on density-dependent interactions adjusted to nuclear observables and neutron star predictions.



Among the first ones, one finds the well-known variational method of Akmal, Pandharipande, and Ravenhall (APR) [16], which is commonly used as a benchmark for other EoSs. Heiselberg and Hjorth-Jensen parametrized the APR EoS in a simple and handleable form in [17]. In this paper, we make use of this EoS. Note that the effect of neutron pairing in the EoS is not taken into account as   Δ / μ < < 1  .



In the upper panel of Figure 1, we show the speed of sound versus the speed of light    c s  / c   in  β -stable nuclear matter as a function of the density. We observe that relativistic effects become important for densities of the order of 1.5–2   n 0  , as the speed of sound increases monotonically with density.



With regard to the value of the gap of superfluid matter, in the lower panel of Figure 1, we show the two gap models we will use in this work as a function of the density. These extreme cases have been chosen so as to account for the model dependence of our results. These models are named     1   S 0   ( A )   +    3   P 2   ( i )    and     1   S 0   ( a )   +    3   P 2   ( h )   , following the notation of [19], and take into account a wide range of gap values inside the core of neutron stars.



The     1   S 0   ( A )   +    3   P 2   ( i )    scheme results from the combination, on the one hand, of the     1   S 0    neutron gap coming from the parametrization A of Table I in [19], which takes into account the BCS approach of different nuclear interactions with a maximum gap of approximately 3 MeV at    p F  ≈ 0.85    fm   − 1    , and, on the other hand, the anisotropic     3   P 2    neutron gap from the parameterization i (strong neutron superfluidity in the core) of Table I in [19], a model-dependent result that goes beyond BCS theory. Note, however, that those maximum values for the s-wave and p-wave gaps are not too realistic as they are obtained from nucleon-nucleon bare interactions. The inclusion of many-body corrections will reduce those values, as shown in [3]. The     1   S 0   ( a )   +    3   P 2   ( h )    model goes beyond BCS for the     1   S 0    neutron gap as it incorporates medium polarization effects (parametrization a), reducing the maximum value to 1 MeV, whereas the     3   P 2    neutron gap comes from the parametrization h (strong neutron superfluidity) with a maximum value of about 0.5 MeV. For both models, the transition temperatures from the superfluid to the normal phase are    T c  ∼ 1 / 2 Δ ≳ 0.25 ×  10 8    K. Note that for the values of the gap of 0.5 MeV, the transition temperature from the superfluid to the normal phase is    T c  ∼  ( 1 / 2 )  Δ ≳ 2.5 ×  10 9    K.




4. The Shear Viscosity of Superfluid Phonons


4.1. Hydrodynamic Regime


The shear viscosity  η  emerges as a dissipative term in the energy-momentum tensor   T  i j   . If one performs small deviations from equilibrium, one finds that:


  δ  T  i j   = − η   V ˜   i j   ≡ − η   ∂ i   V j  +  ∂ j   V i  −  2 3   δ  i j   ∇  ·  V   ,  



(13)




 V  being the fluid velocity of the normal component of the system.



The superfluid phonon contribution to   T  i j    is given by:


   T  i j   =  c s 2  ∫    d 3  p    ( 2 π )  3      p i   p j    E p   f  ( p , x )   ,  



(14)




where f is the phonon distribution function that obeys the Boltzmann equation [12]:


    d f   d t   =   ∂ f   ∂ t   +   ∂  E p    ∂ p   · ∇ f = C  [ f ]   ,  



(15)




assumed to be in the superfluid rest frame, and   C [ f ]   is the collision term. As mentioned before, in order to obtain the shear viscosity due to superfluid phonons, it is enough to consider binary collisions in the collision term. Those are depicted in Figure 2. Note that we keep the phonon dispersion law at LO for the computation of the shear viscosity.



The shear viscosity is calculated by considering small departures from equilibrium to the phonon distribution function and, afterwards, linearizing the corresponding transport equation [6]. Then, we use variational methods so as to solve the transport equation [20,21,22]. The expression for the shear viscosity then reads [6]:


  η =     2 π  15   4    T 8   c s 8    1 M   ,  



(16)




where M is a multidimensional integral that takes into account the thermally weighted scattering matrix for phonons.



In the upper panel of Figure 3, we display the shear viscosity due to the binary phonon collisions as a function of the temperature for different densities. We find that   η ∝ 1 /  T 5   . In fact, this is a universal feature that occurs in other superfluid systems, such as     4  He   [12] or superfluid cold atoms at unitarity [22,23]. The value of  η  is, however, determined by the choice of the EoS.



The next question is at which densities and temperatures the hydrodynamic regime can be reached. The hydrodynamic regime is only achieved when the mean free path (mfp) is smaller than the typical macroscopic length of the system, in our case the radius of the star. Therefore, in the lower panel of Figure 3, we present the mfp of phonons for different densities as a function of temperature, also showing the radius of the star, which we take as 10 km. The mfp l results from the calculation of  η  in [21]:


     l =  η  n < p >   ,     



(17)






     < p > = 2.7  T  c s    ,  n = ∫    d 3  p    ( 2 π )  3    f p  = ξ  ( 3 )    T 3    π 2   c s 3    .     



(18)




with   < p >   the thermal average momentum and n the phonon density.



We find that a hydrodynamic description starts being questionable for temperatures below   T ∼  10 9    K. Note that the critical temperature for the phase transition to the normal phase is    T c  ∼  10 10    K. The value for the critical temperature, as well as the values for the phonon mfp depend on the model for the EoS.




4.2. Ballistic and Transient Regime


At sufficiently low temperatures, the phonon contribution to  η  diverges. Nevertheless, this result is unphysical as it does not consider finite size effects that prevent viscosity from increasing at low temperatures indefinitely. As shown in [6] and seen in Figure 3, the phonon mean free path exceeds the size of the star at sufficiently low T. We can define the viscous mean free path as:


   η bulk  =  1 5   ρ ph   c s   l ph   ,  



(19)




with   η bulk   the phonon contribution to the shear viscosity in the hydrodynamic regime, whereas    ρ ph  =   2  π 2   T 4    45  c s 5      is the phonon contribution to the mass density. In order to be in the hydrodynamic regime, the Knudsen number (  K n  ) has to be small. In our case, the Knudsen number is defined as the ratio of the mean free path versus the radius of the core of the star   R c  , so    K n  =   l ph   R c    . As seen in Figure 3 (lower panel), the Knudsen number is    K n  ≲ 1   for   T ≳ 5 ×  10 8  −  10 9    K, where the precise value of T depends on the value of the nucleon particle density. In the case of    K n  > 1  , one has to write a Boltzmann equation to describe the phonon dynamics, as a hydrodynamic description of the phonons is not possible.



For    K n  > 1  , that is when the phonon mean free path exceeds the size of the superfluid core of the star, the phonon transport properties are mainly governed by their interactions with the boundary of the superfluid region, that is the crust of the star. For simplicity, we assume that the crust is not in a superfluid phase, as done in [24,25]. If the motion of the superfluid phonons is confined to the core, then phonons reaching the crust can be absorbed or scattered back. If the phonons are diffused, they will exert a shear stress on the boundary. In this case, phonons are in a ballistic regime, where no hydrodynamic description of the phonon behavior is possible. Nevertheless, it has been experimentally observed that for    4  He at a very low temperature, ballistic phonons can still efficiently damp the movement of immersed objects [26,27,28]. This damping can still be described by a ballistic shear viscosity coefficient determined as:


   η ball  ≡  1 5   ρ ph  χ  c s  d  ,  



(20)




with d the typical size of the object and  χ  measuring the probability that the phonons are diffused at the boundary. Indeed, this expression is in excellent agreement with the experimental data for large Knudsen numbers [28].



In the intermediate regime of Knudsen numbers, one can effectively obtain the shear viscosity as:


   η eff  =    η  bulk   − 1   +  η  ball   − 1     − 1    .  



(21)




The justification of this formula comes from the fact that the shear viscosity is proportional to a collisional relaxation time and that the total relaxation frequency is the sum of the partial relaxation frequencies, considering different processes occurring independently with different relaxation times. This type of formula has also been used for the description of the low T behavior of the shear viscosity due to phonons in a cold Fermi atomic gas in the unitarity limit [23].



As discussed in [7], we use Equation (21) to consider the phonon contribution to  η  in the core of the star, where d is the value of the radius of the core. The radius of the core is fixed by the transition between the crust and the core and corresponds to   n ∼ 0.5   n 0   . As for the value of  χ , we assume that   χ ∼ 1  . For   η bulk  , we use the values of the shear viscosity of [6] in the hydrodynamic regime and shown in Figure 3 (upper panel). We note that   η eff   is dominated by the smaller contribution among   η bulk   and   η ball  , so it describes properly the different hydrodynamic, transition, and ballistic regimes.



We show the values of the ballistic   η ball  , the hydrodynamic   η bulk  , and the effective   η eff   shear viscosities in Figure 4. These contributions are displayed as a function of temperature for different particle densities in terms of the normal saturation density. These values for the density are expected to be found in the interior of neutron stars. For the ballistic contribution, we use the value of the core radius    R c  = 9.96   km, which corresponds to a density of 0.5   n 0   for a star of 1.93   M sol  , as used in the next section.



We find three different regions that appear depending on the dominant contribution to the shear viscosity. Whereas for   T <  10 8   K  , the shear viscosity is described by the ballistic contribution for all densities in the core, for larger temperatures, the transition from the ballistic to the hydrodynamic domain takes place, this intermediate regime being strongly dependent on the density. For   n ∼  n 0   , this transition domain appears for   T ∼  10 9   K  , while for larger temperatures, the hydrodynamic regime dominates. We also find that for a given value of the temperature, the ballistic viscosity decreases as the particle density increases, whereas the hydrodynamic viscosity exhibits the opposite behavior. Moreover, note that this present study and our previous analysis of the mean free path in Figure 3 (lower panel) are in good agreement.





5. Bulk Viscosities


Apart from the shear viscosity, another dissipative term that appears in the energy-momentum tensor is the bulk viscosity ( ζ ). However, in superfluid matter, there exist four bulk viscosity coefficients [12]. Three of them,    ζ 1  ,  ζ 3  ,  ζ 4   , are associated with dissipative processes, leading to entropy production related to the space–time-dependent relative motion between the superfluid and normal fluid components, whereas   ζ 2   is the analogue to the one in a normal superfluid.



Following the dynamical evolution of the phonon number density, developed by Khalatnikov [12], the bulk viscosities can be determined. This method is equivalent to calculating the bulk viscosities by means of the Boltzmann equation for phonons in the relaxation time approximation, as shown in [29]. In the case of small departures from equilibrium and small values of the normal and superfluid velocities, one obtains [12]:


   ζ i  =  T  Γ  p h      C i   ,  i = 1 , 2 , 3 , 4  ,  



(22)




with   Γ  p h    the phonon decay rate and:


   C 1  =  C 4  = −  I 1   I 2   ,   C 2  =  I 2 2   ,   C 3  =  I 1 2   ,  



(23)




where   I 1   and   I 2   are:


     I 1    =      60  T 5    7  c s 7   π 2      π 2  ζ  ( 3 )  − 7 ζ  ( 5 )     c s    ∂ B   ∂ ρ   − B   ∂  c s    ∂ ρ     ,       I 2    =    −   20  T 5    7  c s 7   π 2      π 2  ζ  ( 3 )  − 7 ζ  ( 5 )    2 B  c s  + 3 ρ   c s    ∂ B   ∂ ρ   − B   ∂  c s    ∂ ρ      ,     



(24)




with   B =  c s  γ   and   ζ ( n )   the Riemann zeta function. We should indicate that one has to consider the phonon dispersion law beyond linear order so as to have non-vanishing bulk viscosities. Moreover, due the Onsager symmetry principle,    ζ 1  =  ζ 4   , whereas positive entropy production leads to    ζ 2  ,  ζ 3  ≥ 0   and    ζ 1 2  ≤  ζ 2   ζ 3   



In the case of astrophysical phenomena, the bulk viscosities are calculated for periodic perturbations, leading the system away from equilibrium. In [30], it was shown that:


   ζ i   ( ω )  =  1  1 +   ω  I 1 2     ∂ ρ   ∂ n     ∂ ρ   ∂ μ    T  Γ  p h     2     T  Γ  p h      C i   ,  i = 1 , 2 , 3 , 4  ,  



(25)




defining a characteristic value for the frequency   ω c   for the phonon collisions as:


   ω c  =  1   I 1 2     ∂ ρ   ∂ n     ∂ ρ   ∂ μ       Γ  p h   T   .  



(26)




Note that when   ω ≪  ω c   , one recovers the static bulk viscosity coefficients of Equation (22).



In order to go back to equilibrium after an expansion of the superfluid, the system needs to change the number of phonons. Therefore,   Γ  p h    includes the first number-changing mechanisms allowed by kinematics. In the case of phonons with a negative  γ  in the dispersion law, those are   2 ↔ 3   collisions. The different   2 ↔ 3   processes are given in Figure 5 and Figure 6 and can also be found in [8]. Those are indicated as Type I, given in Figure 5, and Type II, given in Figure 6, using the phonon propagators with an NLO dispersion law, as discussed [8].



The frequency-dependent   ζ 2   coefficient at   4  n 0    for frequencies of   ω =  10 3  −  10 5    s    − 1   , typical for stellar pulsations, is shown as a function of temperature in Figure 7. On the l.h.s. of Figure 7, we show the   ζ 2   coefficient when using the     1   S 0   ( A )   + 3   P 2   ( i )    neutron gap model. The value of   ζ 2   for   ω =  10 3    s    − 1    differs by more than 10% from its static value for only   T ≳  10 10    K, whereas the difference is larger for   T ≳  10 9    K in the case of   ω =  10 5    s    − 1   . As for the case when using the     1   S 0   ( a )   + 3   P 2   ( h )    model on the r.h.s. of Figure 7, we see that   ζ 2   strongly depends on the frequency. We did not plot the   ζ 1   and   ζ 3   coefficients, as we expect a similar behavior with frequency.



The frequency-dependent   ζ 2   bulk viscosity coefficient resulting from the collisions of superfluid phonons has to be compared to contributions coming from direct Urca [31] and modified Urca [32] processes. We see that phonon collisions are the leading contribution to the bulk viscosities in the core for   T ∼  10 9    K and for typical radial pulsations. The different conclusion reached in [8] is due to the fact that the comparison was performed only for Urca processes in normal matter, as the phonon collisions are the most important contribution until the opening of the Urca processes.




6. The R-Mode Instability Window


R-mode oscillations (modes for which the restoring force is the Coriolis force) of neutron stars have been extensively studied because they appear to be subject to the Chandrasekhar–Friedman–Schutz gravitational radiation instability in realistic astrophysical conditions (see, for example, reviews [33,34]). A rapidly rotating neutron star could emit a significant fraction of its rotational energy and angular momentum as gravitational waves, which can be detected by interferometers. If the timescales due to viscous processes in neutron star matter are shorter than the gravitational radiation driving timescale, r-modes are damped. There is a typical instability region at relatively high frequencies, whereas the star is stable for low frequencies, or at very low or high temperatures, due to viscous damping mechanisms [35,36]. Given that the spin rate of various neutron stars falls in the instability window, the r-mode studies are trying to find new solutions to this puzzle.



The r-mode instability window is determined by the computation of the different time scales associated with gravitational wave emission   τ GR   and with the different dissipative processes that could damp the r-mode. In this paper, we review the effect of the shear viscosity,   τ η  , in the r-mode instability window. The analysis of time scales involving the bulk viscosities due to superfluid phonons are more involved, as not only one, but three independent bulk viscosities appear, and these are a matter of future work. To find the instability window, we equate the time scales for gravitational wave emission and shear viscosity,


  −  1   |   τ GR    ( Ω )  |    +  1   τ η   ( T )    = 0  ,  



(27)




where the different time scales are given by:


   1   |   τ GR    ( Ω )  |    =   32  π  G   Ω  2 l + 2     c  2 l + 3       ( l − 1 )   2 l     ( 2 l + 1 ) ! !  2       l + 2   l + 1     2 l + 2    ∫ 0 R  ρ  r  2 l + 2   d r  ,  



(28)




and:


   1   τ η   ( T )    =  ( l − 1 )   ( 2 l + 1 )   ∫  R c  R  η  r  2 l   d r    ∫ 0 R  ρ  r  2 l + 2   d r   − 1    ,  



(29)




with the typical time scales summarized in [35] (in C.G.S.units).



In this paper, we concentrate our discussion on the study of the dominant r-modes with   l = 2   [33,35] and the dominant damping mechanisms in the core of neutron stars. In fact, the shear viscosity coming from electron collisions is one of the most efficient damping mechanisms in neutron stars [37]. In the normal phase, the electron contribution to the shear viscosity has been found to be higher than the nucleon contribution. However, we note that there are some computations [38,39] that indicate that the nucleon contribution can be increased due to many-body effects and three-nucleon forces, so that it overcomes the electron contribution to the shear viscosity. Given that the electron collisions dominate over the nucleon collisions in the normal phase, one then expects that the same happens in the superfluid phase in the star. Therefore, we only present the contribution of the superfluid phonons to the shear viscosity, and we do not consider the contribution of the fermionic Bogoliubov quasiparticles, which, as far as we know, have not been computed so far.



With regards to the characteristic time associated with the phonon shear viscosity, we only consider the phonon contribution in the hydrodynamic regime. We then introduce a temperature-dependent lower cut (  R c  ) in the integral for the shear viscosity in Equation (29). The lower the limit is, the higher the density is for which phonons are hydrodynamic. The consideration of only phonon processes within the core comes from the fact that this characteristic time is obtained from considering dissipations in small volume elements throughout the star, and it is not related to the viscous process coming from the interaction of phonons with the crust in the ballistic regime. In any case, the dissipation associated with electron collisions takes over whenever the phonons are not in the hydrodynamic regime.



The r-mode instability window coming from the different shear viscous damping mechanisms is shown in Figure 8. The results are displayed for 1.4   M sun   and 1.93   M sun   mass configurations. The quantity    Ω 0  =   G π  ρ ¯      is the Kepler frequency, given in terms of the average mass density of the star,   ρ ¯  . For the case of electrons, we show the estimate coming from the longitudinal and transverse plasmon exchange in superconducting matter with a transition temperature of    T  c p   ∼  10 9   K   [37] (dashed lines). As for the hydrodynamic phonons, we indicate our results in dashed-double-dotted lines. Finally, we add both contributions, indicated in solid lines. By analyzing those results, we find that the electron contribution dominates for low temperatures, whereas the contribution of hydrodynamic phonon dissipation is relevant for   T ≳ 7 ×  10 8   K   for a star of 1.4   M sun   and   T ≳  10 9   K   for 1.93   M sun  .




7. Thermal Conductivity


Another transport coefficient that we would like to discuss is the thermal conductivity due to superfluid phonon collisions. The thermal conductivity  κ  relates the heat flux to the temperature gradient in the hydrodynamic regime:


     q = − κ ∇ T  .     



(30)







In order to obtain this coefficient, we use variational methods to solve the transport equation, as done for the shear viscosity. In this case, the thermal conductivity is given by [9]:


     κ ≥    4  a 1 2    3  T 2      A 1 2   M 11  − 1   ,     



(31)




with   M 11  − 1    the (1,1) element of the inverse of a matrix of   N × N   dimensions, with N being treated variationally. This matrix contains different elements that are multidimensional integrals with thermally weighted phonon scattering matrix. Note that, as in the case of bulk viscosities, the thermal conductivity requires the dispersion law at NLO, because the thermal conductivity vanishes with a linear dispersion law [40].



We show the variational calculation of the thermal conductivity up to order   N = 6   for nuclear saturation density   n 0   as a function of temperature in the upper panel of Figure 9. The last value N is determined once the final results do not deviate more than   10 %   from those in the previous iteration. The value   T c   is the end temperature, which turns out to be    T c  = 0.57 Δ  (  n 0  )  = 3.4 ×  10 9    K, with   Δ ( n )   from Figure 1 for the     1   S 0   ( A )   +    3   P 2   ( i )    gap model. We find that for T   ≲  10 9    K, well below   T c  , the thermal conductivity scales as   κ ∝ 1 /  Δ 6   . The proportionality factor depends on the EoS. This temperature independent behavior was also observed for the color-flavor locked superfluid [40]. Note that close to   T c  , higher order corrections in energy and momentum might be expected in the phonon dispersion law and self-interactions.



Associated with the thermal conductivity, one can also determine the mfp for phonons, which is different from the one coming from the shear viscosity (see Equations (17) and (18) to compare). The mfp resulting from the thermal conductivity is given by:


     l =  κ   1 3   c v   c s    ,     



(32)






      c v  =   2  π 2    15  c s 3      T 3  +   25 γ  7     ( 2 π )  2   c s 2    T 5    ,     



(33)




with   c v   the heat capacity for phonons [12].



In the lower panel of Figure 9, we display the mfp of phonons in  β -stable neutron star matter for different densities (  0.5  n 0    in the left panel,   n 0   in the middle panel, and   2  n 0    in the right panel) as a function of the temperature in the case of the     1   S 0   ( A )   +    3   P 2   ( i )    gap model. For comparison, we also show the radius of the star of 10 km with a horizontal line. We find that for   n = 0.5  n 0   , the superfluid phonon mfp stays below the radius of the star. This is also the case for   n =  n 0    and T   ≳ 6 ×  10 8    K and for 2  n 0   and T   ≳ 3 ×  10 9    K. Moreover,   l ∝ 1 /  T 3   , coming from the temperature-independent behavior of the thermal conductivity. For smaller values of the gap, as the     1   S 0   ( a )   +    3   P 2   ( h )    case, the thermal conductivity would be orders of magnitude higher than the previous case, being away from the hydrodynamic regime. One could then define a ballistic thermal conductivity and carry out a similar approach as that of the shear viscosity in Section 4.2.



Again, our results must be compared to those coming from electrons and muons in neutron stars. The electron-muon contribution to the thermal conductivity was analyzed in [41]. Compared to these results, we find that phonons in the hydrodynamic regime dominate the thermal conductivity in neutron stars [9]. We also conclude that if the contribution of electrons-muons and phonons to the thermal conductivity become comparable, electron-phonon collisions could play an important role. Simple estimates were performed in [42]. This topic deserves further studies.




8. Neutrino Emissivity and the Superfluid Phonon


The cooling of a neutron star is very much affected if superfluidity is achieved in its core. Close to the superfluid phase transition, the neutrino emissivity is dominated by the formation/breaking of Cooper pairs [43,44,45]. However, at much lower temperatures, these processes are exponentially suppressed, and the neutrino emissivity is dominated by scatterings involving the Goldstone modes of the system, as these couple with the   Z 0   electroweak gauge boson. In [14,46], the neutrino emissivity involving the angulons, the Goldstone modes associated with the spontaneous breaking of the rotational symmetry that occur in a     3   P 2    neutron superfluid phase, were considered, while the contribution associated with the superfluid phonons was not taken into account. Later results on pair breaking emissivity were given in [47].



The superfluid phonon interacts with the electroweak   Z 0   gauge boson, which, in turn, can decay into a neutrino-antineutrino pair. Standard EFT techniques can be used to determine the Lagrangian associated with these electroweak processes [14]:


   L EW  = −  f 0   C V   Z 0 0   ∂ 0  ϕ + ⋯ +  g  Z  ν ¯  ν    Z μ 0   ν ¯   γ μ   ( 1 −  γ 5  )  ν  ,  



(34)




where:


   C V 2  =    G F   M Z 2    2  2     ,   g  Z  ν ¯  ν  2  =    G F   M Z 2    2  2     ,  



(35)




where   G F   is the Fermi constant and   M Z   is the mass of the   Z μ   electroweak gauge boson, and


   f 0  = 2   ρ    c s  m    ,  



(36)




where  ρ  is the mass density and m is the neutron mass. Note that in [14],   f 0   was the superfluid decay constant, different from the constant used here. The difference comes in how the superfluid field is normalized with respect to the phase of the neutron-neutron condensate, which in our case is not the same as that used in [14]; see Equation (3).



Energy and momentum conservation prevent the possibility that a superfluid phonon may decay into a neutrino-antineutrino pair. However, the process:


  ϕ + ϕ → ϕ + ν +  ν ¯   



(37)




is kinematically allowed. This process has been considered in the color-flavor locked superfluid quark matter [48]. A rough estimate of the neutrino emissivity  E  associated with this process reveals that it is very much suppressed, involving the   ϕ ϕ   binary scattering, and with the dependence of the four-phonon coupling constant. The scattering amplitude of   ϕ ϕ   collisions goes as   ∼ λ  p 4   , where p is the phonon momenta, which should be of the order of the temperature T. Thus, parametrically, a naive dimensional analysis gives:


  E ∼  G F 2   T 9    T 8    m 4  ρ    .  



(38)







In the temperature regime where the Goldstone modes might be relevant (say   T <  10 9  K  ), the ratio in Equation (38) suppresses very much the strength of this channel, in front of that involving only the angulons, which parametrically behave as   E ∼  G F 2   T 9    [14], for example. Superfluid phonons do not thus play any relevant role in the cooling of the star by neutrino emission.




9. Superfluid Phonons in the Presence of Gravity and in a Moving Background


In the computation of the transport coefficients in superfluid neutron stars associated with superfluid phonons, we assumed that these move in a static medium, and we ignored the effect of the gravitational field. These two effects might be easily incorporated into our EFT approach. Let us explain how.



In what follows, we deal with the case of a relativistic superfluid, where all the EFT techniques used for the non-relativistic case also apply, with minor changes. In particular, we use   X =   (  g  μ ν    D μ  φ  D μ  φ )   1 / 2    , with    D μ  φ =  ∂ μ  φ −  μ r   A μ   , and    A μ  =  ( 1 , 0 , 0 , 0 )   , and   g  μ ν    is the gravitational metric. The non-relativistic case can be obtained from the relativistic case [49], by simply approximating the X function, taking into account also that a non-relativistic potential is defined as   μ =  μ r  − m   from the relativistic one   μ r  . In this case, it is only necessary to keep the   ( 0 , 0 )   component of the metric, which is related to the Newtonian gravitational potential by   δ  g 00  = − 2 Φ  . Thus, in the presence of a gravitational potential, Equation (2) is replaced by:


   X g  = μ −  ∂ t  φ −    ( ∇ φ )  2   2 m   − m Φ  .  



(39)




Thus, even if the superfluid phonons are massless, they are affected by the presence of a gravitational field, even in the non-relativistic case.



Even if we ignore the effects of a gravitational metric, as we will do in what follows, taking into account the effects of a moving superfluid medium in the superfluid phonons is much more conveniently done with the use a gravitational analogue model [50,51,52]. This was first suggested in [53], but we will follow a different approach here, using the superfluid phonon EFT. From the expression of the phonon Lagrangian in terms of X, it is possible to derive the EFT of the phonons moving in the background of the superfluid. The superfluid phonon is the Goldstone boson associated with the breaking of the   U ( 1 )   symmetry, and it can be introduced as the phase of the quantum condensate. However, according to Landau’s two-fluid model of superfluidity, the gradient of the phase of the condensate defines the velocity of the pure superfluid component. Then, it should be possible to decompose the phase of the condensate into two fields, the first describing the hydrodynamic variable and the second describing the quantum fluctuations associated with the phonons. Thus, we write:


  φ  ( x )  =  φ ¯   ( x )  + ϕ  ( x )   .  



(40)




This splitting implies a separation of scales: the background field    φ ¯   ( x )    is associated with the long-distance and long-time scales, while the fluctuation   ϕ ( x )   is associated with rapid and small-scale variations and is identified with the superfluid phonon. The gradient of    φ ¯   ( x )    is proportional to the hydrodynamic velocity:


   v ρ  = −    D ρ   φ ¯    μ ¯    ,   μ ¯  ≡   (  D ρ   φ ¯   D ρ   φ ¯  )   1 / 2   .  



(41)







The classical equations of motion associated with    φ ¯   ( x )    can be conveniently expressed as the hydrodynamic equations of a perfect relativistic fluid:


   ∂ ν   (   n ˜  0   v ν  )  = 0  ,  



(42)




where:


    n ˜  0  =   d P   d μ    |  μ =  μ ¯     



(43)




is interpreted as the particle density. The energy-momentum tensor can be written in terms of the velocity defined in Equation (41) and Noether’s energy-density   ρ 0  ,


   T 0  ρ σ   =  (   n ˜  0   μ ¯  )   v ρ   v σ  −  η  ρ σ    P 0  =  (  ρ 0  +  P 0  )   v ρ   v σ  −  η  ρ σ    P 0   ,  



(44)




where we write    ρ 0  +  P 0  =   n ˜  0   μ ¯   , with   P 0   the pressure evaluated at   μ ¯  . The energy-momentum tensor is conserved:


   ∂ ρ   T 0  ρ σ   = 0  ,  



(45)




and traceless    T  0  ρ  ρ  = 0  .



From the low energy effective action of the system:


  S  [ φ ]  = ∫  d 4  x   L eff   [ ∂ φ ]   ,  



(46)




we deduce the effective action for the phonon field expanding around the stationary point corresponding to the classical solution   φ ¯  :


     S [ φ ]    =    S  [  φ ¯  ]  +  1 2  ∫  d 4  x     ∂ 2   L eff    ∂  (  ∂ μ  φ )  ∂  (  ∂ ν  φ )     |  φ ¯    ∂ μ  ϕ   ∂ ν  ϕ + ⋯  ,     



(47)






     =    =  1 2  ∫  d 4  x   − G      G   μ ν    ∂ μ  ϕ   ∂ ν  ϕ  ,     



(48)




where we define the acoustic metric tensor:


    G   μ ν   =  η  μ ν   +   1  c s 2   − 1   v μ   v ν   ,  



(49)




and the determinant    G = 1 / det |    G   μ ν    |   . Thus, in the background of a moving superfluid, the superfluid phonon propagates as in the background of the so-called acoustic metric. Note that in the presence of a real gravitational field, one simply has to write the corresponding metric   g  μ ν    above instead of the Minkowskian metric   η  μ ν   .



The transport equation associated with the superfluid phonons should then incorporate the effect of the acoustic metric. It should be written as:


  L  [ f ]  ≡  p α    ∂ f   ∂  x α    −  Γ  β γ  α   p β   p γ    ∂ f   ∂  p α    = C  [ f ]   



(50)




that is the general relativistic version of the Boltzmann equation. The Christoffel symbols of the phonon transport equation are those related to the acoustic metric. Quite interestingly, from this approach, it is possible to deduce that even in the collisionless limit, the number of phonons might not be conserved, as they are covariantly conserved:


   ∂ ν   n  ph  ν  +  Γ  μ ν  μ   n  ph  ν  = 0  .  



(51)




This means that even in collisionless processes, the number of phonons might not be conserved. This is reflected in the second term in the l.h.s of the above equation where a Christoffel symbol appears, signaling that the propagation of phonons is taking place in “curved” space-time. Therefore, we can write:


   Γ  μ α  μ  =  1   − G     ∂ α    − G   =  1  c s     ∂  c s    ∂  x α     .  



(52)




Thus, the variation of the speed of sound inside the star might act as a source, or sink, of superfluid phonons.



In all our developments presented in this review article, we ignored all the above effects to simplify the computations. We might expect that if the mfp of the phonons is shorter than the variation of both the gravitational potential andof the speed of sound, we can simply ignore the effects discussed in this Section. Unfortunately, the phonon mfp tends to increase when the temperature drops. Thus, the evaluation of transport should be reformulated along the lines discussed here.



An interesting observation was formulated in [54]. While it was generally believed that sound waves do not transport mass, in that reference, it was claimed that they do carry gravitational mass if non-linear order effects are considered. That is to say, they are affected by gravity, as we have just seen, and also generate a tiny gravitational field. In particular, this applies to the superfluid phonon field. The superfluid phonon can be considered as the quanta of sound waves, and even in the non-relativistic case, an associated wave packet with energy E carries a gravitational mass:


  M ≈ −  ρ  c s     d  c s    d ρ    E  c s    .  



(53)




It is however not obvious how this mass might have an effect in the transport phenomena of neutron stars, as claimed in [54].




10. Summary


We present an overview of the computation of the shear and bulk viscosities together with the thermal conductivity due to superfluid phonons inside neutron stars, based on an effective field theory for the interaction among superfluid phonons. The effective field theory approach is universal and valid for different superfluid systems. As the superfluid phonons couple to the Z electroweak gauge boson, they open a channel to neutrino emissivity, but we checked that it is very much suppressed, so it can hardly affect the cooling of the star.



With regard to the shear viscosity, we found that the shear viscosity coming from binary collisions of superfluid phonons scales with   1 /  T 5   , as seen in    4  He and cold Fermi gases at unitarity. Whether the temperature dependence is a universal feature, the evolution of the shear viscosity with density is determined by the equation of state under beta-stable equilibrium.



As for the bulk viscosities in superfluid neutron matter, we see that the bulk viscosity coefficients are highly dependent on the superfluid neutron matter gap. Nevertheless, phonon-phonon collisions rule the bulk viscosity over the Urca and modified Urca processes.



We further studied the r-mode instability in neutron stars and the consequences of the shear viscosity coming from superfluid phonons. We determined that the r-mode instability window would be modified for   T ≳  10 8  –  10 9    K, depending on the exact neutron star mass configuration.



Furthermore, we determined a temperature independent behavior of the thermal conductivity due to phonons well below the transition temperature, while scaling as   1 /  Δ 6   , similar to color-flavor locked phase. Furthermore, the thermal conductivity is dominated by phonon-phonon interactions in comparison with electron-muon collisions for densities in the core of neutron stars.



We finally discuss how the superfluid phonon effective field theory, and ultimately their interactions, is modified in the presence of a gravitational field, or by taking into account that the superfluid is not at rest. In particular, given that the mean free path of phonons tends to increase when the temperature drops, it would be interesting to evaluate the effect of gravity on the transport coefficients we reviewed.
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Figure 1. Upper panel:    c s  / c   for  β -stable nuclear matter as a function of particle density. Lower panel: The combination of     1   S 0    and angle-averaged     3   P 2    neutron gaps as a function of density for two different gap cases. Figures adapted from [6,8,18]. Adapted from [18] with the permission of AIP Publishing. 
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Figure 2. The   2 ↔ 2   phonon scattering processes contributing to the shear viscosity. Figure adapted from [6]. 
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Figure 3. Upper panel: Shear viscosity in  β -stable neutron matter for three densities as a function of temperature. Lower panel: Phonon mean free path in  β -stable matter as function of temperature for three densities. The horizontal line indicates the radius of the neutron star of   R = 10  km  . Figures adapted from [6,18]. Adapted from [18] with the permission of AIP Publishing. 
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Figure 4. Phonon contributions to the shear viscosity as a function of temperature for different particle densities in terms of the saturation density   n 0  . We show the ballistic viscosity   η ball  , the hydrodynamic viscosity   η bulk  , and the effective description   η eff  . Figure adapted from [7]. 
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Figure 5. Type I diagrams are formed by one three-phonon vertex and one four-phonon vertex of    L  L O   .   Figure adapted from [8]. 
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Figure 6. Type II diagrams are formed by three three-phonon vertices of   L  L O   . Figure adapted from [8]. 
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Figure 7.   ζ 2   frequency-dependent bulk viscosity coefficient as a function of the temperature for   4  n 0    and frequencies between   10 3   and   10 5   s    − 1    for the two neutron gap models. Figure adapted from [8,18]. Adapted from [18] with the permission of AIP Publishing. 
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Figure 8. R-mode instability window for superfluid neutron stars. The Kepler (normalized) frequency is displayed for two neutron star masses (1.4   M s   and 1.93   M s  ) as a function of temperature for the electron, phonon, and electron+phonon dissipative processes. Here,    Ω 0  =   G π  ρ ¯     , where   ρ ¯   is the average mass density of the star. Figure adapted from [7,18]. Adapted from [18] with the permission of AIP Publishing. 
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Figure 9. Upper panel: Thermal conductivity due to superfluid phonons by means of a variational calculation up to order   N = 6   for   n 0   as a function of temperature. We use the     1   S 0   ( A )   +    3   P 2   ( i )    gap model. Lower panel: Mean free path obtained from the phonon thermal conductivity using the     1   S 0   ( A )   +    3   P 2   ( i )    model for the gap as a function of temperature for three different densities. The critical temperature shown is    T c  = 0.57 Δ  , whereas we compare the mean free path to the radius of the star (  R = 10   km). Figures adapted from [9,18]. Adapted from [18] with the permission of AIP Publishing. 
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