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Abstract: We study two homogeneous supersymmetric extensions for the f(R) modified gravity
model of Starobinsky with the FLRW metric. The actions are defined in terms of a superfield R that
contains the FLRW scalar curvature. One model has N = 1 local supersymmetry, and its bosonic
sector is the Starobinsky action; the other action has N = 2, its bosonic sector contains, in additional
to Starobinsky, a massive scalar field without self-interaction. As expected, the bosonic sectors of
these models are consistent with cosmic inflation, as we show by solving numerically the classical
dynamics. Inflation is driven by the R? term during the large curvature regime. In the N = 2 case,
the additional scalar field remains in a low energy state during inflation. Further, by means of an
additional superfield, we write equivalent tensor-scalar-like actions from which we can give the

Hamiltonian formulation.

Keywords: local supersymmetry; model of starobinsky; cosmic inflation

1. Introduction

The model of Starobinsky is formulated as a string-inspired effective action, with higher-
order curvature terms arising from corrections due to quantized conformally covariant
matter fields [1,2]. The relevant action for FLRW cosmology is given by the simplest version
of the model, with only quadratic scalar curvature [3], Ls = \/—g(R + £R?). The R® term is
able to drive inflation in the large curvature regime R > M? = a~!. Nowadays, it continues
to be a viable inflationary model. The predicted spectral index and tensor-to-scalar ratio,
ns ~= 0.96, r ~ 0.004, respectively, with M of the order of 103 GeV, are in good agreement
with current observational data [4-6].

The model with quadratic scalar curvature is also the simplest of the f(R) theories of
modified gravity. These theories have drawn a lot of attention since they might account for,
for example, inflation as well as the late-time accelerated cosmic expansion [6-8]. This is
due to a higher derivative scalar degree of freedom, so-called scalaron, which is, therefore,
of a purely gravitational nature, at least from a macroscopic point of view [9]. Although the
Starobinsky theory is higher derivative, it has the relevant feature that it clearly does not
have ghosts and is stable [10,11]. This property can be seen from its relation through
a Weyl rescaling, with Einstein’s theory with a minimally coupled scalar model [12,13].
The potential of the scalar in this model is consistent with large-field inflation.

Supersymmetric theories [14] have been the subject of intense study for many years,
creating a wide expectation for present LHC energies. As it is well known, it could not
be confirmed. Nevertheless, it continues to be considered, in particular in view of recent
results [15]. On the other side, there is no reason why supersymmetry should break at LHC
scales; it can be much higher [5]. Inflation can be considered from Planck energy scale [16].
In fact, the physically relevant inflation, taking place after horizon exit of the observable
universe, is typically several orders of magnitude below Mp [17], but still sufficiently high
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to be considered in a context of supergravity, as a possible effective theory, or even as an
ultraviolet completion of quantum gravity [18,19].

Regarding the model of Starobinsky as an f(R) action, one might expect f(R), with R
the four-dimensional chiral curvature superfield, to provide an adequate supersymmetriza-
tion [20,21]. The connection between f(R) and f(R) is, however, not straightforward, due
to auxiliary fields satisfying the rather involved algebraic equations of motion [22]. More
general actions depending not only on R, but its supersymmetric covariant derivatives,
have been used to properly embed the model of Starobinsky into N = 1, 2 4D supergrav-
ity [5,23-25].

On the side of scalar-tensor theories, the main obstacle for the embedding of inflation
into supergravity is finding a suitable scalar potential (it has to be sufficiently flat, at least in
a certain field direction in multi-field models) that generates the proper amount of inflation
in a consistent way with the observations as well as with the predictions of the standard
model of cosmology on the early universe [26,27]. The generic scalar potential in N =1
4D supergravity is too steep for slow-roll inflation [22]. Some methods have been put
forward to, for instance, make the potential independent of some field such that it is flat
along its direction [28,29]. The behavior of fermionic fields is also relevant for precise
predictions; in this regard, a new kind of inflationary models with a simplified fermionic
sector, i.e., with no inflation, is considered by means of nilpotent superfields [30,31]. Flat
directions of the scalar potential can also be achieved with non-minimal coupling as in
NMSSM models (Higgs inflation) [32,33]. With respect to the specific scalar potential
of Starobinsky in its dual scalar-tensor form, its supersymmetrization is addressed in
super-conformal theory [34] and no-scale supergravity [19,35].

As supersymmetry involves fermions, its study requires quantum theory, unless only
the scalar potential is considered as is usually done in supergravity and superstring
cosmology [27]. On the other side, the homogeneity at the beginning of inflation has led to
the consideration of homogeneous supergravity formulations [36]; see also [37]. Due to
the dimensional reduction to one dimension, these formulations lack Lorentz constraints,
which were implemented by hand in [38,39]; otherwise the theory has a quite complicated
constraint algebra [40]. In view of that, in [41] a supersymmetric extension of the FLRW
model was proposed, considering, as usual, the rescaled scale factor with length dimension.
As well as in 4D supergravity, the basic superfield in the Lagrangian does not follow from
the geometric considerations, but is ad hoc [14,41].

In this work, we construct supersymmetric generalizations for the FLRW model of
Starobinsky in its modified gravity form, using the ‘new’ superspace formulation [14,42]
for homogeneous supergravity [43], i.e., depending only on time. As FLRW involves gauge
fixing, the supersymmetric extension must keep it. This formulation is fully geometric,
and can be seen as a minimal dimensional reduction from 4D that keeps only the minimum
elements for supersymmetry. In fact, for a dimensional reduction to one dimension, to each
fermionic component of the supersymmetric charge corresponds, in one dimension, one
supersymmetry. In this view, we consider N = 1 and N = 2 one-dimensional supergravity
(as a complex representation, N = 2 can be taken as N = 1). Thus, an extension back to
spatial dimensions is straightforward, for instance, to include perturbations. Actions based
on four-dimensional supergravity and more fundamental theories may contain a vast
number of additional both dynamical and auxiliary fields, which usually renders the sole
identification of the scalar potential a nontrivial task [26]. In our case, the small number
of degrees of freedom involved allows us to write both bosonic and fermionic sectors
of the Lagrangians and Hamiltonians in full detail, not just the leading terms of certain
Taylor expansion.

In Section 2, we discuss the effective 1D FLRW model of Starobinsky. In order to
substantiate the following sections, we discuss the Ostrogradsky formulation, and show
the canonical transformations that relate its Hamiltonian to the two Hamiltonians of the
scalar—tensor formulations usually related to the Starobinsky model. One of these scalar—
tensor formulations is the one in standard form, which is manifestly stable, and has a
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large-field inflationary potential. The other scalar-tensor form, of the BF-type, is the one
we extend by supersymmetry. In Section 3, we present a formulation based on the simplest
possible superspace compatible with time-dependent supersymmetry transformations [44].
It has local coordinates (¢, ®), where ¢ is the time coordinate and @ is a real Grassmann
number [45]. Superfields are very simple: they only contain one real boson scalar and
one real fermion scalar, and there are no auxiliary fields. Despite the simplicity of this
superspace, we can write a supersymmetric Lagrangian whose bosonic part contains
exactly R + £R2. In this construction, the Grassmann parity of the curvature superfield is
odd. In Section 4, we make use of a complex superspace having local coordinates (¢, ®, ®).
In this case, superfields contain twice as many components: two real scalar bosons and
one complex scalar fermion. Usually, one of the bosons is an auxiliary supersymmetric
field that is used to ensure the off-shell closure of the supersymmetry algebra [14,46].
As we will show, in higher-derivative models it becomes a dynamical field on its own.
In this case, the curvature superfield is of even parity and the action can, in principle, be
generalized to the superspace of 4D supergravity. We propose an action depending on
the curvature superfield and its supersymmetric covariant derivatives in a similar fashion
to the proper embeddings of Starobinsky into 4D supergravity [13,24,25]. By choosing
a specific superpotential, we obtain a model whose bosonic part contains Starobinsky
and a massive scalar field. We present numerical solutions to the pure bosonic equations
of motion, which exhibit inflation driven by the quadratic curvature term, whereas the
scalar field is pushed to the minimum energy state (see [5] for another example of a
two-field model, where the effect on inflation of both fields is detailed). In Section 5, we
present the Hamiltonian formulation, including bosons and fermions, of the equivalent
scalar—"tensor” actions for the two models constructed. Unlike ordinary supersymmetric
theories, these actions contain quadratic terms in the fermionic velocities; nonetheless,
the ordinary Hamiltonian formulation can be carried out as normal. Section 6 is dedicated
to the conclusions and final remarks. In Appendix A, we summarize the basic results about
the superspace formalism following references [14,42,43], and in Appendix B, we provide
some lengthy equations.

2. FLRW Model of Starobinsky

The FLRW geometry corresponds to a spacetime with spatial 3-surfaces of uniform
curvature 3R = 6ka—2, where k takes the values —1, 0 or 1. The line element, in comoving
coordinates (t,7,0, ¢), reads ds*> = —N?(t)dt> + a?(t) ((1 — kr?) "1dr? + r?dQ)3). The scale
factor a(t) is the only degree of freedom. Actually, it is the Hubble factor H = %, which
is directly observable. The field equations for a spatially homogeneous and isotropic
f(R) universe, which generalize the usual Friedmann and acceleration (Raychaudhuri)
equations, can be directly obtained from the f(R) action evaluated at the FLRW geometry,
after integration of the spatial coordinates. With the FLRW metric, the scalar curvature
R becomes the following:

Na i >k
R=6(— 2. 1
6( N3a+N2a+N2a2+a2> @

Substituting these expressions into 21? [ d*x\/=gR, and integrating the spatial co-
ordinates over a suitable region, yields the FLRW action. In this work, we are mainly
interested in the model of Starobinsky Ls = (2«?) "!Na3[R + («/6)R?], with k = 0, that is,
the following:

3 Na i 2 Na i 2\’
LsszNaBl b+ +a( R S )1 2)

N3z ' N2z ' N2g2 N3z ' N2a ' N2g2

This higher derivative action is our starting point for the supergravity version; hence,
it is important to verify its consistency. In order to do it, we derive the Ostrogradsky—
Hamiltonian formulation, and show that it is related through canonical transformations to
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two well-known scalar-tensor formulations: one of the BF type, with the scalar playing the
role of the scalar curvature, and the other the standard Hamiltonian obtained by means of
a Weyl transformation.

2.1. Ostrogradsky—Hamiltonian Formulation

The canonical formulation of the FLRW model of Starobinsky can be obtained directly
from the higher derivative action (2) following the method of Ostrogradsky (see, for
example, ref [10] for a review). For simplicity, we integrate by parts the second derivative
on the linear curvature term in (2). In this formalism, there are eight canonical variables,
namely the following:

a, (3a)
. 2 .. T )
pa:aL.sdaL..S=6[M+Md<Nia£g;+ - )} (3b)
A=a, (30)
oLs  6aa® [ i Na a2
(Nza TN T Nzaz)'
N, (3e)

(3d)

ol dols_ el i Ni, @ o
N=9N dtoN 2 N2\N2Za N3 ' N2a&2 )
n=N, (3g)
dlLg
Pn= o (3h)

Since (2) does not depend on N, we obtain a primary constraint (3h). It can already be
seen that py can be written in terms of A and P4, which would yield another constraint.
The Hamiltonian of Ostrogradsky is defined by the Legendre transformation as follows:

Host = Apa+ Apa +npn + 7ipn — Ls (4a)
3aA% k%2 N3p%  AZp, Apa ,
Apu—i-ﬁw—i-m P +n< N +pN>+npn. (4b)

At first sight, Hos is not bounded due to terms being linear in the momenta p, and py
(4a). However, the model of Starobinsky is known to be stable. This is due to the system (2)
being degenerate in the sense that the matrix (9*Ls/ 0§j;9ij;) is not invertible. Otherwise,
it would have fourth-order equations of motion for both a and N, but only a obtains a
higher-derivative equation.

As we obtain a primary constraint, we proceed following Dirac’s standard procedure
(see [45]). The result is that there are three first-class constraints as follows:

0~ C=py, (5a)
A
0~ D= —ZZA + PN, (5b)
_ Apa | 3aA® K2 NPpL APpy
Ovth="yteNwtm s N (5¢)

(5b) follows from the conservation in time of (5a), whereas (5¢) follows from the con-
servation of (5b). The time derivative of (5c) vanishes identically and no more constraints
arise. Therefore, the total Hamiltonian vanishes as a constraint 0 ~ H = NHy + nD + vC,
where N, n and v remain arbitrary. In order to understand the Hamiltonian constraint
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Hy, taking into account that p 4 is proportional to R, we make a canonical transformation
pp = —A,and ¢ = —p 4. Thus, the following holds:

3¢ ¢ K2 N?¢?
Hy = , 6
0= <K2N+ )P¢ NPoPet o (6)
which requires further analysis to see if it contains ghosts. As we show in the following,
there is a further canonical transformation that puts it in a more familiar form. The other
two constraints cannot affect stability.

2.2. Scalar-Tensor Formulation

There are other well-known ways to reduce the order of a Lagrangian by means of
additional fields that keep track of the higher derivative terms, for instance, by using
Lagrange multipliers [47], or by actions of the BF type as follows:

L) = I;“Z [(1+2a4>)R 6a<p] @)

Further, substituting R, and integrating by parts yields the following:

L?;—3N”[ i (1+2a¢) — 2a4’—(x¢] 8)

%) 2N2

Its Hamiltonian is H? = N Hy + upyn, where the Hamiltonian constraint is the following:

¢ Kz Pap(p K2 p?) 30( 3.2
Hj = e a2 +12—2(1+2a¢)a—3+—2a ¢ 9)

As can be expected, this approach and that of Ostrogradsky give equivalent Hamilto-
nian constraints (5¢) and (9), as they are related by the canonical transformation as follows:

a=a, p%t=p,— Z(P{Zﬁ, (10a)
k2 Npy 6 a®

Ton 2 PAT Tan? (10b)

N=N, p=p+ %‘P (100)

In fact, also the other constraints transform into each other by this transformation,
namely py = N71Aps + pQ* = D. Here, p$®t and p{t denote the corresponding mo-
menta in the Ostrogradsky formalism.

Both versions of the Hamiltonian constraint, (9) or (5c), yield the same nontrivial
relation that, expressed in configuration space variables, can be recognized as the general-
ized Friedmann equation for the model of Starobinsky, which in the flat case k = 0 can be
written as a second-order differential equation for the Hubble factor. In the gauge N =1,
it reads as follows: )

H—H—2+3HH+1M2 H=0. (11)
2H 2

Stable inflationary dynamics, for which the model of Starobinsky is greatly appre-
ciated in cosmology, can be obtained from (11) [6]. See also [5] for a recent review of
Starobinsky inflation.

2.3. Standard Formulation

It is well known that by means of a Weyl rescaling of the gravitational field plus a
redefinition of the scalaron field, say ¢, any f(R) action can be written as standard Einstein
gravity with a scalar minimally coupled, with a large field inflationary potential; see [7]. It
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is interesting to note that the corresponding canonical formulation in the FLRW case can be
obtained from (9) by the canonical transformation as follows:

~ 2
o= (u)7 e 1), py= e (ap+ Npy) + —eOp,, (12)
a= e*%cq’ﬁ, Pa = eé‘Ppa, (12b)
N = e 2K, pN = e2%py (120)

with ¢2 = %Kz. Indeed, applying (12) transforms (9) into the following:

2p2 Py 3M2
O~ HY =00 4 22 4 22 33(1—e79)2 13
e TN Al Gl (13

In lagrangian terms, (13) corresponds to an ordinary Friedmann equation, which is
complemented by the second-order equation of motion for ¢.

Therefore, by combining the transformations (10) and (12), one can pass directly from
the Ostrogradsky Hamiltonian (5c) to (13).

Now, the Weyl rescaling on which (12) is based takes us to the Einstein frame [7].
We regard the frame of Starobinsky’s modified gravity (generically called Jordan) as
physical, such that inflation has a gravitational origin. Additionally, since c¢ = In(1+ 2a¢),
the transformation (12) becomes singular at a sufficiently negative curvature (recalling
¢ = R/6). Thus, for example, it might be convenient to perform quantization of the
supersymmetric models constructed in the following sections (see Section 5), while staying
in the Jordan frame [48].

Finally, although the Hamiltonian constraint (9) is already suitable for quantiza-
tion [47], one might prefer to have it in canonical form. This can be done by the canoni-
cal transformation as follows:

bpy +
a=b+g, paz%‘;”"’, (14)
_ 1 e = a(b+9)(py — py) (14b)
= g P07 ?)(pp = Po),

which diagonalizes the kinetic part of (9) such that it reads as follows:

i2 3
Hg) = E(—pi—i—p?,)—kmq)z(b%—qo)z. (15)

3. N =1 Locally Supersymmetric Action

In this section, we construct the first example of a supersymmetric extension of
the FLRW model of Starobinsky (2). For this, we use the simplest possible superspace
compatible with time-dependent supersymmetry transformations [44]. Its basic features
are summarized in Appendix A; we recall here that it has local coordinates (t, @), where ®
is a real odd parity Grassmann number. Superfields have only two components (Al): one
real boson scalar and one real fermion scalar.

We define the real scale factor superfield (complex conjugation reverses the order,
therefore, the product of two real odd parity Grassmann numbers is imaginary) as follows:

A(t,0) = a(f)[1 +iOA(t)]. (16)
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where, for convenience, the component expansion differs from the standard one (A1). How-
ever, the superfield transformation of (16) is the usual one (see [43]), and the transformation
of its components can be obtained from (A5). We obtain the following:

;0 = —igal, (17a)
SA = g(ﬂ‘;\] — ilp/\). (17b)

We define the k = 0 curvature superfield (non-vanishing spatial curvature can be in-
troduced via an interaction with a Golstino field B(t). Specifically, we add to the lagrangian
density in (20) a term —kEAB, where B = B+ ©(—1+ipy + iBN1p) is a Goldstino
superfield [44]) as follows:

=iA 'V VoA +iAd 2V AV A, (18)
where covariant derivatives are given in (A3). Thus, we have the following;:
R=—#Ar—f—dev+0(- M + & + o + i - Hor- 2i%1 4 2jAd ) 9

and for the ordinary (linear) action we have the following:
o 3 3 . 3{13 i l:lz P
Llfﬁ/dG)EA RKZ(aJraz—zM), 20)

where € is the density superfield given in (A7). Since R has odd parity (R? = 0), we
cannot construct higher-order polynomials of it. However, it is possible to construct
an exact supersymmetric model of Starobinsky by considering the product of R and its
supersymmetric covariant derivative.

We write the supersymmetric Starobinsky Lagrangian in the following form: Lg =
L1 + «aLy, where L is given by (20), and

- % / dOEAPRVR. 21)

Integrating over the © variable, we obtain the following:

. .. .0 s .. .2 2 .. ] 3
— -+ +zx<N“+ o+ >+M’DW¢AiWiM

N2g = N252 N3a  N2g  N242

9iNa? 8iaii 943 7ig? 2ia . iNa _. iia
AA + AA — A)\—N3a21p)\

T N2 M e T s T e ™M T N M T N

4id 2

Na . A .
e N3 2¢A+4¢A"’J ”31 YA — 3 ¢A+N3 2/\1,0 1\1[‘; M
2
7 ~pi +N3 S — 21 Atp+N3 )upﬂ 22)

The scale factor satisfies the expected fourth-order equation of motion, now with
fermionic contributions. On the other hand, the term AA yields a third-order equation of
motion. There is a tripling of fermionic degrees of freedom, compared to the ordinary case,
as we require not only the initial value of A, but also those of its first two time derivatives.
(The classical equations of motion are merely formal. Although Grassmann algebras can
be represented “classically” by matrices, the proper treatment of a theory with fermions
requires the algebra of quantum operators).
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LY =

+2i—

3Nad
2

—2i aypij + 21¢lp

The purely bosonic fourth-order equation of motion can be written in terms of the
Hubble parameter, and the third-order equation as follows:

. 9. . 3 .
0:H+6HH+2H2+9H2H+M2(2H2+H). (23)

Figure 1 shows a numerical solution to (23) displaying inflation during the large
curvature regime. Initial values are chosen to satisfy the slow-roll conditions, and we set
x = 1. The scale factor increases from the order of 10° up to 1032, which corresponds to,
roughly, 73 e-folds. From that point, we obtain an oscillating amplitude superimposed on
an overall expansion but without inflation (this corresponds to the flattened part of the
curve in Figure 1a). At the final time displayed, we have in total 76 e-folds, approximately.

log alt)

Figure 1. Numerical solution to (23) with initial valuesa = 1, H = 5M,, H= fsz 7 = 0and
M = 0.2. (a) Logarithm of a(t); (b) comoving Hubble length (scale horizon).

3.1. Scalar-Tensor Formulation

As for the bosonic action (2), a Hamiltonian formulation can be obtained in different
ways, and the simplest is the one of type BF; Equation (7). In our case, we can rewrite the
Lagrangian density of (21) in terms of R and another odd parity superfield ® = # + O¢
(with yy = 0), as

LY = EA2R — ®)Vyd + EORVA>. (24)

We can check the equivalence at the superfield level. Using (A8), we write the su-
perfield equation of motion as 243V (R — ®) + (VyA3)(R — @) = 0. Therefore, ® = R,
and, substituting this back into (24), we recover the integrand in the r.h.s. of (21). Note that
the last term on the r.h.s of (24) does not contribute when we replace ® by R, as R is an
odd parity superfield.

Therefore, the total equivalent scalar-tensor action has a Lagrangian density as follows:

L2 = %5;43 [R ta ((272 —Q)Ved + 3,4*1q>7zv9¢4)}, (25)

which yields, after integrating by parts, the following:

89 ity M a9y L7 WA o pd
—— (14 2a¢) — 2a N2 ag +21aN1/J)t 1N+zx 31 1,L1A+7 N 2i N

aN? N N

AL m a’gA 1p17)L)\ my)\ a2y
+1 +314>77)\+9z N2 — 66— N + 6i Nz ) |- (26)
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This Lagrangian contains two boson scalars, a and ¢, and two (real) fermion scalars, A
and 7. One can verify that the equations of motion for ¢ and 7 are solved by 7 = —2%1 — A
and ¢ = (%R + 21'/\/\) , as expected from the superfield solution.

The absence of auxiliary fields greatly simplifies the expressions and allows us to con-
struct a model whose bosonic part reproduces exactly the flat FLRW model of Starobinsky.
Since the curvature superfield (18) has odd parity, it probably does not correspond to the
four-dimensional curvature superfield, and it could be related to its covariant derivatives.
In Section 5, we perform the Hamiltonian formulation.

4. N = 2 Locally Supersymmetric Action

Now, we increase the dimension of the superspace by promoting ® to a complex
Grassmann variable (0 = @*, and @0 + OO0 = 0, @0 = 0 = O0). The basic results
for this superspace are summarized in Appendix A.2. Superfields have four components;
one of them is usually an auxiliary field. For convenience, we define the real scale factor
superfield (the imaginary unit appearing in (27) is a matter of convention, and we can
dispense with it by redefining the As, e.g., i(©A + ©OA) — OA — OA) as follows:

A(t©,0) = a(t)[1 +iOA() +iOA(t) — OB (s(t) — A(H)A(H))], (27)

where A = A*. We write the scale factor superfield this way, which differs from the usual
®-expansion (A9) such that the lowest component of the curvature superfield R (defined
below) is simply given by s. The supersymmetry transformation of the supermultiplet
(a, A, s) is non-linear and can be obtained from (A13).

The k = 0 curvature superfield (one can include positive spatial curvature adding
VkA~1to (28)) is defined as the following:

R = S A7V, Vil A+ AV AV A, 29)

Thus, we have the following:

i{’; +7—1p igngR—isgB—ZisZ) —®<A+A —t,bN +itpzpz\+i¢s+2is/\>
Na ji 2 WA+ VA 6i A _ o
NSL; Nuza * Nazaz +25" 1% : Ng (PA 9N - i +¢ — 2¢ps — 4pPpAL
—2s(PA — PA) — Zi% — 8A7\s> ) (29)

To better appreciate the content of large supersymmetric expressions, for simplicity,
we use the flat superspace gauge N = 1, ¢ = 0 (this gauge corresponds to global super-
symmetry; to check invariance under local supersymmetry (A12) and (A13), actions must
be written without gauge fixing, as we do in Appendix B). In the following, we indicate
this gauge by equality with a dot, =. Thus, the Lagrangian for pure FLRW-supersymmetric
cosmology is the following:

3 2
/ 1040 PR = 2L ( + 5 =i+ A + sAA> (30)

with the scalar density £ given in (A14). Note that the superfield form of this action does
not coincide with the one of previous works, e.g., [43].

In analogy with the f(R) actions, we can write a superfield Lagrangian proportional
to some function F(R) (see [22] for the corresponding analysis in four-dimensional super-
gravity). From (29) we have the following:
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3 _ . 3a® i

.2 2 P - -
27 4252 +i(AA + AA) +4s)\)\) —3F(s)(s+ AA)

. _ y . . 52 — = — .
—F'(s) (M 445200 + 2%()\)\ —AA) + 4;%M +2is(AA + M)ﬂ . (31)

The equation of motion of the auxiliary field s is of at least the second order in s,
and its solution leads to actions whose bosonic sectors are nonpolynomial in R. We have
considered several examples of this type of actions, and it seems that they contain ghosts,
or fail to produce large-curvature inflation. Hence, we will not discuss here this sort
of action.

The experience with the N=1 case of Section 3 suggests to define an action depending
on the covariant derivatives of the curvature superfield. Taking into account that VyR is
an odd parity complex superfield, and the Lagrangian density must be real and of even
parity, the natural candidate is VyRV 7R, which is the superfield kinetic term that is used
to introduce scalar supersymmetric matter [49]. As in the case with real fermions, we write
the following:

L=1L+aly, (32)

with L given in (30) and the following;:
L, = % / 1040 £ APV;RVR. (33)

Performing the integration over ®-variables and summing, we obtain the following:

3 .. ) .. o 2 .. .2 . . _ .
L= 248 4a(242) a2 -2+ 2 2+4ocs4+1(/\)L+)LA)+s)LA+zx(—7s)\/\
k2 |a a? a a2 a a2

= —_— .o A {a - P ] = —_— 1 - _ . .2 - p—
F25(AX — AA) —i(Ad + AR) + ig (A +AA) — 21%(/\/\ +AA) — 6ZS(M — ) — 715—2()\/\ +AA)
=2

FAMAR + (AR — AA) — 24;%5/\x —20°A% + 4%52\/_\ + 43«:/\1 ~12i2(AX + I\A))} . (34)

Thus, with the choice (33), the total Lagrangian (32) contains the FLRW model of
Starobinsky as well as the terms associated to the scalar field s. Further, the kinetic
term 2 in (34) tells us that the former auxiliary s is promoted to a dynamical field. It is
directly coupled to the curvature by the term %thsz and has potential V(s) = s — 4as®*.
The equations of motion are of the fourth order for 2 and second order for s. In the fermionic
sector, we find AA + A4 yielding third-order equations of motion.

The scalar potential is unbounded for large s but has a local minimum around s = 0.
However, since the effective quadratic mass is M? — %R (of the canonically normalized

field § = %s), we require not only s, but also R to be sufficiently small in order to obtain
stable dynamics. On the other hand, if we set the initial conditions to s = 0 = 5, we can
obtain inflation as in Section 3. However, this is not a stable solution in the sense that
nonvanishing initial values of s or $§, however small they are, eventually cause the field
amplitude of s to blow up while a goes to zero.

Up to now, we have partially succeeded in the construction of a supersymmetric
model of Starobinsky: the bosonic sector of (34) already contains R + %Rz, and we have no
restriction on the value of R. However, we have a scalar field with a generally unstable
potential. This is certainly not an unlikely situation; inflationary models derived from
supergravity, and more fundamental theories, e.g., string theory, contain several scalar
fields. It is required that all of them but one sit in a stable vacuum state during inflation.
This is, of course, not the generic situation; it may happen that some of the additional fields
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develop instabilities, pushing the overall dynamics away from the inflationary solution.
This is the case with theories of extra dimensions; after compactification, one needs a
mechanism to stabilize the module fields [26].

To avoid fine tuning of the initial conditions, we add to the Lagrangian a term R to
cancel the coupling Rs?, which cancels also the negative sign fourth-power potential in
(34). Thus, we propose the following superfield Lagrangian:

Ls= %5,43 [R +a (vgnvgn - §R3) ] (35)
which yields the following;:

i a2 i 2\° o s o _ R
+2+zx<+2) +as? = 2 +i(AL+ A1) + sAL + & (5(AL - AA)
a a a a

3a3
Ls = —
S K2

+SAL + AAAL — (AL + AA) — 21%(& +A0) + ig()u‘\ +AA) +25(AL — AA)
512
a2

. . .. )
—7i (AR +AA) + 10§s(A7\ —AA) + 4§sm + 4gsm + B%SM } . (36)

See Appendix B, Equation (A16), for the complete expression.

Thus, we obtain, in the bosonic part, Starobinsky plus a massive scalar field. (With
M constrained to be about 10 ®Mp, s is a rather heavy field. Considered in a field-theory
context, heavy fields are more benevolent with the picture provided by the standard model
of cosmology than lighter fields [26]). The equations of motion of the bosonic sector read
as follows:

3 5 5 5 s 9, e KEMP L, 05
OZEHM +9H"H + HM +§H +6HH + H + (5 —M?5°), (37a)
0 = § + 3HS + M?3, (37b)

where § is the canonically normalized field, § = v6a/ x2s. Numerical solutions to Equa-
tion (37) are shown in Figure 2 for different initial values of s and 3. As inflation takes
place, the field is driven to the minimum of the potential. Kinetic energy M?§? is quickly
dissipated by the friction term HS on the left-hand side of (37b). In contrast, this same
friction term sustains a high value of the field for longer (acting as a cosmological constant),
so we get more inflation (measured in e-folds) when most of the initial energy of s is of the
potential type.

loglaH) 1

Figure 2. Numerical solutions to Equation (37). The initial conditions for the scale factor are the same
as in Figure 1. Here, we have an additional scalar field. (a) Scale factor. (b) Comoving Hubble length
for pure kinetic initial energy (blue color) and pure potential initial energy (red color) of the field s.
The dotted line is the same as in the pure Starobinky dynamics of Figure 1.
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Scalar-Tensor Formulation

Here, we write an equivalent Lagrangian following Sections 2.2 and 3.1 such that
it contains at most first-order time derivatives. We write in terms of R and a real scalar
superfield ® = ¢ + Q7 + IOy + OOG the following:

4
£e = %5,43 [R +a (vgcpvgn — Vg®VzR — VgV — 37%3)} . (38)

The equivalence can be verified using the superfield equation of motion for ®.
From (A15), we obtain V5 A3V, (R — @) — Vo A3V4(R — @) — A3[Vy, V4] (R — @) = 0.
Therefore, the solution is given by ® = R + ¢, where c is a constant. Replacing ® by R + ¢
into (38) returns (33). Performing the fermionic integration in the action yields, for the
P-dependent part, the following;:

q>.3113 i a? 2 2 VTV TS P _
L® = = 2 ot G — G* +4Gs” +2¢s — ¢~ +i(nij + 717) + 2(Ai] — A1j) + 3syij
+3IAN(AG + Ay) — Gi(AA + AA) — Bis(AG + An) + 4%()\;7 — M) + 3%()\;7 —Ay)
0 — . . — — 72 — —
+3P(AA — AA) + 4is(Aff + A1) + 3G (A7 — Ay) + 32—2(/\17 — An) + 3is(Aj + An)
+12§4’>/\x - 3%@;7 — An) = Bip (A7 + Any) + 3AAy7 — 4GsAR|. (39)

As expected from the superfield expression (38) and (A13), this Lagrangian depends
only on ¢; hence it can be eliminated. On the other hand, it can be seen that G plays the
role of the scalaron, and we eliminate the coupling Gs? by the shift G — G’ = G — 2s2.
Thus, renaming G’ = G, the Lagrangian reads as follows:

3 o 2 X . _ .
LS = 3i2 K“ + “2) (1+24G) — aG? + ag® — s* + (AR + AA) +S/\A+oc<85)\/\
K a a

Fi(yi + 77) + 2(AF — Ajp) — Bis(A7 + Ay) + dis(Af + An) + 16%(& —AA)

F10is2 (AR + AA) +35(AL — AA) + 7%()\17 — )+ 12%5)\?\ + 6%()117 —An)

. 52 _ - . = - =
—%/\/_\M_\ + 92—2(/\17 —An) + %i)\)\()\ﬁ + An) — g/\/\qﬁ + 65 (A — A1)
L2 - . — — - ‘2 —
—Gi(AA + AA) + 35777 + 3G(Af — Anp) — 4GsAA + 12537 + 3zzzsm\ﬂ . (40)

In Appendix B, Equation (A17), we show the full expression.

5. Canonical Formulation

For the main actions worked out in this article, namely, (22) and (36), we have classi-
cally equivalent actions, (26) and (40), which still contain terms that are quadratic in the
fermionic velocities: 77\ in (26) and Afj — 7\77 in (40). They are, however, sufficiently good
to perform the usual Hamiltonian formulation. Typical fermionic Lagrangians contain, at
most, linear terms in the velocities, which ultimately lead to second-class constraints of
the form 71, = dL/9A = A [50]. For the present case, quadratic velocity terms allow us to
solve for all the (physical) velocities, bosonic and fermionic, in terms of coordinates and
momenta. There still arise some constraints, but all of them are first class and form a closed
algebra under the Poisson bracket extended to fermionic variables (as defined in [45]).

For the case with real fermions, with Lagrangian (22), there are two primary (first-
class) constraints py = 0, 71y = 0. The rest of the conjugate momenta can be solved for the
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2
Hy =
2

L
4na

+

1242

(ps +4spc) (A — Amy) — 5(77”:7 +77ty) — 71;(2
3a 3
2x2

K2 p2
a ad

velocities. Thus, for the Hamiltonian Hg PN PN + Y7y + apa + Ppg + Amy + 7y — L, we
obtain the following;:

1
H? = NH, + 55, (41)

where ¥ = 2Ny (see Appendix A), where the Hamiltonian and supersymmetric con-
straints are the following:

2 2
k2 PapPe K Py 3a 5 5 K P4> 3a3
Hy = 1+2a0)— + — —(1-7
07 T6n a2 +12a2( + Mp)w” +K2a¢ ti « +2 2 ap) |
7x2 P 1—a¢ K2 Py iK> ATy Ty
e — —_— -1z 42
e VT o Mt e 6o ad 2’ (423)
2
) 1—a¢ (P 3a K2 py
S:l(ﬂpg— o p¢)A_Z<M¢ZC)’+1(2a¢ 7’]+&*7T/\+(P7T;7 (42b)

Note that S is imaginary and H is real. The algebra of constraints, all of which are first
class, closes under Poisson brackets. In particular, the usual relation {S, S} = éHO holds.

For the case of complex fermions, the full Lagrangian corresponding to (40) is given in
the Appendix B. With this Lagrangian, the bosonic momenta are defined in the usual way,
although we use a slightly different definition for fermions (mostly to keep a consistent
notation, and the over-bar is still equivalent to complex conjugation): 7, = oL/ A, Ty =
—dL/dA, and so on. The only primary constraints come from the momenta associated to
the gauge fields: py = 0, 7ty = 0, 775 = 0. Solving for the rest of velocities and computing
H = Npn — §pg + 7ty + apa + Gpe + $ps — Amy + Amy — 75 + fj7; — L, we obtain
the following:

H = NHy + 5 (¥5 — ¥5), (43)

where

3

2 2 2
(1 +2aG)p—G S LT © p +— 34 (szz +s2) — 1}?—2“113/\/_\1717 — 3Lp£(ps +2pgs)AA

a3 6a a? 120 a3 4 a3

2 3 -
ES (i = Amy) = (ps +5ps) (A7 + M)

(1 — 7aG — 6as )(/\17 —Ay) — 12{04 Zg; (nmy —qjmy) + 2is(Ary + Amy) + ia 5(3 4as ))\)_\
_ 5 K2 2 = 2k% s 6x 5
()\77—)\17)4—60‘?(71'/\7‘[77—7'[;\7'[,7)—7(G+6S )()\n,7+)\7r,7) a3 BT~ ST
(qrrA + 77y — —)\/\(7771,7 +7my) + uc(}mﬁ + Amy), (44a)
. 3 5 K2pgps i ipG oy 120 4 2 , b 4 -
S= (zapﬂ 205 s +§GpG ﬂ(l 6as)+7a s(G+s%) JA+3 Zzp(ﬁ—pus Ay
; 2 2
_*pe L kPG, 34 s 2 9% i
— 2iAATT) + (zs on B3 )7T/\—|— (2(;73 3pcs) + sl (G+2s ))17 + 520 AN

FL
37T

L
6u a

3i _ ‘
—f(Aﬁ F A, —i(G+25%)m,.  (44b)

S is the complex conjugate of (44b). As in the previous case, we have the Poisson
bracket relation {S, §} = 4 Hy.

Both Hamiltonians, (42a) and (44a), have, after diagonalization, a negative kinetic
term that corresponds to the usual gravitational instability. There are also terms lin-
eal in the fermionic momenta. However, fermions do not have classical counterparts
and require a quantum analysis, which will be detailed in future work. Quantization is
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accomplished by promoting classical variables to operators satisfying (anti-)commutation
relations. The wave function must satisfy the Wheeler-DeWitt equation Hy'Y = 0, as well
as the supersymmetric constraint equations S¥ = 0 = SY [50]. By virtue of the anticommu-
tation relation {S,S} = %Ho, a solution to SY¥ = 0 = SY automatically satisfies Hy¥ = 0.
Usually, the supersymmetric constraint amounts to a partial differential equation of a lower
order than the Wheeler-DeWitt equation, which represents an enormous simplification
when looking for analytic solutions [37]. That is not quite the case here since there are
terms that are quadratic in the momenta of the scalars in (42b) and (44b), although the
equations are significantly simpler.

6. Conclusions

We presented two supersymmetric extensions of the FLRW model of Starobinsky,
with real and complex fermions, using a superfield formalism for 1D supergravity. It was
shown that the bosonic sectors of these actions allow for the large-curvature
inflationary solution.

In the case of N = 1 supersymmetry, Section 3, computations are very simple because
the supermultiplets only contain two components and no auxiliary fields. Despite the small
number of degrees of freedom, it is possible to construct a Lagrangian whose bosonic sector
contains exactly R + £R2. It is a property of 1D supermultiplets that all the components
can be physical; in more dimensions, auxiliary fields are, in general, inevitable. Then,
we considered an N = 2 complex supermultiplet containing two scalar bosons and one
complex scalar fermion. In theories without higher derivatives, one of the bosons is an
auxiliary field, but in our case with higher-derivative terms, it becomes dynamical.

In comparison to N = 1, the N = 2 model required more maneuvering; the superfield
kinetic term generates R?, and promotes the lowest component of the curvature superfield
to a dynamical field. However, this new field comes equipped with a negative quartic
potential, preventing the inflationary solution. We fixed this by adding a superpotential
term of the form F(R). With the choice F(R) = —8R?, the scalar potential of this extra
field was significantly improved. The final Lagrangian contains, besides FLRW Starobinsky,
a minimally coupled massive scalar field. The classical dynamics of the bosonic part of the
action, obtained numerically, shows R2-driven inflation, while the scalar field s remains in
a low-energy state.

We wrote equivalent actions for the two models, by including additional bosonic and
fermionic fields. First, we obtained formal superfield expressions, which were verified
and further developed at the component level. Let us recall here that these alternative
formulations are at an intermediate level, in the sense that they are not yet in the form of
standard supersymmetric theories. Nonetheless, they are already suitable for the Hamil-
tonian formulation. The Hamiltonian expressions contain the purely bosonic model of
Starobinsky and, in the N = 2 case, contain an additional massive scalar field.

From our discussion above, the full tensor-scalar duals of our models would re-
quire two additional superfields to accommodate the three fermionic degrees of freedom.
The manifestly supersymmetric way to arrive at that formulation should involve the super-
field generalization of the Weyl rescaling, and redefinition of the scalaron field. However,
as we pointed out, in our models, it is the highest component of the extra superfield that
plays the role of the scalaron. Hence, the proper superfield transformation should involve
not P, but its covariant derivatives. An adequate derivation of the transformation rules,
including fermions, will be addressed in subsequent work. Nonetheless, we can anticipate
that their bosonic sectors will be of the form (13). For the N = 2 model (44a), since the field s
is canonically normalized in the frame of Starobinsky, in the Einstein frame, its contribution
would appear in the form of a non-linear sigma model (cf. the two-field model in [5]).

Finally, the actions proposed in this work belong to supersymmetric, also called
“pseudo”, classical mechanics because the dynamical variables are elements of Grassmann
algebras. These actions find application as quantum theories, that is, quantum supersym-
metric cosmology [37]. The quantization of these models, along the lines of Refs. [43,50]
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and its comparison with the pure bosonic case [48,51,52], will be the topic of upcoming
work. Among other interesting aspects to be investigated, is deriving the modified Fried-
mann equation, reflecting the effect of fermions by means of a semi-classical approach [53].
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Appendix A. Local Supersymmetry in Superspace

Superspace provides a geometrical realization of supersymmetry and supergrav-
ity. For the models constructed in this work, we use the covariant formulation of one-
dimensional supergravity provided by the new © variables formalism. We summarize
here the basic expressions we used; for more details, see [14], and especially [42,43].

Appendix A.1. N =1 D =1 Superspace

It has local coordinates zM = (t,@). t is the ordinary time coordinate, whereas @ is a
real Grassmann parameter, ©* = ®, @@ = 0. Functions valued on this space or superfields
can be expanded in a finite Taylor series in the ©® coordinate. A real superfield is given by
the following:

D(t,0) = ¢(t) +iOn(t). (A1)

where 7 is a real, odd parity, Grassmann variable.
The vielbein superfields V (£, ®) provide a coordinate independent basis of 1-forms,
EA = dMVA‘}, A = 7,0. For N=1 1D, we have the following:

N-i®@¥ 1¥

A _
V=1 e 1 (A2)

Covariant derivatives are defined with the inverse vielbein fields V }‘VI as V@ =
VIL{\/IE)MCID (for N =1, 2 the following relations hold: VA‘}V N — 51\]/}’, VAVIVI\]/SI = 515). They
are given by the following:

Ve® = N~'p — iy +iON (] + ¢p), (A3a)
V@ = in — O(IN"1p + yn). (A3b)
where ¢ = 5 Y.

Under a local supersymmetry transformation parameterized by {(t), the one-dimensional
supergravity multiplet transforms as the following:

6N =—il¥, 6Y=-2. (A4)
whereas, for the real supermultiplet contained in (A1), we have the following:

S =—iln, oy =C(N"'p—iyn). (A5)

Supersymmetric invariant actions are of the form (Berezin integration rules are
| d©(¢ + On) = 1. For the complex case, [ d@dO(¢ 4+ Oy — Off + OOG) = G).

S— / dtL = / AHdOL — / AdOE T (A6)
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where £ is a scalar density superfield [14]. Here, we use the following, given the super-
determinant of (A2):
E=N(1-iOy). (A7)

Finally, formal superfield equations of motion can be readily derived. For an odd
parity superfield I, such as the one used in Section 3, we have the following:

3F AT

5v,r T ar 0 (A8)

Compared to the case of even parity, there is an extra minus sign in the first term of
(A8), which arises from Vy(éI'...) = —0I'Vy....

Appendix A.2. N =2 D =1 Superspace

This superspace has local coordinates zM = (t,©,0), with @@ = 0 = 00, @0 +
OO = 0. In comparison to the previous one, we have promoted © to a complex Grassmann
number (we use an over-bar to denote complex conjugation, which for products is defined
with an order exchange, e.g., (Ay)* = 1) and defined ©* = ©. An arbitrary superfield
has a finite Taylor expansion as follows:

®(t,0,0) = ¢(t) + O] (t) + iOy(t) + OOG(H), (A9)

The vielbein reads as follows:

N+i(@¥Y+0evy) ¥ i¥
Vit = —i® 1 01, (A10)
i® 0 -1

Covariant derivatives are given by the following:
Vo® = iff + O(i¢/N + ¢i + ¢ + G) + @O(7] /N — pp/N — iy i + ipG),  (All)

with V;® given by the complex conjugate of (A11) (as before, we defined ¥ = %‘I’).
Under a local supersymmetry transformation parameterized by {(t),{(t),

5N = —i((¥+0¥), &¥=-2 (A12)

whereas the following holds:

dp =T +00),  on = —LE —iGL+ ity +P0)E, (A130)

006 = T80 8 (47 ) —iG(9pZ +50) + ipP(nT +70).  (A13D)
The superspace actionis S = [dtL = [dtdOdOL = [ dtdOIOE T, with the following:
£ =—-N(1+i0¢ +iOyp). (A14)

An even parity superfield satisfies the equation of motion as follows:

a7 g T
Vigv,s T VIav,s  ad

0. (A15)

Appendix B. Full Lagrangians

In this appendix, we give lengthy Lagrangians that are shown in a short form.
The full Lagrangian corresponding to (36) is the following;:
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3 Na a2 Na i 2 \* s WA+ PA
Ls = =Na®|— —
5= Ne N3a+N2a+N2a2+“< N3a+N2a+N2u2> T S Mg

(1pA+1pA) +2PPAA +i N SN2 e +2s NE

j 2id 9iNa?, - 4ig? .- . 943
g (VA A0) = 2 (R A0) o S (WA ) = iy (14 §A) = s (PR + PA)

7ia? - . 10sa , . = . 11s4? sa
—W()\)\-F)\)\)-Fm(/\)\—)\)t)—w(lp —PA) —

YA+ PA M+M+ (A)i AAFAL AR —AA
N

. 9iad

(l[)/_\ - l[)/\) N3112 (IIJ + IIJA)

{1
s . Na Na , « . 2

F6 PR+ PA) + 1 (M - )\A)+21—(1P)\+’P)‘)+ZNT(AA+A/\) g+ 8

2 ia2 AL — A
+2ii(¢A+¢A) N 2(1p1p+l/n/])+6 NeE l/Jl/J+ Ner l/Jl/J+ e l/JllJ+ (¢A+¢A)
24 A — q))»

—3s3 ¢¢+6z—(¢A+¢A) 1ol (tpx\+¢/\)/\/\ 2 (W\ PA) = sz
Ad L i 5 534

2% o . z/np)u\ qnp)m z/an qnp)m s o
—mww—w 54" —5 UL L L] (IPA—IM)—lZWm
N 2 . A 84 AA AL
—m¢¢(AA—AA)—3N¢¢(/\/\+M) Nisz (l/))\ PA) — 41%2 —41%2
74 i, = _. .- sNa, - _ 4 2Nia . -
(A= PA) + (wfw)AHL(wft/JA) - (A — A) — T5ogPad

- 13
+NT¢¢M - (9 — §)A)

3sa N' - 4
Nzazww N(www) ZM S“M+ P+ PP+ 7i PR+ PA)

6sa P PA — A sl tp/\+1p/\ aN
l[)l[) 235 SAA + Nz M—N (YA —PA) — N —2m()\/\ /\/\))]

+ 952 P PAA

(w +PA) — (uﬁ +PA) — 7(@ +PA)

(A16)

The full Lagrangian corresponding to (40), once we integrate by parts, which is used

to compute the Hamiltonian (44a), is the following;:

3| _42 e 22 3 by _ _ . _
LS = 31;’2” leazu +24G) — 2%% —aG?+ % — 2+ z‘% 2P PAR + sAX + 21'%(4»\ +PA)
Adj —5\;7 Aj+ Ay 942 2AZ+M 3
+uo <2N2 N2 (qm PA) — 3is N TN (A — An) + 10is N T (AL —2A)
oA+ DA AT+ AT 211 . 85a
saist VLA gy MM G5 ) — A — 22 (g — i) — S22 (g — )
6a . = as?, 2iG, - - 3a% 4.7 = 8sAL
+m()\’7 —An) + 181@(47)\ +9PA) + W(‘M*’ PA) — W(#”? — ) + 65 (YA — PA) + N2
i+ 21 pA+PA o lésa, + <, lési? 4438
S 75N AA N2 (AX = AA) i + N2a (AA —AA) — N2gZ (YA — ¢A) N2a Y
—4Gsypp + 35> (i — ) — ff(l/m +PMAL+3(YA = P +3G(A] = An) — 157 2 (ph—A)
+2is¢’7;l/”7 + %A” ;\;)"7 AR~ 21p1pE + uﬁm +i tplpL A Ge(ph - gA) — gwﬁ
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Ta . oo Tiss, o 3a(pA —PA) BipAdy L WAAG | 3ipAdy  BipAA7
+N2a (Afj — A1) + N (YA + PA) N AA + N 3i N + N N
o~ PAEPA 9AAAA o 6ipAAT | 6ingAA  3iGa, o .o 27s.
2iG N N2 4GsAA Nt TN N (YA +PA) 7 (Y7 — Pn)AA
i 5 g
367 + 125°A% — Gt ;\;A +2ipp 2 ’7+ A9 - PPAL+ 659 (AT — Arp) - Z%(l[)/_\—lp/\)
+ 8si = 3254
3 N¢”M+ 2N2¢¢ 2GPAL + 65 (A — Ay) + oy A/\)] (A17)
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