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Abstract: With the vast breakthrough brought by the Event Horizon Telescope, the theoretical analysis
of various black holes has become more critical than ever. In this paper, the second-order asymptotic
analytical solution of the charged dilaton black hole flow in the spinodal region is constructed from
the perspective of dynamics by using the two-timing scale method. Through a numerical comparison
with the original charged dilaton black hole system, it is found that the constructed analytical
solution is highly consistent with the numerical solution. In addition, several quasi-periodic motions
of the charged dilaton black hole flow are numerically obtained under different groups of irrational
frequency ratios, and the phase portraits of the black hole flow with sufficiently small thermal
parameter perturbation display good stability. Finally, the final evolution state of black hole flow
over time is studied according to the obtained analytical solution. The results show that the smaller
the integral constant of the system, the greater the periodicity of the black hole flow.
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The black hole is a spacetime region where the gravity is so strong that any particle
(including photons) close to it can be dragged to its center. The earliest paper can be traced
back to the pioneering work of Oppenheimer and Snyder [1] in 1939. Visual observation
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more, from the perspective of phase transition, some properties of the microstructure of
the charged AdS black hole can be found in [46].

In order to identify the chaos motions of the Kerr-AdS black hole, Born-Infeld-AdS
black hole, charged AdS and dilaton black hole, and charged Gauss-Bonnet AdS black hole,
Chen et al. used the Melnikov method to study the temporal and spatial chaos of these
black holes [47-51]. They found a critical value ¢, of the perturbation amplitude, which
depends on other parameters in the black hole system; the temporal chaos exists in the case
6 > J¢, while the spatial chaos exists whatever the value of J is. For the Schwarzschild black
hole under the minimal length effects, the same method was also applied to investigate its
chaotic behavior [52]. Moreover, there are several references on the chaos motion of the
particles around the black holes, including the analyses of the dynamic behavior of the
particles, Poincaré surface of section, and innermost stable circular orbits [53-55].

Inspired by the similarity of thermal phase structure and van der Waals fluid sys-
tem and the literature of different black hole solutions, this paper will mainly use the
two-timing scale method (see [56] for more details) and analysis techniques to study the
dynamic behavior of a charged dilaton black hole and construct the corresponding analyti-
cal solutions from the perspective of dynamics. The two-timing scale method is one of the
most effective methods in the quantitative analysis of nonlinear dynamics. It can describe
periodic motion and disclose the attenuated vibration of the dissipative system. From
the references mentioned earlier, there exist non-chaotic regions under certain conditions.
Therefore, considering the temporal thermal perturbation, the quasi-periodic behavior
of the charged dilaton black hole flow in the spinodal region will also be discussed and
analyzed in the following sections. The layout of this paper is as follows. In Section 2, the
equation model of the charged dilaton black hole will be introduced in the extended phase
space. In Section 3, the two-timing scale method will be used to solve the dynamic equation
of the black hole flow, and the numerical comparison will be carried out in Section 4, where
there is a quasi-periodic motion. Accordingly, several kinds of quasi-periodic motion will
be shown in Section 5, and the paper ends with the discussion and conclusion.

2. Thermodynamics and Dynamics in the Extended Phase Space
2.1. Equation of State

This section reviews the thermodynamic definition of a charged dilaton black hole
solution in the extended phase space. The action of Einstein-Maxwell-dilation gravity in a
four-dimensional spacetime is given by [25,37,48,57,58]

_ L 4 — _ 2 20 2“2 20/ ,—20¢ nv
1= 16n/d xy/ g{R 2V 2N — e MR, ()

where R is the Ricci scalar, ¢ is the scalar field of dilaton, A is the cosmological constant,
Fy,y is the electromagnetic tensor related to vector potential A,. The coupling parameter
between the Maxwell and dilaton fields is defined by «, and b is an arbitrary positive
constant.

Following the action (1), the metric element describing the spherical symmetric black
hole solution can be obtained, i.e., [48,57]

b

2 r 2
ds? = —f(nart + 7o
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where g is the charge of the black hole, m is related to the ADM mass M of (2) via
m = 2(a® +1)b=?"M, and v = «?/(a? + 1). Note that when a = 0, the metric (2) simplifies
to the R-N AdS black hole.

In the extended thermodynamic phase space, the thermodynamic pressure P and the
volume V, which is the conjugate quantity of P, take the form

B+ a?)TA 3)
T aia o2
87(3 —a2)ry’
2\1,2q 3+a?
V:47T(1+Dé)b rrazl @)

3+ a2

where 7 represents the largest root of f(r) = 0, which is the event horizon radius of the
black hole. Concerning the first law of thermodynamics, P and V can be written as

A 4773

Identifying the specific volume v with the event horizon radius of the charged dilaton
black hole with

2(1+a?)(3 —a?)

N ) B ©
then the equation of state P(v, T) becomes
T b=27
P(U’ T) ) + 229 7rp2(1=7) (042 + 1)2(7—2)
y (3— 042)1727 2¢2(3+ a2)2773 )
202 —1) (a2 +1)2(3+a2)" % 2(3—a2)7? |

It describes the relationship between the three thermodynamic parameters (namely
pressure P, specific volume v and Hawking temperature T) when the matter is in thermo-
dynamic equilibrium. Note that there is a critical temperature

273

Ton = (o2+1) (3+07) T/ [ntq1 01—ty +2) '],

where the second-order phase transition happens (see Refs. [25,48] for more details). For
To < Tgit, P(v, T) have the characteristics:

(i) Pu(v,T) <Owhenwv € (0,04) U (vg,00);

(i) Py(v,T) > 0whenv € (v, Uﬁ);

(iii) Py(va, To) = Py(vp, To) = 0.

2.2. Equation of Dynamics

Combined with the equation of state of the charged dilaton black hole, the thermo-
dynamic equation of the black hole flow is considered in the spinodal region, which is
affected by the temporal-periodic perturbation. Thus, the absolute temperature T with a
weak time-periodic fluctuation is written as

T =To+edcos(wt)cos M, (8)
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where €(0 < € < 1) is a thermal perturbation parameter, J is the perturbation amplitude
relative to the small viscosity, w is frequency of the absolute temperature, and Ty value will
be smaller than T,,;; value.

According to [48-50], there is a charged dilaton black hole flow, which is thermoelastic,
slightly viscous, and isotropic, passes along the Eulerian coordinate x-axis in a tube with
a fixed volume and unit cross-section. Moreover, the position x of the black hole is
a function of the time t and the mass M of the column of fluid of unit cross-section
between a fluid particle and the reference fluid particle. Thus, v(M,t) = dx(M,t)/oM
and u(M, t) = 9x(M, t) /ot are the specific volume and the velocity, respectively. Then, x
satisfies the following equation

9%x oP(v, T) ou A2 v

92T oM Mo T A g

©)

where the expression of P(v, T) is shown as (10), g is a positive parameter related to
the viscosity, s is a positive parameter, and A is a positive constant (see Ref. [48] for
more details).

P(v,T) =P(vo, To) + Py (vo, To) (v — v0) + Pr(vo, To)(T — To)

PU‘UU(UO/ TO) (
3!

00) (T —To) +---, (10)

+ P'UT(UOI To)(v — Uo)(T — To) +

P, T
va(;o, 0) (0—

—09)°
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where 1y is the inflection point in the spinodal region, which satisfies 9>P/9%v = 0 at vy.
Expand the functions v(M, t) and u(M, t) in Fourier series with respect to M € [0, 271]
near vy as

v(M,t) = vy + x1(f) cos M + x,(t) cos2M + x3(t) cos3BM + . .., (11)
u(x,t) = up(t) sin M + up(t) sin2M + uz(t) sin3M + .. ., (12)
where x;(t) and u;(t) are regarded as the position and velocity of the hydrodynamical

modes, respectively (see [49,50,59,60] for details). Consider the first two modes, i.e.,
Xu(t) = uy(t) = 0 when n > 3, the Equation (9) become (omit (vo, Tp))
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X1 =uq,

Xp =uy,

P 3P P
1 :(Pv — Asz)x1 + e(PT + %sz + ;vTx% + Z)Tx§>5coswt

PUUZ]
8

P, P,
Uiy = (Pv - 4Asz)x2 + e( o yy + =L x1x2> 8 cos wt

(13)

+ (x% + 2x1x%) — EMgSUT,

2 2
PU'UU
8

+ (x% + 2x%x2> — deppsuy.

Now we transform the dynamical equations of the charged dilaton black hole (13) into
the form of second-order differential equations

Povo 3 Py 2

g Y1, n
P, 3P, P,
=€ (PT 4 2y T2y Tl x%) dcos wt,

#1 + €eplgsy + (As2 - Pv)xl -

2 8 4
p P (14)
Xo + 4eppsxo + (4A52 — Pz,) Xy — z;va xg — IZU x%xz
P,
=€ (PvTxl + Z;’Txlxz) J cos wt.

3. Two-Timing Scale Method Solution

In this section, the asymptotic analytical solutions of the charged dilaton black hole
are studied by using the two-timing scale method [56]. Suppose that the approximate
solutions of the system (14) take the form

x1(t,€) = ex11 (T, To) + €2 x12(Ty, Tn),

) (15)
x2(t,€) = ex21(Ty, Ta) + € x2(Th, T2),
where the two-timing scales are defined as T; = t and T, = €t, respectively.
Denote
79Ty ot 0T, ot
_ axi]« Le axij
0Ty 0T
= E)Tl Xij + Gaszi]', (16)
. ] axl-]- axi]-
Xij = g (aTl +e€ aTZ)
_ azxi]- & ale‘]’ aﬂ . Bzxi]- & Le azxi]-&
T 9T2 ot | ATyT, ot IT,Ty ot ATy ot
£ aTl T, Xij + 2e aTl T, Xij + 2 aTZTin]-, (17)

where 7, j = 1,2. Then, substituting Equations (15)-(17) into Equation (14) and comparing
the coefficients of powers of €, one obtains

el 101y X11 + (As2 - Pv)xn — PrécoswT; =0,
aTlTlel + (4AS2 — Pv)x21 =0, (18)

P
2 ZaTlT1 X12 + (A52 — Pv)xlz + ZaTszxn + yosaTl X11 — %TXQlts coswT; =0,
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aTlTl X2 + (4A52 — Pv) X2 + 28T1T2X21 + 4],!053]"1 Xo1 — Pyrx116coswTy =0, (19)

e :aTlTlxlg + (AS2 — Pv)x13 + 8T2T2x11 + 28T1T2x12 + Hos (8T2x11 + E)Tlxu)

Pyt 3Pyt Pyt P P,
- ( ; X0p + 750 X2+ —ZZ x5, )6 coswTy — —Zéw X3 - —ZZU x11x3, =0,
aTlTl X3 + (4AS2 — Pv) X3 + 8T2T2x21 + 23T1T2x22 +4pps (aT2X21 + aTl xzz)
P P P
- <PvTx12 + TXHXZl)(SCOS wTy — %xﬁl — %X%Xﬂ =0. (20)

Note that the works of temporal and spatial chaos of system (14) had been done in
Ref. [59] when f—;’] <s?< %. We now consider the case s2 > %, ie., As2 — P, > 0, and take
the case of non-resonance into consideration, i.e., w? # A?(i = 1,2) and | A; £ A, |# w.

Let Ay = \/As? — Py, Ay = \/4As? — P,. Then, Equation (18) have the general solutions

Pro iWTy | —iwTy
72@%—)\%) (e +e ),

le(Tl, Tz) :Gz(Tz)ei)\le + Gz(Tz)e_i/\le, (21)

xll(Tl, T) :G1(T2)ei)‘1T1 —l—mg_i/\lTl _

where G;(i = 1,2) is a function of the time-scale T, and G; denotes the conjugate quantity
of G;. Substituting Equation (21) into Equation (19), yields

aTlTl X172 + )\%Xlz =— 21’/\1617\1 TlaTZ G+ 21'/\1671'/\1T1 87251 — MoS {i/\lGlei/\lTl
_ Préiw I e Préiw ; ein1‘|
2(w? —7%) 2(w? —A%)
P,ré

+ [Gzei(/\2+w)T1+G2ei(A2—a;)T1_|_ézei(a;—)\2)T1

4
+Eze—i(/\2+w)T1} )

or,1, X2 + A%Xzz =— ZiAzeiAleaTz Gy + 21'/\28—17\2T1 aTzéZ — 4415 (i/\zeiAle G,
_i/\ze*l’)lleéz) + PUTT‘& |:Glel()xl+w)T1 + Glei()\l—Q;)Tl

Pré et Pré & i~ +w)T:

_ p2iwTy _ + Gle’( 1+w)Ty
2(w? =A%) 2(w? =A%)

Pré Pré

al 7i()\1+w)T1 _ _
TGre 22— A7) 2(w? — D)

ezl'wﬂ] : (22)

To eliminate the secular terms of the above equations, let

—ZiAlaTzGl — }loSi)LlGl =0,
—217\231"2 Gz — 4]/losi)\2G2 =0.

Then the coefficients G; and G, are

Gi(Tp) = Cle_#Tz,

Gy(T) = C2€72V05T2,
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where ¢; and c; are integration constants. Thus, the special solutions of Equation (18)

become
s Pré
xn(Tl, Tz) = 2cle*%T2 COs AlTl - % Ccos C()Tl,
w? — A
x20(Ty, Tp) = 2coe 210512 cos A, Ty (23)
Therefore, Equation (22) are reduced to
sProiw / _ co Pypde—2HosT2
9 x +)\2x _ Ho (eszl e szl> + v
T, T, X12 1X12 72(602 — A%) — i

[ei()tz-*-w)Tl +elha—w)Th  pilw=22)Th e—i(/\2+w)T1} ,
—HoS

T:
d1,7,32 +A§x22 :cvaTzSe 2 12 |:ei(/\1+w)T1 4 oM Ty | gilw=A)Ty
2

+e—i(/\1+w)T1} _ DPyrPré?

2in1 —Zinl 2 . 24
74@2_@@ +e o). (4

Similarly, suppose that the solutions of Equation (24) are

. . Proi . .

x12(Ty, Ta) =K (Tp)e™ ™ 4+ Ky (Tp)e M1 — e T&wz (elel - e_WT1>
2(M —w?)

C2PT5e*2VoST2 [ei(Az+w)T1 _'_e—i(/\2+w)T1}

4 [A% — (A2t w)ﬂ

CZPT5e*2HoST2 [ei()\sz)Tl _i_ei(wf)\z)ﬂ}/
4 [A% — (Ap— w)ﬂ
Hos
. - . P.rde” 2 12 .
x22(T1/ T2) :KZ(T2)61A2T] _~_K2(T2)671A2T1 + 4[/6\12 ‘UT(: )2] |:el(/\1+a])T]
2 1 +w

_HosT
_’_efi(/\1+w)Tl} n {clszT(ée 2 2)2} {ei(/\l—w)Tl_f_ei(a;f)\l)Tl}
4 )\2 — /\1 —w

(25)

_ Pyr Prd? (ezz‘le +e—2in1) _ PyPro*
2= 2 (3= 4?) -

Substituting Equations (23) and (25) into Equation (20), it follows

cly%sze_@TZ
e
: —2419sT:
209, Kre M 4 CzPTWgSl(?\z + w)ez Hosta {ei()\z—&-w)Tl B e—i(Az-&-w)Tl}
A2 — (A + w)
1
coProugsi(Ay — w)e2HosT2

aTlT1 X13 + )L%X](; = (61A1Tl + Eil/\lTl) — ZiAlaTzKlemlTl

[ei(Az—w)Tl . ei(w—Az)Tl} . ﬂos{i)\lKlei/\lTl

2
/\% - (/\2 —w)
_Hos »
Kpe ™ 22, : Prs
—1’/\1K1€7M1Tl _ %(el/\lﬂ _i_efz/\lTl) +M %

2(A3 - w?)?
(eiWTl " efiwn) L C2Proi(ds + w)e 20T [ei(Az+w)T1 _ e*i(/\2+w)T1}
4[A§ — (A2t w)z]
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JrCzPT(5i(/\2 — w)e Moz [ei()\rwm _ ei(wf/\z)ﬂ}
4[A§ — (A — w)ﬂ

P, Pré?

Py1d
4(w? = A2)A3

T

(ei“’Tl +e‘i“’T1) {Kze”‘le +Kze—i/\2T1 .

B PyrPré? 2iTy | ,—2iwTy
g ey )

_ Hos
c1Pyrde” 2 T, [ei(/\l—w)Tl _|_ei(w—/\1)T1}
2
4[A§ — (M —w) ]

_ koS
c1Pyrde” 2 - [ei(/\1+w)T1 + e—i(/\l-s-w)Tl}
4[Ag — (M + w)z]

N 3Pyy1é (ei“’Tl I e*i‘”Tl) {c%e*F‘OSTZ (eziA]T1 L 2iMTi 2)

16
Proe= 4T
_ CGloe [ei(A1+w)Tl 4 elM—w)Ty y Gilw=A)Ty efi()\1+w)T1} +
w? - A2
2 52 2 —dpugsT
_ (2T 4 20T 1) § 4 G Pourde 072 (T 4 i)
4(w? - 22) 8
2idsTy | ,—2iATy Pooo 3 Powo 5
(e +e +2) + g Y11 g X1t
o, 1, X23 + Axp3 = —deypdste2HosT2 (eiAle + e*iAle) — ZiAzaTszeMZTl

. _kocT
4 Zi}\zaTszg*i)‘ZTl + Clvaé}lOSl(Al + w)ez 22 |:ei()\1+w)T1 _ e*i()L1+w)Tli|
4[A§ — (M +w) }

. _ Mo’
1 Pyrdugsi(M — w)e™ 2 2 [ piM—@)T _ ei(wal)Tl}
4 [Ag — (A — w)z}

_ 4yos{i)\2K26iAzT1 — iAKpe 2Tt — 2eypugse2H0sT2 (e”‘ZTl n e—iAle)

. _ ks
+C1PUT51()\1 +w)e” 2 b {ei()\l-&-w)Tl _ e—i(/\l-&-w)Tl}
4 [Ag — (A +w)?

C1PUT5i()L1 — w)e
T 2
4 [Ag — (M —w)

P,rPréiw ) (eZi‘*JTl _ ezin])} " Pyré (ein] n efiwﬂ) y

|:ei()\1 7w)T1 _ e*i(&]*/\])Tl:|

" 2(w? — A2) (A — 42 2

—2yugsT:
KieMTt 4 Kye—MTi 4 coPrée=Host2 [ei(/\2+w)T1+e—i(A2+w)Tl]
4[A§ — (A + w)z}

CzPT(Se—ZP‘ost {ei()tz—w)Tl +ei(W—/\2)T1] o M‘Siwz(eiwﬂ 7e—in1)
47 = (A2 - w)?] 2(A2 — w?)
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—2upsT:
Co Pyyrée™ 710312 (ei(/lerw)Tl L p(M—w)T1 |y piw=22)Ty _i_efi()\erw)Tl) %

4
[Cle@Tz (el/\lTl + e*l/\lTl) — z(wzi /\%) (EI‘UTl + EIWT])]
3 —6ppsT;
M (e3i’\2T1 1 3eiMaTi 4 3e—itaTi e—3iAzT1) " szv By, (26)

where the complex expressions of x3;, x11x3; and x3, X1 are shown in Appendix A.
To eliminate the secular terms of the Equation (26), we take

Ki(Ty) = Cse_VTOSTZ,

Kz(Tz) = C4€_2H05T2,

where c¢3 and ¢4 are integration constants. Thus, it leads to the special solutions of
Equation (19) as

s Pré
x12(T1, Tp) :2C3e*’%T2 cos A T1 + % sinwT)
(M —w?)
Proe—2HosT2
caroe cos (A +w)Ty

2 [A{ — (A w)z}
CQPT(SE_ZVOSTZ

2[)\% —(Ap— w)z}

cos (Ap —w)Ty,

P,rPré?

X0 (Ty, To) =2c4e 20512 cog A T — —— 22
2(Th, T2) =2¢4 2l = =2

P,rPrd?
— va L 3 cos2wT
2(w? =A%) (A — 4w?)
clvaJe’@B

cos (M +w)Ty
2{)\% — (/\1 + w)z}

_Hos
c1Pyrde™ 2 T

2[A§ — (A — w)z}

cos (A — w)Ty. (27)

Submitting the Equations (23) and (27) into the Equation (15), the solutions of the
original system (14) can be obtained as follows

Pré
w? - A2
coProe~2HosTz
243 = (A2 + w)?]

_ Hos _ Mo’
X1 =€ <2C1€ 2 2cos M Ty — cosaJTl> +62{ZC36 2 cos M Ty

HosProw
(A2 - w?)?
o Pre—2HosT2
2[A2 — (A — w)?

sinwT + cos(Ar +w)Ty

cos(Ay —w)Ty },

P, Pré?
Xy =€ (24:26*2”05T2 cos /\2T1) + €2 {2c4e2”05T2 cos ATy — m
w—A7)A;
C1PUT(5€7#T2 PUTPT§2

cos(A +w)Ty —

cos2wTy
2[23 — (M +w)’] 2(w? = A}) (A3 — 4a?)
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_ ko
C1 P‘UTée b

2 [Ag (A — w)z]

cos(A —w)Ty . (28)

4. Numerical Comparison

In order to verify the validity of the calculation results, a numerical comparison is
carried out in this section. Consider the case Ty = 0.0315 and € = 0.001, and conse-
quently vg = 3.652. The initial value of the charged dilaton black hole system is selected as
[x1(0),u1(0), x2(0),u2(0)] = [0.02345,0,0.02021, 0], and take the aforementioned integra-
tion constants c; = ¢; = 0.1 and ¢3 = ¢4 = 10000. As shown in Figure 1, the solution (28)
obtained by the two-timing scale method is almost the same as the solution of the original
system (14) (so-called “exact solution”) at each time. Meantime, these two solutions display
the same trend as time evolves. In summary, these reveal that the two-timing scale method
effectively describes this complex nonlinear charged dilaton black hole system, and the
obtained asymptotic solutions are resultful with some parameter values.

0.04 T

- two-timing scale method solution
° "exact solution"

0.02}

T

“;._‘;‘

o2tV V VIV VYV VYV Y VUV VLV VLV VY

-0.04 ! 1 1 |
0 1000 2000 3000 4000 5000 6000

0.04 T

- two-timing scale method solution
= "exact solution"

0.02 gagrzasagadddassinguafdald 4 81

T2
o

E_:ug

1 1 1 1
0 1000 2000 3000 4000 5000 6000
t

-0.04

Figure 1. A comparison between the two-timing scale method solution and the “exact solution” for
g=1,a4=001,b=1,A=03703,5s = 0.04, jip = 0.1, w = 0.01, § = 0.004 and € = 0.001.

Moreover, at the same values of the above parameter, the phase portrait of the asymp-
totic solution is plotted as shown in Figure 2. Combining Figure 1 with Figure 2, it can be
found that there exists a quasi-periodic motion, which is worthy of further study in the
next section.

0.03
0.02}
0.017
g 0f

-0.01 ¢

-0.02 ¢

-0.03 ‘ : ‘
-0.04 -0.02 0 0.02 0.04

T

Figure 2. Phase portrait of the two-timing scale method solution.
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In order to explore the final state of the black hole flow, the following equations are
considered by neglecting the non-periodic terms in the Equation (28), which are denoted
by the “asymptotic periodic solutions”

Pré 21105 P
X =— €Pr 5 coswTy + € MoSTT a;smle,
=N (4~ w?)
2P, Prd? 2P,rPré?
Xy = — € Tt cos2wT € ot (29)

2(w? — A2) (A2 — 4w?) 4w - ADAT

Takec; =y =c3=c4, =107%a comparison between the asymptotic solution and
asymptotic periodic solution is shown in Figure 3. It is clear that the non-periodic terms in
Equation (28) have barely any effect on the obtained solutions when the order of magnitude
of integration constants is small.

%107

.
- two-timing scale method solution
+ "periodic terms"

-4 I .
0 5000 10000 15000
t
(a)
g ¥ 107 |
- two-timing scale method solution
2r « "periodic terms"

0 5000 10000 15000

t

(b)
Figure 3. A comparison between the asymptotic solution and asymptotic periodic solution for
A = 0.3703,s = 0.04, jip = 0.1, w = 0.01, § = 0.004 and € = 0.001: (a) Time-history diagram in
x1-direction, (b) Time-history diagram in xp-direction.

5. Quasi-Periodic Behavior

Quasi-periodicity is a new type of long-term behavior, which is different from fixed
point, homoclinic orbit, heteroclinic orbit, and periodic orbit. In deep space exploration,
the Lissajous orbit and quasi-halo orbit near the Lagrangian points that have practical
applications are also quasi-periodic. Mathematically, the frequencies in different directions
are incommensurable, which implies that when the value of A;/A; in Section 3 is an
irrational number, the corresponding trajectory is said to be quasi-periodic. Then, as time
evolves, the trajectory will never close into itself, which means that time-domain solutions
will never be repeated. This is because any closed trajectory is bound to rotate an integer
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circle about A1 and A, the frequency ratio must be a rational number. On the contrary,
each trajectory will be dense as time flows.

Based on the results in Section 4, it is worthy of studying the qualitative behavior
of the “exact solution” of the charged dilaton black hole system (14). The quasi-periodic
behavior characterized by the black hole flow is further studied in this section with different
values of the parameters (see Table 1) and initial values of the black hole system. Note that
the denominator of P, contains the irrational number 77; then, it is obvious that there are
constants T, vg, 4, « and b to make P, an irrational number. Therefore,

M \As2—P, . 3

Y Vaas—p, | 4Ny

is an irrational number for any rational constant As?(> P,). Then, several quasi-periodic
motions are found and shown in Figures 4 and 5. For example, take Ty = 0.0315, vy = 3.652,
€ =0.001, 490 =0.1,w =0.01,6 =0.004,g =1, = 0.01,b = 0.019836, A = 0.2and s = 0.04,
and the initial value of the system as [x7 (0), 11 (0), x2(0), u2(0)] = [—0.03226,0,0.01,0]. Then,
the phase portrait shows a “reticular shape” in Figure 4a, which characterizes the quasi-
periodic motion of the black hole flow. In addition, seven more quasi-periodic motions are
shown below, which are similar to “V-shape”, “8-shape” and “pillow-shape” and so on.

Table 1. Parameter values in the charged dilaton black hole flow.

Parameters q o b A s
Group (a) 1 0.01 0.019836 0.2 0.04
Group (b) 1 0.01 1 0.3703 0.04
Group (c) 1 0.01 1 0.4884 0.04
Group (d) 1.0319 0.01 1 0.2 0.04
Group (e) 1 0.3 1 0.2 0.8
Group (f) 1 1.732 10,000 0.2 0.04

0.01
0.005 ¢
8 0
-0.005
0.01 NN
-0.04  -0.02 . 0.04

Figure 4. Cont.



Figure 4. Cont.
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Figure 4. (a—f) Phase portraits of the charged dilaton black hole system corresponding to the six
groups in Table 1 when e = 0.001.

Considering that the value of the thermal perturbation parameter € is 0.000001, the
related phase portraits of the system corresponding to the aforementioned Group (b) and
Group (c) are shown in Figure 5. The phase trajectories of the system tend to be stable
as time goes on. Moreover, the system’s motion tends to be periodic, and the vibration
amplitude tends to be constant simultaneously.
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Figure 5. Cont.
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Figure 5. (a,b) Phase portraits of the charged dilaton black hole system for different A; /A, with
€ = 0.000001.

6. Discussion and Conclusions

In this paper, the qualitative and quantitative analysis of charged dilation black holes
is investigated. The two-timing scale method is applied to analyze the black hole flow
equation and construct the second-order asymptotic analytical solution. According to
these solutions, a numerical comparison with different system parameters values is carried
out. By doing so, it can be found that these asymptotic solutions effectively describe the
dynamical behavior of the black hole flow for a long time. At the same time, the relevant
phase portraits are drawn to show quasi-periodic motion.

According to the obtained quasi-periodic motion, the quasi-periodic behavior of the
black hole flow in the spinodal region is further studied when the frequency of A;/A; is
an irrational number. Several quasi-periodic motions with different parameter values are
found. It is worth mentioning that when the thermal parameter perturbation takes a small
value, the phase portraits of the black hole system exhibit better stability than the large
value, and the vibration amplitude tends to be constant simultaneously.

Furthermore, to understand the final evolution state of the thermal dynamics of the
black hole flow, the periodic solution is found according to the constructed analytical
solution. The numerical comparison of these two solutions shows that they agree well for
the small integral constant. In other words, the smaller the integral constant, the greater
the extent of the black hole flow’s motion tends to be periodic.
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Appendix A
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